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Foreword

This self-contained book offers a modern unifying presentation of three ba-
sic areas of nonlinear analysis, namely convex analysis, monotone operator
theory, and the fixed point theory of nonexpansive mappings.

This turns out to be a judicious choice. Showing the rich connections
and interplay between these topics gives a strong coherence to the book.
Moreover, these particular topics are at the core of modern optimization and
its applications.

Choosing to work in Hilbert spaces offers a wide range of applications,
while keeping the mathematics accessible to a large audience. Each topic is
developed in a self-contained fashion, and the presentation often draws on
recent advances.

The organization of the book makes it accessible to a large audience. Each
chapter is illustrated by several exercises, which makes the monograph an
excellent textbook. In addition, it offers deep insights into algorithmic aspects
of optimization, especially splitting algorithms, which are important in theory
and applications.

Let us point out the high quality of the writing and presentation. The au-
thors combine an uncompromising demand for rigorous mathematical state-
ments and a deep concern for applications, which makes this book remarkably
accomplished.

Moutpellier (France), October 2010 Hédy Attouch
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Preface

Three important areas of nonlinear analysis emerged in the early 1960s: con-
vex analysis, monotone operator theory, and the theory of nonexpansive map-
pings. Over the past four decades, these areas have reached a high level of
maturity, and an increasing number of connections have been identified be-
tween them. At the same time, they have found applications in a wide ar-
ray of disciplines, including mechanics, economics, partial differential equa-
tions, information theory, approximation theory, signal and image process-
ing, game theory, optimal transport theory, probability and statistics, and
machine learning.

The purpose of this book is to present a largely self-contained account
of the main results of convex analysis, monotone operator theory, and the
theory of nonexpansive operators in the context of Hilbert spaces. Authori-
tative monographs are already available on each of these topics individually.
A novelty of this book, and indeed, its central theme, is the tight interplay
among the key notions of convexity, monotonicity, and nonexpansiveness. We
aim at making the presentation accessible to a broad audience, and to reach
out in particular to the applied sciences and engineering communities, where
these tools have become indispensable. We chose to cast our exposition in the
Hilbert space setting. This allows us to cover many applications of interest
to practitioners in infinite-dimensional spaces and yet to avoid the technical
difficulties pertaining to general Banach space theory that would exclude a
large portion of our intended audience. We have also made an attempt to
draw on recent developments and modern tools to simplify the proofs of key
results, exploiting for instance heavily the concept of a Fitzpatrick function
in our exposition of monotone operators, the notion of Fejér monotonicity to
unify the convergence proofs of several algorithms, and that of a proximity
operator throughout the second half of the book.

The book in organized in 29 chapters. Chapters 1 and 2 provide back-
ground material. Chapters 3 to 7 cover set convexity and nonexpansive op-
erators. Various aspects of the theory of convex functions are discussed in
Chapters 8 to 19. Chapters 20 to 25 are dedicated to monotone operator the-



X Preface

ory. In addition to these basic building blocks, we also address certain themes
from different angles in several places. Thus, optimization theory is discussed
in Chapters 11, 19, 26, and 27. Best approximation problems are discussed
in Chapters 3, 19, 27, 28, and 29. Algorithms are also present in various
parts of the book: fixed point and convex feasibility algorithms in Chap-
ter b, proximal-point algorithms in Chapter 23, monotone operator splitting
algorithms in Chapter 25, optimization algorithms in Chapter 27, and best
approximation algorithms in Chapters 27 and 29. More than 400 exercises
are distributed throughout the book, at the end of each chapter.

Preliminary drafts of this book have been used in courses in our institu-
tions and we have benefited from the input of postdoctoral fellows and many
students. To all of them, many thanks. In particular, HHB thanks Liangjin
Yao for his helpful comments. We are grateful to Hédy Attouch, Jon Borwein,
Stephen Simons, Jon Vanderwerff, Shawn Wang, and Isao Yamada for helpful
discussions and pertinent comments. PLC also thanks Oscar Wesler. Finally,
we thank the Natural Sciences and Engineering Research Council of Canada,
the Canada Research Chair Program, and France’s Agence Nationale de la
Recherche for their support.

Kelowna (Canada) Heinz H. Bauschke
Paris (France) Patrick L. Combettes
October 2010
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Chapter 1
Background

This chapter reviews basic definitions, facts, and notation from set-valued
analysis, topology, and metric spaces that will be used throughout the book.

1.1 Sets in Vector Spaces

Let X be a real vector space, let C' and D be subsets of X', and let z € X.
Then C+ D = {x+y | zGC,yGD},CfD: {xfy ‘ mGC’,yED},
2+C={2}+C,C—2z=C—{z},and, forevery A\ e R, \C = {\z | 2 € C}.
If Ais a nonempty subset of R, then AC' = [J,c4 AC and Az = A{z} =
{)\z | A e A}. In particular, C is a cone if

C = R++C7 (11)
where Ry = {)\ eR | A > 0}. Moreover, C' is an affine subspace if
C#@ and (VAeR) C=XC+ (1-\)C. (1.2)

Suppose that C' # @. The intersection of all the linear subspaces of X’ con-
taining C' i.e., the smallest linear subspace of X containing C, is denoted by
span C'; its closure is the smallest closed linear subspace of A containing C'
and it is denoted by span C. Likewise, the intersection of all the affine sub-
spaces of X' containing C, i.e., the smallest affine subspace of X' containing C,
is denoted by aff C' and called the affine hull of C. If C' is an affine subspace,
then V' = C — C is the linear subspace parallel to C and (Vx € C) C =z +V.
The four types of line segments between two points  and y in X are

2,y ={1-a)z+ay | 0<a <1}, (1.3)
e,y = {(1—a)x+ay | 0<a< 1}7 [z,y] = {(1—a)x+ay | 0<ax< 1},
and |z,y] = [y, z[.
H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory 1
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2 1 Background

1.2 Operators

Let X, Y, and Z be nonempty sets, and let 2 be the power set of Y, i.e., the
family of all subsets of ). The notation T: X — ) means that the operator
(also called mapping) 7' maps every point = in X to a point Tz in ). Thus,
the notation A: X — 2 means that A is a set-valued operator from X to ),
i.e., A maps every point x € X to a set Ax C Y. Let A: X — 2Y. Then A is
characterized by its graph

grad = {(z,u) € X x Y | u e Az}. (1.4)

If C'is a subset of X, then A(C) = J ¢ Az. Given B: Y — 22 the compo-
sition Bo A is

BoA: X —2%: z— B(Ax) = ] By. (1.5)
yEAx

The domain and the range of A are
domA={z€X | Az # 2} and ranA= A(X), (1.6)

respectively. If X' is a topological space, the closure of dom A is denoted by
dom A; likewise, if ) is a topological space, the closure of ran A is denoted
by Tan A. The inverse of A, denoted by A~!, is defined through its graph

graA™' = {(u,2) € Y x X | (z,u) € grad}. (1.7)

Thus, for every (z,u) € X x Y, u € Ax & x € A~ u. Moreover, dom A~! =
ran A and ran A~! = dom A. If ) is a vector space, the set of zeros of A is

zerA=A""0={zeXx | 0 € Ax}. (1.8)

When, for every z € dom A, Az is a singleton, say Ax = {Txz}, then A is
said to be at most single-valued from X to ) and it can be identified with an
operator T': dom A — ). Conversely, if D C X, an operator T': D — ) can
be identified with an at most single-valued operator from X to ), namely

T if D;
A:X—>2y:Aa;:{{ o) i weD; (1.9)
z, otherwise.

A selection of a set-valued operator A: X — 2% is an operator T': dom A —
Y such that (Vo € dom A) Tz € Ax. Now let T: X — Y, let C C X, and let
DCY.Then T(C) = {Tz |z € C} and T~(D) = {z € X | Tz € D}.

Suppose that ) is a real vector space, let A: X — 2Y let B: X — 27,
and let A € R. Then
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A4+ AB: X - 2Y: 2+ Az + \Buz. (1.10)

Thus, gra(A + AB) = {(z,u+X\v) | (z,u) € graA, (z,v) € graB} and
dom (A + )\B) = dom ANdom B. Now suppose that X is a real vector space
and let T: X — Y. Then T is positively homogeneous if

(Vo € X)(VA € Ry) T(\x) = ATz, (1.11)
and T is affine if
(Vze X)(Vye X)(VAER) T(Az+(1—Ny) =ATz+ (1 —-NTy. (1.12)

Note that T is affine if and only if x — T2 — T0 is linear.

Finally, suppose that X is a real vector space and let A: X — 2¥. Then
the translation of Aby y € X is 7yA: x — A(x — y) and the reversal of A
is AY: . A(—x).

1.3 Order

Let A be a nonempty set and let < be a binary relation on A x A. Consider
the following statements:

® Vae A a<a.
@ Vae A)WVbe A)Vee A) [axband bxc] = a=xc
® Vaec A)WVbe A)(Fce A) a<c and bxec.
@ Vaec A)WVbe A) [a<xband bxa] = a=0D.
® Vae A)Vbe A) a=xbor bxa

If ®, @, and ® are satisfied, then (A, x) is a directed set. If @, @, and @
hold, then (A, <) is a partially ordered set. If (A, <) is a partially ordered
set such that ® holds, then (A, %) is a totally ordered set. Unless mentioned
otherwise, nonempty subsets of R will be totally ordered and directed by <.
A totally ordered subset of a partially ordered set is often called a chain. Let
(A, %) be a partially ordered set and let B C A. Then a € A is an upper
bound of B if (Vb € B) b < a, and a lower bound of B if (Vb € B) a < b.
Furthermore, b € B is the least element of B if (Ve € B) b < c. Finally, a € A
is a mazimal element of A if (Ve € A) a ¢ = c=a.

Fact 1.1 (Zorn’s lemma) Let A be a partially ordered set such that every
chain in A has an upper bound. Then A contains a mazimal element.
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1.4 Nets

Let (A, %) be a directed set. For a and b in A, the notation b > a means a < b.
Let X be a nonempty set. A net (or generalized sequence) in X indexed by A
is an operator from A to X and it is denoted by (x4)qca. Let N={0,1,...}.
Since (N, <) is a directed set, every sequence is a net; (a)aeo,1[ is an example
of a net that is not a sequence.

Let (24)aca be anet in X and let Y C X. Then (24)qca is eventually in
Y if

Fee A)VacA) a=c = x,€), (1.13)

and it is frequently in ) if

(MVee A)(Jae A) ax=c and z,€ ). (1.14)
A net (yp)pen is a subnet of (x4)eca via k: B — A if
(Vb€ B) yp = wr) (1.15)

and
(Va€ A)3de B)Vbe B) bi=d = k() = a. (1.16)

The notations (z4))een and (zx, )sep will also be used for subnets. Thus,
(y»)vep is a subsequence of (24)aca when A = B =N and (yp)pep is a subnet
of (z4)aca via some strictly increasing function k: N — N.

Remark 1.2 A subnet of a sequence (z,)nen need not be a subsequence.
For instance, let B be a nonempty subset of R that is unbounded above
and suppose that the function k: B — N satisfies k(b) — 400 as b — +o0.
Then (mk(b))beg is a subnet of (2, )nen. However, if B is uncountable, then
Ty )ben is not a subsequence. Likewise, if B = N and k is not strictly
increasing, e.g., k: b+ b(2 4 (—1)), then (zj))sep is not a subsequence.

1.5 The Extended Real Line

One obtains the extended real line [—oo0,4+00] = RU {—o0} U {400} by ad-
joining the elements —oo and +oo to the real line R and extending the order
via (V€ € R) —00 < € < 4o00. Arithmetic rules are extended to elements
of [—00, +00] in the usual fashion, leaving expressions such as +o0o0 + (—o00),
0 (+00), and +00/+00 undefined, unless mentioned otherwise. Given £ € R,
1€, +00] = |€, +oo[U{+00}; the other extended intervals are defined similarly.

Remark 1.3 Throughout this book, we use the following terminology.

(i) For extended real numbers, positive means > 0, strictly posilive means
> 0, negative means < 0, and strictly negative means < 0. Moreover,
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Ry =[0,+oo[={{ €R|¢ >0} and Ry | =]0,+o0] {geR\g>o}
Likewise, if N is a strictly positive integer, the positive orthant is RY =

[0, +00[™ and the strictly positive orthant is RY, =10, +oo[V
R_ and R__, as well as the negative orthants, RY and R

similarly.

. The sets
are defined

(ii) Let D C R. Then a function f: D — [—o0,+0o0] is increasing if, for

every £ and 7 in D such that £ < n, we have f(§)

< f(n) (strictly

increasing if f(§) < f(n)). Applying these definitions to —f yields the
notions of a decreasing and of a strictly decreasing function, respectively.

Let S C [—00, +00]. A number v € [—00, +00] is the (necessarily unique)
infimum (or the greatest lower bound) of S if it is a lower bound of S and
if, for every lower bound § of S, we have § < «. This number is denoted by
inf S, and by min S when inf S € S. The supremum (least upper bound) of
S is supS = —inf {foa | o€ S}. This number is denoted by max S when
sup S € S. The set S always admits an infimum and a supremum. Note that

inf @ = 400 and sup @ = —oc.
The limit inferior of a net (&;)aca in [—00, +00] is

lim&, = sup inf &,

A beEA
aec a<b

and its limit superior is

limé&, = 1nf sup &.

a€A peA
a<b

It is clear that lim&, < lim&,.

1.6 Functions
Let X be a nonempty set.
Definition 1.4 Let f: X — [—00,4+00]. The domain of f is
dom f = {:E ex ’ flx) < +oo},
the graph of f is
graf ={(z,6) € ¥ xR | f(x) = ¢},
the epigraph of f is
epi f = {(z,6) e ¥ xR | f(x) < &},

the lower level set of f at height £ € R is

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)
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16V<E f= {IE ex | f < f} (122)

and the strict lower level set of f at height £ € R is

levee f = {z € X| f(z) <&} (1.23)

The function f is proper if —co ¢ f(X) and dom f # @. In addition, the
closures of dom f and epi f are respectively denoted by dom f and epif.

Remark 1.5

(i) Strictly speaking, dom f in (1.19) does not correspond to the domain
of f: X = [—00,+00] viewed as an operator (which is X in this case in
light of our conventions) and it is sometimes called the effective domain.
However, it is customary in convex analysis to call it simply the domain
of f and to denote it still by dom f.

(ii) Let f: X — [—o00,400] and g: X — [—00,+00]|. Then the sum f +
g: X = [—00,400] is defined pointwise using the convention +oo +
(—00) = 400, which yields dom(f 4 ¢g) = dom f Ndom g.

Lemma 1.6 Let (f;)icr be a family of functions from X to [—oo, +o0]. Then
the following hold:

(i) epi (sup;e; fi) = Nies €Pi fi-
(ii) If I is finite, then epi (miniej f7) = U,crepi fi-

Proof. Take (z,£) € X x R.

(i): (x,¢) € epi(SU-pieI fi) < SUP;eg filz) <& & (Viel) fi(z) <€ &
(Viel) (z,8) €epifi & (2,8) € epi fi-

(ii): (2,€) € epi (minses fi) € mine; fi(z) <& (Fiel) fiz) <& &
(EIZGI) (xag)eepifi@(x7£)euz‘e[epifi~ o

Definition 1.7 Let f: X — [—o0,+o0] and let C' C X. The infimum of f
over C' is inf f(C); it is also denoted by inf,cc f(x). Moreover, f achieves
its infimum over C' if there exists y € C such that f(y) = inf f(C). In this
case, we write f(y) = min f(C) or f(y) = mingec f(z) and call min f(C)
the minimum of f over C. Likewise, the supremum of f over C' is sup f(C);
it is also denoted by sup,cc f(y). Moreover, f achieves its supremum over
C' if there exists € C such that f(x) = sup f(C). In this case, we write
f(z) = max f(C) or f(x) = maxyec f(y) and call max f(C') the maximum
of f over C.

Definition 1.8 Let f: X — [—o00,+0o0] and let (x,)neny be a sequence in
dom f. Then (z,,)nen is a minimizing sequence of f if f(x,) — inf f(X).
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1.7 Topological Spaces

Let & be a set and let T be a family of subsets of X that contains X, &, as
well as all arbitrary unions and finite intersections of its elements. Then T is
a topology and (X, T)—or simply X if a topology is assumed—is a topological
space. The elements of T are called open sets and their complements in X’
closed sets. A neighborhood of x € X is a subset V of X such that x € U C V
for some U € T. The family of all neighborhoods of z is denoted by V(z). A
subfamily B of T is a base of T if, for every « € X’ and every V' € V(x), there
exists a set B € Bsuch that x € B C V. If Bis a base of T, then every set in T
can be written as a union of elements in B. Now let C' be a subset of . Then
the interior of C' is the largest open set that is contained in C it is denoted
by int C. A point € X belongs to int C' if and only if (3V € V(z)) V C C.
The closure of C' is the smallest closed set that contains C; it is denoted by
C.If C = X, then C is dense in X. A point 2 € X belongs to C' if and only
if (VV € V(z)) VNC # @. The boundary of C is bdry C' = C \ (int O). If X}
and Xy are topological spaces with respective bases B; and Bs, the Cartesian
product X x X5 will be considered as a topological space equipped with the
product topology, i.e., the topology that admits

B = {Bl X By ’ By € By and By € Bg} (124)

as a base.

The topological space X is a Hausdorff space if, for any two distinct points
21 and 25 in X, there exist V7 € V(z1) and V2 € V(z2) such that VNV = @.
Let X be a Hausdorff space. A subset C' of X' is compact if, whenever C' is
contained in the union of a family of open sets, it is also contained in the union
of a finite subfamily from that family. Now let (z,)sca be a net in X. Then
(Ta)aca converges to a (necessarily unique) limit point € X, in symbols,
g — x or lima, = 2, if (24)qca lies eventually in every neighborhood of z,
ie.,

VV eV(x)(3be A)Vae A) ax=b = x,€V. (1.25)

Fact 1.9 Let (x4)aca be a net in a Hausdorff space X that converges to a
point x € X and let (T )ven be a subnet of (Ta)aca. Then xyp) — .

A point x € X is a cluster point of (¥4)aca if (4)aca lies frequently in
every neighborhood of z, i.e.,

VV eV()(Vbe A)(3acA) ax=b and z,€V. (1.26)

Alternatively, = is a cluster point of (z4)eea if (24)aca possesses a subnet

that converges to x. If a sequence (x,, )nen in X' possesses a subsequence that

converges to a point & € X, then z is a sequential cluster point of (zy)nen.
Topological notions can be conveniently characterized using nets.
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Lemma 1.10 Let C be a subset of a Hausdorff space X and let x € X. Then
x € C if and only if there exists a net in C' that converges to x.

Proof. First, suppose that # € C and direct A = V(x) via (Va € A)(Vb € A)
a=<b<s aDb. For every a € V(z), there exists z, € C'Na. The net (x4)qca
lies in C' and, by (1.25), it converges to x. Conversely, let (z,)aca be a net
in C such that z, — x and let V' € V(z). Then (z4)qca is eventually in V/
and therefore C NV # @. Thus, z € C. O

Let C be a subset of &A". It follows from Lemma 1.10 that C'is closed if and
only if the limit of every convergent net that lies in C' belongs to C'. Likewise,
C is open if and only if, for every point « € C| every net in X that converges
to z is eventually in C.

Fact 1.11 Let C be a subset of a Hausdorff space X. Then the following are
equivalent:

(i) C is compact.
(i) C'n njeJ C; # @ for every family (Cj);ecs of closed subsets of X such
that, for every finite subset I of J, CN(\;c; Ci # @.
(iii) Every net in C has a cluster point in C.
(iv) Every net in C' has a subnet that converges to a point in C.

Lemma 1.12 Let C be a compact subset of a Hausdorff space X. Then C is
closed, and every closed subset of C' is compact.

Proof. Let (24)aca be a net in C that converges to a point z € X. By
Fact 1.11, there exists a subnet (zj))ben Of (Ta)aca that converges to a
point y € C. Therefore x = y € C' and C is closed. Now let D be a closed
subset of C' and let (z,)qsca be a net in D. Then (24)aeca lies in C' and, as
above, there exists a subnet (2j(;))ben Of (Za)aca that converges to a point
y € C. However, since D is closed, y € D. We conclude that D is compact.
O

Remark 1.13 Let C be a compact subset of a Hausdorff space X and let
(Zn)nen be a sequence in C. By Fact 1.11, (2, )nen possesses a convergent
subnet. However, it may happen that no subsequence of (z,,)nen converges
(see [101, Chapter 13] for an example).

Lemma 1.14 Let C be a compact subset of a Hausdorff space X and suppose
that (x4)aca is a net in C that admits a unique cluster point x € X. Then
Ty — .

Proof. Suppose that x, 4 x. Then it follows from (1.25) that there exist a
subnet (T4(q))aca of (Ta)aca and an open set V' € V(x) such that (zx(q))aca
lies in '\ V. Since €'\ V' is compact by Lemma 1.12, (Zy(q))aca pOssesses
a cluster point y € C' \ V. Hence, y # x € V and y is a cluster point of
(Za)aca, which contradicts the assumption that « is the unique cluster point
of (4)aca- O
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1.8 Two—Point Compactification of the Real Line

Unless stated otherwise, the real line R will always be equipped with the
usual topology, a base of which is the family of open intervals. With this
topology, R is a Hausdorff space that is not compact. The extended real line
[—00, +00] equipped with the topology that admits as a base the open real
intervals and the intervals of the form [—o0,&[ and ¢, +00], where £ € R, is
a compact space.

Fact 1.15 Let (£4)aca be a net in [—o0,+00]. Then the following hold:

(i) The nets (infbeA §b) and (supbeA fb) converge to im¢&, and
a€cA a<b acA

ab
lim &,, respectively.
(i) The net (£4)aca possesses submets that converge to im¢, and limé&,,
respectively.
(iii) The net (£4)aca converges if and only if lim &, = lim &,, in which case
lim&, = lim&, = imé&,.

Moreover, if (£4)aca is a sequence, then (ii) remains true if subnets are re-
placed by subsequences.

Lemma 1.16 Let (€a)aca and (Nq)aca be nets in [—oo,+oo] such that
lim §, > —00 and limn, > —oc0. Then lim &, + lim n, < lim (o + 7).

Proof. Let a € A. Clearly,

. . <
Vee A) a<e = I}gggb + ;ggm, <&+ ne. (1.27)
axb axb
Hence
. . <
inf & + inf ny < inf (& + 7). (1.28)
a<b a<b a<fc

In view of Fact 1.15(i), the result follows by taking limits over a in (1.28). O

1.9 Continuity

Definition 1.17 Let (X, Tx) and (Y, Ty) be topological spaces and let
T: X — Y. Then T is continuous at x € X if

(YW € V(Tz))(3V € V(z)) T(V)C W. (1.29)

Moreover, T' is continuous if it is continuous at every point in X.

Fact 1.18 Let (X, Txy) and (Y, Ty) be topological spaces, let T: X — Y,
and suppose that By is a base of Ty. Then T is continuous if and only if
(VB €By) T YB) € Tx.
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Fact 1.19 Let X and Y be Hausdorff spaces, let T: X — Y, and let x € X.
Then T is continuous at x if and only if Tx, — Tx for every net (q)aca in
X that converges to x.

Lemma 1.20 Let X and Y be Hausdorff spaces, let T: X — Y be continu-
ous, and let C' C X be compact. Then T'(C) is compact.

Proof. Let (yq)aca be a net in T(C). Then there exists a net (x4)qeca in C
such that (Va € A) yo = T'z,. By Fact 1.11, we can find a subnet (x4))sen
of (74)aea that converges to a point x € C. Fact 1.19 implies that Ty —
Tz € T(C). Therefore, the claim follows from Fact 1.11. O

1.10 Lower Semicontinuity

Y
~

Fig. 1.1 The function f is lower semicontinuous at z: for every £ € |—oo, f(z)[, we can
find a neighborhood V of z such that f(V) C ]¢, +oo].

Definition 1.21 Let X be a Hausdorff space, let f: X — [—o0, +00], and
let x € X. Then f is lower semicontinuous at x if, for every net (z4)qca in
X,
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o~z = f(r) <lim f(za) (1.30)

or, equivalently, if (see Figure 1.1)
(V¢ €]=o0, f(x))EV € V(z)) [f(V) CE +oq]. (1.31)

Upper semicontinuity of f at x € X holds if —f is lower semicontinuous at
z, ie., if z, — = = lim f(z,) < f(x) for every net (z4)aca in X; if f is
lower and upper semicontinuous at x, it is continuous at x, i.e., r, — * =
f(zq) — f(x) for every net (z4)qeca in X. Finally, the domain of continuity
of f is the set

cont f = {z € X | f(z) €R and [ is continuous at z}. (1.32)

Note that cont f C int dom f, since f cannot be both continuous and real-
valued on the boundary of its domain. Let us also observe that a continuous
function may take on the values —oo and +oo.

Example 1.22 Let X = R and set

1/z, if x> 0;

. (1.33)
+00, otherwise.

f:R—>[—oo7+oo]:m»—>{

Then f is continuous on R and cont f = R, is a proper open subset of X.

Let X be a Hausdorff space, let f: X — [—00, 400], and let z € X. Then

lim f(y) = sup inf f(V). (1.34)
y—w Vev(z)

Lemma 1.23 Let X be a Hausdorff space, let f: X — [—o0, +00], let x € X,
and let N(z) be the set of all nets in X that converge to x. Then

lim f(y) = ~ min_lim f(zq). (1.35)
Yy—x (xa)aEAeN(m)

Proof. Let (zq)aca € N(z) and set (Va € A) pg = inf {f(2) | a 5 b}. By
Fact 1.15(1), lim p = lim f(x,). For every V € V(x), there exists ay € A
such that a »= ay = 2z, € V. Thus

(Va = av) pa =inf {f(z) | a < b} >inf f(V). (1.36)

Hence for every V € V(z), lim f(zq) = limpu, = limgsq, pe > inf f(V),
which implies that

inf {lim f(z,) | 2o — 2} > sup inf f(V). (1.37)
Vev(x)

Set B={(y,V) |y € V € V(z)} and direct Bvia (y,V) 5 (z, W) & W C V.
For every b = (y,V) € B, set 2, = y. Then 2, — = and
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lim f(2) = sup inf { f(z.) | b= c}
beB

= sup inf{f(2) ’ zeV}

yevVeV(x)
= sup inf f(V). (1.38)
Vev(x)
Altogether, (1.34), (1.37), and (1.38) yield (1.35). O

Lemma 1.24 Let X be a Hausdorff space and let f: X — [—o00,+00]. Then
the following are equivalent:

(i) f is lower semicontinuous, i.e., [ is lower semicontinuous at every point
n X.
(ii) epi f is closed in X x R.
(iii) For every & € R, lev<e [ is closed in X .

Proof. (i)=(ii): Let (x4,&a)aca be a net in epi f that converges to (z,&) in
X x R. Then f(z) < lim f(z,) <lim&, = £ and, hence, (x,&) € epi f.

(ii)=-(iii): Fix £ € R and assume that (2,)eca is a net in lev<, f that
converges to z. Then the net (z,,£)qc4 lies in epi f and converges to (z,£).
Since epi f is closed, we deduce that (z,£) € epif and, hence, that z €
leVSg f

(ii)=(1): Fix x € X, let (24)aca be anet in X that converges to z, and set
w = lim f(x,). Then it suffices to show that f(z) < u. When u = +o0, the
inequality is clear and we therefore assume that u < +o00. By Fact 1.15(ii),
there exists a subnet (zy))ven Of (¥4)aca such that f(xywp)) — p. Now fix
§ € Ju, +ool. Then (f(xkm)))ven is eventually in [—o0, {] and, therefore, there
exists ¢ € B such that {xk(b) ‘ cxbe B} C lev<e f. Since x4y — = and
since lev<e f is closed, we deduce that x € lev<¢ f, i.e., f(z) < . Letting
¢l p, we conclude that f(x) < p. O

Example 1.25 The indicator function of a set C' C X, i.e., the function

0, if x e

) (1.39)
400, otherwise,

LC:X—>[—oo,+oo]:z&—>{

is lower semicontinuous if and only if C' is closed.

Proof. Take £ € R. Then lev<¢ 1c = @ if £ <0, and lev<¢ tc = C otherwise.
Hence, the result follows from Lemma 1.24. O

Lemma 1.26 Let X be a Hausdorff space and let (f;)icr be a family of lower
semicontinuous functions from X to [—oo, +o0]. Then sup;c; f;i is lower semi-
continuous. If I is finite, then min;es f; is lower semicontinuous.

Proof. A direct consequence of Lemma 1.6 and Lemma 1.24. O
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Lemma 1.27 Let X be a Hausdorff space, let (fi)ier be a finite family of
lower semicontinuous functions from X to |—oo,+o0], and let (c;)icr be in
Ryy. Then ) ;o fi is lower semicontinuous.

Proof. 1t is clear that, for every i € I, a; f; is lower semicontinuous. Let f and
g be lower semicontinuous functions from X to |—oo, +o0], and let (z4)aca
be a net that converges to some point x € X. By Lemma 1.16,

(f +9)(@) = f(z) + g(x) <lim f(2a) + lim g(za)

< lim
<lim (f(xa) + g(xa))
= lim(f + g)(2a), (1.40)

which yields the result when I contains two elements. The general case follows
by induction on the number of elements in I. a

The classical Weierstrass theorem states that a continuous function de-
fined on a compact set achieves its minimum and its maximum on that set.
The following refinement is a fundamental tool in proving the existence of
solutions to minimization problems.

Theorem 1.28 (Weierstrass) Let X' be a Hausdorff space, let f: X —
[—o0, +00] be lower semicontinuous, and let C' be a compact subset of X.
Suppose that C Ndom f # @. Then f achieves its infimum over C.

Proof. By definition of inf f(C'), there exists a minimizing sequence of f+ ¢c.
By Fact 1.11 and the compactness of C, we can extract a subnet (x4 ))ven
that converges to a point x € C. Therefore f(zyy)) — inf f(C) < f(x).
On the other hand, by lower semicontinuity, we get f(z) < lim f(2p)) =
lim f(zyp)) = inf f(C). Altogether, f(x) = inf f(C). O

Lemma 1.29 Let X be a Hausdorff space, let C' be a compact Hausdorff
space, and let p: X x C' — [—00,400] be lower semicontinuous. Then the
marginal function

[ X = [—o0,+00] s x +— inf p(z,C) (1.41)
is lower semicontinuous and (Vx € X) f(x) = min p(z,C).

Proof. First let us note that, for every z € X', {z} x C' is compact and hence
Theorem 1.28 implies that f(x) = min p(x, C). Now fix £ € R and let (24)qca
be a net in lev<¢ f that converges to some point € X'. Then there exists a
net (Ya)aca in C such that (Va € A) f(z4) = ¢(2a,ya). Since C is compact,
Fact 1.11 yields the existence of a subnet (y5))sep that converges to a point
y € C. It follows that (x4, Yre)) — (2,y) and, by lower semicontinuity of ¢,
that f(x) < p(z,y) < m (T, Yre)) = im f(2ge) < & Thus 2 € levee f
and f is therefore lower semicontinuous by Lemma 1.24. O
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Definition 1.30 Let X be a Hausdorff space. The lower semicontinuous
envelope of f: X — [—o0, +00] is

f =sup {g: X = [—o0, +o0] | g < f and g is lower semicontinuous}.
(1.42)

Lemma 1.31 Let X be a Hausdorff space and let f: X — [—o0,+00]. Then
the following hold:

(i) f is the largest lower semicontinuous function magjorized by f.

(ii) epi f is closed.

(iii) dom f C dom f C dom f.

(iv) (Vo € X) f(z) = lim, ., f(y).

(v) Let x € X. Then f is lower semicontinuous at x if and only if f(x) =
@)

(vi) epi f = epif.

Proof. (i): This follows from (1.42) and Lemma 1.26.

(ii): Since f is lower semicontinuous by (i), the closedness of epi f follows
from Lemma 1.24.

(iii): Since f < f, we have dom f C dom f. Now set

f(z), if x € dom f;

1.43
+oo, if x ¢ dom f. (1.43)

g:X—>[—oo,+oo]:m»—>{

It follows from (ii) that epig = epi f N (dom f x R) is closed and hence from
Lemma 1.24 that g is lower semicontinuous. On the other hand, for every x €
X, g(z) = f(x) < f(x) if z € dom f, and g(z) = f(z) = 400 if 2 ¢ dom f.
Hence, g < f and thus g = g < f. We conclude that dom f C dom g C dom f.

(i ) Set f: x> lim , f(y)and let € X'. We first show that f is lower
semicontinuous. To this end, suppose that f(m) > —oo and fix £ €] —o0, f(x) [.
In view of (1.34), there exists V' € V(z) such that £ < inf f(V'). Now let U
be an open set such that x € U C V. Then ¢ < inf f(U) and (Vy € U)
U € V(y). Hence, (Vy € U) & < supy ey, inf f(W) = f(y) and therefore

F(U) C J€,400]. Tt follows from (1.31) that f is lower semicontinuous at z.
Thus, since (1.34) yields f < f, we derive from (i) that f < f. Next, let
g: X — [—00,+00] be a lower semicontinuous function such that g < f.
Then, in view of (1.42), it remains to show that g < f to prove that f < f,
and hence conclude that f = f To this end, suppose that g(z) > —oo and let
n €] — o0, g(x)[. By (1.31), there exists V € V(z) such that g(V) C |n, +o0].
Hence, (1.34) yields n < infg(V) <lim,_,, g(y). Letting 1 g(x), we obtain
g(w) <lim, ,, g(y). Thus,

g(x) < lim g(y) = sup infg(W)< sup inf f(W)=f(z). (1.44)
y—x Wev(zx) WeV(x)
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(v): Suppose that f is lower semicontinuous at x. Then it follows from (iv)
that f(z) < f(z) < lim, ,, f(y)= f(z). Therefore, f(x) = f(z). Conversely,
suppose that f(z) = f(x). Then f(z) = lim, . f(y) by (iv) and therefore f
is lower semicontinuous at x.

(vi): Since f < f, epif C epif, and therefore (ii) yields epif C epif =
epi f. Conversely, let (z,£) € epif and fix a neighborhood of (z,¢) of the
form W =V x [ —¢,{ + €], where V € V(z) and ¢ € R4. To show that
(z,€) € epif, it is enough to show that W Nepi f # @. To this end, note that
(1.34) and (iv) imply that f(z) > inf f(V). Hence, there exists y € V such
that f(y) < f(x) + ¢ < & + ¢ and therefore (y,£ +¢) € W Nepi f. O

1.11 Sequential Topological Notions

Let X be a Hausdorff space and let C be a subset of X. Then C is sequentially
closed if the limit of every convergent sequence (z,)nen that lies in C' is
also in C. A closed set is sequentially closed, but the converse is false (see
Example 3.31), which shows that, in general, sequences are not adequate to
describe topological notions.

Definition 1.32 A subset C of a Hausdorff space X' is sequentially compact
if every sequence in C' has a sequential cluster point in C, i.e., if every sequence
in C' has a subsequence that converges to a point in C.

The notions of sequential continuity and sequential lower (upper) semicon-
tinuity are obtained by replacing nets by sequences in Fact 1.19 and Defini-
tion 1.21, respectively. Thus, by replacing nets by sequences and subnets by
subsequences in the proofs of Lemma 1.12, Lemma 1.14, and Lemma 1.24,
we obtain the following sequential versions.

Lemma 1.33 Let C be a sequentially compact subset of a Hausdorff space
X. Then C is sequentially closed, and every sequentially closed subset of C
is sequentially compact.

Lemma 1.34 Let C be a sequentially compact subset of a Hausdorff space X
and suppose that (x,)nen s a sequence in C that admits a unique sequential
cluster point x. Then x, — x.

Lemma 1.35 Let X be a Hausdorff space and let f: X — [—o00,+00]. Then
the following are equivalent:

(i) f is sequentially lower semicontinuous, i.e., f is sequentially lower semi-
continuous at every point in X.
(ii) epi f is sequentially closed in X x R.
(ili) For every & € R, lev<¢ [ is sequentially closed in X.
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Remark 1.36 Let & be a topological space. Then X is called sequential if
every sequentially closed subset of X is closed, i.e., if the notions of closed-
ness and sequential closedness coincide. It follows that in sequential spaces
the notions of lower semicontinuity and sequential lower semicontinuity are
equivalent. Alternatively, X is sequential if, for every topological space ) and
every operator T': X — ), the notions of continuity and sequential continuity
coincide. Note, however, that in Hausdorfl sequential spaces, the notions of
compactness and sequential compactness need not coincide (see [243, Coun-
terexample 43]).

1.12 Metric Spaces

Let X’ be a metric space with distance (or metric) d. The diameter of a subset
C of X is diam C = sup(, ,yccxc d(,y). The distance to a set C C X is the
function

de: X — [0,400]: @ — infd(z, C). (1.45)

Note that if C' = @ then do = +o00. The closed and open balls of center z € X
and radius p € Ry in X are defined as B(z;p) = {y € X } d(z,y) < p} and
{y eX ’ d(z,y) < p}, respectively. The metric topology of X is the topology
that admits the family of all open balls as a base. A topological space is
metrizable if its topology coincides with a metric topology.

A sequence (2,)nen in X converges to a point « € X if d(x,,x) — 0.
Moreover, X is a sequential Hausdorff space and thus, as seen in Remark 1.36,
the notions of closedness, continuity, and lower semicontinuity are equivalent
to their sequential counterparts.

Fact 1.37 Let X be a metric space, let Y be a Hausdorff space, and let
T: X — Y. Then T is continuous if and only if it is sequentially continuous.

In addition, in metric spaces, the notions of compactness and sequential
compactness are equivalent.

Fact 1.38 Let C' be a subset of a metric space X. Then C is compact if and
only if it is sequentially compact.

Lemma 1.39 Let C be a subset of a metric space X such that (Vn € N)
C'N B(0;n) is closed. Then C' is closed.

Proof. Let (25,)nen be a sequence in C' that converges to a point z. Since
(Zn )nen is bounded, there exists m € N such that (2, )nen lies in CNB(0; m).
The hypothesis implies that z € C'N B(0; m) and hence that « € C. O

Lemma 1.40 Let C' be a compact subset of a metric space X. Then C' is
closed and bounded.
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Proof. Closedness follows from Lemma 1.12. Now suppose that C' is not
bounded. Then it contains a sequence (x, )nen such that d(zg,x,) — +oo.
Clearly, (z,)nen has no convergent subsequence and C' is therefore not se-
quentially compact. In view of Fact 1.38, C' is not compact. O

Lemma 1.41 Let X be a metric space, let f: X — [—o00,+00], let © € X,
and let S(x) be the set of all sequences in X that converge to x. Then

lm f(y) =  min_  Lim f(2). (1.46)

y—z (zn)nen€S(z)

Proof. Let (ey,)nen be a strictly decreasing sequence in R, 4 such that e, | 0,
and set (Yn e N) V,, = {ye X ‘ d(z,y) < en} and o = sup,,cyinf f(V,). By
Lemma 1.23,

inf{li_m f(zy) ‘ Ty — x} > lim f(y) = sup inf f(V)=0. (1.47)
neN y— Vev(z)

Since inf (V) 1 o, it suffices to provide a sequence (z,)nen in X such that
xp — 2 and lim f(x,) < 0.

If 0 = 400, then (1.47) implies that f(x,) — o for every sequence (x,, )nen
that converges to z.

Now assume that o € R and that (x,)nen is a sequence such that (Vn € N)
x, €V, and f(z,) <&, +inf f(V,,). Then lim f(z,,) < lim f(x,) < lime,, +
liminf f(V,,) = 0.

Finally, assume that ¢ = —oo. Then, for every n € N, inf f(V},) = —o0,
and we take z,, € V, such that f(z,) < —n. Then lim f(z,) = —c0 = o, and
the proof is complete. O

A sequence (z,,)nen in X is a Cauchy sequence if d(x,,, x,) — 0 asm,n —
+00. The metric space X is complete if every Cauchy sequence in X' converges
to a point in X.

Lemma 1.42 (Cantor) Let X be a complete metric space and let (Cp)nen
be a sequence of nonempty closed sets in X such that (Vn € N) Cp, D Cpi1
and diam C,, — 0. Then mnEN C, is a singleton.

Proof. Set C = (,cnCn. For every n €N, fix z, € C, and set A, =
{Zm}m>n C Cp. Then diam A, — 0, i.e., (zn)nen is a Cauchy sequence.
By completeness, there exists z € A such that x,, — x. Hence, for every
neN, C, 3 Tptp = @ as p — 400 and, by closedness of C,,, we get x € C),.
Thus, « € C' and diam C' < diam C,, — 0. Altogether, C' = {z}. O

Lemma 1.43 (Ursescu) Let X be a complete metric space. Then the fol-
lowing hold:

(i) Suppose that (Cp)nen is a sequence of closed subsets of X. Then
Unenint G, = int |, cyCn-
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(ii) Suppose that (Cp)nen s a sequence of open subsets of X. Then
int (,enyCn = int (), cnCn-

Proof. For any subset C' of X', one has X . C' = int(X ~ C) and X \ int C =
X ~ C. This and De Morgan’s laws imply that at (i) and (ii) are equivalent.

(ii): The inclusion int ), Cp C int () '\ is clear. To show the reverse
inclusion, let us fix

nEN

z € int ﬂC_n and e R4, (1.48)
neN

Using strong (also known as complete) induction, we shall construct se-
quences (2 )neny in X and (e,)nen in Ry such that 29 = z and, for every
n €N,

B(xpi1;€n+1) C B(zp;en,) NG, with e, €1]0,/2"[. (1.49)

For every n € N, let us denote by U, the open ball of center x,, and radius
n. First, set xg = z and let gg € ]0, [ be such that

B(zo;20) C []Chn. (1.50)

neN

Since g € Cp, the set Uy N Cp is nonempty and open. Thus, there exist
x1 € X and &1 € ]0,e/2[ such that

B((El;é‘l) cUpn CO C B(.’Eo;&o) n Co. (151)

Now assume that (ry)o<k<n and (ex)o<k<n are already constructed. Then,
using (1.50), we obtain

xn € U, C B(xn;en) C B(wo;e0) C Cy. (1.52)

Hence, there exists x,41 € C), such that d(z,, n11) < £,/2. Moreover, 41
belongs to the open set U,, N C,,. As required, there exists e,41 € ]0,,,/2[ C
10,e/2" 1 such that

B(zpi1;6n+1) C UL NCy C B(zp;e,) NCy. (1.53)

Since the sequence (B(zn;en))neN is decreasing and ¢, — 0, we have
diam B(zy,;e,) = 2¢, — 0. Therefore, Lemma 1.42 yields a point z. € X

such that
ﬂ B(xp;en) = {2} (1.54)
neN
Combining (1.49) and (1.54), we deduce that z. € B(z;€)N[),,cy Cn- Letting
e 1 0, we conclude that z € [, .y Cin. O



1.12 Metric Spaces 19

A countable intersection of open sets in a Hausdorff space is called a Gs
set.

Corollary 1.44 Let X be a complete metric space and let (Cp)nen be a
sequence of dense open subsets of X. Then ) Cy, is a dense G5 subset of
X.

neN

Proof. It is clear that C' = (1), o Cy is a Gs. Using Lemma 1.43(ii), we obtain
X =int(),cny Cn = intN,cy Cn =int C € C C X. Hence C = X. O

Theorem 1.45 (Ekeland)  Let (X,d) be a complete metric space, let
f: X = |—oo,+00] be proper, lower semicontinuous, and bounded below,
let € Ry, let B € Ryy, and suppose that y € dom [ satisfies f(y) <
a+inf f(X). Then there exists z € X such that the following hold:

(i) f(z) + (o/B)d(y, 2) < f(y).
(i) d(y, 2) < B.
(i) (Vo € X N {z}) f(2) < f(z) + («/B)d(z, 2).

Proof. We fix xy € X and define inductively sequences (2, )nen and (Cp)nen
as follows. Given z,, € X', where n € N, set

Cn={z € X | f(z) + (a/B)d(wn,x) < fzn)} (1.55)
and take 2,11 € X such that
Tnp1 € C and  f(z41) < 3 f(20) + 5 inf f(Ch). (1.56)
Since 2,11 € Cy, we have (o/B8)d(zn, tn11) < f(2n) — f(Zni1). Thus,
(f(xn)), oy s decreasing and bounded below, hence convergent, (1.57)
and
(neN)(YmeN) n<m = (o/B)d(xn,zm) < f(zn) — f(2m). (1.58)

Combining (1.57) and (1.58), we see that (z,,)nen is a Cauchy sequence. Set
z = limx,. Since f is lower semicontinuous at z, it follows from (1.57) that

F(2) < lim f(z). (1.59)
Letting m — 400 in (1.58), we deduce that
(vn eN) (a/B)d(xn,z) < fzn) = f(2). (1.60)

Recalling that zp =y and setting n =0 in (1.60), we obtain (i). In turn, (i)
implies that f(2)+ (o/B)d(y,2) < f(y) < a+inf f(X) < a+ f(z). Thus (ii)
holds. Now assume that (iii) is false. Then there exists z € X \ {z} such that
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f(x) < f(z) = (a/B)d(x, z) < f(2). (1.61)
In view of (1.60), we get

(VneN) f(z)
(zn) — (a/B)d(x, ). (1.62)

HAS
f(zyn) < f(z). Hence lim f(x,) < f(x). This, (1.61), and (1.59) imply that
holds. O

Definition 1.46 Let (X, d1) and (Xs, d2) be metric spaces, let T: X3 — Xa,
and let C be a subset of X;. Then T is Lipschitz continuous with constant
g e Ry if

(Ve e X)) (Vy € X1)  do(Tx, Ty) < Bdi(z,y), (1.63)
locally Lipschitz continuous near a point x € A if there exists p € Ry
such that the operator T'| (4, is Lipschitz continuous, and locally Lipschitz

continuous on C' if it is locally Lipschitz continuous near every point in C.
Finally, T' is Lipschitz continuous relative to C' with constant 5 € R if

Ve e C)Vy € C) do(Tx,Ty) < Bdi(z,y). (1.64)
Example 1.47 Let C be a nonempty subset of a metric space (X, d). Then
(Vo € X)(Vy € X) |do(z) — do(y)] < d(z,y). (1.65)

Proof. Take x and y in X. Then (Vz € X) d(z,2) < d(x,y) + d(y, z). Taking
the infimum over z € C yields do(z) < d(z,y)+dc(y), hence de(x)—de(y) <
d(x,y). Interchanging = and y, we obtain de¢(y) —de(x) < d(x,y). Altogether,
ldo(z) — do(y)| < d(z,y). O

The following result is known as the Banach—Picard fixed point theorem.
The set of fixed points of an operator T: X — X is denoted by Fix T, i.e.,
FixT ={x e X | Tx =ux}. (1.66)

Theorem 1.48 (Banach—Picard) Let (X,d) be a complete metric space
and let T: X — X be Lipschitz continuous with constant 8 € [0,1[. Given
xg € X, set

(VneN) x,11 =Tax,. (1.67)

Then there exists x € X such that the following hold:

(i)  is the unique fized point of T
(ii) (Vn € N) d(zpt1,2) < Bd(xn,x).
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(iii) (Vn € N) d(ap,x) < fd(x0,x) (hence (x,)nen converges linearly to x).
(iv) A priori error estimate: (Yn € N) d(xy,z) < f"d(xo,21)/(1 — 5).

(v) A posteriori error estimate: (Vn € N) d(zp,x) < d(@n, Tnt1)/(1 — 5).
(vi) d(@o, 1)/ (1 4 B) < d(xo, ) < d(xo,1)/(1 = B).

Proof. The triangle inequality and (1.67) yield

(Ym eN)(Vn e N) d(zn, Tnim) < d(@n, Tni1) + -+ ATntm—1, Trntm)
< (1 +B8+-+ 6m71)d(mn7$n+1)

1 _ m
= %d(xm Tpt1) (1.68)
< : _nﬁd(xo,xl). (1.69)

It follows that (x,)nen is a Cauchy sequence in X' and therefore that it con-
verges to some point € X. In turn, since T is continuous, Tx = T'(limz,,) =
limTz, = limz,+; = = and thus € FixT. Now let y € FixT. Then
d(x,y) = d(Tx,Ty) < fd(x,y) and hence y = x. This establishes (i).

(ii): Observe that (Vn € N) d(zp41,2) = d(T2y, Tx) < Bd(zy,x).

(ii)=(iii): Clear.

(iv)&(v): Let m — 400 in (1.69) and (1.68), respectively.

(vi): Since d(zo,x1) < d(zo,x) + d(z,21) < (1 + S)d(xo,x), the first in-
equality holds. The second inequality follows from (iv) or (v). O

We close this chapter with a variant of the Banach—Picard theorem.

Theorem 1.49 Let (X,d) be a complete metric space and let T: X — X be
such that there exists a summable sequence (B )nen in Ry such that

Ve X)(Vy € X)(Vn e N) d(T"z,T"y) < Bnd(z,y), (1.70)

where T™ denotes the n-fold composition of T if n > 0, and T° = 1d. Let
To € X and set

“+o00
(VneN) zp41=Tx, and o, = Z B- (1.71)
k=n

Then there exists x € X such that the following hold:

(i)  is the unique fized point of T
(ii) z,, — .
(iii) (Vn € N) d(xn,z) < apd(zo,z1).

Proof. We deduce from (1.71) that

n+m—1
(Ym e N)(Vn €N)  d(@n, Tpym) < D dlwg, T41)
k=n
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n+m—1

= Z d(Tk.’L‘(), Tkl‘l)

k=n
n+m-—1

Z 5kd($0, $1)
k=n

< apd(xg, 21). (1.72)

IA

(1)&(ii): Since (Bn)nen is summable, we have oy, — 0. Thus, (1.72) implies
that (2, )nen is a Cauchy sequence. Thus, it converges to some point € X. It
follows from the continuity of T’ that Tz = T (lim a,,) = lim Tx,, = lim @y, 41 =
2 and therefore that € FixT. Now let y € FixT. Then (1.70) yields
(Vn eN) d(z,y) = d(T"x, T"y) < Bpd(z,y). Since [, — 0, we conclude
that y = x.

(iii): Let m — 400 in (1.72). O

Exercises

Exercise 1.1 Let X and ) be two nonempty sets and let T: X — ).

(i) Let C C X and D C Y. Show that C C T-Y(T(C)) and T(T~Y(D)) C
D. Provide an example of strict inclusion in both cases.

(ii)) Let D C Y and let (D;);e; be a family of subsets of ). Show the
following:

(a) T"Y (YN D)=X T D).

(b) T_l(ﬂiel D;) = ﬂie] T_I(Di)‘

(c) T_l(Uiel D;) = Uiel T-Y(D
(iii) Prove Fact 1.18.

Exercise 1.2 Let C' and D be two arbitrary subsets of a topological space
X. Show the following:

HXNintC=X~Cand ¥\ C=int(X¥Y~C).
(ii) int(C N D) = (int C) N (int D) and CUD = C U D.
(iii) int(C' U D) # (int C) U (int D) and CN'D # C N D.

Exercise 1.3 Let A = Z be directed by < and define a net (24)qeca in R by

a, if a <0;

1.73
1/a, if a>0. (1.73)

(Va € A) xa:{

Show that (z,)qca is unbounded and that it converges.

Exercise 1.4 In this exercise, N designates the unordered and undirected set
of positive integers. Let A = N be directed by <, and let B = N be directed
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by the relation < that coincides with < on {2n},en and on {2n+1},,cn, and
satisfies (Vm € N)(Vn € N) 2m + 1 < 2n. Now let (z4)qea be a sequence in
R.

(i) Show that (Va € A)(Vb € B) b= 2a = 3b > a.
(ii) Show that (z3p)pep is a subnet, but not a subsequence, of (z,)qcA-
(iii) Set (Va € A) z, = (1 — (—=1)%)a/2. Show that the subnet (xsp)pen
converges to 0 but that the subsequence (23,)qca does not converge.

Exercise 1.5 Let X’ be a nonempty set and let f: X — R. Equip X with a
topology T and R with the usual topology. Provide a general condition for f
to be continuous in the following cases:

(i) T = {2, x}.
(i) T = 2.

Exercise 1.6 Let f: R — [—00, +00] and set

f(z), if =z

. (1.74)
400, otherwise.

(VzeR) f.:R—[—o00,+00]: :cn—>{

Show that the functions (f.).cr are lower semicontinuous and conclude that
the infimum of an infinite family of lower semicontinuous functions need not
be lower semicontinuous (compare with Lemma 1.26).

Exercise 1.7 Let fi and f2 be functions from R to R. Show the following:

(i) If f; is lower semicontinuous and fs is continuous, then f; o fo is lower
semicontinuous.

(ii) If f; is continuous and fy is lower semicontinuous, then f; o fo may fail
to be lower semicontinuous.

Exercise 1.8 Let X' be a Hausdorff space, let f: & — [—00, +00], and let
g: X — R be continuous. Show that f+g= f+g.

Exercise 1.9 Let X be a topological space. Then X is first countable if, for
every x € X, there exists a countable base of neighborhoods, i.e., a family
{Va}nen C V() such that (VV € V(z))(IneN) V, C V.

(i) Show that, without loss of generality, the sequence of sets (V,)nen can
be taken to be decreasing in the above definition.
(ii) Show that if X" is metrizable, then it is first countable.
(iii) The space X is a Fréchet space if, for every subset C' of X and every
x € C, there exists a sequence (2, )nen in C such that z,, — 2. Show
the following:

(a) If X is first countable, then it is Fréchet.
(b) If X is Fréchet, then it is sequential.
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(iv) Conclude that the following relations hold: metrizable = first countable
= Fréchet = sequential.

Exercise 1.10 Let C be a subset of a metric space X. Show the following:

() C={zex | do(z) = 0}.
(i) C is a Gs.

Exercise 1.11 A subset of a Hausdorff space X is an I, if it is a countable
union of closed sets. Show the following:

(i) The complement of an F, is a Gs.
(ii) If X is a metric space, every open set in X" is an Fy.

Exercise 1.12 Let (2, )nen be a sequence in a Hausdorff space X' that con-
verges to some point x € X. Show that the set {, }nen U {2} is compact.

Exercise 1.13 In the compact metric space X = [0, 1], direct the set
A={a€]0,1[ | ais a rational number } (1.75)

by < and define (Va € A) z, = a. Show that the net (x4)qca converges to 1,
while the set {z,}qaca U{1} is not closed. Compare with Exercise 1.12.

Exercise 1.14 Find a metric space (X, d) such that (Vo € X) int B(x;1) #
{y e X | d(z,y) < 1}.

Exercise 1.15 Let (2, )nen be a Cauchy sequence in a metric space X'. Show
that (z,,)nen is bounded and that, if it possesses a sequential cluster point,
it converges to that point.

Exercise 1.16 Let (2, )nen be a sequence in a complete metric space (X, d)
such that » _yd(z,,2n11) < +00. Show that (x,),en converges and that
this is no longer true if we merely assume that ) _y d?*(xp, Tpi1) < +o0.

Exercise 1.17 Show that if in Lemma 1.43 the sequence (C}, ), en is replaced
by an arbitrary family (Cy)aeca, then the conclusion fails.

Exercise 1.18 Provide an example of a function f from R to R such that f
is locally Lipschitz continuous on R but f is not Lipschitz continuous.

Exercise 1.19 Let (X, d) be a metric space and let (x,)nen be a Cauchy
sequence in X. Show that for every z € X, (d(z,x,))nen converges, that
f: X - R: 2z~ limd(x,z,) is Lipschitz continuous with constant 1, and
that f(z,) — 0.

Exercise 1.20 Let (X,d) be a metric space. Use Theorem 1.45 and Ex-
ercise 1.19 to show that X is complete if and only if, for every Lipschitz

continuous function f: X — Ry and for every e € |0, 1], there exists z € X
such that (Vo € X) f(z) < f(x) + ed(z, 2).
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Exercise 1.21 (Hausdorff) Let (X, d) be a metric space and let € be the
class of nonempty bounded closed subsets of X'. Define the Hausdorff distance
by

H:CxC—Ri: (C,D)w— max{ sup dp(z), sup dc(x)}. (1.76)
zeC z€D

The purpose of this exercise is to show that H is indeed a distance on C.

(i) Let x € X and y € Y. Compute H({z},{y}).

(ii) Show that (VC € C)(VD € €) H(C,D) = ( ,O).

(iii) Show that (VC € €)(VD € C) (C D)=0 & C=D.

(iv) Show that (VC € C)(VD € C)(Vz € X) dD( ) de(z) + H(C, D).
(v) Show that (C, H) is a metric space.

Exercise 1.22 Use Theorem 1.45 to prove Theorem 1.48(i).

Exercise 1.23 Let X be a complete metric space, suppose that (C;);er is a
family of subsets of A that are open and dense in X', and set C' = ﬂie ;1 Ci.
Show the following:

(i) If I is finite, then C is open and dense in X.
(ii) If I is countably infinite, then C' is dense (hence nonempty), but C' may
fail to be open.
(iii) If I is uncountable, then C' may be empty.






Chapter 2
Hilbert Spaces

Throughout this book, H is a real Hilbert space with scalar (or inner) product
(-] ). The associated norm is denoted by || - || and the associated distance by
d, i.e.,

(Ve e H)(Vy e H) |zl = (z|z) and d(z,y)=[z-yl.  (2.1)

The identity operator on H is denoted by Id.

In this chapter, we derive useful identities and inequalities, and we review
examples and basic results from linear and nonlinear analysis in a Hilbert
space setting.

2.1 Notation and Examples

The orthogonal complement of a subset C of H is denoted by C*, i.e.,
CL:{uE’H’(VJ:GC) (x| u) =0}. (2.2)

An orthonormal set C' C H is an orthonormal basis of H if span C' = H. The
space H is separable if it possesses a countable orthonormal basis. Now let
(x;)ier be a family of vectors in H and let Z be the class of nonempty finite
subsets of I, directed by C. Then (x;);er is summable if there exists z € H
such that the net (3, ; x;)sez converges to x, i.e., by (1.25),

1‘—5 €Z;

icJ

VeeRy 1 )FKeI)(VJeI) JDODK = <e. (2.3)

In this case we write x = > ., ;. For a family (o;);es in [0, +00], we have

el
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Z o = sup Z Q. (2.4)

Here are specific real Hilbert spaces that will be used in this book.

Example 2.1 The Hilbert direct sum of a totally ordered family of real
Hilbert spaces (M, | - ||i)icr is the real Hilbert space

> lall? < +oo} (2.5)

i€l

Pt = {o = @er e X

icl el

equipped with the addition (@, y) — (z; + v;)ier, the scalar multiplication
(o, ) — (ax;)icr, and the scalar product

(@,9) = > (zi | vi); (2.6)

el

(when [ is finite, we shall sometimes adopt a common abuse of notation
and write X, ;H; instead of @ZE] i). Now suppose that, for every i € I,
fi: Hi — ]—oo +oo] and that if I is infinite, inf;c; f; > 0. Then

B fi: PHi— 100, +00]: (wi)ier = > filxs). (2.7)

icl i€l i€l

Example 2.2 If each H; is the Euclidean line R in Example 2.1, we ob-
tain £2(I) = @, R, which is equipped with the scalar product (z,y) =
((&i)ier, (mi)ier) = > _;er &imi- The standard unit vectors (e;)ier of 02(I) are
defined by

1, if j =14

(Viel) ei:I%R:jr—){ (2.8)

0, otherwise.

Example 2.3 If T = {1,..., N} in Example 2.2, we obtain the standard
Euclidean space RV.

Example 2.4 The space of real N x N symmetric matrices is denoted by
SN. It is a real Hilbert space with scalar product (A, B) + tr (AB), where
tr is the trace function.

Example 2.5 Let (£2,F, 1) be a (positive) measure space, let (H, (- | -),4) be
a real Hilbert space, and let p € [1,+oco[. Denote by LP((£2,F,u);H) the
space of (equivalence classes of) Borel measurable functions z: {2 — H such
that [, [|2(w)|[ju(dw) < +o00. Then L?((£2,F, p); H) is a real Hilbert space
with scalar product (z,y) — [, (z(w) | y(w))y p(dw).

Example 2.6 In Example 2.5, let H = R. Then we obtain the real Ba-
nach space LP(£2,F,u) = LP((£2,F,1);R) and, for p = 2, the real Hilbert
space L2(Q F, ), which is equipped with the scalar product (z,y) —

f() )p(dw).
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Example 2.7 In Example 2.5, let T' € R4 4, set 2 = [0,7], and let p be the
Lebesgue measure. Then we obtain the Hilbert space L?([0,T]; H), which is

equipped with the scalar product (z,y) — fo t) | y(t))y dt. In particular,
when H = R, we obtain the classical Lebesgue space L2([0,T]) = L*([0, T]; R).

Example 2.8 Let (2,3, P) be a probability space, i.e., a measure space such
that P(£2) = 1. A property that holds P-almost everywhere on (2 is said to
hold almost surely (a.s.). A random variable (r.v.) is a measurable function
X: 2 — R, and its expected value is EX = [, X (w)P(dw), provided that
the integral exists. In this context, Example 2.6 ylelds the Hilbert space

L*(02,F,P) = {X r.v.on (£2,F) | EJX|* < +oo} (2.9)

of random variables with finite second absolute moment, which is equipped
with the scalar product (X,Y) — E(XY).

Example 2.9 Let T € R, and let (H,(-|-),) be a real Hilbert space.

For every y € L%([0,7);H), the function z: [0,T] — H:t — fo s)ds is
differentiable almost everywhere (a.e.) on |0,7[ with 2/(t) = y(¢) a.e. on
10, T[. We say that z: [0,T7] — H belongs to W12([0,T];H) if there exists
y € L*([0,T]; H) such that

(Vt €10, 7)) =z(t) = =(0) + /Ot y(s)ds. (2.10)
Alternatively,
Wh2([0,T];H) = {z € L*([0,T};H) | 2’ € L*([0,T];H)}. (2.11)
The scalar product of this real Hilbert space is (z,y) — fo t) | y(t)), dt+
Jo @) [/ () d.

2.2 Basic Identities and Inequalities

Fact 2.10 (Cauchy—Schwarz) Let x and y be in H. Then

(@ [ o)] < [l lyll- (2.12)

Moreover, (x| y) = |z|/ |ly]| & Ba € Ry) v =ay ory = ax.

Lemma 2.11 Let z, y, and z be in H. Then the following hold:

@) = +yll* = ll=* + 2 (= | ) + llylI*.
(ii) Parallelogram identity: ||z + || + ||z — y[* = 2[|z[* + 2]|y||*.
(iii) Polarization identity: 4 (z | y) = ||z + y||* — ||z — y||>.
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(iv) Apollonius’s identity: ||z—y|* = 2||z—x||?+2|z—y||>—4|lz— (z+y)/2|*.
Proof. (i): A simple expansion.
(ii)&(iii): It follows from (i) that
lz = ylI* = llzl* = 2 | v) + lly]1*. (2.13)

Adding this identity to (i) yields (ii), and subtracting it from (i) yields (iii).
(iv): Apply (ii) to the points (z — x)/2 and (z — y)/2. O

Lemma 2.12 Let © and y be in H. Then the following hold:

(i) (z [ y) <0 & (Vo € Ry)z]| < [lz—ay]| & (Va € [0, 1)) [lz]| < [z —ay]|.
i)z Ly & (VaeR) |z <[z —ayll & (Vae[-1,1]) |z <[z —ay].

Proof. (i): Observe that
(Vo €R) [z —ayl* — [[z]* = a(alyl® - 2(= | y)). (2.14)

Hence, the forward implications follow immediately. Conversely, if for every
€ 10,1], [|z]| £ ||z — ay||, then (2.14) implies that (z | y) < afly||?/2. As
a ] 0, we obtain (z | y) <0.
(ii): A consequence of (i), sincexz Ly < [(z|y) <Oand (z | —y) <0]. O

Lemma 2.13 Let (x;)icr and (u;)icr be finite families in H and let (ov;)ier
be a family in R such that ), ; oy = 1. Then the following hold:

(1) (Xieraimi | Xjerajuy) +Xicr 2o jer @iy (xi — x5 | ug — uy) /2
= Dier i (i | wi).
.. 2
() | Xier cimil|” + Xier o jer ciuillas — a5l|?/2 = 3,0y il
Proof. (i): We have

2<zam zajuj>

el jer

= D> aay (s | ug) + (2 | ud))
iel jel

=3 aioy ((wi | wa) + (w5 | wg) — (i — 2 | ws — uy))
i€l jel

=2 aifwi[w) = D> iy (wi—ag fui—ug) . (215)

i€l iel jel
(ii): This follows from (i) when (u;)ier = (x;)ier- 0

Corollary 2.14 Let x € H, let y € H, and let « € R. Then

lax + (1 = a)yl* + a1 — a)|lz — y[* = allz|* + 1 =) yl*.  (2.16)
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2.3 Linear Operators and Functionals

Let X and Y be real normed vector spaces. We set
B(X,Y)={T: X - Y | T is lincar and continuous} (2.17)
and B(X) = B(X, X). Equipped with the norm

(VT € B@.Y) T =sup|[T(BO: )| = swp |To). (218

llzll<1

B(X,)) is a normed vector space, and it is a Banach space if ) is a Banach
space.

Fact 2.15 Let X and Y be real normed vector spaces and let T: X — ) be
linear. Then T is continuous at a point in X if and only if it is Lipschilz
continuous.

The following result is also known as the Banach—Steinhaus theorem.

Lemma 2.16 (uniform boundedness) Let X be a real Banach space, let
Y be a real normed vector space, and let (T;)icr be a family of operators in
B(X,)) that is pointwise bounded, i.e.,

(Ve € X) sup||Tiz| < +o0. (2.19)
iel

Then sup;e; || T3] < +o0.

Proof. Apply Lemma 1.43(i) to ({z € X | sup;¢; | Tiz|| < n})neN' O

The Riesz—Fréchet representation theorem states that every continuous

linear functional on the real Hilbert space H can be identified with a vector
in H.

Fact 2.17 (Riesz—Fréchet representation) Let f € B(H,R). Then there
exists a unique vector u € H such that (Vx € H) f(x) = (x | u). Moreover,

1= Tl
If K is a real Hilbert space and T' € B(H, K), the adjoint of T is the unique
operator T* € B(K,H) that satisfies
VeeH)VyeK) (Tz|y)=(x|T"y). (2.20)
Fact 2.18 Let K be a real Hilbert space, let T € B(H,K), and let ker T =
{m eH | Ty = ()} be the kernel of T'. Then the following hold:

() T =T.
@) T[] = 17| = IT*T.
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(iii) (ker T)* = ranT*.
(iv) (ranT)* = ker T*.
(v) kerT*T = kerT and TanTT* =tanT.
Fact 2.19 Let K be a real Hilbert space and let T € B(H,K). Then ranT

is closed < ranT™ is closed < ranTT™* is closed < ranT*T is closed <
(Ba € Ry()(Vz € (ke T)) T2l > alla]].

Suppose that u € H ~ {0} and let n € R. A closed hyperplane in H is a
set of the form

{zeH ‘ (x| u)y=n}; (2.21)

a closed half-space with outer normal u is a set of the form

{reH | (@|u) <n} (2.22)
and an open half-space with outer normal u is a set of the form

{zeH | (z|u) <n}. (2.23)
The distance function to C = {z € H | (z | u) =n} is (see (1.45))

We conclude this section with an example of a discontinuous linear func-
tional.

Example 2.20 Assume that #H is infinite-dimensional and let H be a
Hamel basis of H, i.e., a maximally linearly independent subset. Then H
is uncountable. Indeed, if H = [,y span{hx}o<r<n for some Hamel basis
H = {hn}nen, then Lemma 1.43(i) implies that some finite-dimensional lin-
ear subspace span{hy}o<k<n has nonempty interior, which is absurd. The
Gram-Schmidt orthonormalization procedure thus guarantees the existence
of an orthonormal set B = {e,}nen and an uncountable set C' = {cs}aca
such that B U C' is a Hamel basis of H. Thus, every point in H is a (finite)
linear combination of elements in B U C' and, therefore, the function

FH=Rz=Y Gent Y tacars Y & (2.25)

neN acA neN

is well defined and linear. Now take (c,)nen € £2(N) \ £1(N) (e.g., (¥n € N)
anp =1/(n+1)) and set

(VneN) =z, = Zakek. (2.26)
k=0

Then (zy,)nen converges strongly to some point z € H and f(x,) — +oo.
This proves that f is discontinuous at z and hence discontinuous everywhere
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by Fact 2.15. Now set (Vn € N) y, = (x5, — f(an)eo)/ max{f(xy,),1}. Then
(Yn)nen lies in C = {:z: EH } flx) = 0} and y, — —eg. On the other hand,
—ep ¢ C, since f(—ep) = —1. As a result, the hyperplane C is not closed. In
fact, as will be proved in Example 8.33, C' is dense in H.

2.4 Strong and Weak Topologies

The metric topology of (H, d) is called the strong topology (or norm topology)
of H. Thus, a net (z4)ae4 in H converges strongly to a point z if ||z, —z|| — 0;
in symbols, z, — x. When used without modifiers, topological notions in H
(closedness, openness, neighborhood, continuity, compactness, convergence,
etc.) will always be understood with respect to the strong topology.

Fact 2.21 Let U andV be closed linear subspaces of H such that V' has finite
dimension or finite codimension. Then U +V is a closed linear subspace.

In addition to the strong topology, a very important alternative topology
can be introduced.

Definition 2.22 The family of all finite intersections of open half-spaces of
H forms the base of the weak topology of H; H"*** denotes the resulting
topological space.

Lemma 2.23 H“°? js a Hausdorff space.

Proof. Let z and y be distinct points in H. Set u =2 —y and w = (z +y)/2.
Then {z€H | (z—w|u) >0} and {z €H | (z—w|u) <0} are disjoint
weak neighborhoods of x and y, respectively. O

A subset of H is weakly open if it is a union of finite intersections of open
half-spaces. If H is infinite-dimensional, nonempty intersections of finitely
many open half-spaces are unbounded and, therefore, nonempty weakly open
sets are unbounded. A net (z4)qca in H converges weakly to a point x € H
if, for every u € H, (xq | u) — (x| w); in symbols, z, — x. Moreover (see
Section 1.7), a subset C' of H is weakly closed if the weak limit of every weakly
convergent net in C' is also in C, and weakly compact if every net in C has a
weak cluster point in C. Likewise (see Section 1.11), a subset C' of H is weakly
sequentially closed if the weak limit of every weakly convergent sequence in C'
is also in C, and weakly sequentially compact if every sequence in C' has a weak
sequential cluster point in C'. Finally, let D be a nonempty subset of H, let
be a real Hilbert space, let T: D — K, and let f: H — [—o00, +00]. Then T is
weakly continuous if it is continuous with respect to to the weak topologies
on H and K, i.e., if, for every net (z4)qea in D such that z, — x € D, we
have Tx, — Txz. Likewise, f is weakly lower semicontinuous at x € H if, for
every net (24)qaea in H such that z, — z, we have f(x) < lim f(x,).
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Remark 2.24 Strong and weak convergence of a net (z4)eca in H to a
point = in H can be interpreted in geometrical terms: z, — x means that
d¢z}(za) — 0 whereas, by (2.24), 2, — = means that dc(x,) — 0 for every
closed hyperplane C' containing .

Example 2.25 Suppose that H is infinite-dimensional, let (x,,)nen be an
orthonormal sequence in H, and let u be a point in H. Bessel’s inequality
yields >, oy {2 | u)|® < |jul|?, hence (z, |u) — 0. Thus z, — 0. How-

ever, |z,|| = 1 and therefore x,, 4 0. Actually, (z,,)nen has no Cauchy
subsequence since, for any two distinct positive integers n and m, we have
|z — zm||* = |znl|* + [|zm]/> = 2. This also shows that the unit sphere

{z € H | |lz| =1} is closed but not weakly sequentially closed.

Suppose that H is infinite-dimensional. As seen in Example 2.25, an or-
thonormal sequence in H has no strongly convergent subsequence. Hence, it
follows from Fact 1.38 that the closed unit ball of H is not compact. This
property characterizes infinite-dimensional Hilbert spaces.

Fact 2.26 The following are equivalent:

(i) H is finite-dimensional.

(ii) The closed unit ball B(0;1) of H is compact.
(iii) The weak topology of H coincides with its strong topology.
(iv) The weak topology of H is metrizable.

In striking contrast, compactness of closed balls always holds in the weak
topology. This fundamental and deep result is known as the Banach—Alaoglu
theorem.

Fact 2.27 (Banach—Alaoglu) The closed unit ball B(0;1) of H is weakly
compact.

Fact 2.28 The weak topology of the closed unit ball B(0;1) of H is metrizable
if and only if H is separable.

Lemma 2.29 Let C be a subset of H. Then C' is weakly compact if and only
if it is weakly closed and bounded.

Proof. First, suppose that C' is weakly compact. Then Lemma 1.12 and
Lemma 2.23 assert that C' is weakly closed. Now set C = {{z | -)}zec C
B(H,R) and take u € H. Then (- | u) is weakly continuous. By Lemma 1.20,
{{z | u)}zec is a compact subset of R, and it is therefore bounded by
Lemma 1.40. Hence, C is pointwise bounded, and Lemma 2.16 implies that
sup,ec ||zl < +oo, ie., that C' is bounded. Conversely, suppose that C' is
weakly closed and bounded, say C' C B(0; p) for some p € R, .. By Fact 2.27,
B(0; p) is weakly compact. Using Lemma 1.12 in H¥°* we deduce that C is
weakly compact. O

The following important fact states that weak compactness and weak se-
quential compactness coincide.
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Fact 2.30 (Eberlein—-Smulian) Let C be a subset of H. Then C' is weakly
compact if and only if it is weakly sequentially compact.

Corollary 2.31 Let C be a subset of H. Then the following are equivalent:

(i) C' is weakly compact.
(ii) C is weakly sequentially compact.
(iii) C is weakly closed and bounded.

Proof. Combine Lemma 2.29 and Fact 2.30. O

Lemma 2.32 Let C' be a bounded subset of H. Then C is weakly closed if
and only if it is weakly sequentially closed.

Proof. If C' is weakly closed, it is weakly sequentially closed. Conversely,
suppose that C is weakly sequentially closed. By assumption, there exists
p € Ry such that C' C B(0; p). Since B(0; p) is weakly sequentially compact
by Fact 2.27 and Fact 2.30, it follows from Lemma 2.23 and Lemma 1.33 that
C' is weakly sequentially compact. In turn, appealing once more to Fact 2.30,
we obtain the weak compactness of C' and therefore its weak closedness by
applying Lemma 1.12 in HWe2k, O

Remark 2.33 As will be seen in Example 3.31, weakly sequentially closed
sets need not be weakly closed.

Lemma 2.34 Let T: H — K be a continuous affine operator. Then T is
weakly continuous.

Proof. Set L: x — Tax —T0,let € H, let y € K, and let (x4)aeca be a
net in H such that z, — «. Then L € B(H,K) and (z, | L*y) — (x| L*y).
Hence, (Lz, | y) — (Lx | y), i.e., Ly — Lx. We conclude that Ta, = T0 +
Lx, —~TO0+ Lx =Tx. O

Lemma 2.35 The norm of H is weakly lower semicontinuous, i.e., for every
net (xq)aca in H and every x in H, we have

to—z = ]l <lim .. (2.27)
Proof. Take a net (4)aca in H and a point z in H such that x, — z. Then,
by Cauchy-Schwarz, ||z||? = lim |[(z, | z)| < lim ||z ||z||- O

Lemma 2.36 Let (z4)aca and (ug)aca be nets in H, and let x and u be
points in H. Suppose that (x4)aca s bounded, that x, — x, and that u, — u.
Then (x4 | uq) — (x| u).

Proof. We have sup,c 4 ||z < 400, (g —2 |u) — 0, and ||ug — ul| — 0.
Since, for every a € A,

(Ta [ ua) = (2 | w)| = [(za [ e —u) + (2o — 2 | u)|

< (sup o)) fua = ull + [fza =2 | W], (2:28)
beA

we obtain (z, | uq) — (x| u) — 0. O
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2.5 Weak Convergence of Sequences

Lemma 2.37 Let (x,)nen be a bounded sequence in H. Then (zy)nen pos-
sesses a weakly convergent subsequence.

Proof. First, recall from Lemma 2.23 that H"°2¥ is a Hausdorff space. Now
set p = sup,,cy ||zn| and C = B(0; p). Fact 2.27 and Fact 2.30 imply that
C' is weakly sequentially compact. Since (2, )nen lies in C, the claim follows
from Definition 1.32. m]

Lemma 2.38 Let (x,)nen be a sequence in H. Then (xp)nen converges
weakly if and only if it is bounded and possesses at most one weak sequential
cluster point.

Proof. Suppose that z,, — = € H. Then it follows from Lemma 2.23 and
Fact 1.9 that x is the unique weak sequential cluster point of (z,,),en. More-
over, for every u € M, (z, | u) = (| u) and therefore sup, cy [(xn | u)| <
+o00. Upon applying Lemma 2.16 to the sequence of continuous linear func-
tionals ({x,, | -))nen, we obtain the boundedness of (||z,||)nen. Conversely,
suppose that (2, )nen is bounded and possesses at most one weak sequential
cluster point. Then Lemma 2.37 asserts that it possesses exactly one weak
sequential cluster point. Moreover, it follows from Fact 2.27 and Fact 2.30
that (2,,)nen lies in a weakly sequentially compact set. Therefore, appealing
to Lemma 2.23, we apply Lemma 1.34 in H"?¥ to obtain the desired conclu-
sion. a

Lemma 2.39 Let (x,)nen be a sequence in H and let C be a nonempty
subset of H. Suppose that, for every x € C, (||x, — x| )nen converges and that
every weak sequential cluster point of (xn)nen belongs to C. Then (xp)nen
converges weakly to a point in C.

Proof. By assumption, (2, )nen is bounded. Therefore, in view of Lemma 2.38,
it is enough to show that (x,)nen cannot have two distinct weak sequential
cluster points in C. To this end, let = and y be weak sequential cluster points
of (xn)nen in C, say xg, — x and x;, — y. Since & and y belong to C, the
sequences (||z, — z|)nen and (|2, — y||)nen converge. In turn, since

(VneN) 2(an |z —y) = lzn = yl* = lon —2l® + ll2l* ~ lyl?,  (2:29)

({xn |  — y))nen converges as well, say (x,, | © — y) — ¢. Passing to the limit
along (zg, Jnen and along (zy, Jnen yields, respectively, £ = (v |z —y) =
{(y | z — y). Therefore, ||z — y||*> = 0 and hence z = y. O

Proposition 2.40 Let (e;)ier be a totally ordered family in H such that
span{e;}ticr = H, let (xn)nen be a sequence in H, and let x be a point in H.
Then the following are equivalent:

(i) zp — .



2.6 Differentiability 37
(ii) (zn)nen is bounded and (Vi € T) (xp | €;) — (x| €;) as n — +oo.

Proof. ()=(ii): Lemma 2.38. (ii)=(i): Set (yn)nen = (£n—2)nen. Lemma 2.37
asserts that (yn)nen possesses a weak sequential cluster point y, say yg, — y.
In view of Lemma 2.38, it suffices to show that y = 0. For this purpose, fix € €
R4 4. Then there exists a finite subset J of I such that ||[y—z|| sup,,cy ||Ur. | <
g, where z =} . ; (y | ;) €;. Thus, by Cauchy-Schwarz,

(Vn e N)  [yk, | ) < [k, | v = 2)[ + [k, | 2)]

ety e Hym, el (2.30)
jeJ
Hence lim |(yx, | y)| < e. Letting € | 0 yields ||y||?> = lim (yx, | y) = 0. O

Lemma 2.41 Let (xy)nen and (un)nen be sequences in H, and let © and u
be points in H. Then the following hold:

(i) [#n — 2 and Tm ||z, | < [|Jz]]] & 2n — @
(ii) Suppose that H is finite-dimensional. Then x, =z < x, — .
(iii) Suppose that x,, = x and u, — u. Then (T, | u,) — (x| w).

Proof. (i): Suppose that z,, — 2 and that lim ||z,|| < |lz||. Then it follows
from Lemma 2.35 that ||z| < lim ||z,,|| < lim ||z,|| < ||=||, hence ||z, || — ||z]|.
In turn, ||z, — z||? = ||z.]|* — 2{z, | 2) + ||z]|*> — 0. Conversely, suppose
that x, — x. Then |z,| — ||z|| by continuity of the norm. On the other
hand, x,, — x since for every n € N and every u € H, the Cauchy—Schwarz
inequality yields 0 < [(z,, — 2 | w)| < [z — 2| [Jul].

(ii): Set dimH = m and let (e)1<r<m be an orthonormal basis of H. Now
assume that z,, = z. Then ||z, — z||* = Y1, [(z,, — | er)]? = 0.

(iii): Combine Lemma 2.36 and Lemma 2.38. O

The combination of Lemma 2.35 and Lemma 2.41(i) yields the following
characterization of strong convergence.

Corollary 2.42 Let (zp)nen be a sequence in H and let x be in H. Then
Tn =TS [z, =z and ||2,] — ||z]|].

2.6 Differentiability

In this section, K is a real Banach space.

Definition 2.43 Let C be a subset of H, let T: C' — K, and let x € C
be such that (Vy € H)Ba € Ryy) [z,2 + ay] C C. Then T is Gditeaux
differentiable at x if there exists an operator DT'(x) € B(H,K), called the
Gateauz derivative of T at x, such that
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(e H) DT()y =lim T+ O‘Z) —T@) (2.31)

Higher-order Gateaux derivatives are defined inductively. Thus, the second
Gateaur derivative of T at x is the operator D*T'(z) € B(H,B(H,K)) that
satisfies o7 bT

(g € H) D’T(x)y=lim (z+ aZ) — DT(=). (2.32)

The Géateaux derivative DT(x) in Definition 2.43 is unique whenever it
exists (Exercise 2.9). Moreover, since DT'(z) is linear, for every y € H, we
have DT'(z)y = —DT'(z)(—y), and we can therefore replace (2.31) by

_ o Tr+ay) —T(x)
My e H) DT(x)y= O;llargo " .

(2.33)

If the convergence in (2.33) is uniform with respect to y on bounded sets,
then z € int C' and we obtain the following notion.

Remark 2.44 Let C be a subset of H, let f: C' — R, and suppose that f
is Gateaux differentiable at © € C. Then, by Fact 2.17, there exists a unique
vector V f(x) € H such that

(Vvy e M) Df(x)y={y| V(). (2.34)

We call Vf(z) the Gdteauz gradient of f at x. If f is Gateaux differentiable
on C, the gradient operator is Vf: C — H: x — Vf(z). Likewise, if f is
twice Gateaux differentiable at z, we can identify D?f(x) with an operator
V2f(x) € B(H) in the sense that

(Vy e H)(vz € H) (D*f(a)y)z = (2| Vf(2)y)- (2.35)
We call V2 f(x) the (Gateaux) Hessian of f at z.

Definition 2.45 Let € H, let C € V(z), and let T: C — K. Then T is
Fréchet differentiable at x if there exists an operator DT (z) € B(H, K), called
the Fréchet derivative of T at x, such that

T ty) - Tz —DT(2)yl _
0#[jy =0 Iyl

0. (2.36)

Higher-order Fréchet derivatives are defined inductively. Thus, the second
Fréchet derivative of T at x is the operator D*T'(z) € B(H,B(H,K)) that
satisfies

lim |IDT(z +y) — DTx — D2T(2)y|| _

0]l yli—0 Iyl

0. (2.37)

The Fréchet gradient of a function f: C' — R at x € C is defined as in
Remark 2.44. Here are some examples.



2.6 Differentiability 39

Example 2.46 Let L € B(H), let u € H, let x € H, and set f: H —
R:y— (Ly|y) — (y|u). Then f is twice Fréchet differentiable on H with
Vf(z) = (L+ L*)z —uand V2f(z) = L + L*.

Proof. Take y € H. Since
fla+y) = flx)=(Lx|y)+ Ly |z)+ Ly |y) — (y | u)
= |(L+L)z)—(y|u+{Ly|y), (2.38)

we have

[f@+y) = fl@) = (| (L+ L) —w) | = [{Ly [ y)| < L] [lyll*. (2-39)

In view of (2.36), f is Fréchet differentiable at 2 with Vf(x) = (L+ L*)z —u.
In turn, (2.37) yields V2f(x) = L + L*. O

Example 2.47 Let F': H x H — R be a symmetric bilinear form such that,
for some g € R,

(Ve e H)(Vy € H)  [F(a,y)| < Bl [lyll, (2.40)

let £ € B(H,R),let x € H,and set f: H — R: y+— (1/2)F(y,y)—£(y). Then
f is Fréchet differentiable on H with Df(z) = F(x, ) — ¢.

Proof. Take y € ‘H. Then,

fle+y) — f(@) =LF@+ye+y) — U +y) - 2F(e,z) + )

-2
= 2F(y,y) + F(z,y) — ((y). (2.41)

Consequently, (2.40) yields

2f(@+y) = fl@) = (Flo,y) — )| = [Fly.p)] < Bllyl?,  (242)
and we infer from (2.36) and (2.40) that Df(x)y = F(xz,y) — {(y). O

Example 2.48 Let K be a real Hilbert space, let L € B(H,K), let r € K,
let # € H, and set f: H — R:y ~ |[Ly — r||*. Then f is twice Fréchet
differentiable on H with V f(x) = 2L*(La — r) and V?f(z) = 2L*L.

Proof. Set F: H x H — R: (y,z) — (1/2)(L*Ly|z), {: H — R:y —
(y | L*r), and a = (1/2)||r|[>. Then (Vy € H) f(y) = 2(F(y,y) — {(y) + o).
Hence we derive from Example 2.47 that V f(z) = 2L*(Lz — r), and from
(2.37) that V2f(z) = 2L* L. 0

Lemma 2.49 Let x € H, let C € V(x), and let T: C — K. Suppose that T
is Fréchet differentiable at x. Then the following hold:

(i) T is Gateaux differentiable at x and the two derivatives coincide.
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(ii) T is continuous at x.

Proof. Denote the Fréchet derivative of T" at = by L,.
(i): Let € Ry and y € H ~ {0}. Then

(2.43)

HT(;U +ay) Tz Loy

«

‘ _ HyH ||T($+ ay) Tz — Lx(ay)H
llayll

converges to 0 as « | 0.

(ii): Fix e € Ryy. By (2.36), we can find § € ]0,¢/(e + || Lz||)] such that
(Vy € B(0;0)) |IT(w+y)—Ta— Lyy| < elly. Thus (vy € B(0;6)) |T(x-+y)—
Ta|| < || T(z+y) = Te— Loyl + | Layll < ellyll+ 1Lzl [yl < (e + | Lall) < e.
It follows that T is continuous at x. O

Fact 2.50 LetT: H — K and let x € H. Suppose that the Gateaux derivative
of T exists on a meighborhood of x and that DT is continuous at x. Then T
1s Fréchet differentiable at x.

Fact 2.51 Let x € H, let U be a neighborhood of x, let G be a real Banach
space, let T: U — G, let V be a neighborhood of Tx, and let R: V — K.
Suppose that T is Fréchet differentiable at x and that R is Gateaux differen-
tiable at Tx. Then R o T is Gateaux differentiable at x and D(R o T)(x) =
(DR(Tx)) o DT (x). If R is Fréchet differentiable at x, then so is RoT.

Example 2.52 Let f: H — R: z +— ||z]|. Then f = +/||-||?> and, since
Example 2.48 asserts that ||-||? is Fréchet differentiable with gradient operator
V| - ||? = 21d, it follows from Fact 2.51 that f is Fréchet differentiable on
H {0} with (Vo € H ~ {0}) Vf(z) = x/||z|. On the other hand, f is not
Géateaux differentiable at « = 0, since although the limit in (2.31) exists, it
is not linear with respect to y: (Vy € H) limayo (][0 + ay|| — ||0]])/a = [ly]|.

Fact 2.53 Let x € H, let U be a neighborhood of x, let KC be a real Banach
space, and let T: U — K. Suppose that T is twice Fréchet differentiable at x.
Then (V(y,2) € H x H) (D*T(x)y)z = (D*T(x)z2)y.

Example 2.54 Let x € H, let U be a neighborhood of x, and let f: U — R.
Suppose that f is twice Fréchet differentiable at . Then, in view of Fact 2.53
and (2.35), V2f(z) is self-adjoint.

Exercises

Exercise 2.1 Let x and y be points in H, and let « and /3 be real numbers
in R;. Show that 4 (az — By | y — z) < afly||® + B|=|*.

Exercise 2.2 Let x and y be in H and let @ and S be in R. Show that
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a(l = a)|fz + (1= Byl* + B(1 — Bz — (1 - a)y|?
= (a+ B = 2aB)(afllz]* + (1 — o)1 = B)llyll*). (2.44)

Exercise 2.3 Suppose that #H is infinite-dimensional. Show that every
weakly compact set has an empty weak interior.

Exercise 2.4 Provide an unbounded convergent net in R (compare with
Lemma 2.38).

Exercise 2.5 Construct a sequence in H that converges weakly and pos-
sesses a strong sequential cluster point, but that does not converge strongly.

Exercise 2.6 Let C be a subset of H such that (Vn € N) C N B(0;n) is
weakly sequentially closed. Show that C' is weakly sequentially closed and
compare with Lemma 1.39.

Exercise 2.7 Show that the conclusion of Lemma 2.41(iii) fails if the strong
convergence of (u,)nen is replaced by weak convergence.

Exercise 2.8 (Opial’s condition) Let (2,)neny be a weakly convergent
sequence in H and let x € H. Show that z,, — z if and only if

(vy e H) limllen —yl* = o - y* + lim ||z, — 2> (2.45)

In particular, if ,, = z and y # z, then lim ||z, — y|| > lim ||«,, — «||. This
implication is known as Opial’s condition.

Exercise 2.9 Show that if the derivative DT'(x) exists in Definition 2.43, it
is unique.

Exercise 2.10 Let D be a nonempty open interval in R, let f: D — R, and
let * € D. Show that the notions of Gateaux and Fréchet differentiability
of f at x coincide with classical differentiability, and that the Gateaux and
Fréchet derivatives coincide with the classical derivative

fa+h) - ()

1
fla) = 0£h—0 h (246)
Exercise 2.11 Consider the function
& .
) f b 07 0 ;
R SR (L&) 618 €,0) £ (0.0 (2.47)

07 if (61752) = (07 0)
Show that f is Gateaux differentiable, but not continuous, at (0, 0).

Exercise 2.12 Consider the function
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fRZ SRz =(6,6)— { &+ &5 if (&1,&) # (0,0);

0, if (&1,&2) = (0,0).

Show that f is Fréchet differentiable at (0,0) and that V f is not continuous
at (0,0). Conclude that the converse of Fact 2.50 does not hold.

(2.48)

Exercise 2.13 Consider the function
& .
2 | 4 lf 9 0, O N
FR SR (6,6) o { B | @) 700
0, if (&1,&) = (0,0).

Show that, at (0,0), f is continuous and Gateaux differentiable, but not
Fréchet differentiable.

(2.49)

Exercise 2.14 Consider the function

aé . .
FREGR: (6.6) 0 B g L&) #(0.0)
0, if (&1,62) = (0,0).

Show that f is continuous, and that at = (0,0) the limit on the right-hand
side of (2.31) exists, but it is not linear as a function of y = (11, 72). Conclude
that f is not Gateaux differentiable at (0, 0).

(2.50)



Chapter 3
Convex Sets

In this chapter we introduce the fundamental notion of the convexity of a
set and establish various properties of convex sets. The key result is The-
orem 3.14, which asserts that every nonempty closed convex subset C' of
H is a Chebyshev set, i.e., that every point in H possesses a unique best
approximation from C, and which provides a characterization of this best
approximation.

3.1 Definition and Examples

Definition 3.1 A subset C of H is convez if (Voo € ]0,1]) aC+(1—a)C' =C
or, equivalently, if

VzeC)VyeC) Jx,y[CC. (3.1)

In particular, H and @ are convex.

Example 3.2 In each of the following cases, C' is a convex subset of H.

(i) C'is a ball.
(ii) C is an affine subspace.
(iii) C is a half-space.
(iv) C = ;¢ Ci, where (Cj)ier is a family of convex subsets of H.

The intersection property (iv) above justifies the following definition.

Definition 3.3 Let C' C H. The convex hull of C' is the intersection of all
the convex subsets of H containing C, i.e., the smallest convex subset of H
containing C'. It is denoted by conv C. The closed convex hull of C' is the
smallest closed convex subset of H containing C'. It is denoted by conv C.

The proof of the following simple fact is left as Exercise 3.1.

H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory 43
in Hilbert Spaces, CMS Books in Mathematics, DOI 10.1007/978-1-4419-9467-7 3,
© Springer Science+Business Media, LLC 2011
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Proposition 3.4 Let C C H and let D be the set of all convex combinations
of points in C, i.e.,

D= {Z ;T Iﬁnite, {xi}ie] C C, {ai}ieI C ]O, 1], Zai = 1} . (32)

el i€l

Then D = conv C.

Proposition 3.5 Let KC be a real Hilbert space, let T: H — K be an affine
operator, and let C and D be convex subsets of H and IC, respectively. Then
T(C) and T~Y(D) are convex subsets of K and H, respectively.

Proof. 1t follows from (1.12) that (Vo € H)(Vy € H) T(Jz,y[) = [Tz, Ty|.
Now take two points in T(C), say Tz and Ty, where z and y are in C.
By convexity, |z, y[ C C and, therefore, |Tz, T'y[ = T (Jz,y[) C T(C). Thus,
T(C) is convex. Finally, let x and y be two points in 7-}(D). Then Tz
and Ty are in D and, by convexity, T(Jz,y[) = |Tx,Ty[ C D. Therefore
lz,y[ € T=YT(Jz,y[)) € T~Y(D), which proves the convexity of T7-1(D). O

Proposition 3.6 Let (C;)ier be a totally ordered finite family of m convex
subsets of H. Then the following hold:

(i) X C; is convex.
iel
(ii) (V(ai)ier € R™) 32, i Cy is conve.

Proof. (i): Straightforward.

(ii): This is a consequence of (i) and Proposition 3.5 since » . ; a;C; =
L(X,c;Ci), where L: H™ — H: (zi)ier — Y ;e; Qi is linear. O

3.2 Best Approximation Properties

Definition 3.7 Let C be a subset of H, let z € H, and let p € C. Then p is
a best approzimation to x from C (or a projection of x onto C) if ||z — p|| =
deo(x). If every point in H has at least one projection onto C, then C is
proximinal. If every point in H has exactly one projection onto C', then C
is a Chebyshev set. In this case, the projector (or projection operator) onto
C' is the operator, denoted by Pg, that maps every point in H to its unique
projection onto C.

Example 3.8 Let {e;}ic;r be a finite orthonormal set in H, let V =
span{e; }icr, and let 2z € H. Then V is a Chebyshev set,

Pyx = Z (x| ei)e;, and dy(x)= \/||x||2 — Z |{x | 6i>|2- (3.3)

el i€l
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Proof. For every family («;)ier in R, we have

2
szaiei |x||22<x Zaiei>+ Z%‘@z‘

i€l iel el

=l =2 ai (x| e + ) el

2

iel i€l
=zl =D la lel* + D lai = (z ] es)|*. (3-4)
iel iel

Therefore, the function (a;)ier — || —>,c; aieq]|* admits ((x | e;))ier as its

unique minimizer, and its minimum value is [|z[* = ,.; [(z | e’ O
Remark 3.9 Let C be a nonempty subset of H.

(i) Since C = {x € # | de(x) = 0}, no point in C' . C has a projection
onto C'. A proximinal set (in particular a Chebyshev set) must therefore
be closed.

(ii) If C is a finite-dimensional linear subspace of H, then it is a Chebyshev
set and hence closed by (i). This follows from Example 3.8, since C
possesses a finite orthonormal basis by Gram—Schmidt.

Proposition 3.10 Suppose that H is finite-dimensional and let C' be a
Chebyshev subset of H. Then Pc is continuous.

Proof. Let « € H and let (2, )nen be a sequence in H such that x,, — x. By
Example 1.47, d¢ is continuous and thus

|z — Poxyl|| = do(xn) — de(z) = ||z — Pozl|. (3.5)

Hence, (Poxn)nen is bounded. Now let y be a cluster point of (Poy)nen,
say Poxy, — y. Then Remark 3.9(i) asserts that y € C, and (3.5) implies
that ||, — Poxg, || — ||l — y|| = do(x). It follows that y = Pox is the only
cluster point of the bounded sequence (Poxy,)nen. Therefore, Pox, — Pox.

O

In connection with Remark 3.9(i), the next example shows that closedness
is not sufficient to guarantee proximinality.

Example 3.11 Suppose that H is infinite-dimensional, let (e, )nen be an
orthonormal sequence in H, and let (a,)nen be a sequence in |1, 4o00[ such
that ay, | 1. Set (Vn € N) x,, = ane, and C = {z,, }nen. Then, for any two
distinet points z,, and z,, in C, we have ||z, — xn[|? = ||zal® + [|2m]? >
llenll? + |lem||? = 2. Therefore, every convergent sequence in C' is eventually
constant and C' is thus closed. However, 0 has no projection onto C, since
(Vn € N) de(0) =1 < o, =[]0 — 2]

Proposition 3.12 Let C' be a nonempty weakly closed subset of H. Then C
18 proximinal.
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Proof. Let x € H and z € C, and set D = C N B(x; ||z — z||) and f: H —
R: y + [z — y||. It is enough to show that f admits a minimizer over D, for
it will be a projection of  onto C. Since C' is weakly closed and B(x; ||z —z]|)
is weakly compact by Fact 2.27, it follows from Lemma 1.12 and Lemma 2.23
that D is weakly compact and, by construction, nonempty. Hence, since f
is weakly lower semicontinuous by Lemma 2.35, applying Theorem 1.28 in
HVeak vields the existence of a minimizer of f over D. O

Corollary 3.13 Suppose that H is finite-dimensional. Let C' be a nonempty
subset of H. Then C' is proziminal if and only if it is closed.

Proof. An immediate consequence of Remark 3.9(i), Proposition 3.12, and
Fact 2.26. 0

Every Chebyshev set is a proximinal set. However, a proximinal set may
not be a Chebyshev set: for instance, in H = R, the projections of 0 onto
C = {-1,1} are 1 and —1. A fundamental result is that nonempty closed
convex sets are Chebyshev sets.

Theorem 3.14 Let C be a nonempty closed convex subset of H. Then C' is
a Chebyshev set and, for every x and p in H,

p=Pcx & [peC and (VyeC) (y—p|lz—p) <0]. (3.6

Proof. Let € H. Then it is enough to show that x admits a unique projection
onto C, and that this projection is characterized by (3.6). By definition of
de (see (1.45)), there exists a sequence (yYn)neny in C such that de(x) =
lim ||y, — z||. Now take m and n in N. Since C' is convex, (y, + ym)/2 € C
and therefore ||z — (yn+ym)/2|| > do(x). Tt follows from Apollonius’s identity
(Lemma 2.11(iv)) that

Hyn - ym||2 = ZHyn - $H2 + 2||ym - x||2 - 4HJS — (Yn + ym)/2H2
< 2llyn — l|* + 2l ym — x||* — 4G (). (3.7)

Letting m and n go to +00, we obtain that (y,)nen is a Cauchy sequence.
It therefore converges to some point p € C, since C' is complete as a closed
subset of H. The continuity of || - —z|| then yields lim ||y, — z| = ||p — ]|,
hence de(z) = ||p — «||. This shows the existence of p. Now suppose that
q € C satisfies do(x) = ||¢ — z||. Then (p + ¢q)/2 € C and, by Apollonius’s
identity, [|p — gll? = 2llp — 212 + 2llg — 22 — 4]z — (p + q)/2” = 4 () —
4|z — (p+¢q)/2||*> < 0. This implies that p = ¢ and shows uniqueness. Finally,
for every y € C and « € [0,1], set yo = ay + (1 — a)p, which belongs to C
by convexity. Lemma 2.12(i) yields

[l = pll = de(z) & (Vy € O)(Var € [0,1]) [z = pl < [l = yal

& (Ve O)(Va e [0,1]) lz—p| <|z—p—aly—p)
& (Wyel) (y—plx—p) <0, (3.8)
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which establishes the characterization. O

\/

Fig. 3.1 Projection onto a nonempty closed convex set C' in the Euclidean plane. The
characterization (3.6) states that p € C' is the projection of z onto C' if and only if the
vectors  — p and y — p form a right or obtuse angle for every y € C.

Remark 3.15 Theorem 3.14 states that every nonempty closed convex set
is a Chebyshev set. Conversely, as seen above, a Chebyshev set must be
nonempty and closed. The famous Chebyshev problem asks whether every
Chebyshev set must indeed be convex. The answer is affirmative if H is finite-
dimensional (see Corollary 21.13), but remains an open problem otherwise.
For a discussion, see [100].

The following example is obtained by checking (3.6) (further examples will
be provided in Chapter 28).

Example 3.16 Let C' = B(0;1). Then

1

(Ve e H) Pox= 7max{\|x||, 7 z.

(3.9)

Proposition 3.17 Let C be a nonempty closed convexr subset of H, and let
x and y be in H. Then Pyycx =y + Po(x —y).

Proof. Tt is clear that y + Po(x —y) € y+ C. Using Theorem 3.14, we obtain
(Vz2eC) ((y+z2)—(y+Po(x—y))|z—(y+ Polz—y))

= (2~ Fo(z—y) [ (x—y) — Polz —y))
Soa
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and we conclude that Py cx =y + Po(z —y). O

A decreasing sequence of nonempty closed convex sets can have an empty
intersection (consider the sequence ([n,+00[)nen in H = R). Next, we show
that the boundedness of the sets prevents such a situation.

Proposition 3.18 Let (Cp)nen be a sequence of nonempty bounded closed

convex subsets of H such that (Yn € N) Cyy1 C Cy. Then (), oy Cn # 2.

Proof. Using Theorem 3.14, we define (Vn € N) p,, = P¢, 0. The assumptions
imply that (||pn||)nen is increasing and bounded, hence convergent. For every
m and n in N such that m < n, since (p,, + pm)/2 € Cy,, Lemma 2.11 yields
1P = Pl = 2(|pall* + [1Pm?) = 4/l (Pn + pm) /211 < 2(|lpall” = [lpm?) — 0
as m,n — +oo. Hence, (pn)nen is a Cauchy sequence and, in turn, p, — p
for some p € H. For every n € N, (pg)r>y lies in C,, and hence p € C,, since
C,, is closed. Therefore, p € 1,y Cn- O

Proposition 3.19 Let C be a nonempty closed convex subset of H and let
x € H. Then (VA € Ry) Po(Pox + Mz — Poz)) = Pox.

Proof. Let A € Ry and y € C. We derive from Theorem 3.14 that
(y — Pex | (Pcx + Ma — Pox)) — Pox) = ANy — Pecx |z — Pox) < 0 and
in turn that Po(Pox + Az — Pox)) = Pox. O

Projectors onto affine subspaces have additional properties.

Corollary 3.20 Let C' be a closed affine subspace of H. Then the following
hold:

(i) Let © and p be in H. Then p = Pox if and only if
peC and (VyeC)Vzel) (y—z|xz—p)=0. (3.10)
(ii) Pc is an affine operator.

Proof. Let x € H.

(i): Let y € C and z € C. By (1.2), 2Pcx —y = 2Pcx + (1 — 2)y € C and
(3.6) therefore yields (y — Pox |  — Pox) <0 and — (y — Pox | * — Pox) =
((2Pcx —y) — Pox | @ — Pox) < 0. Altogether, (y — Pox | x — Pexz) = 0.
Likewise, (z — Pcx | © — Pox) = 0. By subtraction, (y —z | v — Pcx) = 0.
Conversely, it is clear that (3.10) implies the right-hand side of (3.6).

(ii): Let y € H and a € R, and set z = ax + (1 — a)y and p = aPcx +
(1 — a)Pcy. We derive from (i) and (1.2) that p € C. Now fix u and v in C.
Then we also derive from (i) that (u —v |z —p) =a{u—v |z — Pox)+(1—
a) (u—v |y — Pey) = 0. Altogether, it follows from (i) that p = Prz. O

Example 3.21 Suppose that u is a nonzero vector in H, let n € R, and set
C={zeH | (x|u)=n} Then
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Ve eH) Pex=x+ % u, (3.11)

and therefore deo(z) = [{x | u) —nl/||u|-

Proof. Check that (3.10) is satisfied to get (3.11). O

Next, we collect basic facts about projections onto linear subspaces.

Corollary 3.22 Let V be a closed linear subspace of H and let x € H. Then
the following hold:

(i) Pvx is characterized by Pyx € V and v — Pyx L V.

(i) |1Pval? = (Pya | ).
(ii) Py € B( ) 1Pv]l =14 V- #{0}, and |[Pv || = 0 if V = {0}.
(iv) Vit =

(V) PVL = Id PV
( l) = PV
(vii) 2] = | Py + | Py = a2 V(@) +dy L (2).

Proof. (i): A special case of Corollary 3.20(i).

(i1): We deduce from (i) that (z — Pyx | Pyx) = 0.

(iii): Let y € H and « € R, and set z = ax + y and p = aPyx + Pyy.
Then (i) yields p € V, 2 — Pyz € V+, and y — Pyy € V*; hence z — p =
alx—Pyx)+(y va) € V4. Altogether (i) yields p = Py 2. This shows the
linearity of Py. The other assertions follow from (2.18), (ii), and Cauchy—
Schwarz.

(iv): The inclusion V' C V1AL is clear. Conversely, suppose that z € V.
It follows from (i) that (Pyx | x — Pyx) = 0. Likewise, since # € V++ and
x — Pyx € V* by (i), we have (z |z — Pyz) = 0. Thus, ||z — Py z|]? =
(x — Pyx |z — Pyz) =0, ie, 2= Pyx € V. We conclude that V++ C V.

(v): By (i), (Id — Py )z lies in the closed linear subspace V. On the other
hand, Pyx € V = (Vo € V) (z—(Id - Py)z |v) = (Pyz|v) = 0 =
r — (Id — Py)x L V4. Altogether, in view of (i), we conclude that Py iz =
(Id — Py)z.

(vi): Take y € H. Then (v) yields (Pyx |y) = (Pyz | Pyy+ Pyry) =
(Pva | Pyy) = (Pva+ Pyoa | Pyy) = (x| Pyy).

(vii): By (i) and (v), [[2|* = ||(z—Py2)+ Pya|* = ||z — Pva|®+||Pyz|?* =
[Pyez|® +][Pral? = |z — Pval® + |z — Pyoz|® = di (z) + i (z). D

Proposition 3.23 Let C be a nonempty subset of H, let V = spanC, and

let
HC:’H—>20:m»—>{pEC" |z —p|| = dc(2)} (3.12)

be the set-valued projector onto C'. Then Ilc = Ilc o Py. Consequently, C' is
a proximinal subset of H if and only if C' is a proximinal subset of V.
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Proof. Let € H and p € C. In view of Corollary 3.22(vii)&(iii),

(V2 €C) o= 22 = |Pvw — 2> + | Pyaa]® (3.13)
Therefore p € Ilcx < (V2 € C) ||lz—p|]? < ||lz—2||? & (V2 € C) ||Prz—p||*+
1Pyea|® < [|Pvz — 2l + [ Pyea|? & (V2 € C) |[Pva — pl* < || Pya — 2|2
& pe Hc(Pv.%‘). O

An important application of Corollary 3.22 is the notion of least-squares
solutions to linear equations.

Definition 3.24 Let K be a real Hilbert space, let T € B(H,K), let y € K,
and let € ‘H. Then z is a least-squares solution to the equation Tz = y if

Tz —y|| = min |7z — y|. 3.14
1Tz = yll = min |7 — y| (3.14)

Proposition 3.25 Let KC be a real Hilbert space, let T € B(H, K) be such that
ranT is closed, and let y € K. Then the equation Tz = y has at least one least-
squares solution. Moreover, for every x € H, the following are equivalent:

(i) « is a least-squares solution.
(ii) Tx = PanT Y-
(iii) T*Tax = T*y (normal equation,).

Proof. (1)< (ii): Since ranT is a closed linear subspace, Theorem 3.14 asserts
that Pranr v is a well-defined point in ran 7. Now fix x € H. Then

(VzeH) [Tz —y|| < [Tz -yl < (Vr €ranT) [Tz —y| < [r—y|
S Ter = Poanry. (3.15)

Hence, the set of solutions to (3.14) is the nonempty set T ({Pan7 y}).
(ii)<(iii): We derive from Corollary 3.22(i) that

Tz = Panry < (YreranT) (r|Te—y)=0
s NVzeH) Tz|Tx—y)y=0
& NVzeH) | T (Tz—y))=0
S T Te =T y, (3.16)

which completes the proof. a

The set of least-squares solutions {CL‘ eH ‘ T*Tx = T*y} in Proposi-
tion 3.25 is a closed affine subspace. Hence, by Theorem 3.14, it possesses
a unique minimal norm element, which will be denoted by TTy.

Definition 3.26 Let K be a real Hilbert space, let T € B(H,K) be such
that ranT" is closed, and, for every y € K, set Cy = {3: eH | T*Tx = T*y}.
The generalized (or Moore—Penrose) inverse of T is TT: K — H: y — Pc,0.
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Example 3.27 Let K be a real Hilbert space and let T' € B(H, K) be such
that T*T is invertible. Then T = (T*T)~1T*.

Proposition 3.28 Let K be a real Hilbert space and let T € B(H, K) be such
that ranT is closed. Then the following hold:

(i) (Vyek) {zeH | T*Tx =T*y} N (ker T)* = {TTy}.

(11) PranT = TTT-

iii) Peerr = Id — T*T*T.

(iv) Tt € B(K, H).
)
)

—~

i
(v) ran Tt = ran T*.
(vi) Prnpi =TT

Proof. (i): Fix y € K and z € Cy. Then it follows from Fact 2.18(v) that C} =
{zen | T"Tx =TTz} = {z €M | v—zeckerT*T =kerT} =z + kerT.
Hence, since C), is a closed affine subspace, it follows from (3.6) and (3.10)
that

z:TTy(:)z:PCyO
& Vel (x—2|0—-2)=0
s MVMrezt+kerT) (x—2z]2)=0
<z LkerT. (3.17)

(ii): Fix y € K. Since TTy is a least-squares solution, Proposition 3.25(ii)
yields T(T1y) = Prant -

(iii): Tt follows from Corollary 3.22(v), Fact 2.18(iii), Fact 2.19, and (ii)
that Py = 1d — Py ry2 = Id — Pampe = 1d — Pran - = Id = T*T*1.

(iv): Fix y; and 9o in K, fix a € R, and set = oIy, +TTyy. To establish
the linearity of 7T, we must show that z = TT(ay; + y2), i.e., by (i), that
T*Tx = T*(ayy + y2) and that z L kerT. Since, by (i), T*TTty; = T*y
and T*TTTyy = T*ys, it follows immediately from the linearity of 7*T that
T*Tx = oT*TT y, + T*TT Ty = aT*y; + T*ys. On the other hand, since
(i) also implies that TTy; and TTy, lie in the linear subspace (ker T)*, so
does their linear combination z. This shows the linearity of 7. It remains to
show that Tt is bounded. It follows from (i) that (Vy € K) Tty € (ker T)* .
Hence, Fact 2.19 asserts that there exists @ € Ry such that (Vy € K)
|TTTy|| > a|/TTy||. Consequently, we derive from (ii) and Corollary 3.22(iii)
that

(yeK) allTyll < ITT Y| = |Panryll <y, (3.18)

which establishes the boundedness of T'F.

(v): Fact 2.18(iii) and Fact 2.19 yield (ker T)* = ranT* = ran T*. Hence
(i) implies that ran 7T C ran T*. Conversely, take x € ranT* and set y = T'z.
Then T*y = T*Tx € ranT* = (ker T)* and (i) yields x = TTy € ran T".

(vi): By (ii) and (v), TT'T = PrantT = T = T(Prerr + Prerr)r) =
TPrant+ = TPranri. Hence T(TTT — Py i) = 0, ice., ran(TTT — Py i) C
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ker T'. On the other hand, ran(TT — P, 7+) C ranTT = ran T* = (ker T')*.
Altogether, ran(TT — P,,, rt) C ker TN (ker T)* = {0}, which implies that
T'T = Poop 1t - O

Proposition 3.29 (Moore—Desoer—Whalen) Let K be a real Hilbert
space, let T € B(H,K) be such that ranT is closed, and let T € B(K,H)
be such that ranT is closed. Then the following are equivalent:

(i) T =1t

(ii) TT = Poant and TT = P 5

(iii) TT|(kerT)i =1Id and T|(mnT)L =0.

Proof. (i)=-(ii): See Proposition 3.28(ii)&(vi).

(ii)=(iii): Since T' = BanrT = (TT)T, we have T(Id — TT) = 0 and thus
ran(Id — TT) C kerT'. Hence, for every x € (kerT) , |lz]]? > ||PramT:E||2 =
||TTx||2 = ||TT3: —2|* + [lz[|* and therefore TTx = x. Furthermore, T =
PranTT (I'T)T = T(TT) = TPian 1, which implies that T| (ran )L = 0.

(iii)=(i): Take y € K, and set y1 = Pran7y and y2 = Ppyanr)ry. Then
there exists #; € (ker T')* such that y; = T'z;. Hence

fy = Tyl + fyg = Tyl = fT:ﬂl = 1. (3.19)

It follows that TTy =Tz = y1 = Banry and Pr0p051t10n 3.25 yields
T*TTy = T*y. Since (3. 19) asserts that Ty = z1 € (ker T)*, we deduce from
Proposition 3.28(i) that Ty = TTy. O

Corollary 3.30 Let K be a real Hilbert space and let T € B(H,K) be such
that ranT is closed. Then the following hold:

() Tt =1T.
(ii) TT* = 71,

Proof. (i): Proposition 3.28(v) asserts that ran7* = ran T is closed. Hence,
it follows from Proposition 3.29 that

TT" = Panr and TTT = P pi. (3.20)

Combining Proposition 3.29 applied to T'" with (3.20) yields T = T'T.
(ii): It follows from (3.20), Corollary 3.22(vi), and Proposition 3.28(v) that

TT*T* Pr*anT PranT — Pran(T**) = Pran(T*T) and that T*TT* = Pran Tt =
P.an7+ . Therefore, by Proposition 3.29, T* = T, o

3.3 Topological Properties

Since a Hilbert space is a metric space, the notions of closedness and se-
quential closedness coincide for the strong topology (see Section 1.12). The
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following example illustrates the fact that more care is required for the weak
topology.

Example 3.31 Suppose that H is infinite-dimensional, let (e, )nen be an
orthonormal sequence in H, and set C' = {anentnen, where (ay,)nen is a
sequence in [1,+oo[ such that Y, .y 1/a2 = 400 and a;, T +oo (e.g., (Vn €
N) a,, = v/n+1). Then C is closed and weakly sequentially closed, but not
weakly closed. In fact, 0 belongs to the weak closure of C' but not to C.

Proof. Since the distance between two distinct points in C' is at least v/2,
every Cauchy sequence in C' is eventually constant and C' is therefore closed.
It follows from Lemma 2.38 that every weakly convergent sequence in C' is
bounded and hence, since «,, 1 400, eventually constant. Thus, C' is weakly
sequentially closed. Now let V' be a weak neighborhood of 0. Then there exist
e € R+ and a finite family (u;)ier in H such that

U:{xG'H|(Vi€I) x| u)| <e} CV. (3.21)

Set (Vn € N) Cn = Y, [(ui | en)|. We have (Vi € I) (|(u; | en)|)nen € £3(N).
Consequently, the sequence ((, )nen belongs to the vector space £2(N). Hence
Yonen (2 < oo =3, y1/aZ, and the set M= {n € N | (, <e/an} there-
fore contains infinitely many elements. Since (Vi € I)(Vn € M) [(u; | anen)| =
an [{(u; | en)| < anly < &, we deduce that

{anentnem CU C V. (3.22)

Thus, every weak neighborhood of 0 contains elements from C. Therefore, 0
belongs to the weak closure of C. Finally, it is clear that 0 ¢ C. ad

Next, we show that the distinctions illustrated in Example 3.31 among the
various types of closure disappear for convex sets.

Theorem 3.32 Let C be a convex subset of H. Then the following are equiv-
alent:

(i) C is weakly sequentially closed.
(ii) C is sequentially closed.
(iil) C is closed.

(iv) C is weakly closed.

Proof. Suppose that C' is nonempty (otherwise the conclusion is clear).
(i)=(ii): This follows from Corollary 2.42.
(i)« (iil): Since H is a metric space, see Section 1.12.
(iii)=(iv): Take a net (z4)qeca in C that converges weakly to some point
x € H. Then (3.6) yields

(Vae A) (x,— Pox|x— Poz) <0. (3.23)
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Since x, — z, passing to the limit in (3.23) yields ||z — Pox||? < 0, hence
zeC.
(iv)=(i): Clear. O

Theorem 3.33 Let C' be a bounded closed conver subset of H. Then C' is
weakly compact and weakly sequentially compact.

Proof. Theorem 3.32 asserts that C' is weakly closed. In turn, it follows from
Lemma 2.29 that C' is weakly compact. Therefore, by Fact 2.30, C' is weakly
sequentially compact. O

In infinite-dimensional Hilbert spaces, the sum of two closed linear sub-
spaces may fail to be closed.

Example 3.34 Suppose that A is infinite-dimensional and let (e,)n,en be
an orthonormal sequence in H. Set

C =span{ean tnen and D = Span {cos(0,)ez, + sin(0y)e2nt1 tnen, (3.24)

where (6,,)nen is a sequence in ]0, /2] such that 3", sin®(6,,) < +oo. Then
CND={0} and C + D is a linear subspace of A that is not closed.

Proof. It follows from (3.24) that the elements of C' and D are of the form

Y nen Yn€2n and Dy 0n(cos(fn)en + sin(fy,)ezni1), respectively, where
(Yn)nen € L2(N) and (6,)nen € €2(N). It is straightforward that CND = {0}.

Now let
T = Z sin(6,,)ean+1 (3.25)
neN

and observe that x € C + D. Assume that z € C + D. Then there exist
sequences (Yn)nen and (8, )nen in £2(N) such that

(Vn€N) 0=y, +0ycos(,) and sin(6,) = 0y, sin(by,). (3.26)
Thus 6, =1 and v,, = —cos(#,,) — —1, which is impossible since (Y, )nen €
/%(N). O

Proposition 3.35 Let C be a convex subset of H. Then
(Vo eintC)(Vy € C) [z,y] CintC. (3.27)

Proof. Fix x € intC and y € C. If x = y, the conclusion is trivial. Now
assume that z # y and fix z € [z, y[, say z = ax + (1 — «)y, where « € ]0, 1].
Since = € int C, there exists ¢ € Ry such that B(z;e(2—«)/a) C C. On the
other hand, since y € C, we have y € C' + B(0;¢). Therefore, by convexity,

B(z;e) = az + (1 — a)y + B(0;¢)

Caz+(1—a)(C+B(0;e)) + B(0;¢)
=aB(z;e(2 —a)/a)+ (1 — a)C
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CaC+(1—-a)C
el (3.28)

Hence z € int C. O

Proposition 3.36 Let C be a convex subset of H. Then the following hold:

(i) C is convez.
(ii) int C' is convex. . .
(iil) Suppose that int C # @. Then int C = int C' and C' =int C.

Proof. (i): Take x and y in C, and o € ]0,1[. Then there exist sequences
(Zn)nen and (Yn)nen in C such that z, — z and y, — y. By convexity,
C 3 azy, + (1 —a)y, — az + (1 — a)y and, therefore, az + (1 — a)y € C.

(ii): Take z and y in int C. Then, since y € C, Proposition 3.35 implies
that |z,y[ C [z, y[ C intC.

(iii): It is clear that int C' C int C'. Conversely, let 3 € int C. Then we can
find e € R, such that B(y;e) C C. Now take x € int C and a € R, such
that @ # y and y + a(y — z) € B(y;€). Then Proposition 3.35 implies that
y € [r,y+a(y —x)[C int C and we deduce that int C' C int C. Thus, int C' =
int C. It is also clear that int C C C. Now take = € int C, y € C, and define
(Va €]0,1]) yo = ax+ (1 —a)y. Proposition 3.35 implies that (ya)aejo,1 lies

in [z,y[C int C. Hence y = lim,y |0 Yo € int C. Therefore C c mtC, and we
conclude that C = int C. O

3.4 Separation

Definition 3.37 Let C and D be subsets of H. Then C and D are separated
if (see Figure 3.2)

FueH~{0}) sup(C|u) <inf(D|u), (3.29)

and strongly separated if the above inequality is strict. Moreover, a point
x € H is separated from D if the sets {z} and D are separated; likewise, x is
strongly separated from D if {x} and D are strongly separated.

Theorem 3.38 Let C' be a nonempty closed convex subset of H and let x €
H~ C. Then x is strongly separated from C.

Proof. Set w = ¢ — Pox and fix y € C. Then u # 0 and (3.6) yields
(y—x+ulu) <0, ie, (y—z|u) < —|lul|?>. Hence sup (C — x| u) <
—[lu]? <o. 0

Corollary 3.39 Let C and D be nonempty subsets of H such that CND = @&
and C'— D is closed and convex. Then C and D are strongly separated.



56 3 Convex Sets

Hy

Fig. 3.2 The sets C and D are separated: by (3.29), there exist u € H \ {0} and n € R
such that C is contained in the half-space H_ = {z € H | (x | u) <n} and D is contained
in the half-space Hy = {z € H | (x| u) > n}.

Proof. Since 0 ¢ C — D, Theorem 3.38 asserts that the vector 0 is strongly
separated from C'— D. However, it follows from Definition 3.37 that C' and D
are strongly separated if and only if 0 is strongly separated from C'— D. O

Corollary 3.40 Let C' and D be nonempty closed convex subsets of H such
that CN'D = @ and D is bounded. Then C and D are strongly separated.

Proof. In view of Corollary 3.39, it is enough to show that C' — D is closed
and convex. The convexity of C'— D follows from Proposition 3.6(ii). To show
that C' — D is closed, take a convergent sequence in C'— D, say z,, — y,, — 2,
where (2,,)nen lies in C, (yn)nen lies in D, and z € H. Since D is weakly
sequentially compact by Theorem 3.33, there exists a subsequence (yx, )nen
converging weakly to a point y € D. Therefore xy, — z + y. However, since
C is weakly sequentially closed by Theorem 3.32, we have z + y € C and, in
turn, z € C' — D. O

We conclude this section by pointing out that separation of nonintersecting
closed convex sets may not be achievable.

Example 3.41 Suppose that H is infinite-dimensional. Then there exist two
closed affine subspaces that do not intersect and that are not separated.
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Proof. Let C' and D be as in Example 3.34 and fix z € C'+ D ~ (C + D).
Define two closed affine subspaces by U = C+(C+D)* and V = 2+ D. Then
UNV = @ and, since Corollary 3.22(v) implies that C + D+ (C' + D)+ = H,
U-V = (C+D)—z+(C+D)" is dense in H. Now suppose that u € H satisfies
inf (U | u) > sup(V | u). Then inf (U —V | u) > 0, and hence inf (H | u) > 0.
This implies that v = 0 and therefore that the separation of U and V is
impossible. a

Exercises

Exercise 3.1 Prove Proposition 3.4.

Exercise 3.2 Let I be a totally ordered finite index set and, for every i € I,
let C; be a subset of a real Hilbert space H;. Show that conv( XieICi) =

X,erconv(Cy).
Exercise 3.3 Let C be a nonempty convex subset of H and let o and 3 be

two positive real numbers. Show that aC + 8C = (a + §)C and that this
property fails if C' is not convex.

Exercise 3.4 Let (Cy,)nen be a sequence of convex subsets of H such that
(Yn € N) Gy, C Cpq1, and set C = {J,,cp Cn-

(i) Show that C' is convex.
(ii) Find an example in which the sets (C,)nen are closed and C' is not
closed.

Exercise 3.5 A subset C' of H is midpoint convex if

z+y
2

(Ve e C)(Vy € C) eC. (3.30)

(i) Suppose that H = R and let C' be the set of rational numbers. Show
that C' is midpoint convex but not convex.
(ii) Suppose that C is closed and midpoint convex. Show that C' is convex.

Exercise 3.6 Let C a subset of H. Show that convC = conv C.

Exercise 3.7 Consider the setting of Proposition 3.5 and suppose that, in
addition, T is continuous and C and D are closed. Show that T—1(D) is
closed and find an example in which T'(C') is not closed.

Exercise 3.8 Consider the setting of Proposition 3.6 and suppose that, in
addition, each Cj; is closed. Show that the set leci in item (i) is closed
and find an example in which the set Y ." | ;C; in item (ii) is not closed.
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Exercise 3.9 Let (e,)nen be an orthonormal sequence in H, let V =
span {ep fnen, and let x € H. Show that Pya = > _y{(x|en)e, and that

2
dy () = \/Hxll2 — Ynen [z [ €n)]”
Exercise 3.10 Let V be a closed linear subspace of H. Show that P‘Jﬂ = Py.

Exercise 3.11 (Penrose) Let K be a real Hilbert space and let T €
B(H,K) be such that ranT is closed. Show the following: TTT = (TT1)*,
YT = (T'T)*, TT'T =T, and TYTT! = T,

Exercise 3.12 Let K be a real Hilbert space and let T € B(H, K) be such
that ranT is closed. Show that ker TT = ker T*.

Exercise 3.13 Let K be a real Hilbert space and let T € B(H, K) be such
that ran 7 is closed. Show that 7T = Py =0T 1 0 Pan T, where all operators
are understood in the set-valued sense.

neN

Exercise 3.14 Let C' be a nonempty subset of H consisting of vectors of
equal norm, let z € H and p € C. Prove that p is a projection of z onto C' if
and only if (x | p) = sup (x| C).

Exercise 3.15 Provide a subset C' of H that is not weakly closed and such
that, for every n € N, CNB(0; n) is weakly closed. Compare with Lemma 1.39
and with Exercise 2.6.

Exercise 3.16 Let C be a convex subset of H such that (Vn € N) CNB(0;n)
is weakly closed. Show that C' is weakly closed. Compare with Exercise 3.15.

Exercise 3.17 Show that the closed convex hull of a weakly compact subset
of ‘H is weakly compact. In contrast, provide an example of a compact subset
of H the convex hull of which is not closed.

Exercise 3.18 Suppose that H is finite-dimensional, let zg € H, and let p €
Ry ;. Show that there exists a finite family (y;);er in H such that B(zo; p) C

convi{y; }icr-

Exercise 3.19 Let (2,)nen be a sequence in H and let C' be a nonempty
subset of H. Suppose that, for every y € C, (||x,, — y||)nen converges. Show
that this property remains true for every y € conv C'. Use this result to obtain
an extension of Lemma 2.39.

Exercise 3.20 (Radstrom’s cancellation) Let C, D, and E be subsets
of H. Suppose that D is nonempty and bounded, that F is closed and convex,
and that C + D C E + D. Show that C C F and that this inclusion fails if
F is not convex.

Exercise 3.21 Find a nonempty compact subset C' of H and a point x € H~
C' that cannot be strongly separated from C'. Compare with Corollary 3.39.

Exercise 3.22 Find two nonempty closed convex subsets C' and D of H such
that C N D = @, and C' and D are not strongly separated. Compare with
Corollary 3.40.



Chapter 4
Convexity and Nonexpansiveness

Nonexpansive operators are Lipschitz continuous operators with Lipschitz
constant 1. They play a central role in applied mathematics, because many
problems in nonlinear analysis reduce to finding fixed points of nonexpansive
operators. In this chapter, we discuss nonexpansiveness and several variants.
The properties of the fixed point sets of nonexpansive operators are investi-
gated, in particular in terms of convexity.

4.1 Nonexpansive Operators

Definition 4.1 Let D be a nonempty subset of H and let T: D — H. Then
T is

(i) firmly nonexpansive if

(Vo € D)(¥y € D) || T2 —Ty|*+[(Id = T)z — (Id = T)y|* < [l= — y|*;

(ii) nonexpansive if it is Lipschitz continuous with constant 1, i.e., )
(Ve e D)(Vy € D) ||Tz—Ty| < [lz—yl|; (4.2)
(iii) quasinonexpansive if
(Vz € D)(¥y € FixT) [Tz — y|| < = — (4.3)
(iv) and strictly quasinonexpansive if
(Vo € D\ FixT)(Vy € FixT) ||[Tx—vy| < ||z —y|- (4.4)

It is clear that firm nonexpansiveness implies nonexpansiveness, which it-
self implies quasinonexpansiveness (as will be seen in Example 4.9, these im-
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plications are strict). In addition, firm nonexpansiveness implies strict quasi
nonexpansiveness, which implies quasinonexpansiveness.

Proposition 4.2 Let D be a nonempty subset of H and let T: D — H. Then
the following are equivalent:

(i) T is firmly nonexpansive.
(ii) Id — T is firmly nonexpansive.
(iil) 27 — Id is nonexpansive.
(iv) (¥ € D)(¥y € D) | Tz — Ty|]? < (z — y | Tz — Ty).
v) (Ve e D) Vy e D) 0 <(Te—Ty | (Id—T)x — (Id — T)y).
(vi) (Vz € D)(Vy € D)(Va € [0,1)) || Tz — Ty|| < ||a(z —y) + (1 — a)(Tz —
Ty)|l.

Proof. (1)< (ii): See (4.1).

(i)&(iii): Fix # and y in D, and define R = 2T —Id, p = || Tz — Ty||* +
I(d = T)a — (Id = T)y||* — |z — y|*, and v = [[Rz — Ry|* — [z — y||*.
Corollary 2.14 implies that ||Rz — Ry||? = ||2(Tx — Ty) + (1 — 2)(z — y)||*> =
2| Tz — Ty||* — ||z — y||* + 2||(Id — T)x — (Id — T)y||?; hence v = 2u. Thus,
R is nonexpansive < v <0 < pu <0 < T is firmly nonexpansive.

(1) (iv): Write ||(Id — T)z — (1d - T)y|> = [}z — gl + | Tz — Ty -
2(x —y | Tx —Ty) in (4.1).

(iv)<(v): Clear.

(v)&(vi): Use Lemma 2.12(i). O

Corollary 4.3 Let T € B(H). Then the following are equivalent:

(i) T s firmly nonexpansive.
(i) [l27 — 1d]| < 1.
(iii) (Vo € H) || Tz|]® < (x| Tx).
(iv) T* is firmly nonexpansive.
(V) T +T* —2T*T is positive.

Proof. (i)« (ii)<(iil): This follows from the equivalences (i)<(iii)<(iv) in
Proposition 4.2.

(i)e(iv): Since [|2T7* —1d|| = ||(2T — Id)*|| = ||]2T — Id||, this follows from
the equivalence (i)« (ii).

(i) (v): Indeed, (iii) & (V&
(x | (T —T*T)x + (T T*T)*x)
0< (v).

EH) (x| (T—T*T)z) >0 (Vo € H)
>0 Ve eH) (x| (T+T*—-21T"T)x) >
O
Definition 4.4 Let D be a nonempty subset of H, let T: D — H, and let

B € Ryy. Then T is (-cocoercive (or [-inverse strongly monotone) if ST is
firmly nonexpansive, i.e.,

(Ve € D)(Vy € D) (x—y|Tx—Ty) > BTz —Ty|> (4.5)
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Proposition 4.5 Let K be a real Hilbert space, let f € Ryy, let T: K — K
be [-cocoercive, let L € B(H,K) be such that L # 0, and set v = B/|L|>.
Then L*TL is ~y-cocoercive.

Proof. Let « and y be in H. Then it follows from (4.5) and Fact 2.18(ii) that
(x —y | L*TLx — L*TLy) = (Lx — Ly | TLx — TLy) > B||TLz — TLy|* >
Y L*TLx — L*T Ly 0

Corollary 4.6 Let IC be a real Hilbert space, let T: K — K be firmly non-
expansive, and let L € B(H,K) be such that |L|| < 1. Then L*TL is firmly
nonexrpansive.

Proof. We assume that L # 0, and we set § = 1 in Proposition 4.5. a

Example 4.7 Let T: H — H be firmly nonexpansive and let V' be a closed
linear subspace of H. Then it follows from Corollary 3.22(iii)&(vi) and Corol-
lary 4.6 that PyT Py is firmly nonexpansive.

4.2 Projectors onto Convex Sets

Proposition 4.8 Let C be a nonempty closed convex subset of H. Then the
projector Po is firmly nonexpansive.

Proof. Fix z and y in H. Theorem 3.14 asserts that (Pcy — Pcx | # — Pox) <
0 and that (Pcx — Poy | y — Pey) < 0. Adding these two inequalities yields
|Pocx — Poyl|? < (z—y| Pox — Poy). The claim therefore follows from
Proposition 4.2. a

Example 4.9 Suppose that H # {0} and let a € ]0,1]. Let T} and T> be
respectively the soft and hard thresholders defined for every x € ‘H by
{(1 —1llzl)z, if [z > 1; az, if |lz[>1;
T1.’L' = .
0, if ||z| <1
(4.6)
Then T3 is firmly nonexpansive. Moreover, for a < 1, T5 is quasinonexpansive
but not nonexpansive and, for & = 1, T3 is not quasinonexpansive. Finally,
the operator T3 defined for every x € H by

o {(1 = 2/lall), it [le] > 1 W

-, if x| <1,

) and Tohxr =
0, if 2] <1,

is nonexpansive but not firmly nonexpansive.

Proof. In view of Example 3.16, Ty = Id — Ppg(o,1). Hence, it follows from
Proposition 4.8 and Proposition 4.2(ii) that 73 is firmly nonexpansive. Now
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suppose that o < 1. Then 0 is the unique fixed point of T» and (Vo € H)
|[Toz]] < ||z||. Thus, T% is quasinonexpansive but not nonexpansive, since it
is not continuous. Now suppose that o = 1, take z € B(0;1) \ {0}, and set
y =2z/||z||. Then y € FixT5 but ||Tox —y|| =2 > 2 — ||z|| = ||z — y||. Thus,
T» is not quasinonexpansive. Next, we derive from Proposition 4.2(iii) that
T3 = 2Ty — 1Id is nonexpansive. Finally, take « € H such that ||z| = 1 and
set y = —x. Then the inequality in (4.1) fails, and therefore 7" is not firmly
nonexpansive. a

Corollary 4.10 Let C be a nonempty closed convex subset of H. Then Id —
Pc is firmly nonexpansive and 2Pc — 1d is nonexpansive.

Proof. A consequence of Proposition 4.8 and Proposition 4.2. o

Proposition 4.8 implies that projectors are continuous. In the affine case,
weak continuity also holds.

Proposition 4.11 Let C be a closed affine subspace of H. Then the following
hold:

(i) Pe is weakly continuous.
(i) (Vo € H)(Yy € H) | Pox — Poyll? = (z —y | Pex — Pey).

Proof. (i): Combine Lemma 2.34 and Corollary 3.20(ii).
(ii): Use Corollary 3.20(i) instead of Theorem 3.14 in the proof of Propo-
sition 4.8. O

Let us stress that weak continuity of projectors may fail.

Example 4.12 Suppose that H is infinite-dimensional and let C' = B(0;1).
Then P¢ is not weakly continuous.

Proof. Let (en)neny be an orthonormal sequence and set (Vn € N) z, =
€1 + ea,. Then, as seen in Example 2.25, x,, — e;. However, it follows from
Example 3.16 that Pox, = xn/\/i—\ 61/\/5 #+e1 = Pees. O

4.3 Fixed Points of Nonexpansive Operators

The projection operator Po onto a nonempty closed convex subset C' of H is
(firmly) nonexpansive by Proposition 4.8 with

Fix Po = C, (4.8)
which is closed and convex. The following results extend this observation.

Proposition 4.13 Let D be a nonempty conver subset of H and let T: D —
H be quasinonezxpansive. Then FixT is convex.
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Proof. Let x and y be in FixT', let a € ]0, 1], and set z = ax + (1 — «)y. Then
z € D and, by Corollary 2.14,

1Tz = 2|* = Tz = 2) + (1 = a)(T=z - y)|”
=a|Tz—z|* + (1 - )Tz - y||” — a(l — )|z — y|?
<alz =z’ + (1 =)z =yl = a(l = )|z - y|”
= la(z —2) + (1 - a)(z = y)|I?
=0. (4.9)

Therefore z € FixT. O

Proposition 4.14 Let D be a nonempty closed subset of H and let T: D —
H be continuous. Then FixT is closed.

Proof. Let (x,,)nen be a sequence in Fix T that converges to a point x € H.
Then x € D by closedness of D, while T'z,, — Tz by continuity of T. On the
other hand, since (z,)nen lies in Fix T, Tz, — x. Altogether, Tz = x. O

Corollary 4.15 Let D be a nonempty closed convexr subset of H and let
T: D — H be nonexpansive. Then FixT is closed and convez.

Corollary 4.16 Let D be a nonempty closed convex subset of H and let
T: D — H be firmly nonexpansive. Then

FixT= (| {yeD|(y—Tax|z—Tx) <0} (4.10)
xeD

Proof. Set C = (\,ep{yv €D | (y—Tx |z —Tx) <0}. For every x € D
and every y € FixT', Proposition 4.2(v) yields 0 < (T'z — y | « — T'x). Hence,
FixT C C. Conversely, let # € C. Thenz € {y € D | (y = Tx | v — Tx) < 0}
and therefore —||z — Tz||> = (x — Tz |z —Tz) < 0, i.e., z = Tx. Thus,
C C FixT. O

Theorem 4.17 (demiclosedness principle) Let D be a nonempty weakly
sequentially closed subset of H, let T: D — H be a nonexpansive operator,
let (xn)nen be a sequence in D, and let x and u be points in H. Suppose that
T, — 2 and that x,, — Tx, — u. Then x — Tx = u.

Proof. Since D > x,, — x, we have x € D, and Tz is therefore well defined.
For every n € N, it follows from the nonexpansiveness of T" that
|z — Tz —ul|® = ||lzn — Tx —ul|®> = |z, —2||* =22, —x | 2 — Tx —u)
= ||xn—Tmn—u||2+2<xn—Txn—u|Txn—Tx>
+ || Tz — T||? = ||zp — z||* —2(2p —2 | 2 — T2 — u)

S||xn—Tmn—u||2+2<xn—Txn—u|Txn—Tx>
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—2(xy, —x|x—Tx—u). (4.11)

However, by assumption, x,, — Tz, —u — 0, x, — x — 0, and hence Tx,, —
Tz — x — Tx — u. Taking the limit as n — 400 in (4.11) and appealing to
Lemma 2.41(iii), we obtain © — Tz = u. O

Corollary 4.18 Let D be a nonempty closed and convex subset of H, let
T: D — H be nonexpansive, let (x,)nen be a sequence in D, and let x be a
point in H. Suppose that x,, — x and that x,, — Tx, — 0. Then v € FixT.

Proof. Since Theorem 3.32 asserts that D is weakly sequentially closed, the
result follows from Theorem 4.17. a

The set of fixed points of a nonexpansive operator may be empty (consider
a translation by a nonzero vector). The following theorem gives a condition
that guarantees the existence of fixed points.

Theorem 4.19 (Browder—Gohde—Kirk) Let D be a nonempty bounded
closed convex subset of H and let T: D — D be a nonexpansive operator.
Then FixT # @.

Proof. Tt follows from Theorem 3.32 that D is weakly sequentially closed, and
from Theorem 3.33 that it is weakly sequentially compact. Now fix zg € D
and a sequence (ay, )nen in ]0, 1] such that ag = 1 and ay, | 0. For every n € N,
the operator T,,: D — D: x — azxo + (1 — ap,)Tx is a strict contraction
with constant 1 — «,, and it therefore possesses a fixed point z,, € D by
Theorem 1.48. Moreover, for every n € N, ||z, — Tzy|| = || Then — Tan| =
anllzo — Txn|| < apdiam(D). Hence ,, — Tz, — 0. On the other hand,
since (xy,)nen lies in D, by weak sequential compactness we can extract a
weakly convergent subsequence, say xp, — x € D. Since z, — Tz, — 0,
Corollary 4.18 asserts that « € FixT. a

The proof of Theorem 4.19 rests on Lipschitz continuous operators and
their unique fixed points. These fixed points determine a curve, which we
investigate in more detail in the next result.

Proposition 4.20 (approximating curve) Let D be a nonempty closed
convex subset of H and let T: D — D be a nonexpansive operator. Then, for
every € € |0,1[ and every x € D, there exists a unique point x. € D such that

ze =cx+ (1 —¢e)Txe. (4.12)

Set, for every e € 10,1, T.: D — D: x + x., and let x € D. Then the
following hold:

(i) (Ve €10,1)) To = eld + (1 — &)TT: = (Id — (1 — £)T) ' o eld.
(i) (Ve €]0,1]) T is firmly nonexpansive.
(iii) (Ve €]0,1[) Fix Tt = FixT.
(iv) (Ve €]0,1]) e(x —Tze) =2 — Txe = (1 — &) te(x — x.).
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(v) Suppose that FixT = @&. Then hmgw |zc]| = 4o0.

(vi) (Ve € )0, 1)(Vy € FixT) [}z — o> + = — I < Iz - oI
(vii) Suppose that FixT # &. Then limgo e = PrixT T.
(viil) (Ve €]0,1[)(Vé € ]0,1[)

—_5\2
(522) hoe—alP + 82 - 6)hes — P < 25

-4
7 _E(xg—x|x5—x5>.

(ix) (Ve €]0,1[)(¥0 €]0,e[) |l — ze||* + [lwe — zs]|* < [|l2 — 25>

(x) The function ]0,1] — Ry: e ||z — x| is decreasing.

(xi) The curve |0,1][ — H: € — x is continuous.

(xii) If x € FixT, then x. = w is constant; otherwise, (x:).cjo,1] i an
mjective curve.

Proof. Let € € ]0,1[. By Theorem 1.48, the operator D — D: z — ez + (1 —
)Tz has a unique fixed point. Hence, z. is unique, and 7T is therefore well
defined.

(): The first identity is clear from (4.12). Furthermore, eId = T, — (1 —
e)TT, = (Id — (1 — e)T)T%, and therefore, since Id — (1 — )T is injective, we
obtain 7. = (Id — (1 — &)T) ! o eld.

(ii): Let y € D. Then

T—y= 5_1((16 —(1=e)Tze) — (ye — (1 —&)Tye))
=e (e —ye) — (1 —&)(Tz- — Ty.)). (4.13)
Using (4.12), (4.13), and Cauchy—Schwarz, we deduce that
(Tox —Tey | (Id — To)x — (Id — T:)y)
(e —ye | (L—e)(@ —Txc) = (1 —e)(y — Tye))
= —e)(we —ye [ (@ —y) = (Twe = Tye))
=(1-e)e” < Te = Ye | (e —ye) — (Twe — Tye))

> (e7! = D) (llwe = yell® = llze = yell [ Tze — Tye|l)
= (7' = Dllze = yell (lz= — yell = 1Tz — Tyell)
> 0. (4.14)

Hence, by Proposition 4.2, T is firmly nonexpansive.

(iii): Let € D. Suppose first that « € FixT. Then ¢ = ex + (1 —e)Tx
and hence x = z. by uniqueness of x.. It follows that T.x = x and therefore
that = € FixT.. Conversely, assume that z € FixT.. Then x = x. = ez +
(1—e)Tz. =2+ (1 —¢)(Tz—x) and thus x = Tz, i.e., x € FixT.

(iv): This follows from (4.12).

(v): Suppose that there exists a sequence (&,,)nen in ]0, 1[ such that &, | 0
and (2., Jnen is bounded. By (iv) and Corollary 4.18, every weak sequential
cluster point of (2., )nen lies in Fix T.
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(vi): Assume that y € FixT. By (iii), y = Tey = y.. Since T; is firmly
nonexpansive by (ii), we have

lz=ylI* 2 ze —ye|* + (2 —22) = (y = ye)I* = lze =yl + o —c]|*. (4.15)

(vii): Let (en)nen be a sequence in ]0, 1] such that &, | 0, and set (Vn € N)
Zn = e, . By (Vi), (2n)nen is bounded. Thus, using (iv), we see that z, —
Tz, — 0. Let z be a weak sequential cluster point of (z,)nen, say zr, — z.
Theorem 4.17 implies that z € FixT. In view of (vi), we obtain lim ||z —
2k, ||? < ||z —2]||?. Since z — 2, =z — z, Lemma 2.41(i) yields x — 2z, — z— 2.
Thus 2x, — 2. Again, using (vi), we see that (Vn € N) ||z — 2z, [|? + |2k, —
y||? < ||l# — y||?. Taking the limit as n — +o0, we deduce that ||z — 2| +
|z —yl|?> < ||z — y||*>. Hence (Vy € FixT) (y — z |  — z) < 0. It now follows
from Theorem 3.14 that z = Ppgix7x. Therefore, z, — Pgixrx and hence
r. — Ppixrx ase | 0.

(viii): Let § € ]0,1] and set y. = 2. — x and ys = x5 — x. Since y5 =
Ye + Ts — e, using (4.12), we obtain

s — ae||* > || Tws — Tael|?
2
r5 — 0T T.—Ex

1-96 1—e¢
2
_ Ys _ Ye
”16 1—¢
B 1 0—¢ n 2
BN T el A
1 5—¢c\’ 9 S0—¢€
= 5 2—— e — Ig
o ((25) el + 205 s = w2

+ ||zs — x5||2>. (4.16)

Therefore,

e—6\> e—19
(522) 1ol 402 = Dlos ol < 2522 (s =) (47

which is the desired inequality.
(viii)=(ix): Let 6 € ]0,¢[. Then (z. — x| x5 — xc) > 0. In turn, ||xs—z||*> =
25 = xel|® + 2 {@s — ze | 2 — @) + [|le — 2| 2 [lws — 2el|® + [lwe — 2.
(ix)=(x): Clear.
(xi): We derive from (viii) and Cauchy—Schwarz that

(Vo €10,e]) |los — x| < 6(22—(66—)_(15)—5)”% —z. (4.18)
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Hence, ||zs — x|l 4 0 as § 1 €, and therefore the curve |0, 1] = H: € +— x¢ is
left-continuous. Likewise, we have

2(6 —¢)
(Vo €le, 1)) [lzs — el < 52— (1l—2)
so that ||z — x| 4 0 as § | . Thus, the curve ]0,1] — H: e — z. is
right-continuous.

(xii): If « € FixT, then = € FixT, by (iii) and hence z = T,z = x..
Now assume that z ¢ FixT. If § € ]0,¢[ and z. = w5, then (viii) yields
T.x = z. = x and hence x € FixT., which is impossible in view of (iii).
Hence the curve (2c).cjo,1[ is injective in that case. a

e — |, (4.19)

Proposition 4.21 Let Ty: H — H and To: H — H be firmly nonexpansive
and set T =Ty (212 — 1d) + 1d — T. Then the following hold:

(i) 2T — 1d = (271 — 1d)(2T» — 1d).
(ii) T s firmly nonexpansive.
(ifi) Fix T = Fix(2T} — Id) (2T, — Id).
(iv) Suppose that Ty is the projector onto a closed affine subspace. Then
FixT = {z e # | Tz = Tya}.

Proof. (i): Expand.

(ii): Proposition 4.2 asserts that 277 — Id and 277 — Id are nonexpansive.
Therefore, (277 — 1d)(27% — Id) is nonexpansive and so is 27 — Id by (i). In
turn, 7' is firmly nonexpansive.

(iii): By (i), Fix T = Fix(27 — Id) = Fix(27} — Id) (2T} — Id).

(iv): Suppose that T4 = P¢, where C'is a closed affine subspace of H, and
let © € H. It follows from Proposition 4.8 that 7} is firmly nonexpansive and
from Corollary 3.20(ii) that € FixT < x = Po(2Tex+(1-2)x)+x—Tha <
Tox = 2P0(T2I)+(1—2)Pcl‘ ceCs Pc(TQZE) =Thxr = 2pc(T2I)+(1—2)PCx
< Thx = Pox. O

Corollary 4.22 Let Ty be the projector onto a linear subspace of H, let
To: H — H be firmly nonexpansive, and set T = Th'To + (Id — T1)(Id — T5).
Then T s firmly nonexpansive and FixT = {J: eH ’ Tix = Tgx}.

Proof. Since T = T1(2T5 — Id) + Id — T3, the result follows from Proposi-
tion 4.21. o

4.4 Averaged Nonexpansive Operators

Definition 4.23 Let D be a nonempty subset of H, let T: D — H be
nonexpansive, and let « € ]0,1[. Then T is averaged with constant «, or
a-averaged, if there exists a nonexpansive operator R: D — H such that
T=(1-a«ald+aR.
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Remark 4.24 Let D be a nonempty subset of H and let T: D — H.

(i) If T is averaged, then it is nonexpansive.
(ii) If T is nonexpansive, it is not necessarily averaged: consider T =
—Id: H — H when H # {0}.
(iii) It follows from Proposition 4.2 that T is firmly nonexpansive if and only
if it is 1/2-averaged.
(iv) Let 8 € Ryi. Then it follows from (iii) that T is -cocoercive if and
only if ST is 1/2-averaged.

Proposition 4.25 Let D be a nonempty subset of H, let T: D — H be
nonexpansive, and let o € 10, 1[. Then the following are equivalent:

(i) T is a-averaged.

(ii) (1 = 1/a)Id + (1/)T is nonexpansive.

1—-a

(iii) (Vx € D)(vy € D) |T2=Ty||? < [|z—y|*~ ——||(1d=T)z—(1d-T)y|*

(iv) (Yo € D)(Vy € D) [Tz — Ty|* + (1 — 20)|z — y|* < 2(1 — a)
(x —y | Tx—Ty).

Proof. Fix x and y in D, set R = (1 — A\)Id + AT, where A = 1/, and note
that T'= (1 — «)Id + aR.
(i)e(ii)«<(iii): Corollary 2.14 yields

[Rz — Ry||* = (1 = M|z — y|I> + N[ Tz — Ty
— M1 = N)[|Id - T)x — (Id — T)y|*. (4.20)

In other words,

a(llz = ylI? = |Rz — Ry|*) = ||lz — ylI> — | Tz — Ty|?

~ I?TaH(Id ~ Ty —(Id-T)y|% (4.21)

Now observe that (i) < (ii) < R is nonexpansive < the left-hand side of
(4.21) is positive < (iii).

(i) iv): Write [[(1d — T) — (1d = T)y|> = [lz — yl]* + | Tz — Ty* -
2(x—y | Tax —Ty) in (iii). O

Remark 4.26 It follows from the implication (i)=-(iii) in Proposition 4.25
that averaged operators are strictly quasinonexpansive.

Remark 4.27 Tt follows from Proposition 4.25(iii) that if T: D — H is
a-averaged with « € ]0,1/2], then T is firmly nonexpansive.

We now describe some operations that preserve averagedness.

Proposition 4.28 Let D be a nonempty subset of H, let T: D — H, let o €
10,1[, and let X € 10,1/c[. Then T is a-averaged if and only if (1 —N\)Id+ AT
18 Aa-averaged.
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Proof. Set R = (1 — a~1)Id + a~!T. Then the conclusion follows from the
identities T'= (1 — @)Ild + aR and (1 = A\)Id + AT = (1 — Aao)Id + A\aR. O

Corollary 4.29 Let D be a nonempty subset of H, let T: D — H, and let
A €]0,2[. Then T is firmly nonexpansive if and only if (1 — N)Id + T is
A/2-averaged.

Proof. Set av = 1/2 in Proposition 4.28 and use Remark 4.24(iii). O

Proposition 4.30 Let D be a nonempty subset of H, let (T;);er be a finite
family of nonexpansive operators from D to H, let (w;);cr be real numbers in
10,1] such that ;. ; w; = 1, and let (o;)ier be real numbers in |0, 1] such that,
for every i € I, T; is a;-averaged, and set o = max;ey ;. Then Ziel w;T; is
a-averaged.

Proof. Set T =), ; w;T;, and fix  and y in D. The implication (i)=-(iii) in
Proposition 4.25 yields

) 1—q
(i€ D) [T Tyl + 21~ T)e— (- Ty? < o~y (122)

Hence, by convexity of || - [|?, since (1 — a)/a = min;er(1 — ;) /v,

l1—«
T = Tyl + —2(1d = T)z - (1d = Ty

2
Z wiTix — Z wiTiy

i€l el
2
sz(ld - Tz).% — sz(ld - Tz)y
i€l el
<> willTiw - TyH2+Z S| (1d - T — (1d — Ty
el el
<z —yl* (4.23)

Using the implication (iii)=-(i) in Proposition 4.25 completes the proof. O

Example 4.31 Let D be a nonempty subset of H, let (T});er be a finite
family of firmly nonexpansive operators from D to H, and let (w;)ier be real
numbers in ]0, 1] such that ), ; w; = 1. Then },_; w;T; is firmly nonexpan-
sive.

el

Proof. In view of Remark 4.24(iii), setting «; = 1/2 in Proposition 4.30 yields
the result. O

Next, we consider compositions of averaged operators.
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Proposition 4.32 Let D be a nonempty subset of H, let m be a strictly
positive integer, set I ={1,...,m}, let (T;)icr be a family of operators from
D to D, let («;)ier be real numbers in 10, 1[ such that, for every i € I, T; is
a;-averaged, and set

T=T Ty and a=—"—! (4.24)

m—1+

max q;
iel

Then T is a-averaged.
Proof. Set (Vi € I) k; = ai;/(1 — «;), set K = max;es K4, and let x and y be

in D. We derive from the convexity of || - ||? and the equivalence (i)« (iii) in
Proposition 4.25 that

I(0d = T)z — (Id = T)y||*/m
=z —y) = Tz — Tny) + (Tmz — Trmy)
— (T Tmx — T 1Thy) + (Ton—1Tx — T Tony) — -+ -
— (T Ty —To - Tpy) + (Ta - Trpw — T - Try)
— (Ty - Tz =Ty - ~Tmy)\|2/m
= ||(Id = T,))z — (Id — T}y
+ (Id = Ty )Tz — (Id = Ty 1) Ty + - - -
+ (Id =TTy Typx — (Id — T) Ty - - Truyl|* /m
< |(Id = T)a — (1d = T )y
+ 1(Id = Ty )Ty — (Ad — Ty 1) Ty + - - -
+ [|(Id = T) Ty - - Ty — (Id — Ty)Ts - - - Try||)?
< ki (2 = yl* = | Tz — Tonyl|?)
+ Em-1([|Tnz = Toyll* = | Ton-1Tma — T Tinyl?) + - -
+ FL1(||T2 T — Ty - - ‘Tmy||2 — Ty Ty =T - - 'Tmy||2)
< k([lz = ylI* = |7z - Ty[|*). (4.25)

Consequently, it follows from Proposition 4.25 and (4.24) that T is averaged,
with constant m/(m + 1/k) = a. O

Proposition 4.33 Let D be a nonempty subset of H, let B € Ry, let
T: D — H be (-cocoercive, and let v € 10,20]. Then Id — ~T is v/(28)-
averaged.

Proof. By Remark 4.24(iv), ST is 1/2-averaged. Hence, there exists a non-
expansive operator R: D — H such that T = (Id + R)/(26). In turn,
Id —~T = (1 -~/(28))ld + (v/(28))(=R). 0O
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4.5 Common Fixed Points

The first result concerns the fixed point set of convex combinations of quasi-
nonexpansive operators and the second that of compositions of strictly quasi-
nonexpansive operators.

Proposition 4.34 Let D be a nonempty subset of H, let (T;)ier be a finite
family of quasinonexpansive operators from D to H such that (,c; Fix T; #
@, let (w;)ier be strictly positive real numbers such that ), ;w; = 1. Then
Fix ZiGI wiTi - nie[ FIXTZ

Proof. Set T =3,;
reverse inclusion, let y € [

wiT;. It is clear that ,.; FixT; C FixT. To prove the
ser FixT;. Then (4.3) yields

(Vie I)(ve € D) 2(Tiw—xz|z—y) = |Tix —y|* - |Tiz — z||* - |z — y?
< Tz — |l (4.26)

Now let « € FixT. Then we derive from (4.26) that

0=2(Tx—x|xz—y) :2Zwi<Tix—x|x—y> < —ZwiﬂTix—xHZ.
icl i€l
(4.27)

Therefore ), ; wil| Tz — x| = 0, and we conclude that = € (., FixT;. O

iel
Proposition 4.35 Let D be a nonempty subset of H, and let Th and Ty be
quasinonexpansive operators from D to D. Suppose that Ty or Ty is strictly
quasinonexpansive, and that Fix Ty N Fix Ty # &. Then the following hold:

(i) FixT1 T, = Fix Ty N Fix Ts.

(ii) T T» is quasinonerpansive.
(iii) Suppose that Ty and To are strictly quasinonexpansive. Then TiTs is

strictly quasinonexpansive.

Proof. (i): Tt is clear that Fix Ty NFix Ty C FixT1T5. Now let € FixThTs
and let y € Fix Ty NFixT>. We consider three cases.
(a) TQCC S FiXTl. Then TQl’ = Tngl’ =z € Fix T1 N FiXTQ.
(b) € FixTs. Then Thx = T1Thax = x € Fix Ty N Fix Ts.
(c) Thx ¢ Fix Ty and x ¢ Fix Ty. Since Ty or Th is strictly quasinonexpansive,
at least one of the inequalities in ||z —y|| = |[Th T2z —y| < |[Tex—vy|| < ||z—y]|
is strict, which is impossible.

(ii): Let « € D and let y € FixT1Ts = FixT1 NFix Ts. Then |11 Tox —y|| <
ITox — y|| < ||z — y||, and therefore T} T5 is quasinonexpansive.

(iii): Let z € D N FixTiTy and let y € FixT1Ty = FixTy; N FixTy. If
z ¢ FixTy, then ||T1Tox — y|| < [|Tox — y| < ||z — y||. Finally, if 2 € Fix Tb,
then = ¢ Fix T} (for otherwise Thz = x € Fix Ty NFix Ty, which is impossible)
and hence ||T1Tex — y| < [z —yl|. 0
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Corollary 4.36 Let D be a nonempty subset of H, let m be a strictly positive
integer, set I = {1,...,m}, let (T;);cr be a family of strictly quasinonexpan-
sive operators from D to D such that (),c; FixT; # @, and set T =Ty - - - Tyy,.
Then T is strictly quasinonexzpansive and Fix T = (., Fix T;.

Proof. We proceed by strong induction on m. The result is clear for m =1
and for m = 2 by Proposition 4.35. Now suppose that m > 2 and that the re-
sult holds for up to m operators. Let (T;)i<i<m+1 be a family of strictly
quasinonexpansive operators from D to D such that ﬂ?:{l FixT, # ©.
Set Ry = Ty---T,, and Ry = T,,+1. Then Ry is strictly quasinonex-
pansive with Fix Ry = FixT),+1, and, by the induction hypothesis, R; is
strictly quasinonexpansive with Fix R; = ﬂ;il FixT;. Therefore, by Propo-
sition 4.35(iii)& (i), Ri1R2 = Ty -+ Tpy1 is strictly quasinonexpansive and
FixTy - - Tyy1 = Fix Ry Ry = Fix Ry NFix Ry = ﬂ?:{l Fix T;. ad

Corollary 4.37 Let D be a nonempty subset of H, let m be a strictly positive
integer, set I ={1,...,m}, let (T;);cr be a family of averaged nonexpansive
operators from D to D such that ﬂiel FixT; # @, and set T = Ty ---T),.
Then FixT = (;c; Fix T;.

Proof. In view of Remark 4.26, this follows from Corollary 4.36. O

Exercises

Exercise 4.1 Let U be a nonempty open interval in R, let D be a closed
interval contained in U, and suppose that 7": U — R is differentiable on U.
Set T'=T|p. Show the following:

(i) T is firmly nonexpansive < ranT” C [0, 1].
(ii) T' is nonexpansive < ranT” C [—1,1].

Exercise 4.2 Let D be a nonempty subset of R, and let 7: D — R. Show
that T is firmly nonexpansive if and only if 7" is nonexpansive and increasing.
Provided that ranT" C D, deduce that if T" is firmly nonexpansive, then so is
TolT.

Exercise 4.3 Suppose that H # {0}. Without using Example 4.9, show
that every firmly nonexpansive operator is nonexpansive, but not vice versa.
Furthermore, show that every nonexpansive operator is quasinonexpansive,
but not vice versa.

Exercise 4.4 Let T' € B(H). Show that the following are equivalent:

(i) T is nonexpansive.
(ii) || 7]} < 1.
(iii) T is quasinonexpansive.
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Exercise 4.5 Let T € B(#) be such that ||T']] < 1.
(i) Suppose that

BaeR)VzeH) (Tz|z)>az|? (4.28)

Show that «T|| 2T is firmly nonexpansive.

(ii) Suppose that H = R3 and set T': (£1,&2,&3) = (1/2)(&1 — &2, &1 + €2,0).
Show that T does not satisfy (4.28), is not self-adjoint, but firmly non-
expansive.

Exercise 4.6 Let T' € B(#H) be nonexpansive. Show that Fix T' = Fix T*.

Exercise 4.7 Let K be a real Hilbert space, let T: K — K be firmly non-
expansive, let L € B(H, ) be such that |L|| < 1, let & € H, and let z € K.
Show that « — z + L*T(z + Lx) is firmly nonexpansive.

Exercise 4.8 As seen in Proposition 4.2, if T': H — H is firmly nonexpan-
sive, then so is Id — T'. By way of examples, show that if C is a nonempty
closed convex subset of H, then Id — Po may or may not be a projector.

Exercise 4.9 Let C' and D be closed linear subspaces of H such that C' C D.
Show that PC = PDPC = Pch.

Exercise 4.10 Let T: H — H be firmly nonexpansive, let A € R, and set
T\ = AT + (1 — M)Id. Show that Ty is nonexpansive for A € [0,2] and that
this interval is the largest possible with this property.

Exercise 4.11 Let D be a nonempty subset of H, let (T;);er be a finite
family of operators from D to H, and let (w;)ies be strictly positive real

numbers such that >, w; =1.Set T'= 3, w;T;.

(i) Suppose that (,.; FixT; # @ and that each T; is quasinonexpansive.

Show that T is quasinonexpansive.
(ii) Suppose that each T; is nonexpansive. Show that 7" is nonexpansive.

Exercise 4.12 Let D be a nonempty subset of H, and let 77 and T5 be firmly
nonexpansive operators from D to H. Show that T} — 15 and Id — 177 — Ty
are nonexpansive.

Exercise 4.13 Let T', T}, and T5 be operators from H to H.

(i) Show that if 7" is firmly nonexpansive, then 72 may fail to be firmly
nonexpansive even when Fix T # @. Compare with Exercise 4.2.
(ii) Show that if T3 and T are both nonexpansive, then so is T577.
(iii) Show that if T is quasinonexpansive, then T2 may fail to be quasinon-
expansive even when H = R and FixT # @.

Exercise 4.14 Provide an example of two closed linear subspaces U and V
of H such that the composition T = Py Py fails to be firmly nonexpansive.
Conclude, in particular, that 7" is not a projector.
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Exercise 4.15 Let D be a nonempty compact subset of H and suppose that
T: D — H is firmly nonexpansive and that Id — T is injective. Show that for
every 0 € R4, there exists 8 € [0, 1] such that if z and y belong to D and
|z —yll > 6, then | Tz — Ty|| < B[z — y||. In addition, provide, for H = R,
a set D and an operator 1" such that the hypothesis holds and such that for
every 3 € [0,1[, T is not Lipschitz continuous with constant /3.

Exercise 4.16 Let D be a nonempty closed convex subset of H and let
T: D — H be nonexpansive. Use Corollary 4.16 to show that Fix T is closed
and convex.

Exercise 4.17 Provide a simple proof of Theorem 4.17 for the case when H
is finite-dimensional.

Exercise 4.18 Show that each of the following assumptions on D in Theo-
rem 4.19 is necessary: boundedness, closedness, convexity.

Exercise 4.19 Use items (ix) and (x) of Proposition 4.20 to prove Theo-
rem 4.19 without using Corollary 4.18.

Exercise 4.20 Let D be a nonempty subset of #H, and let (T3)1<i<m be
a finite family of quasinonexpansive operators from D to D such that
Niv, FixT; # @ and m — 1 of these operators are strictly quasinonexpan-
sive. Then T} - --T,, is quasinonexpansive and Fix Ty ---T,, = ﬂ?;l Fix T;.



Chapter 5
Fejér Monotonicity and Fixed Point
Iterations

A sequence is Fejér monotone with respect to a set C' if each point in the
sequence is not strictly farther from any point in C' than its predecessor. Such
sequences possess very attractive properties that greatly simplify the analy-
sis of their asymptotic behavior. In this chapter, we provide the basic theory
for Fejér monotone sequences and apply it to obtain in a systematic fash-
ion convergence results for various classical iterations involving nonexpansive
operators.

5.1 Fejér Monotone Sequences

The following notion is central in the study of various iterative methods, in
particular in connection with the construction of fixed points of nonexpansive
operators.

Definition 5.1 Let C' be a nonempty subset of H and let (x,)nen be a
sequence in ‘H. Then (z,)nen is Fejér monotone with respect to C' if

Ve e O)(Vn eN) |anyr — 2| < flzn — 2. (5.1)

Example 5.2 Let (z,,)nen be a bounded sequence in R that is increasing
(respectively decreasing). Then (x,)nen is Fejér monotone with respect to
[sup{@y }nen, +00[ (respectively |—oo, inf{z, }ren]).

Example 5.3 Let D be a nonempty subset of H, let T: D — D be a
quasinonexpansive—in particular, nonexpansive—operator such that Fix T' #
@, and let zp € D. Set (Vn € N) z,,41 = Txy,. Then (z,,)nen is Fejér mono-
tone with respect to Fix T

We start with some basic properties.

H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory 75
in Hilbert Spaces, CMS Books in Mathematics, DOI 10.1007/978-1-4419-9467-7 5,
© Springer Science+Business Media, LLC 2011
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Proposition 5.4 Let (x,)nen be a sequence in H and let C' be a nonempty
subset of H. Suppose that (x,,)nen is Fejér monotone with respect to C'. Then
the following hold:

(1) (Zn)nen is bounded.
(ii) For every x € C, (||zn — x||)nen converges.
(iil) (do(zn))nen is decreasing and converges.
Proof. (i): Let « € C. Then (5.1) implies that (zy)nen lies in B(x; ||zg — z]|).
(ii): Clear from (5.1).
(iii): Taking the infimum in (5.1) over x € C yields (Vn € N) de(2p41) <
dc(l‘n) (]

The next result concerns weak convergence.

Theorem 5.5 Let (z,,)nen be a sequence in H and let C' be a nonempty sub-
set of H. Suppose that (x, )nen is Fejér monotone with respect to C' and that
every weak sequential cluster point of (Ty)nen belongs to C. Then (Zn)nen
converges weakly to a point in C.

Proof. The result follows from Proposition 5.4(ii) and Lemma 2.39. O

Example 5.6 Suppose that H is infinite-dimensional and let (z,,),en be an
orthonormal sequence in H. Then (x,,)nen is Fejér monotone with respect to
{0}. As seen in Example 2.25, z,, — 0 but z,, 4 0.

While a Fejér monotone sequence with respect to a closed convex set C'
may not converge strongly, its “shadow” on C always does.

Proposition 5.7 Let (x,)nen be a sequence in H and let C' be a nonempty
closed convex subset of H. Suppose that (x,)nen is Fejér monotone with re-
spect to C. Then the shadow sequence (Poxy)nen converges strongly to a
point in C.

Proof. Tt follows from (5.1) and (3.6) that, for every m and n in N,

| Poan — PC$n+m‘|2 = [|Pczn — mn+m||2 + | Zntm — Pan-&-mHZ
+2(Pcxn — Tnim | Tnem — PoXngym)
< |Poxn — xal” + dé(znsm)
+2(Poxy — PoZpim | Tnem — PoTnim)
+ 2 (Pcntm — Tntm | Tnam — PoTnim)
< dg () — dE(Tngm)- (5:2)

Consequently, since (d¢(y))nen was seen in Proposition 5.4(iii) to converge,
(Powy)nen is a Cauchy sequence in the complete set C'. O

Corollary 5.8 Let (x,)nen be a sequence in H, let C' be a nonempty closed
convex subset of H, and let x € C. Suppose that (x,)nen s Fejér monotone
with respect to C' and that x, — x. Then Pcx, — .
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Proof. By Proposition 5.7, (Poxy,)nen converges strongly to some point y €
C. Hence, since * — Pcx, — = —y and x, — Pcx, — x© — y, it follows
from Theorem 3.14 and Lemma 2.41(iii) that 0 > (z — Poxy, | @ — Poxy) —
|z —y||?. Thus, z = y. 0

For sequences that are Fejér monotone with respect to closed affine sub-
spaces, Proposition 5.7 can be strengthened.

Proposition 5.9 Let (x,)nen be a sequence in H and let C be a closed affine

subspace of H. Suppose that (x,)nen is Fejér monotone with respect to C.
Then the following hold:

(i) (Vn € N) Poa,, = Poxyg.
(ii) Suppose that every weak sequential cluster point of (x,)nen belongs to
C. Then x, — Pcxg.

Proof. (i): Fix n € N, a € R, and set y, = aPczo + (1 — o) Poxy,. Since C
is an affine subspace, y, € C, and it therefore follows from Corollary 3.20(i)
and (5.1) that

a®||Poxn — Peaol* = || Pean — yal/?
< lzn — PanHQ + | Pown — ya||2
= ||z — ya||2
< [lzo — yall®
= |lzo — Powo|® + [[Pewo — yal®
= d%(z0) + (1 — @)?|| Poxn, — Poxol?. (5.3)

Consequently, (2ac — 1)|| Poxy, — Poxo||? < d%(z0) and, letting o — +o0, we
conclude that Pox, = Poxg.
(ii): Combine Theorem 5.5, Corollary 5.8, and (i). O

We now turn our attention to strong convergence properties.

Proposition 5.10 Let (x,)nen be a sequence in H and let C' be a subset of
H such that int C # &. Suppose that (zn)nen s Fejér monotone with respect
to C. Then (zp)nen converges strongly to a point in H.

Proof. Take z € int C' and p € Ry such that B(x; p) C C. Define a sequence
(2n)nen in B(x;p) by

x, if Tp41 = xn;
(VneN) =z, = Tptl — Tn

. (5.4)

" otherwise.
n+1 = +4n

Then (5.1) yields (Vn € N) ||zy41 — 2a > < ||2n — 24]|? and, after expanding,
we obtain
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(W EN) |fontt —2l? < 20 — 2l = 2pllwnss —2al.  (5.5)

Thus, 3, o 12n1 — 2| < |lzo—2[1?/(2p) and (2, )nen is therefore a Cauchy
sequence. O

Theorem 5.11 Let (z,,)nen be a sequence in H and let C' be a nonempty
closed convex subset of H. Suppose that (x,)nen is Fejér monotone with re-
spect to C. Then the following are equivalent:

(i) (xn)nen converges strongly to a point in C'.
(ii) (zn)nen possesses a strong sequential cluster point in C'.
(iii) lim de () = 0.
Proof. (i)=(ii): Clear.
(ii)=-(iii): Suppose that xy, — = € C. Then dc(z,) < ||zk, — x| — 0.
(iii)=-(i): Proposition 5.4(iii) implies that dc(x,) — 0. Hence, z, —
Pcxy, — 0 and (i) follows from Proposition 5.7. O

We conclude this section with a linear convergence result.

Theorem 5.12 Let (zy)nen be a sequence in H and let C' be a nonempty
closed convex subset of H. Suppose that (x,)nen is Fejér monotone with re-
spect to C' and that for some k € [0,1],

(Vn eN) do(ant1) < rdo(xn). (5.6)
Then (xy, )nen converges linearly to a point x € C; more precisely,
(VneN) |z, —z| < 2:"de(x0). (5.7)

Proof. Theorem 5.11 and (5.6) imply that (x,, )nen converges strongly to some
point & € C. On the other hand, (5.1) yields

(Vn e N)(Vm € N)  [lzn — 2niml < [len — Powall + [2nm — Pown|

Letting m — 400 in (5.8), we conclude that ||z, — x| < 2dc(zy). O

5.2 Krasnosel’skii-Mann Iteration

Given a nonexpansive operator 7', the sequence generated by the Banach—
Picard iteration x,41 = T, of (1.67) may fail to produce a fixed point of
T. A simple illustration of this situation is 7' = —Id and z¢ # 0. In this case,
however, it is clear that the asymptotic reqularity property x, — Tx, — 0
does not hold. As we shall now see, this property is critical.
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Theorem 5.13 Let D be a nonempty closed convex subset of H, let T': D —
D be a nonexpansive operator such that FixT # &, and let xg € D. Set

(Vn eN) xp41 =Ta, (5.9)

and suppose that x, — Tz, — 0. Then the following hold:

(i) (zn)nen converges weakly to a point in FixT.
(ii) Suppose that D = —D and that T is odd: Yz € D) T(—z) = —Tx.
Then (,)nen converges strongly to a point in FixT.

Proof. From Example 5.3, (z,,)nen is Fejér monotone with respect to FixT'.
(i): Let & be a weak sequential cluster point of (x,)nen, say xp, — x.
Since Txy, — x, — 0, Corollary 4.18 asserts that x € FixT. Appealing to
Theorem 5.5, the assertion is proved.
(ii): Since D = —D 1is convex, 0 € D and, since T is odd, 0 € FixT.
Therefore, by Fejér monotonicity, (Vn € N) [zp+1]] < ||zn]|. Thus, there
exists £ € Ry such that ||z,| J ¢. Now let m € N. Then, for every n € N,

lZnt14m + Tny1ll = 1T2nem — T(—=20) || < [|Tnsm + 2all, (5.10)

and, by the parallelogram identity,

[Zn4m + zn]|? = 2(||$n+m||2 + ||Im||2) — [ Tntm — 2. (5.11)

However, since Tx,, — 2, — 0, we have lim, ||, m — Zn| = 0. Therefore,
since ||| 4 £, (5.10) and (5.11) yield ||@p4m + x| |+ 2¢ as n — +o0. In turn,
we derive from (5.11) that ||Zp1m — 0 ||? < 2(||[Znsml|® + [|[2m]|?) — 462 = 0
as m,n — +oo. Thus, (2, )nen is a Cauchy sequence and x,, — x for some
x € D. Since zp41 — ¢ and z,41 = Tx, — Tx, we have z € FixT. O

We now turn our attention to an alternative iterative method, known as
the Krasnosel’skii—Mann algorithm.

Theorem 5.14 (Krasnosel’skii-Mann algorithm) Let D be a nonempty
closed convex subset of H, letT: D — D be a nonexpansive operator such that
FixT # @, let (An)nen be a sequence in [0, 1] such that ), .y (1 — Ap) =
400, and let xg € D. Set

(VneN) Zpi1 =y + Ay (Txn — xn) (5.12)

Then the following hold:

(i) (xn)nen is Fejér monotone with respect to Fix T .
(ii) (Txn — Tn)nen converges strongly to 0.
(ili) (2n)nen converges weakly to a point in FixT.

Proof. Since xg € D and D is convex, (5.12) produces a well-defined sequence
in D.
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(i): It follows from Corollary 2.14 and the nonexpansiveness of T' that, for
every y € FixT and n € N,

a1 =yl = 11 = An)(@n = y) + Xa(Tan — y)lI?
= (1= M)llen =yl + Mol Ty — Tylf?
— (L =2)|| Tz, — CUnH2
< |z, — y||2 = Al =) T2y — anQ (5.13)

Hence, (2, )nen is Fejér monotone with respect to Fix T

(ii): We derive from (5.13) that 3, . A (1= X)) [ T2n — 20 || < |20 — v
Since D, ey An(l = A\p) = +o0, we have lim || T'z,, — z,|| = 0. However, for
every n € N,

[T2n41 = Tpgl| = [T2ng1 — Tan + (1 = An)(Tzn — 24|
Szngr = anll + 1 = An) [ Tan — 24|
= ||Tzn — @l (5.14)

Consequently, (||Tz, — 2, ||)nen converges and we must have Tx,, — x, — 0.

(iii): Let « be a weak sequential cluster point of (z,)nen, say zx, — .
Then it follows from Corollary 4.18 that x € FixT. In view of Theorem 5.5,
the proof is complete. O

Proposition 5.15 Let a € |0,1], let T: H — H be an a-averaged oper-
ator such that FixT # &, let (Ap)nen be a sequence in [0,1/a] such that
Y onen An(l —al,) = 400, and let xo € H. Set

(VneN) Zpi1 =y + Ay (Txn — xn) (5.15)

Then the following hold:

(i) (zn)nen is Fejér monotone with respect to FixT.
(i) (Txn — xn)nen converges strongly to 0.
(iil) (zn)nen converges weakly to a point in FixT'.

Proof. Set R = (1—1/a)ld+ (1/a)T and (Vn € N) u,, = a),. Then Fix R =
FixT and R is nonexpansive by Proposition 4.25. In addition, we rewrite
(5.15) as (Vn € N) xp41 = Ty + pin (Rxn — mn) Since (pn )nen lies in [0, 1]
and )y pin(1 — pin) = 400, the results follow from Theorem 5.14. O

Corollary 5.16 Let T: H — H be a firmly nonexpansive operator such that
FixT # @, let (An)nen be a sequence in [0,2] such that ), .y An(2 — An) =
+o0, and let xg € H. Set (Vn € N) z,41 = @, + /\n(Txn — xn) Then the
following hold:

(i) (xn)nen is Fejér monotone with respect to Fix T
(i) (Txn — xn)nen converges strongly to 0.
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(iii) (zn)nen converges weakly to a point in FixT.
Proof. In view of Remark 4.24(iii), apply Proposition 5.15 with o = 1/2. O

Example 5.17 Let T': H — H be a firmly nonexpansive operator such that
FixT # @, let 29 € H, and set (Vn € N) z,41 = Tx,. Then (2,)nen
converges weakly to a point in FixT'.

The following type of iterative method involves a mix of compositions and
convex combinations of nonexpansive operators.

Corollary 5.18 Let (T;)icr be a finite family of nonexpansive operators
from H to H such that (o, FixT; # @, and let (a;)ier be real num-
bers in 10,1 such that, for every i € I, T; is «;-averaged. Let p be a
strictly positive integer, for every k € {1,...,p}, let my be a strictly
positive integer and wy be a strictly positive real nmumber, and suppose
that i: {(k,1) ‘ ke{l,....ph, le{l,...,mu}} — I is surjective and that
S wk = 1. For every k € {1,...,p}, set I, = {i(k,1),...,i(k,mp)}, and
set

my

= h Vk 1,... = 5.16
« 1rélka§ppk’ wnere ( S { 5 7p}) Pk e — L 1 3 ( )
max oy
i€l

and let (Ap)nen be a sequence in [0,1/a] such that Y-, . An(1—aX,) = +o0.
Furthermore, let xg € H and set

P
(Vn €N) Zpi1 =p + Ay <ZwkTi(k,1) S Ti(lc,mk)-rn — .Z‘n) . (5.17)
k=1

Then (xn)nen converges weakly to a point in (), FixT;.

Proof. Set T'= 3"} _; wx Ry, where (Vk € {1,...,p}) Ri = Tir) - Tilyma)-
Then (5.17) reduces to (5.15) and, in view of Proposition 5.15, it suffices
to show that 7" is a-averaged and that FixT = (,.; FixT;. For every k €
{1,...,p}, it follows from Proposition 4.32 and (5.16) that Ry is pi-averaged
and, from Corollary 4.37 that Fix R, = nielk Fix T;. In turn, we derive from
Proposition 4.30 and (5.16) that T is a-averaged and, from Proposition 4.34,
that Fix T = ("i_, Fix R, = (h_; Nics, Fix Ty = ;o Fix T;. O

i€l el

Remark 5.19 It follows from Remark 4.24(iii) that Corollary 5.18 is appli-

cable to firmly nonexpansive operators and, a fortiori, to projection operators
by Proposition 4.8.

Corollary 5.18 provides an algorithm to solve a convex feasibility problem,
i.e., to find a point in the intersection of a family of closed convex sets. Here
are two more examples.
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Example 5.20 (string-averaged relaxed projections) Let (C;);cr be
a finite family of closed convex sets such that C' = (\,.;C; # 9. For
every i € I, let 3; € ]0,2[ and set T; = (1 — 3;)Id + B;Pc,. Let p be
a strictly positive integer; for every k € {1,...,p}, let my be a strictly
positive integer and wy be a strictly positive real number, and suppose
that i {(k,1) | ke{l,....p},le{l,...,mp}} — I is surjective and that
Zizl w = 1. Furthermore, let 2y € H and set

p
(VneN) xpq1 = ZwkTi(k,l) .. 'Ti(k,mk)mn- (5.18)
k=1

Then (x,,)nen converges weakly to a point in C.

Proof. For every i € I, set a; = f3;/2 € ]0,1[. Since, for every i € I, Proposi-
tion 4.8 asserts that Pc, is firmly nonexpansive, Corollary 4.29 implies that
T; is aj-averaged. Borrowing notation from Corollary 5.18, we note that for
every k € {1,...,p}, max;er, o € ]0, 1], which implies that p, € ]0,1[ and
thus that « € ]0, 1[. Altogether, the result follows from Corollary 5.18 with
A = 1. O

Example 5.21 (parallel projection algorithm) Let (C;);e; be a finite
family of closed convex subsets of H such that C' = (,c; C; # @, let (An)nen
be a sequence in [0,2] such that 7 _yAn(2 — Ay) = +o0, let (w;)icr be
strictly positive real numbers such that ), ; w; = 1, and let 29 € H. Set

(Vn eN) xpi1 =an+ )\n<2wiPizn - :cn), (5.19)

el

where, for every ¢ € I, P; denotes the projector onto C;. Then (2, )nen
converges weakly to a point in C.

Proof. This is an application of Corollary 5.16(iii) with 7" = ), ; w; P;. In-
deed, since the operators (P;);e; are firmly nonexpansive by Proposition 4.8,
their convex combination 7' is also firmly nonexpansive by Example 4.31.
Moreover, Proposition 4.34 asserts that FixT' = [,; Fix P; = (,c; C; = C.
Alternatively, apply Corollary 5.18. ad

5.3 Iterating Compositions of Averaged Operators

Our first result concerns the asymptotic behavior of iterates of a composition
of averaged nonexpansive operators with possibly no common fixed point.

Theorem 5.22 Let D be a nonempty weakly sequentially closed (e.g., closed
and convex) subset of H, let m be a strictly positive integer, set I =
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{1,...,m}, let (T3)ier be a family of nonexpansive operators from D to D
such that Fix(Ty ---Ty,) # @, and let («;)ier be real numbers in |0, 1] such
that, for every i € I, T; is a;-averaged. Let xo € D and set

(VneN) zp41=T1 Tz, (5.20)

Then xp — Ty ---Tywxn — 0, and there exist points y1 € FixTy---Tp,, ya2 €
FixTy--- T, T1, ..., ym € FixT,,) 11 - - - Ty such that

Ty, —y1 = T1y, (5.21)

Tmflexn —Ym—-1 = Tmflyma (523)

T3 A men — 3 = T3y47 (524)

T2 s men — Y2 = T2y3. (525)

Proof. Set T =Ty --- Ty, and (Vi € I) i = (1 — ay)/a;. Now take y € FixT.
The equivalence (i)<>(iii) in Proposition 4.25 yields
1Zns1 = yll* = [ T2n — Ty||2
<Ny Tonwy — To- - Tyl
= Bull(Id =TTy -+ Ty, — (Id = T1) T - Ty
< lzn =yl = Bl (Id = T )arn — (Id = T )yl®
= B [|(1d = Ty 1) Ty, — (Id = T 1) Ty ||* —
= Bol|(1d = To) T3 - - Ty, — (Id = To) T3 - Ty ?
— Bull(d = T)To - Topwn — (To - Ty — y)|I”. (5.26)

Therefore, (2, )nen is Fejér monotone with respect to Fix T and

(Id — Tp)zn — (Id — T, )y — 0, (5.27)

(Id = Ty )Ty — (Id = Tyy—1) Ty — 0, (5.28)

(Id = To)Ts - - - Tty — (Id — To) T3 - - - Toyy — 0, (5.29)
(Id = T\)Ty -+ Totn, — (To - Tony — ) — O. (5.30)

Upon adding (5.27)-(5.30), we obtain z, — Tz, — 0. Hence, since T is
nonexpansive as a composition of nonexpansive operators, it follows from
Theorem 5.13(i) that (z,)nen converges weakly to some point y; € Fix T,
which provides (5.21). On the other hand, (5.27) yields Tpa, — zn —
Tmy1 — y1. So altogether Th,2,, — Tiny1 = Ym, and we obtain (5.22). In
turn, since (5.28) asserts that Th,—1Tm@n — Tm@n — Tm—1Ym — Ym, We ob-



84 5 Fejér Monotonicity and Fixed Point Iterations

tain L1 Tim@n — Ton—1Ym = Ym—1, hence (5.23). Continuing this process,
we arrive at (5.25). O

As noted in Remark 5.19, results on averaged nonexpansive operators ap-
ply in particular to firmly nonexpansive operators and projectors onto convex
sets. Thus, by specializing Theorem 5.22 to convex projectors, we obtain the
iterative method described in the next corollary, which is known as the POCS
(Projections Onto Convex Sets) algorithm in the signal recovery literature.

Corollary 5.23 (POCS algorithm) Let m be a strictly positive integer,
set I ={1,...,m}, let (C;)icr be a family of nonempty closed convex subsets
of H, let (P;)icr denote their respective projectors, and let xg € H. Suppose
that Fix(Py - - - Pp,) # @ and set

(V?’l € N) Tnt1 = Py Px,. (531)

Then there exists (Y1,...,Ym) € C1 X -+ X Cp, such that x, — y1 = Piya,
menéym = L'mYi1, Pm—lpmxnéym—l = Pm—lym; ceey PS te menéy?; -
P3y4, and P2 s men — Y2 = ngg.

Proof. This follows from Proposition 4.8 and Theorem 5.22. O

Remark 5.24 In Corollary 5.23, suppose that, for some j € I, C; is
bounded. Then Fix(P; - - - Pp,) # @. Indeed, consider the circular composition
of the m projectors given by T'= P; - - - P, Py - - - Pj_1. Then Proposition 4.8
asserts that T' is a nonexpansive operator that maps the nonempty bounded
closed convex set C; to itself. Hence, it follows from Theorem 4.19 that there
exists a point x € C; such that Tz = x.

The next corollary describes a periodic projection method to solve a convex
feasibility problem.

Corollary 5.25 Let m be a strictly positive integer, set I = {1,...,m}, let
(Ci)ier be a family of closed convex subsets of H such that C' = (,c; C; # @,
let (P;)ier denote their respective projectors, and let xy € H. Set (Vn € N)
Tpy1 = Pr oo Py, Then (zn)nen converges weakly to a point in C.

Proof. Using Corollary 5.23, Proposition 4.8, and Corollary 4.37, we obtain
Tp = y1 € Fix(Py--- Pp) = (,c; Fix P, = C. Alternatively, this is a special
case of Example 5.20. O

Remark 5.26 If, in Corollary 5.25, all the sets are closed affine subspaces,
so is C' and we derive from Proposition 5.9(i) that x, — Poxg. Corollary 5.28
is classical, and it states that the convergence is actually strong in this case.
In striking contrast, the example constructed in [146] provides a closed hy-
perplane and a closed convex cone in £2(N) for which alternating projections
converge weakly but not strongly.
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The next result will help us obtain a sharper form of Corollary 5.25 for
closed affine subspaces.

Proposition 5.27 Let T € B(H) be nonexpansive and let xg € H. Set V =
FixT and (Vn € N) ©,41 = Ta,. Then x,, — Pyxo < x, — Tpy1 — 0.

Proof. If x, — Pyxg, then z,, — 2,41 — Pyzo — Pyaxg = 0. Conversely,
suppose that x, — x,+1 — 0. We derive from Theorem 5.13(ii) that there
exists v € V such that 2z, — v. In turn, Proposition 5.9(i) yields v = Py xo.

O

Corollary 5.28 (von Neumann—Halperin) Let m be a strictly positive
integer, set I = {1,...,m}, let (C;)icr be a family of closed affine subspaces of
H such that C = (\,c; Ci # D, let (P;)ier denote their respective projectors,
let o € H, and set

Then x,, — Poxg.

Proof. Set T'= Pj -+ - P,,. Then T is nonexpansive, and FixT = C by Corol-
lary 4.37.

We first assume that each set C; is a linear subspace. Then T is odd,
and Theorem 5.22 implies that z,, — Tz, — 0. Thus, by Proposition 5.27,
x, — Poxg.

We now turn our attention to the general affine case. Since C' # @, there
exists y € C' such that for every i € I, C; = y+V;, i.e., V; is the closed linear
subspace parallel to C;, and C' = y+V, where V' = [, V;. Proposition 3.17
implies that, for every z € H, Pcx = Pyryx =y + Py(x —y) and (Vi € I)
Pz = P,yvy,x =y + Py,(z — y). Using these identities repeatedly, we obtain

(VneN) zp4y1—y=(Py,--- Py, )(@n —y). (5.33)
Invoking the already verified linear case, we get x,, —y — Py (xg — y) and
conclude that x,, =y + Py (zo — y) = Poxo. O
Exercises

Exercise 5.1 Find a nonexpansive operator T: H — H that is not firmly
nonexpansive and such that, for every x¢ € H, the sequence (T"2g)nen con-
verges weakly but not strongly to a fixed point of T

Exercise 5.2 Construct a non-Cauchy sequence (x,, )nen in R that is asymp-
totically regular, i.e., z,, — 41 — 0.
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Exercise 5.3 Find an alternative proof of Theorem 5.5 based on Corol-
lary 5.8 in the case when C' is closed and convex.

Exercise 5.4 Let C be a nonempty subset of H and let (x,)nen be a se-
quence in ‘H that is Fejér monotone with respect to C. Show that (2, )nen is
Fejér monotone with respect to conv C.

Exercise 5.5 Let T: H — H be a nonexpansive operator such that Fix T #
@, and let (z,)nen be a sequence in H such that

(i) for every z € Fix T, (||zn, — x||)nen converges;
(ii) 2y — Tzn — 0.

Show that (z,)nen converges weakly to a point in Fix T

Exercise 5.6 Find a nonexpansive operator T: H — H that is not firmly
nonexpansive and such that, for every xg € H, the sequence (T"x)nen con-
verges weakly but not strongly to a fixed point of T

Exercise 5.7 Let m be a strictly positive integer, set I = {1,...,m}, let
(Ci)ier be a family of closed convex subsets of # such that C' = (,.; C; # @,
and let (P;);es be their respective projectors. Derive parts (ii) and (iii) from
(i) and Theorem 5.5, and also from Corollary 5.18.

(i) Let i € I, let z € C;, and let y € H. Show that | Py —z||? < ||y — =||* -
[Py —yl|>.
(ii) Set zg € H and

1
(Vn eN) xp11 = E(Plxn + P Px, +--+ P men). (5.34)
(a) Let z € C and n € N. Show that ||z,11 — z|? < ||z, — z||* —

(1/m) Xseq 1Pz — ||

(b) Let  be a weak sequential cluster point of (2, )nen. Show that
xeC.

(c) Show that (2, )nen converges weakly to a point in C'.

(iii) Set o € H and
1
(VTL S N) Tyl = H(Plpgl‘n—‘rpgpgl'n—‘r- . '+Pm—1Pm-Tn)- (535)

(a) Let z € C and n € N. Show that ||z,.1 — z|? < ||z, — =||* —
m—1
ST (1 Prsrin — 2 + P Prsrien — Prsyion )/ (m — 1)
(b) Let  be a weak sequential cluster point of (2, )nen. Show that
zeC.
(c) Show that (2, )nen converges weakly to a point in C'.



Chapter 6
Convex Cones and Generalized
Interiors

The notion of a convex cone, which lies between that of a linear subspace
and that of a convex set, is the main topic of this chapter. It has been very
fruitful in many branches of nonlinear analysis. For instance, closed convex
cones provide decompositions analogous to the well-known orthogonal de-
composition based on closed linear subspaces. They also arise naturally in
convex analysis in the local study of a convex set via the tangent cone and
the normal cone operators, and they are central in the analysis of various
extensions of the notion of an interior that will be required in later chapters.

6.1 Convex Cones

Recall from (1.1) that a subset C' of H is a cone if C' = R, C. Hence, H is a
cone and the intersection of a family of cones is a cone. The following notions
are therefore well defined.

Definition 6.1 Let C be a subset of H. The conical hull of C' is the intersec-
tion of all the cones in H containing C' i.e., the smallest cone in H containing
C. Tt is denoted by cone C. The closed conical hull of C'is the smallest closed
cone in H containing C'. It is denoted by cone C.

Proposition 6.2 Let C be a subset of H. Then the following hold:

(i) coneC' =R, 4 C.
(ii) cone C' = come C.
(iii) cone(conv C) = conv(cone C) is the smallest convexr cone containing C.
(iv) comne (conv C') = conv (cone C') is the smallest closed convexr cone con-
taining C.

Proof. Since the results are clear when C' = @&, we assume that C' # @.
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(i): Let D = R44C. Then D is a cone and C' C D. Therefore coneC' C
cone D = D. Conversely, take y € D, say y = Az, where A € R, and z € C.
Then = € cone C and therefore y = Az € coneC. Thus, D C coneC.

(ii): Since coneC' is a closed cone and C' C coneC, we have coneC C
cone(cone C') = cone C. Conversely, since the closure of a cone is a cone, we
have cone C' C cone C.

(iii): Take = € cone(conv C'). Proposition 3.4 and (i) imply the existence
of A € Ry, of a finite family (a;);er in Ry, and of a family (z;);e; in
C such that ), ;a; = land 2 = X\, ., . Thus, © = 37, ai(Aay) €
conv(cone C'). Therefore, cone(conv C') C conv(cone C'). Conversely, take = €
conv(cone C'). Proposition 3.4 and (i) imply the existence of finite families
(ei)ier in Ryy, (Ni)ier in Ry, and (2;)ier in C such that 7, ;i = 1
and x = ), ;oiNiw;. Set (Vi € I) i = a;\i, and A = 37, ; B Then
Yier Bid~tz; € conv C and hence z = AD ier Bix~lw; € cone(conv C). Now
let K be the smallest convex cone containing C. Since K is a convex cone
and C' C K, we have conv(coneC') C conv(coneK) = K. On the other
hand, conv(cone C') = cone(conv C) is also a convex cone containing C' and,
therefore, K’ C conv(cone C).

(iv): It follows from (iii) that ¢one (conv C) = conv (cone C'). Denote this
set by D and denote the smallest closed convex cone containing C' by K.
Then D is closed and contains C. Exercise 3.6 and (ii) imply that D is a
convex cone. Thus K C D. On the other hand, (iii) yields cone(convC) =
conv(cone C') C K. Taking closures, we deduce that D C K. Altogether,
K =D. O

Convex cones are of particular importance due to their ubiquity in convex
analysis. We record two simple propositions, the proofs of which we leave as
Exercise 6.2 and Exercise 6.3.

Proposition 6.3 Let C' be a subset of H. Then the following hold:

(i) Suppose that C is a cone. Then C is convex if and only if C + C C C.

(ii) Suppose that C is convex and that 0 € C. Then C is a cone if and only
ifC+CcCC.

Proposition 6.4 Let C' be a nonempty convex subset of H. Then the follow-
ing hold:

(i) span C' = cone C' — cone C' = cone C' + cone(—C).
(i) Suppose that C = —C'. Then span C' = cone C.

Next, we introduce two important properties of convex cones.

Definition 6.5 Let K be a convex cone in H. Then K is pointed if K N
(—K) C {0}, and K is solid if int K # @.

Note that {0} is the only pointed linear subspace and H is the only solid
linear subspace. The next examples illustrate the fact that various important
cones are pointed or solid.
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Example 6.6 Suppose that u € H~ {0} and set K = {z € H ‘ (z | u) <0}.
Then K is a solid convex cone, and it is not pointed if dimH > 1.

Proof. It is straightforward to check that K is a convex cone and that {u}* C
K. Moreover, since Cauchy—Schwarz implies that B(—u; |Ju||) C K, K is solid.
Finally, take z € {u}* such that 2 # 0. Then {0} # span{z} C K N (-K).
Thus, K is not pointed. O

Example 6.7 Let I be a totally ordered set, suppose that H = ¢2(I), and
let (e;)ier be the standard unit vectors (see (2.8)). Then

éi([) = {(52)261 S 62(1) | (VZ S I) & > O} = cone COHV{GZ'}Z‘GI (61)

is a nonempty closed convex pointed cone, and so is ¢2 (1) = —¢2 (I). Fur-
thermore, 63_ (I) is solid if and only if I is finite. In particular, the positive
orthant Rf is a closed convex cone in R that is pointed and solid.

Proof. 1t is clear that ¢% (I) = (,c; {z € (*(I) | (x| e;) >0} is a nonempty
pointed closed convex cone. Hence, since {e; };c; C €% (I) C cone conv{e; }icr,
we obtain (6.1). If I is finite, then B((1);e;1) C ¢ (1), and hence (2 (I) is
solid. Now assume that I is infinite and that ¢3 (I) is solid. Then there exist
z = (&)ier € (3(I) and € € Ry, such that B(xz;2e) C £3(I). Since [ is
infinite, there exists j € I such that {; < e. On the one hand, (7;)icr =
x — 2eej € B(x;2¢) C (3 (I). On the other hand, n; = & — 2¢ < —&, which
implies that (1;)ics ¢ €% (I). We therefore arrive at a contradiction. O

Proposition 6.8 Let {x;}ic; be a nonempty finite subset of H and set

K=Y Ryx;. (6.2)

iel
Then K s the smallest closed convex cone containing {x;}icr U{0}.
Proof. We claim that
cone (conv ({z;}ic; U{0})) = K. (6.3)

Set C = cone (conv({z;}ic; U{0})) and let « € C. Then there exist A € R4y
and a family (a;)ier in Ry such that ), ;o = 1 and o = A}, ;.
Hence x = Y, ;(Ai)z; € Y, Ryx; and thus C C K. Conversely, let
x € K. Then there exists a family (;)icr in Ry such that o = >, a;x;.
If a; = 0, then 2 = 0 € C; otherwise, set A = >, ; o; and observe that
T =AY cr(ai/N)x; € C. Therefore, K C C and (6.3) follows. Using Propo-
sition 6.2(iii), we deduce that K is the smallest convex cone containing
{zitier U{0}.

In view of (6.3) and Proposition 6.2(iv), it remains to verify that K is
closed. To do so, we consider two alternatives.
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(a) {x;}ier is linearly independent: Set V' = span{x; };cs. Then {x;}ier is
a basis of V and K C V. Now let z € K and let (z,)nen be a sequence in
K such that z,, — z. Then z € V and hence there exists {@;}ic; C R such
that z = ), ; ayx;. However, for every n € N, there exists {an,i}icr C Ry
such that z, = >, ; an ;. Since (2,)nen converges to z in V' and {x;}icr
is a basis of V, we have (Vi € I) 0 < a,; — ;. Thus min;e;a; > 0 and
therefore z € K.

(b) {x;}ier is linearly dependent: Then there exists {3;};c; C R such that

> Biwi=0 and J={icl|p <0}+#2. (6.4)
i€l

Fix z € K, say z = ) ,c;a;x;, where {a;}ier C Ry, and set (Vi € )
d;i = a; — B, where v = max;es{a;/Bi}. Then v < 0, {d;}ier C R4, and
z = Y 1 0iw;. Moreover, if j € J satisfies a/3; = ~, then J; = 0 and
therefore z = Ziel\{j} 0;x;. Thus, we obtain the decomposition

K=|]JK;, where (Vjel) Kj= Y Ry (6.5)
jel ieI~{s}

If the families ({#;}icr{j})jer are linearly independent, it follows from (a)
that the sets (K;)jer are closed and that K is therefore closed. Otherwise,
for every j € I for which {x;};c;;} is linearly dependent, we reapply the
decomposition procedure to K; recursively until it can be expressed as a union
of cones of the form ), ; ; Ry x;, where {x;};cr s is linearly independent.
We thus obtain a decomposition of K as a finite union of closed sets. O

6.2 Generalized Interiors

The interior of a subset C of H can be expressed as
intC={zxeC|(3peRyy) B(0;p)CC—uzx}. (6.6)
This formulation suggests several weaker notions of interiority.
Definition 6.9 Let C be a convex subset of H. The core of C' is
coreC = {z € C | cone(C —z) = H}; (6.7)

the strong relative interior of C is

sriC ={zeC ’ cone(C' — x) = span (C' — ) }; (6.8)

the relative interior of C' is
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riC = {z € C | cone(C — ) = span(C — z) }; (6.9)
and the quasirelative interior of C' is
qriC = {z € C | cone (C — x) =5pan (C — z)}. (6.10)
In addition, we use the notation 1iC' =riC and qriC = qriC.

Example 6.10 Let C' be a nonempty convex subset of H such that C' = —C.
Then the following hold:

(i) 0 eriC.
(ii) Suppose that span C is closed. Then 0 € sriC.
Proof. By Proposition 6.4(ii), cone C' = span C. O

For every convex subset C' of H, since cone C' C span C' C span C, we have
intC' CcoreC CsriC CriC C qriC C C. (6.11)
As we now illustrate, each of the inclusions in (6.11) can be strict.

Example 6.11 The following examples show that the reverse inclusions in
(6.11) fail.

(i) Example 8.33(iii) will provide a convex set C' such that int C' = @ and
0 € coreC. In contrast, Proposition 6.12 and Fact 6.13 provide common
instances when int C' = core C.

(ii) Let C be a proper closed linear subspace of H. Then coreC' = & and
sriC' = C.

(iii) Suppose that H is infinite-dimensional and separable, let (e,,),en be an
orthonormal basis of H, and set

Cz{anen

neN

(v eN) |6 < f} (6.12)
Then C is closed, convex, and C' = —C. Hence, by Proposition 6.4(ii),
span C' = cone C'. Since {47 "e,, bnen C C, we see that span C' = H. Now
set =) 2 "e,. Then 2 € spanC and, if we had 2 € cone C, then
there would exist § € Ry, such that (Vn € N) 27" < 847" which is
impossible. Hence « ¢ cone C' and thus

cone C' = span C' # spanC = H. (6.13)

Therefore, 0 € (riC) \ (sriC).
(iv) Suppose that H is infinite-dimensional and separable, let (e, )nen be an
orthonormal basis of H, and set
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c={Z§nen

neN

(Vn € N) —i<§n§i}. (6.14)

Then C is closed and convex and, since {e,, —e,}neny C coneC, we
have coneC' = spanC = H. Moreover, arguing as in (iii), we note
that z = =) 2 "e, € C C coneC, while —z ¢ coneC. Finally,
> nen27?e, € (3pan C) . (span C). Altogether,

cone C # spanC' # spanC =cone C = H (6.15)
and, therefore, 0 € (qriC) \ (riC).

(v) Suppose that H = ¢*(R), let (e,),er denote the standard unit vectors,
and set C = (% (R), i.e.,

C=3> ¢e,€lP(R)| (VpeR) & >05. (6.16)
pER
Then C is closed and convex. Fix = = } p&e, € C. Since

{p eR | & # O} is countable, there exists v € R such that &, = 0. Note
that the ~y-coordinate of every vector in cone(C — z) is positive and the
same is true for ¢one (C' — x). On the other hand, since z + e, € C, we
have e, € (C — x) and therefore —e, € span(C — z) C Span (C' — x).
Altogether, —e, € (span (C' — «)) \ (cone (C — z)) and consequently
C~ (qriC) =C.

Proposition 6.12 Let C' be a conver subset of H, and suppose that one of
the following holds:

(i) int C # &.
(ii) C is closed.
(iii) H is finite-dimensional.

Then int C' = core C.

Proof. Let x € coreC. It suffices to show that = € int C. After subtracting
z from C and replacing C' by (—C) N C, we assume that £ = 0 and that
C = —C. Thus, it is enough to assume that 0 € coreC and to show that
0 €int C.

(i): Take y € int C. Since C = —C, —y € int C, and Proposition 3.36(ii)
yields 0 € [—y,y] C int C.

(ii): Since J,,cynC = H, Lemma 1.43(i) yields int C' # @. Now apply (i).

(iii): Let (e;)ier be an orthonormal basis of H. There exists € € R4 such
that D = conv{—ee;, +¢ce; }ier C C. Since B(0;e/v/dimH) C D, the proof is
complete. |

The following results refine Proposition 6.12(ii) and provide further infor-
mation on generalized interiors.
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Fact 6.13 Let C' and D be closed convex subsets of H. Then int(C — D) =
core(C' — D).

Proof. This is a consequence of [233, Corollary 13.2]. O

Fact 6.14 Let C be a nonempty convex subset of H.

(i) Suppose that H is finite-dimensional. Then riC' is the interior of C
relative to aff C' and riC # @. Moreover, ri C = C, riC = 1iC, and
stiC =1iC = qriC.

(i) Suppose that H is separable and that C is closed. Then C = qriC and,
in particular, qriC # @.

(iil) Suppose that int C # &. Then int C = coreC =sriC =riC = qriC.
(iv) Let K be a finite-dimensional real Hilbert space, let L € B(H,K), and
suppose that qriC' # @. Then ri L(C) = L(qriC).

(v) Suppose that H is finite-dimensional and let D be a convex subset of H
such that (riC) N (riD) # &. Then ri(C N D) = (riC) N (ri D).

Proof. (i): Tt follows from (6.7) and (6.9) that ri C' is the core relative to aff C.
However, as seen in Proposition 6.12(iii), since H is finite-dimensional, the
notions of core and interior coincide. Furthermore, riC' # & by [219, Theo-
rem 6.2]. Next, since riC' is nonempty and coincides with the interior of C'
relative to aff C, the identities 11 C = C' and riC = riC follow from Propo-
sition 3.36(iii). We also observe that sriC' = riC since finite-dimensional
linear subspaces are closed. Now assume that = € qri C. Then tone (C —z) =
span (C' — z) = span(C — z), and hence ri(cone(C — z)) = ri(cone (C' — x)) =
ri(span(C — z)) = span(C' — z). It follows that cone(C' — z) = span(C — ),
ie, x € riC. Altogether, sriC =riC = qriC.

(ii): See [44, Proposition 2.12 and Theorem 2.19] or [263, Lemma 2.7].

(iii): [44, Corollary 2.14] implies that qriC = intC (see also [263,
Lemma 2.8] when C is closed). The identities thus follow from (6.11).

(iv): See [44, Proposition 2.10].

(v): [219, Theorem 6.5]. O

Corollary 6.15 Suppose that H is finite-dimensional, let I be a finite-
dimensional real Hilbert space, let L € B(H,K), and let C and D be nonempty
convex subsets of H. Then the following hold:

(i) 1i L(C) = L(xi O).
(ii) 1i(C — D) = (1iC) — (1i D).

Proof. (i): Tt follows from Fact 6.14(i) that riC = qriC # ©@. Hence,
Fact 6.14(iv) yields ri L(C) = L(xri C).

(ii): Set L: HxH — H: (z,y) — x—y. It follows from (i) that ri(C—D) =
riL(C x D) = L(ri(C x D)) = L((viC) x (ri D)) = (xiC) — (ri D). O

Proposition 6.16 Let C be a convexr subset of H such that int C # @ and
0 € C. Then int(cone C) = cone(int C').
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Proof. It is clear that cone(int C') C cone C' and that cone(int C) is open, since
it is a union of open sets. Hence

cone(int C') C int(cone ). (6.17)
To prove the reverse inclusion, take x € int(cone C'). We must show that
x € cone(int C). (6.18)

Since x € int(cone C'), there exist ¢g € Ryy, v € Ryy, and z; € C such
that B(x;e0) C coneC and x = yz; € vC. If 21 € int C, then (6.18) holds.
We therefore assume that 1 € C' \ (int C). Fix y; € intC and set y =
vy1 € vC. Since 21 # y1, we have x # y. Now set ¢ = £¢o/|lx — y||. Then
x+e(x —y) € B(x;e0) C coneC, and hence there exists p € Ry 4 such that
x+e(x—y) € pC. Set u = max{~, p} > 0. Because C is convex and 0 € C,
we have (yC) U (pC) = pC. On the other hand, the inclusions z € vC' C uC,
y€yC C uC,and z +e(x —y) € pC C uC yield

z/peC, y/peC, and z/p+e(x/pw—y/u)eC. (6.19)

We claim that
y/u € int C. (6.20)

If y = 0, then y = yy; = 0 and thus y/u = 0 = y; € int C; otherwise,
y1 # 0 and Proposition 3.35 yields y/p = (v/p1)y1 € ]10,y1] C int C. Hence
(6.20) holds. Now set A = 1/(1 +¢&) € ]0,1[. Then A\e = 1 — X\ and, since
x/p+e(x/p—y/p) € C by (6.19) and y/u € int C by (6.20), it follows from
Proposition 3.35 that x/p = ANz/p+e(z/p—y/p) + (1 — N)(y/p) € int C.
Thus z € pint C and (6.18) follows. O

Proposition 6.17 Let C' be a convex subset of H such that int C # @ and
0 € C. Then the following are equivalent:

(i) 0 eint C.

(ii) cone(int C) = H.
(iil) coneC' = H.
(iv) come C' = H.

Proof. (i)=(ii)=-(iii)=-(iv): Clear.
(iv)=-(ii): Since Proposition 6.2(iii) asserts that cone C' is convex, Propo-
sition 3.36(iii) and Proposition 6.16 imply that
H = int H = int(cone C') = int(cone C') = cone(int C). (6.21)

(ii)=-(i): We have 0 € cone(int C') and thus 0 € Aint C, for some A € R .
We conclude that 0 € int C. O
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The next example illustrates the fact that items (i) and (iv) in Propo-
sition 6.17 are no longer equivalent when the assumption on the interior is
dropped.

Example 6.18 Suppose that # is infinite-dimensional, let (e, )nen be an
orthonormal sequence in H, and set S = conv {+£2 "¢, }peny and C = S+ S+,
Then C' is closed and convex, 0 € (', int C = &, and cone C' = H.

Proof. Since span{+e, }nen + ST C coneC, we have cone C = H. Further-
more, 0 € [—eg, eg] C S C C. Now assume that 0 € int C' and let m € N. Then
there exists e € Ry such that B(0;¢) C C and ee,, € conv{+2 "€, }nen.
Hence € = (cem, | em) € (CONV{E£2 "€y tnen | €m). Since (- | e,,) is continu-
ous and linear, it follows that

eeconv ({£2 ey }nen | €m) = [-277, 277 (6.22)

Thus, e < 2™, which is impossible since m is arbitrary. Therefore, 0 ¢ int C
and hence int C' = @ by Proposition 6.17. O

The property that the origin lies in the strong relative interior of compos-
ite sets will be central in several places in this book. The next proposition
provides sufficient conditions under which it is satisfied.

Proposition 6.19 Let C be a convex subset of H, let K be a real Hilbert
space, let L € B(H,K), and let D be a convex subset of K. Suppose that one
of the following holds:

(i) D — L(C) is a closed linear subspace.
(ii) C and D are linear subspaces and one of the following holds:

(a) D+ L(C) is closed.
(b) D is closed, and L(C') is finite-dimensional or finite-codimensional.
(¢) D is finite-dimensional or finite-codimensional, and L(C') is closed.

(iii) D is a cone and D — cone L(C) is a closed linear subspace.
(iv) D = L(C) and span D is closed.
(v)oe core(D L(C)).
(vi) 0 € int(D — L(C)).
(vii) DNint L(C) # @ or L(C)Nint D # @.
(viii) K is finite-dimensional and (ri D) N (ri L(C)) # @
(ix) K is finite-dimensional and (xi D) N L(qriC) #
(x) H and K are finite-dimensional and (ri D) N L(riC) # @.

Then 0 € sri(D — L(C)).

Proof. (i): We have D — L(C) C cone(D — L(C)) C span(D — L(C))
span (D — L(C)). Hence, since the assumption implies that D — L(C)
span (D — L(C)), we obtain cone(D — L(C')) = span (D — L(C)), and (6.
yields 0 € sri(D — L(C)).

C

8)
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(ii)(a)=(i): Since D and C' are linear subspaces, sois D—L(C) = D+L(C).

(i) (b)=-(ii)(a) and (ii)(c)=-(ii)(a): Fact 2.21.

(iii): Since span (D — L(C)) C span (D — cone L(C)) = D — cone L(C) =
cone(D — L(C)) C span (D — L(C)), we have cone(D — L(C)) = span (D —
L(C)), and (6.8) yields 0 € sri(D — L(C)).

(iv):

Since D — L(C) = D - D = —(D — D) = —(D — L(C)), Proposi-
tion 6.4(ii) yields cone(D — L(C')) = cone(D — D) = span(D —D) = span D =
span D = span (D — D) =span (D — L(C)).

(v)&(vi): See (6.11).

(vii)=(vi): Suppose that y € Dnint L(C'), say B(y; p) C L(C) for some p €
Ry . Then B(0; p) = y—B(y; p) € D—L(C) and therefore 0 € int(D—L(C)).
The second condition is handled analogously.

(viii): By Fact 6.14(i), ri(D — L(C)) = sri(D — L(C)). On the other hand,
we derive from Corollary 6.15(ii) that (ri D) N (riL(C)) # @ < 0 € (riD) —
(riL(C)) =ri(D — L(C)).

(ix)=-(viii): Fact 6.14(iv).

(x)=(ix): Fact 6.14(i). O
Proposition 6.20 Let m be an integer such that m > 2, set I = {1,...,m},
and let (C;)ier be convex subsets of H such that one of the following holds:

(i) For everyi € {2,...,m}, C; — ﬂ;;ll Cj is a closed linear subspace.
(ii) The sets (C;)ier are linear subspaces and, for every i € {2,...,m},
C; —l—ﬂz L C; is closed.

(iii) Cp, N ﬂ:’;ll intC; # @.
(iv) H is finite-dimensional and (;c;11C; # 9.

Then -
0€(sri <o,» -N cy-). (6.23)
i=2 j=1

Proof. We apply several items from Proposition 6.19 with I = H and L = Id.
(i)=(6.23): Proposition 6.19(i).
(i1)=(6.23): Proposition 6.19(ii)(a).
(iil)=-(6.23): Proposition 6.19(vii).
(iv)=(6.23): Proposition 6.19(viii) and Fact 6.14(v). O

6.3 Polar and Dual Cones

Definition 6.21 Let C' be a subset of H. The polar cone of C' is
C®={ueM|sup(C|u) <0}, (6.24)

and the dual cone of C'is C® = —C®©. If C is a nonempty convex cone, then
C' is self-dual if C = C®.
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The next two results are immediate consequences of Definition 6.21 and
(2.2).

Proposition 6.22 Let C be a linear subspace of H. Then C° = C+.

Proposition 6.23 Let C be a subset of H. Then the following hold:

(i) Let D C C. Then C® C D® and C® C D®.

(ii) C° and C® are nonempty closed convex cones.

(iii) C® = (cone C)® = (conv C)® = c°.

)
(iv) C° N C® = L,
v) Suppose that cone C = —cone C. Then C° = O = C*.

Example 6.24 Let I be a totally ordered set. Then (2 (I) is self-dual. In
particular, the positive orthant Rf in RV is self-dual.

Proof. Let (e;)icr be the standard unit vectors of ¢ (). By Example 6.7,
(3. (I) = come conv{e; };c;. Hence, using Proposition 6.23(iii), (¢3(1))® =
{e}e, ={zcP)| (Viel) (x]e)>0}=03(1). O

Example 6.25 (Fejér) The convex cone of positive semidefinite symmetric
matrices in SV is self-dual.

Proof. See, e.g., [145, Corollary 7.5.4]. O
Proposition 6.26 Let K7 and Ko be nonempty cones in H. Then
(K1 + K)® = Kf N K. (6.25)

Consequently, if K1 and Ky are linear subspaces, then (K1 + K3)* = Ki- N
K.

Proof. Fix x1 € K7 and x5 € Ks. First, let u € (K7 + K3)®. Then, for every
A E Ryt and \y € Ry, AMz1 + Aoxe € MKy 4+ MKy = Ky + Ko and
therefore (A\jxq + Aexe |u) < 0. Setting Ay = 1 and letting A2 | 0 yields
u € K. Likewise, setting Ay = 1 and letting \; | 0 yields u € K. Thus,
(K1 + K»)® € KP N K. Conversely, let u € K N KS. Then (1 | u) < 0
and (x5 | u) < 0; hence (x1 + 22 | u) < 0. Thus u € (K74 K2)® and therefore
K 19 N K29 C (K + K3)®. Finally, the assertion concerning linear subspaces
follows from Proposition 6.22. ad

As just illustrated, the relationship between a cone and its polar cone is, in
many respects, similar to that between a linear subspace and its orthogonal
complement. The next three results partially generalize Corollary 3.22.

Proposition 6.27 Let K be a nonempty closed convex cone in H, let x € H,
and let p € H. Then p = Pxx & [pGK, x—pLlp, and x—peKe],
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Proof. Theorem 3.14 asserts that p = Pgx if and only if
peK and (WyeK) (y—plax—p)<O0. (6.26)

Suppose that (6.26) holds. Then 0 € K, 2p € K, and therefore (—p | x — p) <
0 and 2p—p|ax—p) < 0. Hence, (p|ax—p) = 0. In turn, (Vy € K)
(ylxe—p)=(y—ploz—p) +(p|x—p) <0. Thus, z —p € K°. Conversely,
(VyeK) [(plz—p)=0and (y|z—p) <0] = (y—plz—p)<0. O

Example 6.28 Let I be a totally ordered set, suppose that H = ¢2(I), set
K =02(I), and let © = (&)ies € H. Then Pxx = (max{&,0})ics.

Proof. This is a direct application of Proposition 6.27 where, by Example 6.24,
K®=-K%=-K. O

Theorem 6.29 (Moreau) Let K be a nonempty closed convex cone in H
and let x € ‘H. Then the following hold:

(i) x = Pxx + Pgou.
(ii) Pxx L Pgex.
(i) [|z]* = d% () + dje (2).

Proof. (i): Set ¢ = x — Pxx. By Proposition 6.27, ¢ € K°, . — ¢ = Pxz |
x— Pgx = q,and x — q = Pxx € K C K©°. Appealing once more to
Proposition 6.27, we conclude that ¢ = Pge.
(ii): It follows from Proposition 6.27 and (i) that Pxx L x — Pxx = Proux.
(iii): Using (i) and (ii), we obtain ||z||? = | Pgex + Pxz||* = | Pgex||* +
1Pl = |1z — Pl + o — Prcoall® = 3 (x) + do (). 0

There is only one way to split a vector into the sum of a vector in a closed
linear subspace V' and a vector in VE = V1. For general convex cones, this
is no longer true (for instance, in H =R, 0 =z — x for every z € K = R} =
—R_). However, the decomposition provided by Theorem 6.29(i) is unique in
several respects.

Corollary 6.30 Let K be a nonempty closed convex cone in H and let x €
H. Suppose that y € K \ {Pxx} and z € K© \ {Pgex} satisfy v =y + z.
Then the following hold:

(i) [[Pra|| < [yl and || Prexl| < =]
(ii) (y | 2) < (Pxx | Pgex) =0.
(iii) || P — Proz|| < [y — =]

Proof. (i): We deduce from Theorem 3.14 that |[|[Pxz| = ||x — Pxez| <
[l — z[| = [ly]l and that ||Prex| = [lz — Prz|| < |z -yl = =]

(ii): Since y € K and z € K©, we have (y | z) < 0. However, if (y | z) =0,
then (i) and Theorem 6.29 yield ||z(|* = |ly+ z[|* = [[y[|* + || 2]I* > || Px||* +
| Pgex||? = ||z||?, which is impossible.
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(iii): By (i) and (ii), [ly — 2[*> = |ylI* — 2(y | 2) + [lz]* > [[Pxz|? -

2(Pkz | Prez) + || Prez|® = | Pk — Proz|®. 0
The following fact will be used repeatedly.

Proposition 6.31 Let K be a nonempty closed convexr cone in H and let
x € H. Suppose that (x | x — Pgx) < 0. Then z € K.

Proof. By Proposition 6.27, (Pgx | # — Pxx) = 0. Therefore, ||z — Pgz|? =
(x| x — Pga) — (Pgx | © — Pgx) <0. Thus, v = Pz € K. O

Proposition 6.32 Let C' be a nonempty convex subset of H. Then
C°® =tcone C. (6.27)

Proof. Set K = coneC. Since C C C©°, Proposition 6.23(ii) yields
K C tone C°® = C9°. Conversely, let € C°°. By Proposition 6.23(iii)
and Proposition 6.27, x € C®° = K®° and x — Pxx € K®©. Therefore
(v | z — Pgx) <0 and, by Proposition 6.31, z € K. Thus C°° C K. 0

Corollary 6.33 Let K be a nonempty closed convex cone in H. Then
K®® = K. (6.28)
Proposition 6.34 Let K1 and K5 be two nonempty convex cones in H. Then
(KinKy)® = K2 + KS. (6.29)

Proof. By Proposition 6.26 and Proposition 6.32, (K{ + K$)° = K; N K.
Taking polars yields the result. a

Theorem 6.35 (Farkas) Letv € H and let (u;)icr be a finite family in H.
Thenv €Yo Ryiu; & (Ve {ui}® C {v}®.

Proof. Set K =3, ;Ryu;. If v € K, then clearly ;. {u;}® C {v}®. Con-
versely, assume that (), {u;}® C {v}©. Proposition 6.8 and Proposition 6.27
yield v — Pgv € K€ C ;¢ {wi}® C {v}®, hence (v | v — Pgv) < 0. In turn,
Proposition 6.31 yields v € K. o

The next result is a powerful generalization of Fact 2.18(iii)&(iv), which
correspond to the case K = {0}.

Proposition 6.36 Let K be a real Hilbert space, let L € B(H,K), and let K
be a nonempty closed convex cone in IC. Then the following hold:

(1) (L7H(K))® = L*(K°).
(ii) (L") ~H(EK) = (L(K®))®.
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{u}” N {ua}®

Fig. 6.1 Farkas’s lemma: v lies in the cone generated by u; and w2 if and only if the
half-space {v}© contains the cone {u1}° N {uz}®.

Proof. (i): Set C = L™ (K) and D = L*(K©), and let v € K®. Then
sup (C | L*v) = sup (L(C) |v) < sup (K |v) = 0 and hence L*v € C°.
Therefore L*(K®) c C® and thus D € C®. Conversely, take u € C® and
set p = Ppu, which is well defined since D is a nonempty closed convex
cone. By Proposition 6.27, v — p € D®. Therefore sup (K® | L(u — p)) =
sup (L*(K®) | u —p) < 0 and, using Corollary 6.33, we obtain L(u — p) €
K®® = K. Thus, u — p € C and, in turn, (u |« —p) < 0. Thus, Proposi-
tion 6.31 yields u € D.

(ii): Since L* € B(K,H), (L*)"1(K) is a nonempty closed convex cone.
Hence, Corollary 6.33, (i), and Proposition 6.23(iii) yield (L*)~}(K) =

(L*)71(K))%e = T(K9) = (L(K®))®. O

6.4 Tangent and Normal Cones

Definition 6.37 Let C' be a nonempty convex subset of H and let z € H.
The tangent cone to C' at x is

Tow — {Cone (C—x)= U>\€R++ AMC —x), if z€ ?’;
otherwise,

(6.30)
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and the normal cone to C at x is

New = {(C’x)e ={ueH ‘ sup (C —z | u) <0}, if I’GQ; (6.31)
z, otherwise.
Example 6.38 Let C' = B(0;1) and let = € C. Then
<0 if =1;
Tpw— JWEH | yla) <0}, if flof =1 (6.32)
H, if ||zl <1,
and
R if =1;
o}, it 2l <1.

Example 6.39 Let K be a nonempty convex cone in ‘H and let z € K. Then
Txr =K +Rz and Ngz=K®n{z}" (6.34)

Proof. Proposition 6.3(i) yields K + R 2 = K, which implies that K + Rz =
K—Rytz=Uer,, K=z =U,cg, , MK —2). Taking closures, we obtain
Txx = K + Rz. Let us now show that Nxx = KN {z}+. Ifu e K°n{z}+,
then (Vy € K) (y —« | u) = (y | ) <0 and thus u € Ngax. Conversely, take
u € Ngx. Then (Vy € K) (y —x | u) < 0. Since {z/2,2z} C K, it follows
that (z | u) =0 and hence that u € K©. 0

Example 6.40 Let I be a totally ordered set, suppose that H = ¢2(I), set
K =(%(I), and let © = (&;);cr € K. Then
NKxZ{(Vi)ieIEH | (VZEI) 1/i§0:§iui}. (635)

Proof. Example 6.24 and Example 6.39 imply that Ngx = (2 (1) N {z}+.
Let u = (v3)ier € £2(I). Since for every i € I, v; < 0 < &;, we see that
Yicr&ivi = (x| u) = 0 if and only if (Vi € I) §v; = 0. O

Example 6.41 Let N be a strictly positive integer, set I = {1,..., N}, let
= (&)ier € RN, and let y = (1;)ier € RY. Then the following hold:

i) Suppose that © € RY. Then y € Nova < (Vi € T
(i) Supp T y € Ngyz < ( ){mO, i 6> 0,

w0, & =0;

n; =0, if & < 0.

Example 6.42 Let C be an affine subspace of H, let V. = C' — C be its
parallel linear subspace, and let x € H. Then

Vv, if C; VL, oif C;
Tew=1" 0 " TEY and Nez—=14' @ "TEY (636
&, otherwise, 1%/ otherwise.

(ii) Suppose that = € RY. Then y € Ngvz < (Vi € 1) {

7
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Proposition 6.43 Let C be a nonempty convex subset of H and let x € C.
Then the following hold:

(i) Tfx = Ncx and NEz =Tcx.
(ii) z € coreC' = Tex = H < Ncoz = {0}.

Proof. (i): Since (C — x) C T, Proposition 6.23(i) yields 752z C New.
Now let w € Newx. Then (VA € Riy) sup(A(C —z)|u) < 0. Hence,
sup (cone(C — z) | u) < 0 and therefore sup (Tcx |u) < 0, ie, u € TSx.
Altogether, Tg:c = Nea. Furthermore, since Tox is a nonempty closed con-
vex cone, Corollary 6.33 yields Tox = Tceem = Ng:c.

(ii): If = € core C, then cone(C'—z) = H. In turn, Tcx = cone (C—x) = H,
and by (i), Nex = Tz = H® = {0}. Finally, it follows from (i) that
Nezx = {0} = Tox = {0}9 ="H. (]

Interior points of convex sets can be characterized via tangent and normal
cones.

Corollary 6.44 Suppose that H is finite-dimensional, let C' be a nonempty
convez subset of H, and let x € C. Then x € intC < Tox = H < Nex =

{0}

Proof. Suppose that Nex = {0}. Set U = aff C and V =U -U =U — .
Then C — 2 C U — a2 = V, and it follows from Proposition 6.23(i) that
VL =V® C (C-2)° = Neox. Since Nox = {0}, we obtain V+ = 0 and thus
V = H. Hence aff C = H and therefore int C' = ri C # @ by Fact 6.14(i). We
have shown that

Nex={0} = intC#g. (6.37)

The result now follows from Proposition 6.43(ii). O

Proposition 6.45 Let C' be a convexr subset of H such that int C # & and
letw€C. Thenx € intC < Tex =H < Neox = {0}.

Proof. Set D = C —x. Then 0 € D and int D = int C' — z # @. In view of
Proposition 6.17, 0 € int D < cone D = H, ie., x € int C < Tox = H. The
last equivalence is from Proposition 6.43. O

We conclude this section with a characterization of projections onto closed
convex sets.

Proposition 6.46 Let C be a nonempty closed convexr subset of H, and let
x and p be points in H. Then p = Pcx < x —p € Nop.

Proof. This follows at once from (3.6) and (6.31). O
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6.5 Recession and Barrier Cones

Definition 6.47 Let C be a nonempty convex subset of H. The recession
cone of C'is

recC={zxeH|z+CcCC}, (6.38)

and the barrier cone of C' is
bar C' = {u € H | sup (C' | u) < +oo}. (6.39)

Proposition 6.48 Let C' be a nonempty convex subset of H. Then the fol-
lowing hold:

(i) recC' is a convex cone and 0 € recC.

(ii) bar C' is a convex cone and C° C barC.

(iil) Suppose that C is bounded. Then bar C' = H.

(iv) Suppose that C is a cone. Then bar C' = C®.

(v) Suppose that C is closed. Then (bar C)® = recC.

Proof. (1): It is readily verified that 0 € rec C, that rec C'+recC C rec C, and
that rec C' is convex. Hence, the result follows from Proposition 6.3(ii).

(ii): Clear from (6.24) and (6.39).

(iii): By Cauchy—Schwarz, (Vu € H) sup (C' | u) < ||ul| sup ||C]] < +oc.

(iv): Take w € barC'. Since C is a cone, sup (C' | u) cannot be strictly
positive, and hence v € C°. Thus bar C C C°, while C® C bar C by (ii).

(v): Take = € recC. Then, for every u € barC, (z | u) + sup (C' | u) =
sup (z + C | u) < sup(C | u) < +oo, which implies that (x| u) < 0 and
hence that x € (barC)®. Thus, recC C (barC)®. Conversely, take = €
(bar C)° and y € C, and set p = Po(z + y). By Proposition 6.46 and (ii),
x+y—pé€ Ne(p) = (C—p)® C bar (C — p) = barC. Hence, since x €
(bar C)°, we obtain (z+y—p|2z) < 0, and (3.6) yields ||z +y — p||*> =
(x+y—pla)y+{x+y—p|ly—p) <0.Hencex+y=pe€ C and x € recC.
Thus, (bar C')° C recC. 0

Corollary 6.49 Let K be a nonempty closed convexr cone in H. Then
recK = K.

Proof. Tt follows from Proposition 6.48(v), Proposition 6.48(iv), and Corol-
lary 6.33 that rec K = (bar K)°® = K°° = K. 0

The next result makes it clear why the recession cone of C is sometimes
denoted by 07 C.

Proposition 6.50 Let C' be a nonempty closed convex subset of H and let
x € H. Then the following are equivalent:

(i) z € rec C.
(ii) There exist sequences (Tn )nen in C and (ap)nen in )0, 1] such that o, —
0 and apxy, — .
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(iii) There exist sequences (xn)nen in C' and (an )nen in |0, 1] such that oy, —
0 and apx, — T.

Proof. Take y € C.

(i)=(ii): Proposition 6.48(i) yields (Vn € N) (n+ 1)z € rec C. Now define
(VneN)z, =n+1)z+yeCand a, =1/(n+1). Then o, — 0 and
ap Ty — T

(ii)=(iii): Clear.

(iii)=-(i): The sequence (apTy + (1 — ap)y)nen lies in C, which is weakly
sequentially closed by Theorem 3.32, and hence its weak limit x + y belongs
to C. It follows that x € recC. O

Corollary 6.51 Suppose that H is finite-dimensional. Let C' be a nonempty
closed convex subset of H. Then C' is bounded if and only if recC = {0}.

Proof. If C' is bounded, then clearly recC' = {0}. Now assume that C is
unbounded. Then there exist a sequence (z,)neny in C and a vector y €
‘H such that ||z,| — +oo and x,/||z,|| — y. Hence ||y| = 1, and thus
Proposition 6.50 implies that y € (rec C) \ {0}. O

Corollary 6.52 Let C be a nonempty closed convex subset of H such that
0¢ C. Then (coneC) U (recC') = cone C.

Proof. 1t is clear that coneC C toneC. Now take xz € recC. By Proposi-
tion 6.50, z is the weak limit of a sequence (@, )nen, where (v, )nen lies
in ]0,1], a, — 0, and (2, )nen lies in C. Since (ap@p)nen lies in coneC, x
belongs to the weak closure of cone C, which is cone C' by Theorem 3.32 and
Proposition 6.2. Thus,

(cone C') U (rec C') C tome C. (6.40)

Conversely, take € cone C. By Proposition 6.2(ii), there exist sequences
(n)nen in Ryy and (z,)nen in C such that «,z, — x. After passing to
subsequences if necessary, we assume that a,, — a € [0, +o0]. If @ = 400,
then, since ||a,x,|| — [|z||, it follows that x,, — 0 and, in turn, that 0 € C,
which violates our hypothesis. Hence a € Ry. If & = 0, then x € recC by
Proposition 6.50. Otherwise, & € R4, in which case z,, = (a,2,)/an —
x/a € C, and hence x € aC C coneC. O

Exercises

Exercise 6.1 Find a convex subset C of R? such that cone C' # U)\e]R+ AC.
Exercise 6.2 Prove Proposition 6.3.

Exercise 6.3 Prove Proposition 6.4.
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Exercise 6.4 Let o € Ry and set Ko = {(2,¢) e H xR | [|lz]| < a}.
Show that K& = K, and conclude that K is self-dual.

Exercise 6.5 Let C be a convex subset of H and let x € H be such that
cone(C — z) is a linear subspace. Show that z € C.

Exercise 6.6 Let C be a cone in H, let K be a real Hilbert space, let D be
a cone in K, and let L: H — K be positively homogeneous. Show that L(C)
is a cone in K and that L=1(D) is a cone in H.

Exercise 6.7 Let C and D be nonempty convex subsets of H. Show that
the implication C C D = sriC C sri D is false.

Exercise 6.8 Suppose that H = ¢*(N), and set C' = lev<; f, where f: H —
|00, +00] : (§k)ken F D _pen I€k|. Show that 0 € ri €'\ sriC.

Exercise 6.9 In connection with Proposition 6.8, find an infinite set C' in
R? such that the convex cone > ccc Rycis not closed.

Exercise 6.10 Show that the conclusion of Proposition 6.16 fails if the as-
sumption that int C' # & is omitted.

Exercise 6.11 Let C be a subset of H. Show that —(C®) = (=C)®, which
justifies writing simply —C®© for these sets, and that C°° = C®®,

Exercise 6.12 Let K be a nonempty closed convex cone in H. Then K is
acute if K C K%, and K is obtuse if K® C K (hence, a cone is self-dual if
and only if it is both acute and obtuse). Prove that K is obtuse if and only
if K9 is acute.

Exercise 6.13 Let K be a nonempty closed convex cone in H. Prove that
K is a linear subspace if and only if K N K% = {0}.

Exercise 6.14 Let K be a nonempty closed convex solid cone in H. Show
that K© is pointed.

Exercise 6.15 Let K be a nonempty closed convex pointed cone in H. Show
the following:

(i) If H is finite-dimensional, then K is solid.

(ii) In general, K© fails to be solid.

Exercise 6.16 Let N be a strictly positive integer, set I = {1,..., N}, and
set
K={(&)icr eRY | &G > &>+ > ¢v >0} (6.41)

Show that K is a nonempty pointed closed convex cone. Use Proposition 6.36
to show that

K ={(:)ier €RY | 1 <0,G1+ ¢ <0,...,G+--+ (v <0} (6.42)

Furthermore, use Exercise 6.15(i) to show that K is solid.
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Exercise 6.17 Let C' be a nonempty convex subset of H, and let x € C.
Show that x € qriC' & Nc¢x is a linear subspace.

Exercise 6.18 Let C be a convex subset of H. Show that span C' is closed if
and only if 0 € sri(C — C'). Furthermore, provide an example in which span C
is not closed even though C' is.

Exercise 6.19 Using Definition 6.37 directly, provide a proof of Exam-
ple 6.38 and of Example 6.42.

Exercise 6.20 Find a closed convex subset C' and a point x € C' such that
Tex = H but int C = @. Compare with Proposition 6.45.

Exercise 6.21 Suppose that % = R? and set C' = {(&1,&) € H | & < &)
Determine bar C' and observe that bar C is not closed.

Exercise 6.22 Let v € H and let U be a nonempty finite subset of .
Using Farkas’s lemma (Theorem 6.35), show that v € spanU if and only if

Nuev fu}t C {v}+.

Exercise 6.23 Let C' be a nonempty closed convex subset of H. Show that
ran(Id — P¢) is a cone and that Tan (Id — Pg) C (rec C)°.

Exercise 6.24 Let C' be a nonempty closed convex subset of H and let
u € H. Show that u € (rec C)° if and only if

Jim —EEEEE o, (6.43)

Exercise 6.25 Let C' be a nonempty closed convex subset of H. Show that
tan (Id — Po) = (rec C)°.

Exercise 6.26 Suppose that H is infinite-dimensional and separable, and
let (en)nen be an orthonormal basis of H. Set

C={zeH|(VneN) [(z]en)|<n}. (6.44)

Show that C' is an unbounded closed convex set, and that recC = {0}.
Compare with Corollary 6.51.

Exercise 6.27 Show that the conclusion of Corollary 6.52 fails if the as-
sumption 0 ¢ C is replaced by 0 € C.



Chapter 7
Support Functions and Polar Sets

In this chapter, we develop basic results concerning support points, including
the Bishop—Phelps theorem and the representation of a nonempty closed
convex set as the intersection of the closed half-spaces containing it. Polar
sets are also studied.

7.1 Support Points

Definition 7.1 Let C be a nonempty subset of H, let x € C, and suppose
that u € H ~ {0}. If
sup (C' | u) < (x| u), (7.1)

then {y € H f (y | u) = (x| u)} is a supporting hyperplane of C at z, and x
is a support point of C' with normal vector u. The set of support points of C'
is denoted by spts C' and the closure of spts C' by sptsC.

Proposition 7.2 Let C' and D be nonempty subsets of H such that C C D.
Then C Nspts D CsptsC = C NsptsC.

Proof. Let € C Nspts D. Then « € C and there exists u € H \ {0} such
that sup (C' | u) < sup (D | u) < (x| u). Hence, x € sptsC. This verifies the
announced inclusion, and the equality is clear from the definition. a

Proposition 7.3 Let C' be a nonempty convez subset of H. Then
sptsC = {z € C' | Nea ~ {0} # @} = Ng'(H ~ {0}). (7.2)

Proof. Let x € C. Then « € sptsC' < (FJu € H~{0}) sup(C —z |u) <0 &
(FueH~{0}) ue (C—z)°=Nca. 0

Theorem 7.4 (Bishop—Phelps) Let C be a nonempty closed conver subset
of H. Then spts C = Po(H ~\ C) and spts C = bdry C.

H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory 107
in Hilbert Spaces, CMS Books in Mathematics, DOI 10.1007/978-1-4419-9467-7 7,
© Springer Science+Business Media, LLC 2011
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Proof. We assume that C' # H. Fix ¢ € Ry and let z be a support point of C
with normal vector u. Then sup (C' — z | (x + eu) — ) < 0 and Theorem 3.14
implies that @ = Pc(x + eu). Since u # 0, we note that x 4+ eu ¢ C. Hence
sptsC C Po(H \ C) and x € bdry C. Thus spts C' C bdry C. Next, assume
that Pcy = x, for some y € H ~. C. Proposition 6.46 asserts that 0 £y —z €
Ne¢x; hence z € spts C' by Proposition 7.3. Thus,

spts C = Po(H \ C). (7.3)

Now take z € bdry C. Then there exists y € H ~ C such that ||z —y]|| < e. Set
p = Pcoy. Then p € spts C and Proposition 4.8 yields ||p—z|| = ||Pcy—Poz| <
ly — z|| < e. Therefore, z € spts C' and hence bdry C' C spts C'. O

Proposition 7.5 Let C be a convex subset of H such that int C # &. Then
bdry C C spts C' and C Nbdry C C sptsC.

Proof. If C = H, the result is clear. We therefore assume otherwise. Set D = C
and let € bdry C C D. Then Proposition 3.36(iii) yields z € D \ (int D),
and Proposition 6.45 guarantees the existence of a vector u € Npz ~ {0}.
Hence, it follows from Proposition 7.3 that = € spts D = spts C. Therefore,
bdry C' C spts C' and, furthermore, Proposition 7.2 yields C' Nbdry C € C' N
spts C' = spts C. O

Corollary 7.6 Let C be a nonempty closed convex subset of H and suppose
that one of the following holds:

(i) int C # @.
(ii) C is a closed affine subspace.
(iii) H is finite-dimensional.

Then spts C' = bdry C.

Proof. (i): Combine Theorem 7.4 and Proposition 7.5.

(ii): Assume that C # H, let V = C — C be the closed linear subspace
parallel to C, let € bdryC, and let v € V+ < {0}. Then C = x + V,
Po(z+u) = Peyv(z+u) = 24+ Pyu = by Proposition 3.17, and Theorem 7.4
therefore yields = € sptsC.

(iii): In view of (i), assume that int C' = @. Let D = aff C and let = €
bdry C. Then D # H, since Proposition 6.12 asserts that core C' = int C' = @.
On the other hand, since H is finite-dimensional, D is closed. Thus, D is a
proper closed affine subspace of H and therefore x € bdry D. Altogether, (ii)
and Proposition 7.2 imply that © € C Nspts D C sptsC. o

A boundary point of a closed convex set C need not be a support point of
C, even if C is a closed convex cone.

Example 7.7 Suppose that H = (*(N) and set ¢ = (3 (N), which is a
nonempty closed convex cone with empty interior (see Example 6.7). For
every © = (& )ken € H, we have Pox = (max{&,0})ren. Consequently,
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by Theorem 7.4, x = (§)reny € C is a support point of C' if and only if
{keN | & =0} # @. Therefore, (1/2%)ren € bdry C' N spts C.

7.2 Support Functions

Definition 7.8 Let C' C H. The support function of C' is
oc: H — [—o0,+00] : u— sup (C' | u) . (7.4)

Let C be a nonempty subset of H, and suppose that u € H~{0}. If o¢(u) <
400, then (7.4) implies that {z € H ’ (x| u) < oc(u)} is the smallest closed
half-space with outer normal u that contains C' (see Figure 7.1). Now suppose
that, for some z € C, we have o¢(u) = (z | u). Then z is a support point of
Cand {z € H | (x| u) = oc(u)} is a supporting hyperplane of C' at .

Fig. 7.1 Support function of C' evaluated at a vector u such that ||u|| = 1. The half-space
Hy, ={zeH | (x| u) <oc(u)} contains C, and it follows from Example 3.21 that the
distance from 0 to the hyperplane {z € H } (x| uy =0c(u)} is oc(u).

Proposition 7.9 Let C C H and set
(VueH) Hy={zecH| (x|u) <oc(u)}. (7.5)

Then conv C = (), cpy Hu-
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Proof. The result is clear when C' = @. So assume that C' # @ and set
D =, ¢y Hu. Since (Hy)uey is a family of closed convex sets each of which
contains C', we deduce that D is closed and convex and that convC C D.
Conversely, take x € D and set p = Pmawox. By (3.6), cmmwo(z — p) <
(p | x —p). On the other hand, since z € D C H,_,, we have (z |z —p) <
oc(z—p). Thus, [[z—p|* = (z |2 —p)—(p |z —p) < oc(x—p) — Tonv o2~
p) <0, and we conclude that x = p € conv C. o

Corollary 7.10 Every closed convex subset of H is the intersection of all
the closed half-spaces of which it is a subset.

Proposition 7.11 Let C C H. Then o¢ = 0comv C-

Proof. Assume that C' # @ and fix u € H. Since C' C ¢onv C, we have o¢(u) <
oy c(u). Conversely, let © € conv C'; by Proposition 3.4, we suppose that
v =) ;o for some finite families (z;)ier in C and (a;)ier in ]0,1] such
that >, ;0 = 1. Then (z |u) =D,y 0 (i |u) < Y00 aioc(u) = oo (u).
Therefore ocony (1) = SUP,coonyc (2 | 4) < oc(u). Finally, let z € C, say
x = lima, for some sequence (zp)nen in C. Then (x| w) = lim (z, | u) <
oc(u). Hence, og(u) = sup, (2 | u) < oc(u). Altogether, ownvc(u) <
Jc(u). O

7.3 Polar Sets

Definition 7.12 Let C' C H. The polar set of C'is
CO=levaroc={ueM| (Vo eC) (x|u) <1}, (7.6)

Example 7.13 Let K be a cone in H. Then K® = K© (Exercise 7.10).
In particular, if K is a linear subspace, then Proposition 6.22 yields K© =
K® =K+

Proposition 7.14 Let C' and D be subsets of H. Then the following hold:
(i) C+ cCc®coo.

Proof. (1)—(iv): Immediate consequences of (2.2), (6.24), and (7.6).

(v): By (iii), C € C®? and C® C (C®)®® = C99®, Hence, using (iv), we
obtain C®%% = (C®9)® Cc C® Cc C99°,

(vi): By Proposition 7.11, o¢ = 0eonv C- O
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Remark 7.15 In view of Example 7.13 and Proposition 7.14, we obtain the
following properties for an arbitrary cone K in H: K C K©°, K°°° = K©,
and (conv K)® = K©. In particular, we retrieve the following well-known

facts for a linear subspace V of #: V c V++ VIt = v+ and VL =Vt
Theorem 7.16 Let C C H. Then C®® =conv (C U{0}).

Proof. By Proposition 7.14(ii)&(iii), conv (C' U {0}) C convC®® = C©©.
Conversely, suppose that z € lev<; oge ~\ tonv (C U {0}). It follows from
Theorem 3.38 that there exists v € H ~ {0} such that

(x| u) > oeome (cugoy) (u) = max{oc(u), 0}, (7.7)

After scaling u if necessary, we assume that (z |u) > 1 > oc(u). Hence,
u € C® and therefore 1 < (u | z) < oco(x) < 1, which is impossible. O

Corollary 7.17 Let C C ‘H. Then the following hold:

(i) C is closed, convex, and contains the origin if and only if C®° = C.
(ii) C is a nonempty closed convex cone if and only if C°° = C.
(iii) C is a closed linear subspace if and only if C++ = C.

Proof. (i): Combine Proposition 7.14(ii) and Theorem 7.16.
(ii): Combine (i), Proposition 6.23(ii), and Example 7.13.
(iii): Combine (ii) and Proposition 6.22. O

Exercises

Exercise 7.1 Let C C H, let v € Ry, and let p € R~ {0}.

(i) Show that o¢ o pld = 0,¢.
(ii) Show that o¢ o vId = voc.
(iii) Provide an example in which o¢ o pld # poc.

Exercise 7.2 Let C and D be subsets of H. Show that ooy p = o¢ + op.

Exercise 7.3 Suppose that H =R and let —oco < a < 8 < +00. Determine
the support function o¢ in each of the following cases:

(i) C = [a, 5]
(ili) C' = ]—00,q]
(iv) € = [B, +oo]
(v) C =R.

Exercise 7.4 Let C C H and let v € R, ;. Show that (yC)® =~y~1C®,
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Exercise 7.5 Let C and D be subsets of H. Show that (CUD)® = C®ND®.

Exercise 7.6 Provide two subsets C' and D of R such that (C N D)® #
c®uDe.

Exercise 7.7 Set C' = B(0;1). Show that C® = C.
Exercise 7.8 Let C C H be such that C® = C. Show that C' = B(0;1).

Exercise 7.9 Suppose that H = RY, let p € [1,+0c0], and set C, =
{z eH | |z|, <1}, where

p N .

\/ " p, if 1<p<+oco;

”fEHp — { Zkfl || : p (7.8)
maxji<ig<nN |§k|, if p = “+o00.

Compute C.

Exercise 7.10 Let C' be a subset of H. Show that if C' is a cone, then
C® = C®. Show that this identity fails if C' is not a cone.



Chapter 8
Convex Functions

Convex functions, which lie at the heart of modern optimization, are intro-
duced in this chapter. We study operations that preserve convexity, and the
interplay between various continuity properties.

8.1 Definition and Examples

Definition 8.1 Let f: H — [—o0,+oc]. Then f is convezx if its epigraph
epl f = {(x,f) EHXR | flx) < 5} is a convex subset of H x R. Moreover,
f is concave if — f is convex.

Proposition 8.2 Let f: H — [—oo,+00] be convex. Then its domain
dom f = {z € H | f(x) < +oo} is convex.

Proof. Set L: H xR — H: (x,€) — x. Then L is linear and dom f = L(epi f).
It therefore follows from Proposition 3.5 that dom f is convex. ad

Example 8.3 Let C be a subset of H. Then epitc = C' x Ry, and hence ¢
is a convex function if and only if C' is a convex set.

Proposition 8.4 Let f: H — [—o00,400]. Then [ is convex if and only if

(Vz € dom f)(Vy € dom f)(Va € ]0,1[)
flaz+(1—a)y) <af(z) + (1 -a)f(y). (81)

Proof. Note that f = +00 < epif = @ < dom f = &, in which case f is
convex and (8.1) holds. So we assume that dom f # &, and take (z,§) €
epi f, (y,m) € epif, and o € ]0,1]. First, suppose that f is convex. Then
a(z, &)+ (1 —a)(y,n) € epi f and therefore

flaz+(1-a)y) < ag + (1 - a)y (8.2)
H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory 113
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Fig. 8.1 A function f: H — [—o0, +00] is convex if epi f is convex in H X R.

Letting € | f(x) and n | f(y) in (8.2), we obtain (8.1). Now assume that f
satisfies (8.1). Then f(az+(1—a)y) < af(z)+(1—a)f(y) < a+ (1—a)n,
and therefore a(x,€) + (1 — a)(y,n) € epi f. O

Corollary 8.5 Let f: H — [—o00,+00] be conver. Then, for every & € R,
lev<g f is convez.

Definition 8.6 Let f: H — ]—o0,+0o0] be a proper function. Then f is
strictly convex if

(Vz € dom f)(Vy € dom f)(Va € ]0,1[)
e#y = flaz+(1-a)y) <af(x)+(1-a)f(y). (83)

Now let C' be a nonempty subset of dom f. Then f is convex on C' if

(Vo e C)(Vy € C)(Va €]0,1])
floaz+ (1 -a)y) <af(x)+ (1 -a)f(y), (8.4)
and f is strictly convex on C' if

(Vo e C)(Vy € C)(Va €]0,1])
rEy = f(am+(1—a)y)<af(x)+(l—a)f(y). (8.5)
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Example 8.7 The function || - || is convex. If H # {0}, then || - || is not
strictly convex.

Proof. Convexity is clear. Now take x € H ~ {0} and « € ]0,1[. Then |lax +

(1 —a)0|| = allz|| + (1 — «)]|0]]. Hence || - || is not strictly convex. O
Example 8.8 The function || - ||? is strictly convex.
Proof. This follows from Corollary 2.14. O

Proposition 8.9 Let f: H — [—oo,+00]. Then f is convex if and only if,
for all finite families (c;)ier in |0,1[ such that ), o = 1 and (x4)ier in

dom f, we have
f (Z%‘%‘) < Zazf(xz) (8.6)

iel icl
Proof. Assume that f is convex and fix finite families (z;);er in dom f and
(ei)ier in]0, 1[such that >, ; a; = 1. Then (x4, f(2i))ies lies in epi f. Hence,

by convexity, (3 ;c; i, ;e aif(xi)) € convepif = epif, which gives
(8.6). The converse implication follows at once from Proposition 8.4. O

Corollary 8.10 Let f: H — |—o0,+0o0]. Then the following are equivalent:

(i) f is convex.
(ii) For all finite families (c;)ier in |0, 1] such that Y., c; = 1 and (7;)ier
in dom f, we have f(D e ouws) <D o aif ().
(iii) (Vo € H)(Vy € H)(Va € ]0,1[) flax+(1-a)y) < af(z)+ (1 —a)f(y).

Proposition 8.11 Let f: H — |—o0, +00] be proper. Then f is strictly con-
vex if and only if for all finite families (cv;)ier in 0,1 such that ) ;.o =1
and (x;)ier in dom f, we have f(3 ;c;cixi) < Yo aif(x;), and equality
holds if and only if {x;}icr is a singleton.

Proof. Assume first that f is strictly convex. We prove the corresponding
implication by induction on m, the number of elements in I. The result is
clear for m = 2. We assume now that m > 3, that I = {1,...,m}, and that
the result is true for families containing m — 1 or fewer points, and we set

W= f(ZieI ;i) = Zie[ a; f(x;). Then

m—1

< (1—am f(Z 1—Oém ‘>+amf(mm) (8.7)
12:1
(1—am Zzzl o f@) + amf(xm) (8.8)
= pu. (8.9)
Hence, the inequalities (8.7) and (8.8) are actually equalities, and the induc-

tion hypothesis yields (1 — a,) (>0 11 Qi) = Ty oand T3 = -+ = Ty
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Therefore, 1 = -++ = x,,,, as required. The reverse implication is clear by
considering the case in which I contains exactly two elements. ad

We now state a simple convexity condition for functions on the real line
(for an extension, see Proposition 17.10).

Proposition 8.12 Let ¢: R — |—00,400]| be a proper function that is dif-
ferentiable on a nonempty open interval I in dom ¢. Then the following hold:

(i) Suppose that ¢’ is increasing on I. Then ¢ + 11 is convex.
(ii) Suppose that ¢’ is strictly increasing on I. Then ¢ is strictly convexr on
1.

Proof. Fix x and y in I, and o € ]0, 1[. Set ¢: R — |—o00, +00] : 2z — ad(z) +
(1 —a)p(z) — ¢p(ax + (1 — «@)z). Now let z € I. Then

V() = (1= a)(¢(2) — ¢'(ax + (1 - @)2)) (8.10)

and ¢/ (x) = 0.

(i): Tt follows from (8.10) that ¢'(z) < 0 if z < z, and that ¢’'(z) > 0 if
z > x. Thus, ¢ achieves its minimum on I at x. In particular, ¥ (y) > ¥ (x) =
0, and the convexity of ¢ + ¢; follows from Proposition 8.4.

(ii): It follows from (8.10) that ¢’(z) < 0 if z < z, and ¥'(2) > 0 if
z > x. Thus, 9 achieves its strict minimum on I at z. Hence, if y # =z,
P(y) > ¥(x) =0, and ¢ + ¢/ is strictly convex by (8.3). O

Example 8.13 Let ¢): R — R be increasing, let o € R, and set

NSNS § R TOU A F

400, otherwise.

(8.11)

Then ¢ is convex. If 1) is strictly increasing, then ¢ is strictly convex.

Proof. By Proposition 8.12, p: R = R: z +— [ 1)(t) dt is convex since ¢’ = 1).
Hence, the convexity of ¢ = ¢ + ([, o[ follows from Proposition 8.4. The
variant in which 1 is strictly convex is proved similarly. O

8.2 Convexity—Preserving Operations

In this section we describe some basic operations that preserve convexity.
Further results will be provided in Proposition 12.11 and Proposition 12.34(ii)
(see also Exercise 8.13).

Proposition 8.14 Let (fi)icr be a family of convex functions from H to
[—00,4+00]. Then sup;c; fi is convex.
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Proof. By Lemma 1.6(i), epi (Supie] fi) = [;c; €pi fi, which is convex as an
intersection of convex sets by Example 3.2(iv). O

Proposition 8.15 The set of convex functions from H to |—oo,+0o0] is
closed under addition and multiplication by strictly positive real numbers.

Proof. This is an easy consequence of Proposition 8.4. o

Proposition 8.16 Let (f,,)nen be a sequence of convex functions from H to
|—o00, +00] such that (fn)nen is pointwise convergent. Then lim f,, is convez.

Proof. Set f = lim f,, and take x and y in dom f, and « € ]0,1[. By Corol-
lary 8.10, (Vn € N) fp(az + (1 — a)y) < afn(z) + (1 — a) fn(y). Passing to
the limit, we obtain f(axz + (1 —a)y) < af(x) + (1 —a)f(y), and using the
same result, we conclude that f is convex. a

Example 8.17 Let (z5)nen be a bounded sequence in H. Then f: H —
R: 2 — lim || — 2z,|| is convex and Lipschitz continuous with constant 1.

Proof. Set (Vn € N) f,, =sup {||- —z|| | k € N, k > n}. Then it follows from
Example 8.7 and Proposition 8.14 that each f,, is convex. In addition, (f,)nen
decreases pointwise to f = inf, ¢y f,,. Hence f is convex by Proposition 8.16.
Now take x and y in H. Then (Vn € N) ||z — z,,|| < ]z — y|| + ||y — zn||- Thus

i [l — 2| < o — ]| + B fly — 2 (8.12)

and hence f(x) — f(y) < |l — y. Analogously, f(y) — f(z) < |ly — 2l
Altogether, |f(x) — £(y)| < | — ]| 0

Proposition 8.18 Let K be a real Hilbert space, let L: H — K be affine,
and let [: KK — ]—o00, +00| be convex. Then f o L is conver.

Proof. This is an immediate consequence of Proposition 8.4. o

Proposition 8.19 Let f: H — |—o0,+o0] and ¢: R — ]—o0, +00] be con-
ver. Set C = conv(R Nran f) and extend ¢ to ¢: ]—o0, +00] — ]—00, +00]
by setting 5(+oo) = +00. Suppose that C' C dom ¢ and that ¢ is increasing
on C. Then (;o f is convex.

Proof. Note that dom((go f) = f~1(dom¢) C dom f and that b o f coincides
with ¢ o f on dom(go f). Take z and y in dom(go f), and « € ]0,1]. Using
the convexity of f, we obtain f(az+ (1—a)y) < af(x)+ (1 —a)f(y) < +oo.
Since ¢ is increasing and convex on C, we deduce that (¢o f)(az+(1—a)y) <
plaf(z) + (1 —-a)f(y)) < alpo f)(x) + (1 —a)(¢o f)(y). Hence, the result

follows from Proposition 8.4. O



118 8 Convex Functions

Example 8.20 Let ¢: R — R be a continuous increasing function such that
(0) > 0, and set

Izl
fTH=R: 2z W(t) dt. (8.13)
0

Then the following hold:

(i) f is convex.
(ii) Suppose that ¢ is strictly increasing. Then f is strictly convex.

Proof. Let ¢: R — ]—00,400] be the function obtained by setting o = 0
in (8.11). Then, since ¢ > 0 on R4, ¢ is increasing on dom¢ = Ry and
f=goll-I.

(i): Tt follows from Example 8.13 that ¢ is convex, and in turn, from
Example 8.7 and Proposition 8.19 that f is convex.

(ii): Let 2 and y be two distinct points in H and let « € ]0, 1[. First, assume
that ||z|| # ||y||. Since ¢ is increasing and, by Example 8.13, strictly convex,
we have f(az + (1 — a)y) = ¢([laz + (1 = a)y)) < olallz| + (1 —a)y[) <
ag([lz])+(1=a)d(|lyll) = af (x)+ (1 =) f(y). Now assume that [lz]| = [|y].
Then Corollary 2.14 asserts that ||az + (1 — a)y||? = allz|? + (1 — a)|jy||*> —
a(l—a)llz—y|* = [z]*—a(l —a)||lz—y||* < [|=|/*. Hence, since ¢ is strictly
increasing,

flaz+ (1= a)y) = ¢(laz + (1 —a)yl)

< o(ll=l))

= ag([lz]) + (1 = a)e(llyl)

=af(r)+ (1 -a)f(y), (8.14)
which completes the proof. O

Example 8.21 Let p € |1, +o0o[. Then || - ||? is strictly convex and
(Ve e H)(Vy € H) e +yll” <227 (|lz]|” + ). (8.15)

Proof. Set () =t if t <0, and 9 (t) = ptP~1 if ¢ > 0. Then ¥ is continuous,
strictly increasing, and ¢ (0) = 0. Hence, we deduce from Example 8.20(ii)
that ||-||” is strictly convex. As a result, for every z and y in H, ||(z+y)/2||? <
(lz||” + |ly||”)/2 and (8.15) follows. 0

The next proposition describes a convex integral function in the setting of
Example 2.5.

Proposition 8.22 Let (£2,F, 1) be a measure space and let (H,(-|-),) be
a real Hilbert space. Suppose that H = L?((£2,F,u);H), and let ¢: H —
|—00, 4] be a measurable convex function such that

(Ve e H)Bo € L'((2,F,1);R)) pox >0 p-ae. (8.16)
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Set
fiH—]—00,+00]: x> /Qap(x(w))u(dw). (8.17)

Then dom f = {x eH | pox € Ll(((),?,u);R)} and f is convex.

Proof. For every x € M, pox is measurable and, in view of (8.16), [, (pox)du
is well defined and it never takes on the value —oo. Hence, f is well defined
and we obtain the above expression for its domain. Now take x and ¢ in H and
a €]0,1[. Tt follows from Corollary 8.10 that, for u-almost every w € {2, we
have p(az(w) + (1 — @)y(w)) < ap(z(w))+ (1 —a)e(y(w)). Upon integrating
these inequalities over {2 with respect to u, we obtain f(ax + (1 — a)y) <
af(x) + (1 —a)f(y), hence the convexity of f. O

Proposition 8.23 Let ¢: H — |—o00, +00] be convex and let

Sp(x/€), if £€>0;

) (8.18)
400, otherwise,

f:Rx?—l—)]—oo,—l—oo]:(f,m)H{

be the perspective function of ¢. Then f is convex.

Proof. Set C = {1} x epip. It follows from the convexity of ¢ that C is a
convex subset of R x H x R. Furthermore,

eplf: {(£7x7<-) €R++ XHxR ’ f@(x/g) < C}
= {(f,x,C) €R++ X H xR | (Z‘/é_’C/f) Eepi(P}
={¢,y,n) | ¢ €Ryy and (y,n) € epip}

=R C
= cone C. (8.19)
In view of Proposition 6.2(iii), epi f is therefore a convex set. O

Example 8.24 Let C' be a convex subset of H and set

if 0 and C;
FRXH o =00, 40d]: (E2) s 45 L EZ0and mesCh oo
400, otherwise.
Then f is convex.
Proof. Apply Proposition 8.23 to 1 + ¢¢. O

Proposition 8.25 Let (H;)ier be a totally ordered family of real Hilbert
spaces, set H = @,.; Hi, and let, for every i in I, fi: H; — ]—00,40q]
be convex. Suppose that I is finite or that infycr f; > 0. Then @, fi is
convex.

Proof. This is an immediate consequence of Proposition 8.4. O
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Proposition 8.26 Let K be a real Hilbert space and let F': H x K —
|—00, +00] be convex. Then the marginal function

fiH—=[—o00,+00]: .+ inf F(z,K) (8.21)
1S conver.

Proof. Take x1 and z2 in dom f, and o € ]0,1[. Furthermore, let & €
1f(z1),+oo] and & € ]f(x2),+00[. Then there exist y1 and ys in K such
that F(z1,y1) < & and F(z2,y2) < &. In turn, the convexity of F gives

f(owcl +(1- a)mg) < F(owcl + (1 —a)xe,ayr + (1 — a)yg)
< aF(z,y1) + (1 — a)F(2,12)
<aé + (1 — o). (8.22)
Thus, letting & | f(z1) and & | f(x2), we obtain f(ax; + (1 — a)xo)
af(@1) + (1= a)f(22).

Example 8.27 Let C be a convex subset of H such that 0 € C. The
Minkowski gauge of C| i.e., the function

<
0

me: H — ]—00,+00] : z — inf {£ € Ry | z € £CF, (8.23)
is convex. Furthermore, m¢(0) = 0,
(Ve e H)(VA € R ) mo(Ax) = Amo(x) = ma/ne(), (8.24)

and
(Vo € domme) (VA € Ime(x), +o0])  x € AC. (8.25)

Proof. The convexity of m¢ follows from Example 8.24 and Proposition 8.26.
Since 0 € C, it is clear that mc(0) = 0. Now take z € H and A € Ry . Then

{€eRy | Az €0} =AM {¢/AeR, |z € (£/N)C}
={¢eRy |z &((1/N0)}, (8.26)

and (8.24) follows by taking the infimum. Finally, suppose that € domm,
A > me(z), and x ¢ AC. Now let p € 10, A]. Since 0 € C and C' is convex, we
have uC' C AC' and therefore x ¢ uC. Consequently, me(z) > A, which is a
contradiction. O

8.3 Topological Properties

We start with a technical fact.
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Proposition 8.28 Let f: H — ]—o0, +00] be proper and convez, let xg €
dom f, and let p € Ry . Then the following hold:

(i) Suppose that n = sup f(B(xzo; p)) < +oo and let o« € 10,1[. Then
(Vz € B(wo;ap)) | f(z) — flzo)| < a(n — f(z0)). (8.27)

(i) Suppose that § = diam f(B(zo;2p)) < +o0. Then f is Lipschitz contin-
uous relative to B(xo; p) with constant §/p.

Proof. (i): Take x € B(xo; ap). The convexity of f yields

f(@) = f(xo) = f((1 = a)zo + a(z — (1 — a)xg) /a) — f(z0)

< a(f(zo+ (z — z0)/a) — f(0))
< a(n— f(@0)). (8:28)
Likewise,
o) = 10) = f (o + o LT )
< 1 (Flao + (@0~ 2)/0) — J(@)
< = (0= fG0) + (fl@o) - F@).  (8:29)

which after rearranging implies that f(zo) — f(2) < a(n— f(z0)). Altogether,

|f(2) = f(zo)| < a(n — f(20))-
(ii): Take distinct points z and y in B(xo; p) and set

1 = —yll = —yll
z=x+ —1) r —vy), where a = < . 8.30
(5-1)e-v e=m+s~ » &%

Then z = az+(1—a)y and ||[z—xo|| < ||z—z||+ ||z —z0|| = p+ |z —z0] < 2p.
Therefore, y and z belong to B(xo;2p) and hence, by convexity of f,

f@) = f(oz+ (1 - a)y)

< f) +a(f(z) - fv)

< fly) +ad

< )+ ©6/p)llz —yll. (8.31)
Thus f(z) — f(y) < (6/p)llz — y||. Interchanging the roles of = and y, we
conelude that () — £(1)] < (6/p)|z — . 0

The following theorem captures the main continuity properties of convex
functions.

Theorem 8.29 Let f: H — ]—o00,+00] be proper and convex and let o €
dom f. Then the following are equivalent:
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(i) f

(ii) f is continuous at xg.

(iii) f is bounded on a meighborhood of xq.

(iv) f is bounded above on a neighborhood of xg.

is locally Lipschitz continuous near xg.

Moreover, if one of these conditions holds, then f is locally Lipschitz contin-
wous on int dom f.

Proof. (i)=(ii)=-(iii)=-(iv): Clear.

(iv)=(ii): Take p € R, such that n = sup f(B(wzo;p)) < 400, a € ]0, 1],
and z € B(xzo; ap). Proposition 8.28(i) implies that |f(x) — f(xo)| < a(n —
f(x0)). Therefore, f is continuous at xg.

(iii)=-(i): An immediate consequence of Proposition 8.28(ii).

We have shown that items (i)—(iv) are equivalent. Now assume that (iv) is
satisfied, say 1 = sup f(B(xo;p)) < +oo for some p € Ry . Then f is locally
Lipschitz continuous near xg. Take € intdom f ~\ {x¢} and v € R4 such
that B(z;7) C dom f. Now set

S
7+ [z = o

Yy =10+ (x — ), where a = €10,1]. (8.32)

11—«
Then y € B(x;7). Now take z € B(z;ap) and set w = x9 + (2 — @)/a =
(z— (1 — @)y)/a. Then w € B(xzo; p) and z = aw + (1 — a)y. Consequently,

f@) <af(w)+ (1 -a)f(y) <an+(1—a)f(y), (8.33)

and f is therefore bounded above on B(z;ap). By the already established
equivalence between (i) and (iv) (applied to the point ), we conclude that
f is locally Lipschitz continuous near x. ad

Corollary 8.30 Let f: H — |—o0, +00] be proper and convez, and suppose
that one of the following holds:

(i) f is bounded above on some neighborhood.
(ii) f 4s lower semicontinuous.
(iil) H is finite-dimensional.

Then cont f = int dom f.

Proof. Since the inclusion cont f C intdom f always holds, we assume that
intdom f # @.

(i): Clear from Theorem 8.29.

(ii): Define a sequence (Cy, )nen of closed convex subsets of H by (Vn € N)
Cn = leven f. Then dom f = J,oyCn and, by Lemma 1.43(i), @ #
intdom f = int UneN C, = UneN int C,,. Hence there exists n € N such
that intC,, # &, say B(x;p) C Cp, where x € C,, and p € Ry;. Thus
sup f(B(w;p)) < n and we apply (i).

(iii): Let x € intdom f. Since H is finite-dimensional, there exist a fi-
nite family (y;)ier in dom f and p € Ry, such that B(z;p) C conv{y;}icr
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(see Exercise 3.18). Consequently, by Proposition 8.9, sup f(B(xz;p)) <

sup f(conv{yi}ier) < supconv{f(y:)}tier = maxies f(y;) < +oo. The con-
clusion follows from (i). O

Corollary 8.31 Suppose that H is finite-dimensional and let f: H — R be
convex. Then f is continuous.

Corollary 8.32 Suppose that H is finite-dimensional, let f: H — ]—o00, +00]
be proper and convex, and let C' be a nonempty closed bounded subset of
ridom f. Then f is Lipschitz continuous relative to C.

Proof. Let z € dom f. We work in the Euclidean space span(z — dom f)
and therefore assume, without loss of generality, that C' C intdom f. By
Corollary 8.30(iii), f is continuous on intdom f. Hence, by Theorem 8.29,
for every x € C, there exists an open ball B, of center x such that f is [,-
Lipschitz continuous relative to B, for some 8, € Ry . Thus, C C |, ¢ Bz,
and since C' is compact, it follows that there exists a finite subset D of C
such that C' C U, p Bz. We therefore conclude that f is Lipschitz continuous
relative to C' with constant max,cp (- O

Example 8.33 Suppose that H is infinite-dimensional and let f: H — R be
a linear functional that is everywhere discontinuous; see Example 2.20 for a
concrete construction. Set C'=levey f and H = {z € H ’ f(xz) =0}. Then
the following hold:

(i) f and —f are convex, intdom f = intdom(—f) = H, and cont f =
cont(—f) = @.

(ii) f is neither lower semicontinuous nor upper semicontinuous.

(iii) C is convex, 0 € coreC, and int C = @.

(iv) f is unbounded above and below on every nonempty open subset of H.

(v) H is a hyperplane that is dense in H.

Proof. (i): Since f is linear and dom f = H, it follows that f and —f are
convex with intdom f = int dom(—f) = int X = H. The assumption that f
is everywhere discontinuous implies that cont f = cont(—f) = @.

(ii): If f were lower semicontinuous, then (i) and Corollary 8.30(ii) would
imply that @ = cont f = int dom f = H, which is absurd. Hence f is not lower
semicontinuous. Analogously, we deduce that — f is not lower semicontinuous,
i.e., that f is not upper semicontinuous.

(iii): The convexity of C follows from (i) and Corollary 8.5. Assume that
xo € int C. Since f is bounded above on C by 1, it follows that f is bounded
above on a neighborhood of xy. Then Corollary 8.30(i) implies that cont f =
int dom f, which contradicts (i). Hence int C = &. Now take x € H. If z € C,
then [0, z] C C by linearity of f. Likewise, if z € H~\C, then [0,z/f(z)] C C.
Thus cone C' = H and therefore 0 € coreC.

(iv)&(v): Take o € H and € € Ry . Corollary 8.30(i) and item (i) imply
that f is unbounded both above and below on B(z;¢). In particular, there
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such that f(y_) < 0 < f(y4+). Now
+) — f(y=)). Then, by linearity of f,
0. O

exist pomts y— and yy in B(xo;

€)
set yo = (flyr)y— — fly-)y)/(f(y
Yo € [y—,y+] C B(zo;¢) and f(yo) =

Example 8.34 Suppose that C' is a convex subset of H such that 0 € int C.
Then dommgc = H and m¢ is continuous.

Proof. Let © € H. Then there exists € € Ry such that ex € C', which implies
that me(x) < 1/e. Thus domme = H. Since C is a neighborhood of 0 and
me(C) C [0, 1], Corollary 8.30(i) implies that m¢ is continuous. O

Example 8.35 (Huber’s function) Let p € Ry and set

22
= if [z] < p;
[TR>R:xw— 9 (8.34)

plz| — %, otherwise.

Then f is continuous and convex.

Proof. The convexity of f follows from Proposition 8.12(i) and its continuity
from Corollary 8.31. O

Proposition 8.36 Let f: H — |—o0,400] be proper and convex. Suppose
that f is bounded above on a neighborhood of x € dom f. Then intepi f # @.

Proof. Using Theorem 8.29, we obtain § € R, and g € R, such that

(Vy € B(x;9)) |f(2) = f(y)| < Blle —yll < Bo. (8.35)

Now fix p € |284, +o0], set v = min{d, p/2} > 0, and take (y,n) € H x R
such that

Iy m) = (@, f(2) + p)I* < 7° (8.36)

Then [ly —z|| <y < dand [n— (f(z) +p)| < v < p/2. Tt follows from (8.35)
that y € dom f and

fly) <f@)+p/2=f(x)+p—p/2< fl@)+p—7<n (8.37)
Thus (y,7n) € epi f and hence B((z, f(x) + p);y) C epi f. We conclude that
intepi f # @. O

Proposition 8.37 Let f: H — |—o00, +00|. Then the following hold:

(i) Suppose that [ is upper semicontinuous al a point xo € H such that
f(zo) <0. Then x¢ € intlev<g f.

(i) Suppose that f is convex and that there exists a point xg € H such that
f(z0) < 0. Then intlev<g f Cleveg f.
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Proof. (i): If z¢ ¢ intlev<o f, then there exists a sequence (yn)nen in H
lev<o f = levsq f such that y, — x¢. In turn, the upper semicontinuity of f
at o yields f(zo) > lim f(y,) > 0> f(z0), which is absurd.

(ii): Fix x € intlev<g f. Then (3p € Ry4) B(x;p) C lev<o f. We must
show that f(z) < 0. We assume that z # x¢ since, if © = x(, there is nothing
to prove. Let 6 € 0, p/ ||z — xo]|]. Set y = xo+(1+0)(x—x0) = z+0(x—x0) €
lev<q f and observe that x = axo + (1 — «)y, where a = §/(1 4 6) € ]0,1].
Hence f(z) < af(zo) + (1 —a)f(y) <O. O

Corollary 8.38 Let f: H — ]—o00,+00] be a convex function such that
leveg f # @. Suppose that one of the following holds:

(i) f is upper semicontinuous on levcg f.
(ii) f 4s lower semicontinuous and dom f is open.
(iii) H s finite-dimensional and dom f is open.

Then intlev<g f =levg f.

Proof. (i): This follows from Proposition 8.37.
(ii)&(iii): By Corollary 8.30, f is continuous on intdom f = dom f and
hence upper semicontinuous on lev.q f. Thus, the claim follows from (i). O

Exercises

Exercise 8.1 Let f: R — ]—00, +00] be convex, let o, xg, and z1 be points
in dom f such that zo < x1 and x5 = (1 — 8)zo + Sz1, where 8 € ]0,1[, and
suppose that the points (zo, f(x0)), (28, f(x3)), and (z1, f(x1)) lie on a line.
Show that (Vo € [0,1]) f((1 — @)zo + ax1) = (1 — ) f(xo) + af(z1).

Exercise 8.2 Provide examples of a function f: R — R and a nonempty set
C C R illustrating each of the following:

(i) f is not convex, C' is convex, and f is convex on C.
(i) f is not convex, C'is not convex, and f is convex on C.

Exercise 8.3 Let f: H — ]—o00,400] be a proper function. Show that f is
convex if and only if f is convex on dom f.

Exercise 8.4 Let f: H — ]—o0,+00] be a proper function, let C be a
nonempty subset of dom f, and suppose that f + tc is convex. Show that
C is convex and that f is convex on C.

Exercise 8.5 Provide an example of a proper function f: H — |—o0, +o0]
and a nonempty subset C of dom f such that f is convex on C but f + (¢ is
not convex.
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Exercise 8.6 Provide an example of a function f: H — R and a subset C' of
dom f such that f is convex on C' but there exist distinct points 9:1, 22, and
x3 in C' and real numbers a1, ag, and ag in ]0, 1] such that f(zl 1 0Gx;) >

2;‘3:1 azf(l'z)'

Exercise 8.7 Let f: R — |—o00, +0o0] be proper and convex. Show that f is
strictly convex if and only if it is strictly convex on int dom f.

Exercise 8.8 Let f: H — ]—00, +00]. Show that f is convex if and only if

(Vz € dom f)(Vy € dom ) z#vy
f) = f@)  f(2) = f(y)
[z — | Iz =yl

= (Vz €]a,y[) <0. (8.38)

Exercise 8.9 Let f: R — ]—00, +00] be proper and convex, let 29 € dom f,
and let a € ]0,1[. Set g: dom f — R: z — af(x) — f(xo + a(z — z0)). Show
that g is decreasing on |—oo, zo] Ndom f and increasing on [zg, +oco[Ndom f.

In addition show that, if f is strictly convex, then g is strictly decreasing on
|—00,20] Ndom f and strictly increasing on [zg, +00[ N dom f.

Exercise 8.10 Show that the converse of Corollary 8.5 is false by providing
an example of a function that is not convex and the lower level sets of which
are all convex.

Exercise 8.11 (arithmetic mean—geometric mean inequality) Let
(xi)1<i<m be a finite family in R, . Show that

mE T < A (8.39)
m
and that equality occurs in (8.39) if and only if 21 = -+ = z,,.

Exercise 8.12 Let (H;)ics be a totally ordered finite family of real Hilbert
spaces, and let, for every i in I, f;: H; — ]—00,+00] be proper. Show that
D;c; fi is convex if and only if the functions (f;)ier are. Furthermore, prove
the corresponding statement for strict convexity.

Exercise 8.13 Let f: H — |]—o00, +00] and g: H — |—00, +0o0], and set

h:H — ]—00,400] : x 1nf max{f(y),g(x —y)}. (8.40)

Prove the following;:

() dom h = dom f + dom g.

ii) inf 2(H) = max{inf f(H),inf g(H)}.
(ili) (Vn € R) levpey =leve, f+leve, g.
(iv) h is convex if f and g are.
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Exercise 8.14 Determine the Minkowski gauge of the closed unit ball.

Exercise 8.15 Set C' = {(£1,&) € R? | max{[&1],|€|} < 1}. Show that
me: R? = R: (&1, &) — max{|&1],]&2|} and that m j2)c = 2me.

Exercise 8.16 Let C' and D be convex subsets of H such that 0 € C C D.
Show that me > mp.

Exercise 8.17 Set C = {(&1,&) € R? | max{|¢&],|&[} <1}, D = B(0;1),
and @ = %C + %D‘ Show that 0 € int @, that @ is closed and convex, that
mQ: R2? — R is convex and continuous, that

(V(&1,&) € R?)  max{[&1], &} < mq(&1,&) < 2max{|&], |&]},  (8.41)
that
(V&1 € Ry ) (Ve € (0,36 ]) me(&r, &) =&, (8.42)
and that

(V(é1,€2) € RT)(Y(,12) € RY)

§&1<m

€2 < 772} = mQ(&1,&2) <mqQ(m,n2).  (8.43)

Exercise 8.18 Suppose that H is finite-dimensional and let C' be a convex
subset of H such that 0 € C. Show that m¢ is lower semicontinuous.

Exercise 8.19 Let f and C be as in Example 8.33. Determine mc.

Exercise 8.20 Provide an example of a convex subset C' of H such that
0 € C but m¢ is not lower semicontinuous.

Exercise 8.21 Show that the conclusion of Corollary 8.38(i) fails if dom f
is not open.






Chapter 9
Lower Semicontinuous Convex
Functions

The theory of convex functions is most powerful in the presence of lower semi-
continuity. A key property of lower semicontinuous convex functions is the
existence of a continuous affine minorant, which we establish in this chapter
by projecting onto the epigraph of the function.

9.1 Lower Semicontinuous Convex Functions

We start by observing that various types of lower semicontinuity coincide for
convex functions.

Theorem 9.1 Let f: H — ]—00,4+00] be convex. Then the following are
equivalent:

(i) f is weakly sequentially lower semicontinuous.
(ii) f is sequentially lower semicontinuous.

(iii) f is lower semicontinuous.

(iv) f is weakly lower semicontinuous.

Proof. The set epi f is convex by Definition 8.1. Hence, the equivalences follow
from Lemma 1.24, Lemma 1.35, and Theorem 3.32. o

Definition 9.2 The set of lower semicontinuous convex functions from H to
[—00, +00] is denoted by I'(H).

The set I'(H) is closed under several important operations. For instance,
it is straightforward to verify that I'(#) is closed under multiplication by
strictly positive real numbers.

Proposition 9.3 Let (f;)icr be a family in I'(H). Then sup;c; fi € I'(H).
Proof. Combine Lemma 1.26 and Proposition 8.14. ad
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Corollary 9.4 Let (f;)ier be a family in I'(H). Suppose that one of the
following holds:

(i) I is finite and —oo ¢ | J,c; fi(H).
(ll) infie] fl > 0.

Then Y, fi € I'(H).

Proof. (i): A consequence of Lemma 1.27 and Proposition 8.15.

(ii): Let Z be the class of nonempty finite subsets of I and set (VJ € )
97 = Y ey fi- Then it follows from (i) that (VJ € Z) g; € I'(H). However,
(2.4) yields >, fi = supser g7 In view of Proposition 9.3, the proof is
complete. a

Proposition 9.5 Let K be a real Hilbert space, let L € B(H,K), and let
fer(K). Then foL e I'(H).

Proof. This is a consequence of Proposition 8.18. O

Proposition 9.6 Let f € I'(H) and suppose that —oo € f(H). Then f is
nowhere real-valued, i.e., f(H) C {—o0, +o0}.

Proof. Let « € H be such that f(z) = —oo, let y € H, and let « € ]0,1[. If
f(y) # +oo, then Proposition 8.4 yields f(az + (1 — a)y) = —oco. In turn,
since f is lower semicontinuous, f(y) < lim, , f(az + (1 — a)y) = —o0, ie.,
fly) = —oo. 0

The function z — —oo belongs to I'(H), which makes the following notion
well defined.

Definition 9.7 Let f: H — [—00, +00]. Then

fzsup{gEF(’HHgSf} (9.1)

is the lower semicontinuous conver envelope of f.

Proposition 9.8 Let f: H — [—00,4+00]. Then the following hold:

(1) f 1s the largest lower semicontinuous convex function majorized by f.

(ii) (Vx € H) f(2) =lim, , f(y).
(iii) epi f is closed and convez.
(iv) convdom f C domf C conv dom f.

Proof. (i): This is a consequence of (9.1) and Proposition 9.3.
(ii): This follows from (i) and Lemma 1.31(iv).
(iii): Combine (i), Lemma 1.24, and Definition 8.1.

(iv): By (i), f < fand f is convex. Hence, Proposition 8.2 yields

convdom f C convdom f = dom f. (9.2)
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Now set C' = conv dom f and

f(z), if zeC;

9.3
+oo, if x ¢ C. (©:3)

g:?—l—>[—oo,—|—oo]:xl—>{

Using (iii), we note that epig = (epi f) N (C' x R) is closed and convex. It
follows from Lemma 1.24 and Definition 8.1 that

g€ I'(H). (9.4)

9

Now fix z € H. If x € C, then g(z) = f(z) < f(z); otherwise, x ¢ dom f C C
and therefore g(x) = f(x) = +o00. Altogether, g < f and, in view of (9.4),

9

we obtain g < f. Thus, domf Cdomg C C =conv dom f. O

v

Theorem 9.9 Let f: H — [—00,+00]. Then epi f = conv epi f.
Proof. Set E = tonv epi f. Since f < f, we have epi f C epi f Hence £ C
conv epi f = epi f by Proposition 9.8(iii). It remains to show that epi f C E.

We assume that f # +oo, since otherwise f = f and the conclusion is clear.
Let us proceed by contradiction and assume that there exists

(z,€) €epi f < E. (9.5)

Since F is a nonempty closed convex subset of H x R, Theorem 3.14 implies
that the projection (p, ) of (z,£) onto E satisfies

(Vy.m e€eE) (y—plz—p)+@n—m)(¢—m) <O0. (9.6)

Letting 1 1 400 in (9.6), we deduce that £ < 7. Let us first assume that
& = m. Then (9.6) yields (Vy € conv dom f) (y — p | x — p) < 0. Consequently,
since Proposition 9.8(iv) asserts that = € dom f c conv dom f, we obtain
|z —p||?> = 0 and, in turn, (p, 7) = (z, &), which is impossible since (z,¢) ¢ E
by (9.5). Therefore, we must have

E<m. (9.7)
Setting u = (x — p)/(7m — &) and letting n = f(y) in (9.6), we get

(Vyedom f) (y—plu)+7<f(y). (9-8)

Consequently, f is minorized by the lower semicontinuous convex function
g:y+— {y—p|u)+m, and it follows that g < f. In particular, since (z,§) €
epi f, we have
12
Nzl

m™=¢
which contradicts (9.7). We conclude that epi f C E. O

+7=g(@) < fla) <& (9-9)
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Corollary 9.10 Let f: H — [—00, +00| be convex. Then f = f.
Proof. Combine Lemma 1.31(vi) and Theorem 9.9. O

Corollary 9.11 Let f: H — ]—o0,+00] be conver and such that levg f #
. Thenleveg f Clev<y f Clev<y f andlevg f =lev<g f =lev<y f.

Proof. Take = € H. Then f(z) <0 = f(z) <0 = f(x) <0, which shows the
inclusions. Now assume that = € lev<g f Then, since f is convex, The-
orem 9.9 yields (z, f(z)) € epif = epif. Hence there exists a sequence
(Tn,&n)nen In epi f that converges to (:E,f(x)) Now fix z € lev.o f and
define a sequence (@, )nen in 0, 1] by

1
(VneN) ap={"T1 , (9.10)
i {1 + &n } otherwise.
min Py o g &
Then eventually
f(anz + (1 - an)xn) < anf(z) + (1 - an)f(xn)

< anf(z) + (1 - O‘n)gn
< 0. (9.11)

Therefore the sequence (a,z 4+ (1 — @)@n)nen, which converges to x, lies
eventually in lev_g f. The result follows. O

9.2 Proper Lower Semicontinuous Convex Functions

As illustrated in Proposition 9.6, nonproper lower semicontinuous convex
functions are of limited use. By contrast, proper lower semicontinuous convex
functions will play a central role in this book.

Definition 9.12 The set of proper lower semicontinuous convex functions
from H to |—o0, +00] is denoted by I'h(H).

Example 9.13 Let (e;);cr be a family in H and let (¢;);e;r be a family in
I'b(R) such that (Vi € I) ¢; > ¢:(0) = 0. Set f: H — ]—00,+00] : & >
Zie[ ¢Z(<l‘ | €z>) Then f € Fo(H)

Proof. Set (Vi € I) fi: H — ]—00,+00] : &+ ¢;((x | €;)). Then f =3, fi
and (Vi € I) 0 < f; € Io(H). Thus, it follows from Corollary 9.4(ii) that
f € I'(H). Finally, since f(0) =0, f is proper. O

Proposition 9.14 Let f € I'y(H), let © € H, and let y € dom f. For every
a€0,1], set xo = (1 — a)x + ay. Then limy o f(za) = f(x).
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Proof. Using the lower semicontinuity and the convexity of f, we obtain

f(@) < limgo f(2a) < limayo f(wa) < Timapo(l — a)f(z) + af(y) = f(2).
Therefore, limq o f(2q) = f(2). O

Corollary 9.15 Let f € I'H(R). Then f}mf s continuous.

The conclusion of Corollary 9.15 fails in general Hilbert spaces and even
in the Euclidean plane (see Example 9.27 below).
We conclude this section with an extension of Fact 6.13.

Fact 9.16 [233, Corollary 13.2] Let f and g be in Iy(H). Then

int(dom f — dom g) = core(dom f — dom g). (9.12)

9.3 Affine Minorization

A key property of functions in I'h(#) is that they possess continuous affine
minorants. To see this, we require the following two results.

Proposition 9.17 Let f € I'h(H), let (x,€) € H xR, and let (p,7) € HxR.
Then (p,m) = Pepi f(x,€) if and only if

max{¢, f(p)} <7 (9.13)

and

(Vyedomf) (y—p|z—p)+ (fly)—7)(E—m) <0 (9.14)

Proof. Since f € I'y(H), the set epi f is nonempty, closed, and convex. Now set
(p,m) = Pepi f(x,§). Then Theorem 3.14 implies that (p,7) is characterized

by (p,m) € epif and (V(y,n) € epif) (y —p |z —p) + (n—m)( —7) <0,
which is equivalent to f(p) < mand (Vy € dom f)(VA e Ry) (y—p|x—p)+
(fly) + A= m)(€ — ) < 0. By letting A T +00, we deduce that £ < 7. The
characterization follows. O

Proposition 9.18 Let f € IH(H), let © € dom f, let £ € |—o0, f(2)], and
let (p,m) € H x R. Then (p,m) = Pepi§(x,€) if and only if

E<flp)=m (9.15)

and
(Vy €dom f) (y—plz—p) < (fly) - fp)(f(p) - &) (9.16)
Proof. Suppose first that (p, m) = Pepi 7(x,&). Since p € dom f, (9.14) yields

(fp) =m) (¢ —m) <0. (9.17)
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To establish that £ < f(p), we argue by contradiction. Suppose that f(p) < €.
Then f(p) — 7 < £ — w and hence, since £ — 7 < 0 by (9.13), we obtain
(f(p) — 7)€ —7) > (¢ — )% In view of (9.17), we deduce that & = 7. In
turn, since x € dom f, (9.14) implies that (z — p |  — p) < 0. Thus z = p and
hence (p, ) = (z,§). This is impossible, since (p, 7) € epi f and (x,&) ¢ epi f.
Thus,

£ < f(p), (9.18)

and (9.13) implies that £ < m and f(p) < 7. Hence, (9.17) yields f(p) =7

and (9.15) holds. Combining (9.15) and Proposition 9.17, we obtain (9.16).
Conversely, if (9.15) and (9.16) hold, then Proposition 9.17 implies directly

that (p, 7) = Pop (2, €). 0

Theorem 9.19 Let f € I'hy(H). Then f possesses a continuous affine mino-
rant.

Proof. Fix x € dom f and £ € |—o0, f(z)[, and set (p, m) = Pepi ¢(2, ). Then,
by (9.15), f(p) > & Now set u = (x — p)/(f(p) — &) and g: H — R:y
(y—p|u)+ f(p). Then (9.16) yields g < f. O

Corollary 9.20 Let f € I'y(H). Then f is bounded below on every nonempty
bounded subset of H.

Proof. Let C be a nonempty bounded subset of H and set 8 = sup ¢ | z||.
Theorem 9.19 asserts that f has a continuous affine minorant, say (- | u) + 7.
Then, by Cauchy—Schwarz, (Vz € C) f(z) > (x |u) +n > —|z| ||ul +n >

—Bllul| +n > —oc. O

Example 9.21 Suppose that H is infinite-dimensional and let f: H — R
be a discontinuous linear functional (see Example 2.20 and Example 8.33).
Then f has no continuous affine minorant.

Proof. Assume that the conclusion is false, i.e., that there exist u € H and
n € R such that (Vo € H) (x | u) +n < f(z). Then, since f is odd, (Vz € H)
f(@) < (xlu) —n < [Jz]|[Ju] = n. Consequently, sup f(B(0;1)) < ||ull —n
and therefore f is bounded above on a neighborhood of 0. This contradicts
Corollary 8.30(i) since f is nowhere continuous. O

Theorem 9.22 Let f € I'hy(H) and let © € intdom f. Then there exists a
continuous affine minorant a of f such that a(x) = f(z). In other words,
BueH)(VyeH) {y—z|u)+ f(x) < f(y).

Proof. In view of Corollary 8.30, x € cont f. Hence, it follows from Theo-
rem 8.29 and Proposition 8.36 that intepi f # &. In turn, Proposition 7.5
implies that (z, f(x)) € spts(epi f), and we therefore derive from Theorem 7.4
that there exists (z,¢) € (X x R) N (epi f) such that (z, f(x)) = Pepi £(2,().
In view of Proposition 3.19 and since =z € intdom f, we assume that
z € intdom f. Thus, by Proposition 9.17, max{(, f(z)} < f(x), i.e.,
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flx) = ¢ (9.19)

and

(Vyedomf) (y—x|z—a)+ (fly)— f)(C—f(z)) <0.  (9.20)

If f(z) = ¢, then the above inequality evaluated at y = z yields z = z,
which contradicts the fact that (z,() # (x, f(z)). Hence f(z) > {. Now set
u = (z —x)/(f(x) — ¢). Then (9.20) becomes (Vy € dom f) (y — x| u) +
f(z) = f(y) <0, and the result follows. O

Proposition 9.23 (Jensen’s inequality) Let (£2,F, 1) be a measure space
such that u($2) € R++, let 10 G FO(]R), and let z: 2 — R be a measurable
function such that p(2)~! [, o T(w)p(dw) € int dom ¢. Then

¢<ﬁ / x(w)u(dw)) <5 | ot o)

Proof. Since ¢ is lower semicontinuous, it is measurable, and so is therefore
¢ ox. Now set & = pu(£2)~* fQ xdu. It follows from Theorem 9.22 that there
exists a € R such that (Vn € R) a(n — &) + ¢(§) < ¢(n). Thus, for p-almost
every w € 2, a(z(w) — &) + ¢(&) < (b( (w)). Integrating these inequalities
over {2 with respect to p yields ¢(&)u(£2) < fn d(z(w))u(dw). O

Example 9.24 Let (2,7, 1) be a measure space such that u(£2) € Ry, let
(H,]| - |ln) be a real Hilbert space, and take p and ¢ in R4 4 such that p < q.
Then the following hold:

(i) Let = € LP((£2,F, 1); H)). Then

( /Q Ix(w)llﬁu(dw))l/p < u((z)l/p—l/q( /Q o) u(d@)”q.

(9.22)
(if) L9((£2,F, p); H) € LP((2, 5, p); H).

Proof. (i): Set ¢ = |-|9/P. Then it follows from Example 8.21 that ¢ is convex.
Now let z € LP((£2,F, u); H)) and set y: w — ||z(w)]||};. Since y is integrable,
()7 [, ydp € R = dom ¢, and Proposition 9.23 applied to y yields (9.22).

(ii): An immediate consequence of (i). O

Example 9.25 Let X be a random variable, and take p and ¢ in Ry such
that p < ¢ and E|X|P < 400. Then E/?|X|P < EY/9| X9,

Proof. Let u be a probability measure and set H = R in Example 9.24(i) (see
Example 2.8). O
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9.4 Construction of Functions in Iy(H)

We start with a basic tool for constructing functions in I'y(H).

Proposition 9.26 Let g: H — |—00, +00] be a proper convex function such
that dom g is open and g is continuous on domg. Set

g(x), if x € domg;

fiH —]—00,400] : @ — { im g(y), i x € bdrydomg; (9.23)
Yy—x
+00, if ©€ H~ domg.

Then f =g and [ € Ty(H).

Proof. Set C' = dom g. To show that f = g we shall repeatedly utilize Propo-
sition 9.8. Note that, since g > ¢, we have C C dom§ C C. Let € H and
assume first that € C. Then +00 > g(x) > g(z). By Theorem 9.9, there
exists a sequence (y,&n)nen in epig such that (x,,&,) — (z,g(z)). Hence
§(2) = lim €, = lmé, > limg(za) > lim () > §() and so £(z) = g(z) =
lim g(x,,) = lim g(x,,) = g(x). Consequently, f = g on C. If x € H ~. C, then
f(z) = +oo = g(x) and thus f = gon H ~ C. If z € (bdryC) \ (dom g),
then +oo > f(z) = lim,,, g(y) > lim,_,, g(y) = g(z) = +oo and thus
f(z) = g(x) = 4o0. Finally, we assume that € (bdry C') N (dom g). Using
Theorem 9.9 again, we see that there exists a sequence (2, &, )nen in epig
such that (z,,&,) — (z,9(z)). Hence f(z) = lim,_, g(y) > lim ., g(y) =
g(x) = lim¢, = lim¢, > limg(z,) > lim, , g(y) = f(z) and therefore
f(x) = g(x). We have verified that f = g. It follows that f is lower semicon-
tinuous and convex. Since f is real-valued on C, Proposition 9.6 implies that
f is also proper. O

Example 9.27 The function

n?/€, it € > 0;
f:R? = ]—00,+00]: (&) = 10, if (§,7) = (0,0); (9.24)
400, otherwise,

belongs to I'h(R?) and f|domf is not continuous at (0, 0).

Proof. Set

n?/&, if € > 0;

) (9.25)
400, otherwise.

g: R? = ]—00,4+00] : (£,1) — {

The convexity of t ++ t? and Proposition 8.23 imply that g is proper and
convex. Moreover, Proposition 9.26 yields § = f € IH(R?). Now set z =
(0,0), fix a sequence (o )nen in Ryy such that a,, | 0, and set (Vn € N)



9.4 Construction of Functions in I'h(H) 137
zn = (2, ay,). Then (2, )nen lies in dom f and z,, — z, but lim f(z,) = 1 #
0= f(x). O

The following result concerns the construction of strictly convex functions
in FO (R)

Proposition 9.28 Let g: R — |—o00, +00] be strictly convex and proper, and
suppose that dom g = Ja, B[, where a and § are in [—oo0, +0o0] and a < 3. Set

g(z), if x € Ja, B[;
limg(y), ifx=a;
iR = |—o0,+00] : @ > U , (9.26)
limg(y), ifz=7p;
Y18
400, otherwise.

Then f is strictly convez, f = g, and [ € I'h(R).

Proof. Proposition 9.14, Corollary 8.30(iii), and Proposition 9.26 imply that
f is convex and that f = g € Io(R). To verify strict convexity, suppose
that @ and y are distinct points in dom f, take v € ]0, 1[, and suppose that

fOyx+ (1 =7)y) =~f(x) + (1 =7)f(y). By Exercise 8.1, (VA € ]0, 1]) f(Az+
(1=XNy) = Af(z)+ (1= A)f(y). Since |z, y[ C |, B[ and f = g on |ev, B, this
contradicts the strict convexity of g. ad

The next two examples are consequences of Proposition 9.28 and Propo-
sition 8.12(ii).

Example 9.29 (entropy) The negative Boltzmann—Shannon entropy func-
tion
zln(z) —z, if x> 0;
R — ]—o00,+00] : 2 +— < 0, if x=0; (9.27)
400, if x <0,
is strictly convex and belongs to I'H(R).
Example 9.30 The following are strictly convex functions in I'p(R):

(i)  — exp(x).
(ii)  + |z[P, where p € |1, 4+00].

1/2P, if x> 0;
(iii) z far, it @ _ where p € [1, +o0].
+00, otherwise,

—_rP if > ():
(iv) z TR E=T where p € ]0,1].
400, otherwise,

+00, otherwise.

) o {1/\/1—:52, if || < 1;
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. —V1—a? if |z] <1
(vi) z —

+00, otherwise.

zln(z) + (1 —z)In(1 — ), ifz€]0,1];
(vii) z v < 0, if z € {0,1};

400, otherwise.

—In(z), if = >0;

+00 otherwise (negative Burg entropy function).

(viii) @ — {
Remark 9.31 By utilizing direct sum constructions (see Proposition 8.25

and Exercise 8.12), we can construct a (strictly) convex function in IH(RY)
from (strictly) convex functions in I'h(R).

We now turn our attention to the construction of proper lower semicon-
tinuous convex integral functions (see Example 2.5 for notation).

Proposition 9.32 Let (12,7, 1) be a measure space, let (H, (- | -),) be a real
Hilbert space, and let p € Iy(H). Suppose that H = L?((£2,F, p); H) and that
one of the following holds:

(i) u(R2) < +00.
(ii) ¢ > (0) = 0.

Set
f: H = ]—o00,+]
RN /Q%’(w(W))u(dw), if pox€ L' ((2,F, p);R); (9.28)
+009, otherwise.

Then f € I'o(H).

Proof. We first observe that, since ¢ is lower semicontinuous, it is measurable,
and so is therefore ¢ o x for every & € H. Let us now show that f € I'H(H).

(i): By Theorem 9.19, there exists a continuous affine function ¢: H -+ R
such that ¢ > 9, say ¢ = (- | u)y +n for some u € H and 1 € R. Let us set
u: 2 — H: w u. Then u € H since [, [Ju(w)||[fu(dw) = |Julfu(2) < +oo.
Moreover, for every x € H, o ox > 1 o x and

/Q@b(x(w))u(dw) = /Q ((w) [ u)y pldw) +nu(w) = (z [ u) +np(w) € R.
(9.29)
Thus, Proposition 8.22 asserts that f is well defined and convex, with dom f =
{zeH|poxe L*((2,F,1);R)}. It also follows from (9.28) and (9.29) that

(o € dom ) fa) = [ (¢ =) alw))ulde) + (& | ) +u). (030
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Now takez € domy and set z: 2 —+ H: w — z. Then z € H and f(z |poz|du =
lo(z)|p(2) < +oo. Hence, ¢ o 2z € LY((£2,F,u);R). This shows that f is
proper. Next, to show that f is lower semicontinuous, let us fix £ € R and
a sequence (Zn)nen in lev<e f that converges to some x € H. In view of
Lemma 1.24, it suffices to show that f(z) < &. Since ||zn(-) — z(-)|ln — 0
in L2((£2,F, u); R), there exists a subsequence (zx, Jnen such that z, (w) LI
x(w) for p-almost every w € 2 [3, Theorem 2.5.1 & Theorem 2.5.3]. Now
set ¢ = (p—¢) oz and (Vn € N) ¢, = (¢ — ) o &y, . Since ¢ — 1 is lower
semicontinuous, we have

H(w) = (9 — ) (#(w)) < lim(p — ) (2, @) = lm G (w) p-ae. on 2.
(9.31)
On the other hand, since inf,en ¢, > 0, Fatou’s lemma [3, Lemma 1.6.8]
yields [, lim ¢pdp < lim [, ¢ndp. Hence, we derive from (9.30) and (9.31)
that

flz) = , ddp + (x| u) +nu(£2)
< /Q lim g + (| ) + npa(82)

< h_m/ Gndp + lim (zy,,

_hm/ poxk,)

= lim f(z,)
<¢. (9.32)

u) +nu($2)

(ii): Since (8.16) holds with o = 0, it follows from Proposition 8.22 that
f is a well-defined convex function. In addition, since ¢(0) = 0, (9.28) yields
f(0) = 0. Thus, f is proper. Finally, to prove that f is lower semicontinuous,
we follow the same procedure as above with ¢ = 0. o

Example 9.33 (Boltzmann—Shannon entropy) Let ({2,F, 1) be a finite
measure space and suppose that H = L?(£2,F, u) (see Example 2.6). Using
the convention 01n(0) = 0, set

f: H— ]—oo, +oo]
RN /Q(x(w)ln(z(w)) —z(w))p(dw), if >0 prae on 2; (9.33)
+0o0, otherwise.

Then f € I'H(H). In particular, this is true in the following cases:

(i) Entropy of a random variable: H = L%(£2,F,P), where (£2,F,P) is a
probability space (see Example 2.8), and
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f: H —]—o00,+0]

v JEG () - X), it X >0 as.; (9.34)

400, otherwise.
(ii) Discrete entropy: H = RY and

I H — ]—oo +o0]

In( if i . > 0; 9.35

ka n(&k) — &k, 1 in &k = 0; (9:35)

k=1
400, otherwise.

(&r)1<k<n

Proof. Denote by ¢ the function defined in (9.27). Then Example 9.29 asserts
that ¢ € IH(R). First, take x € H such that « > 0 p-a.e., and set C =
{wen|0<z(w) <1} and D = {we 2 | 2(w) > 1}. Since, for every £ €
Ry, (&) = [€In(&) — €] < 1po,1((&) + 211 400(§), We have

/|s0 )| p(de) /}w ) |p(dw) /|s0 ) |n(dw)
+ [ fote)Putcs

< p(2) + []?
< 400, (9.36)

and therefore ¢ oz € L'((£2,F,p);R). Now take z € H and set A =
{we 2| z(w)>0} and B={we 2| z(w) <0}. Then

| etanta) = [ pa)uan) + [ pa)nd)
_ /Qx(w)(ln(x(w)) — Du(dw), if x>0 p-a.e. on §2;
+00, otherwise
= f(a). (9.37)

Altogether, it follows from Proposition 9.32(i) with H = R that f € I'ty(H).
(i): Special case when p is a probability measure.
(ii): Special case when 2 = {1,..., N}, F = 2 and p is the counting
measure, i.e., for every C' € 2 14(C) is the cardinality of C. O



Exercises 141

Exercises

Exercise 9.1 Let f: H — ]—00, +00] be lower semicontinuous and midpoint
conver in the sense that

(9.38)

2

(Vx € dom f)(Vy € dom f) f(x+y> < f(x);‘f(y)

Show that f is convex.

Exercise 9.2 Let f: H — ]—00, +00] be midpoint convex. Show that f need
not be convex.

Exercise 9.3 Provide a family of continuous linear functions the supremum
of which is neither continuous nor linear.

Exercise 9.4 Let f € I'h(H). Show that RNran f is convex, and provide an
example in which ran f is not convex.

Exercise 9.5 Provide an example of a convex function f: H — [—o0, +00]
such that ran f = {—00,0, +00}. Compare with Proposition 9.6.

Exercise 9.6 Set C = {C CH } C' is nonempty, closed, and convex} and
set

—o0, ifxz e

i (9.39)
400, otherwise.

WVCel) YTo:H— [—oo,+oo]::c»—>{

Prove that € — {f € I'(H) | —oo € f(H)}: C = T¢ is a bijection.

Exercise 9.7 Let f: H — |—00, +00] be convex. Show that f is continuous
if and only if it is lower semicontinuous and cont f = dom f.

Exercise 9.8 Let f: H — |—o00, +00] be convex and set o = inf f(#). Prove
the following statements:

(i) fel'(H) & (V§ € p,+00o]) levee f =leve f.
(ii) cont f = dom f < (V€ € |u, +00]) levee f = intlev<e f.
(iii) f is continuous < (V€ € Ju, +00[) lev=e f = bdrylev<, f.

Exercise 9.9 Let (ey)nen be a sequence in H, let (wy)nen be a sequence in
R4, and let (p,)nen be a sequence in [1,400[. Set f: H — |—o0, +00] : © +—
> nenwn (| en)["". Show that f € Io(H).

Exercise 9.10 Use Proposition 8.12(ii) and Proposition 9.28 to verify Ex-
ample 9.29 and Example 9.30.






Chapter 10
Convex Functions: Variants

In this chapter we present variants of the notion of convexity for functions.
The most important are the weaker notion of quasiconvexity, and the stronger
notions of uniform and strong convexity.

10.1 Between Linearity and Convexity

Definition 10.1 A function f: H — [—o0, +0o0] is

(1) positively homogeneous it (Vo € H)(VA € Ri4) f(Az) = Af(z);
(ii) subadditive if (Va € dom f)(Vy € dom f) f(x+y) < f(z) + f(y);
(iii) sublinear if it is positively homogeneous and subadditive.

The proofs of the following results are left as Exercise 10.1 and Exer-
cise 10.2, respectively.

Proposition 10.2 Let f: H — [—oo,+00]. Then f is positively homoge-
neous if and only if epi f is a cone; in this case, dom f is also a cone.

Proposition 10.3 Let f: H — [—00,+0] be positively homogeneous. Then
[ is sublinear if and only if it is convew.

Clearly, linearity implies sublinearity, which in turn implies convexity.
However, as we now illustrate, neither implication is reversible.

Example 10.4 Suppose that H # {0}. Then the following hold:

(i) || - || is sublinear, but not linear.
(ii) || - ||* is convex, but not sublinear.
H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory 143
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10.2 Uniform and Strong Convexity

We introduce more restrictive versions of strict convexity.

Definition 10.5 Let f: H — ]—o0,+0o0] be proper. Then f is uniformly
conver with modulus ¢: Ry — [0, +00] if ¢ is increasing, ¢ vanishes only at
0, and

(Vx € dom f)(Vy € dom f)(Va € ]0,1])
flaz+ (1= a)y) +a(l —a)o(llz —yl)) < af(@) + (1 —a)f(y). (10.1)
If (10.1) holds with ¢ = (3/2)] - |? for some B € Ry, then f is strongly

conver with constant 8. Now let C' be a nonempty subset of dom f. Then f
is uniformly convex on C' if

(Vz e C)(Vy € C)(Va € ]0,1])
flaz+ (1 = a)y) +a(l —a)é(lz —yll) < af(z)+(1—a)f(y). (10.2)
Clearly, strong convexity implies uniformly convexity, uniformly convex-
ity implies strict convexity, and strict convexity implies convexity. In the

exercises, we provide examples that show that none of these implications is
reversible.

Proposition 10.6 Let f: H — |—o00,400] be proper and let § € Ry . Then
f is strongly convex with constant B if and only if f — (8/2)| - ||? is convez.

Proof. A direct consequence of Corollary 2.14. O

Example 10.7 Suppose that H # {0}. Then the following hold:

(i) || - || is sublinear, but not strictly (hence not uniformly) convex.
(ii) ||-]|? is strongly convex with constant 2, but not positively homogeneous.

Example 10.8 Let ¢: Ry — R, be increasing and let C' be a nonempty
bounded convex subset of H. Set

llll
fTH=R:z— o(t) dt. (10.3)
0

Then f is uniformly convex on C' [260, Theorem 4.1(ii)]. In particular, taking
p €]1,+o0[ and ¢: t 5 ptP~L, we obtain that || - [|P + t¢ is uniformly convex.

Definition 10.9 Let f: H — ]—o00,+0o0] be proper and convex. The ezact
modulus of convezity of f is
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@ R+ — [07 +OO]

. inf af(z)+ (1 —a)f(y) —f(a:ch(lfa)y).

zedom f, yedom f, Oé(l — a)
le—yll=t, a€]0,1]

(10.4)

Proposition 10.10 Let f: H — ]—o0, +00| be proper and convez, with exact
modulus of convexity ¢. Then ¢(0) =0,

(Vt € Ry)(¥y € [L,+00]) o) > 720(1), (10.5)
and ¢ is increasing.

Proof. Tt is clear that ¢(R;) C [0,+00], that ©(0) = 0, that (10.5) holds
when ¢ = 0 or v = 1, and that (10.5) implies that ¢ is increasing. To show
(10.5), we fix t € Ryt and «y € |1, 4+o00[ such that ¢(vt) < +o0, and we verify
that

p(t) > 77o(t). (10.6)

We consider two cases.
(a) v € ]1,2[: Fix ¢ € Ry4. Since ¢(yt) < +00, there exist € dom f,
y € dom f, and o € ]0,1/2] such that ||z — y|| = vt and

af(x)+ (1 -a)f(y) - flax+ (1 - a)y)
a(l —a) '

p(1t) + &> (10.7)

Now set z,, = az+(1—a)y, 6 = 1/7v,and z5 = dz+(1—-9)y. Then ||zs—y|| =,
ya €10, 1], and zq = yazs + (1 — ya)y. We derive from (10.4) that

fzs) < 0f(x) + (1 =06)f(y) — (1 = d)p(1t) (10.8)

and that

f(za) <vaf(zs) + (1 —va) f(y) — ya(l —ya)e(t). (10.9)

Furthermore, (10.7) is equivalent to

f(za) > af(z) + (1 =) f(y) —a(l —a)p(yt) —ea(l —a).  (10.10)
Combining (10.8)—(10.10), we deduce that

ev(1—a)

. 10.11
1 —va ( )

Ye(t) < e(vt) +

However, since a € ]0,1/2] and v € |1, 2], we have (1—a)/(1—ya) < 1/(2—7).
Thus, v2p(t) < p(yt) +ev/(2 —7) and, letting € | 0, we obtain (10.6).

(b) v € [2,+00[: We write v as a product of finitely many factors in |1, 2|

and invoke (a) repeatedly to obtain (10.6). O
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Corollary 10.11 Let f: H — |—o0,+0o0] be proper and convex, with exact
modulus of convexity p. Then f is uniformly convex if and only if @ vanishes
only at 0; in this case, f is uniformly convex with modulus .

Proof. Suppose that f is uniformly convex with modulus ¢. Then

(Vz € dom f)(Vy € dom f)(Va € ]0,1])

_af(e) + (1 - a)f(y) ~ fox + (1 - a)y)
- a(l —a)

ol =yl (10.12)

and hence ¢ < . Since ¢ vanishes only at 0, so does ¢, since Proposi-
tion 10.10 asserts that ¢(0) = 0. Conversely, if ¢ vanishes only at 0, then
Proposition 10.10 implies that f is uniformly convex with modulus ¢. a

Proposition 10.12 Let f: H — ]—o0, +00] be proper and convez, with exact
modulus of convezity ¢, and set

d}: RJr — [O,—FOO]

t o= sf@) +5f W) - f(52 + 3v). (10.13)

inf
zedom f, yedom f
le—yll=t

Then the following hold:

(i) 2¢ < o < 4.
(ii) f 4s uniformly convez if and only if 1 vanishes only at 0.

Proof. (i): Let t € Ry. Since ¢(0) = 1(0) = 0, we assume that dom f is not a
singleton and that ¢t > 0. Take o € |0, 1/2] and two points xg and yo in dom f
such that ||zg — yo|| =t (if no such points exist then ¢(t) = ¥ (t) = +oc0 and
hence (i) holds at ¢). By convexity and (10.13),
fazo + (1= a)yo) = f(2a(50 + 530) + (1 — 2a)yo)

< 2af (320 + 330) + (1 — 2a) f(30)

< 2a(5f(w0) + 5./ (o) — ¢ (llwo = yol)) + (1 — 20) f (o)

< af(wo) + (1—a)f(yo) — 2a(l —a)b().  (10.14)
Hence, Definition 10.9 yields 2¢(t) < ¢(¢). On the other hand,

1 1 (i, L
QD(t)S £ 2f($)+2f(y> f(2x+2y)

in
zedom f,yedom f
lz—yll=t

=4y(t).  (10.15)

=

Altogether, (i) is verified.
(ii): In view of (i), ¢ and @ vanish at the same points. Hence (ii) follows
from Corollary 10.11. O
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Proposition 10.13 Let g: H — Ry be uniformly convex, with exact modu-
lus of convezity p, and let p € [1,4+00[. Then gP is uniformly convez, and its
exact modulus of convexity x satisfies

X =27 min {p2' P, 1 — 277}t (10.16)

Proof. Let t € Ry, let x € dom g? = domg = H, and let y € H. We assume
that ¢ > 0 and that ||z —y|| = t. Now set o = Sg(z)+29(y), B = g(3z+ 3y),
and v = ¢(t)/4. Since Corollary 10.11 asserts that ¢ is uniformly convex with
modulus ¢, we have

a>a—pF>v>0. (10.17)

If B < /2, then 8P < 4P27P and aP > ~P, so that of — P > ~AP(1 — 27P).
On the other hand, if 8 > 7/2, the mean value theorem yields a? — 5P >
pBP~Ha—B) > p(v/2)P~ 1y = p21~P4P. Altogether, we always have a? — 3P >
AP min{p2' =P, 1 — 27P}. Thus, since | - |P is convex by Example 8.21,
1 1 1 1 1 1 1 1
59" (@) + 39" () — 6" (37 + 59) > (39(2) + 39(»))" — ¢" (52 + 3v)
> 272 P (¢)min {p2' 77,1 — 27P}. (10.18)
Hence, (10.16) follows from Proposition 10.12(i). O

Example 10.14 Let p € [2,+00[. Then || - ||P is uniformly convex.

Proof. By Example 10.7(ii), || - || is strongly convex with constant 2, hence
uniformly convex with modulus |- |2. Since p/2 € [1, +o0|, Proposition 10.13
implies that || - ||P = (|| - ||?)?/? is uniformly convex. O

Proposition 10.15 Let f: H — |—o0, +0o0] be proper and convez, and let C
be a nonempty compact convexr subset of dom f such that f is strictly convex
on C and f|c is continuous. Then f is uniformly convex on C.

Proof. Set g = [ + tc, define ¢ for g as in (10.13), and take ¢ € R such
that 1(t) = 0. Then there exist sequences (2, )nen and (yp )nen in domg = C
such that ||, — y,|| =t and

1 1 1 1
59(@n) + 59(yn) — 9(5%n + 5n) — 0. (10.19)

Invoking the compactness of C' and after passing to subsequences if necessary,
we assume that there exist z € C and y € C such that x,, — z and y,, —

y. Hence ||z — y|| = t, and since glc = f|c is continuous, (10.19) yields
19(z) + 39(y) = g(3z + 3y). In turn, the strict convexity of g forces z = y,
i.e., t = 0. Thus, the result follows from Proposition 10.12(ii). O

Corollary 10.16 Suppose that H is finite-dimensional, let f: H — R be
strictly convex, and let C' be a nonempty bounded closed convex subset of H.
Then f is uniformly convex on C.
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Proof. Combine Corollary 8.31 and Proposition 10.15. O

The following example illustrates the importance of the hypotheses in
Proposition 10.15 and Corollary 10.16.

Example 10.17 Suppose that H = R? and set

0, if £=n=0;
2
frH —]—00,+00] : (£,1) = gg+ﬁ,ifg>0mmn>o; (10.20)
400, otherwise.

Furthermore, fix p € Ry and set C = B(0;p) Ndom f. Then f is strictly
convex, C' is a nonempty bounded convex subset of dom f, f is strictly convex
on C, and f|¢ is lower semicontinuous. However, f is not uniformly convex
on C.

Proof. Set g = f + 1. We verify here only the lack of uniform convexity of g

since the other properties follow from those established in [219, p. 253]. For

every n € 10, p[, if we set z,, = (\/p®> —n2,n), then ||z,|| = p, 2, € C, and
ag(zy) + (1 = a)g(0) — g(az, + (1 — a)0) 9

(Vo €]0,1[) o) =7 (10.21)

Denoting the exact modulus of convexity of g by ¢, we deduce that 0 <
©(p) < inf,ejo,,(n* = 0. Hence ¢(p) = 0, and in view of Corollary 10.11, we
conclude that ¢ is not uniformly convex. a

10.3 Quasiconvexity

Definition 10.18 Let f: H — [—00,400]. Then f is quasiconver if its lower
level sets (lev<e f)eer are convex.

Example 10.19 Let f: H — [—00, +0o0] be convex. Then f is quasiconvex.
Proof. A direct consequence of Corollary 8.5. ad

Example 10.20 Let f: R — [—o00,400] be increasing or decreasing. Then
f is quasiconvex.

Example 10.21 Let f: H — [—00, +00] be quasiconvex and let 7 € R. Then
min{ f,n} is quasiconvex.

Proof. Set g = min{f,n} and let { € R. If £ > 7, then lev<¢ g = H is convex.
On the other hand, if { < n, then lev<¢ g = lev<¢ f is also convex. a
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Proposition 10.22 Let (f;)ier be a family of quasiconvex functions from H
to [—00,+00]. Then sup;c; fi is quasiconver.

Proof. Let £ € R. Then lev<e sup,c; fi = (,c;lev<e fi is convex as an inter-
section of convex sets. O

Proposition 10.23 Let f: H — |—o00,+0o0] be quasiconver. Then the fol-
lowing are equivalent:

(i) f is weakly sequentially lower semicontinuous.
(ii) f is sequentially lower semicontinuous.
(ili) f is lower semicontinuous.
(iv) f is weakly lower semicontinuous.

Proof. Since the sets (lev<e f)¢cr are convex, the equivalences follow from
Lemma 1.24, Lemma 1.35, and Theorem 3.32. o

The following proposition is clear from Definition 10.18.
Proposition 10.24 Let f: H — [—o0o,40c]. Then f is quasiconvex if and
only if
(Vz € dom f)(Vy € dom f)(Va € ]0,1[)
flaz+ (1 - a)y) < max {f(z), /(4)}. (10.22)

We now turn our attention to strict versions of quasiconvexity suggested
by (10.22).

Definition 10.25 Let f: H — ]—o00, +00] be proper. Then f is

(i) strictly quasiconvez if

(Vz € dom f)(Vy € dom f)(Va €]0,1])
v#y = flor+(1-a)y) <max{f(x),f(y)}; (10.23)

(ii) uniformly quasiconver with modulus ¢: Ry — [0, +00] if ¢ is increasing,
¢ vanishes only at 0, and

(Vz € dom f)(Vy € dom f)(Va € ]0,1])
flaz + (1 —a)y) +a(l —a)é([lz —yl) < max {f(z), f(y)}. (10.24)

Remark 10.26 Each type of quasiconvexity in Definition 10.25 is implied
by its convex counterpart, and uniform quasiconvexity implies strict quasi-
convexity. As examples in the remainder of this chapter show, these notions
are all distinct.

Example 10.27 Let f: R — ]—00, 00| be proper, and strictly increasing
or strictly decreasing on dom f. Then it follows from (10.23) that f is strictly
quasiconvex.
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Example 10.28 Let f: H — R and let ¢: ran f — R be increasing. Then
the following hold:

(i) Suppose that f is strictly quasiconvex and that ¢ is strictly increasing.
Then ¢ o f is strictly quasiconvex.
(ii) Suppose that ¢ o f is strictly convex. Then f is strictly quasiconvex.

Proof. Assume that = and y are distinct points in H = dom f = dom(¢ o f),
and let av € ]0,1].
(i): In view of (10.23), f(ax + (1 — a)y) < max{f(x), f(y)}. Therefore

(0 flaz+ (1 - a)y) = 6(f(az + (1 - a)y))
< g(max{f(x), f(y)})
— max{(¢ 0 f)(x), (6 0 ()} (10.25)

(ii): We derive from (8.3) that

¢(flax+ (1 —a)y)) = (9o f)(az+ (1 - a)y)
<a(po f)(z)+ (1 —a)(¢o f)y)
< max{(¢ o f)(z),(¢0 f)(y)}
= ¢(max{f(x), f(y)})- (10.26)

Hence, f(az + (1 — a)y) < max{f(z), f(y)})- O
Example 10.29 Let p € Ry;. Then the following hold:

(i) || - ||? is strictly quasiconvex.
(ii) Suppose that H # {0} and that p < 1. Then || - ||P is not convex and
not uniformly quasiconvex.

Proof. (i): Take f = || - ||* (which is strictly quasiconvex by Example 8.8) and
¢: Ry — R: t > tP/2 in Example 10.28(i).

(ii): Let z € H be such that ||z|| = 1. If we set © = z and y = 0, and let
a €]0,1], then (8.1) turns into the false inequality o < «. Thus, by Propo-
sition 8.4, f is not convex. Now assume that || - ||? is uniformly quasiconvex
with modulus ¢, let ¢ € Ry, and let s € Jt,4o0[. Setting z = (s — t)z,
y=(s+1t)z, and o = 1/2, we estimate

2 < (s = 0211 s+ 0217} = |35 = 02+ 35 + )]

=(s+1t)F —sP. (10.27)
Letting s 1T 400, we deduce that ¢(2t) = 0, which is impossible. O

Example 10.30 Suppose that H = R and set f: H — R: x — vz, where
v € Ry;. Then f is convex, not strictly convex, but uniformly quasiconvex
with modulus ¢: t — vt.
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Proof. Take x and y in R such that x < y, and take « € ]0, 1[. Since f(ax +
(I1-a)y) =af(x)+(1—a)f(y), [ is convex but not strictly so. The uniform
quasiconvexity follows from the identity f(az+ (1 —a)y) =vy+av(xz—y) =
max{f(x), f(y)} — avlx —y| < max{f(z), f(y)} —a(l — )|z —yl|. O

Exercises

Exercise 10.1 Prove Proposition 10.2.
Exercise 10.2 Prove Proposition 10.3.

Exercise 10.3 Let f: H — [—00,400]. Show that f is sublinear if and only
if epi f is a convex cone.

Exercise 10.4 Check Example 10.7.

Exercise 10.5 Suppose that H # {0} and let p € ]1,2[. Show that || - ||? is
not uniformly convex.

Exercise 10.6 Show that
&8+ &) + ll=)?

if 0;
FrRxH = =00, +00] : (€,2) > & >0
400, otherwise,
(10.28)
is strongly convex.
Exercise 10.7 Suppose that # = R and set f = | - |*. Show that f is not

strongly convex. Determine the function ¢ defined in (10.13) explicitly and
conclude from the same result that f is uniformly convex.

Exercise 10.8 Use Exercise 8.9 to show that the function ¢ defined in
(10.13) is increasing.

Exercise 10.9 Let f € IH(R), and let C' be a nonempty bounded closed
interval in dom f such that f is strictly convex on C'. Show that f is uniformly
convex on C.

Exercise 10.10 Show that none of the following functions from Ip(R) is
uniformly convex:

(i) The negative Boltzmann—Shannon entropy function (Example 9.29).
1 if 0;

(i) z v { /0 2>
400, ifx <0.

(iii) The negative Burg entropy function (Example 9.30(viii)).
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Exercise 10.11 Set

2 if x<0;
FIROR:zm -0 TS (10.29)
z, if x>0.
Show that f is not convex but that it is uniformly quasiconvex.
Exercise 10.12 Suppose that H # {0} and set
FoH Rz (10.30)
]l +1

Show that f is not convex, not uniformly quasiconvex, but strictly quasicon-
Vex.

Exercise 10.13 Set

f: R—]—00,+00]
n+1

T 1
-, if (4 N 1[; 10.31
o LTt L M EneN sehnrll (05
400, if z<0.

Then f is not convex, not uniformly quasiconvex, but strictly quasiconvex.

Exercise 10.14 Show that the sum of a quasiconvex function and a convex
function may not be quasiconvex.

Exercise 10.15 Let K be areal Hilbert space and let F': HxK — |—00, +00]
be quasiconvex. Show that the marginal function f: H — [—o0,+00]: z —
inf F(z, K) is quasiconvex.

Exercise 10.16 Suppose that H # {0}. Provide a function that is convex,
but not strictly quasiconvex.

Exercise 10.17 Show that the converse of Example 10.28(ii) is false by pro-
viding a function f: R — R, that is strictly quasiconvex, but such that f2
is not strictly convex.

Exercise 10.18 Let f € I'h(H) and let « € dom f. The recession function
of f is defined by

(Vy e H) (recf)(y) = lim flw+ay) = f(sc)

a——+00 «

(10.32)

Prove the following;:

(i) For every y € H, the limit in (10.32) exists and is independent of x.
(i) (Vy € H) (vec f)(y) = supaer, , (f (@ + ay) — f(2))/c.
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(iii) (Vy € H) (rec f)(y) = Sup,cqom ¢ (f (2 +y) — f(2)).

(iv) epirec f = recepi f.

(v) rec f is proper, lower semicontinuous, and sublinear.
)

(vi) Suppose that inf f(H) > —oco. Then (Vy € H) (rec f)(y) > 0.






Chapter 11
Convex Variational Problems

Convex optimization is one of the main areas of application of convex analysis.
This chapter deals with the issues of existence and uniqueness in minimization
problems, and investigates properties of minimizing sequences.

11.1 Infima and Suprema

Proposition 11.1 Let f: H — [—o0,+0o0] and let C' be a nonempty subset
of H. Then the following hold:

(i) Suppose that f is lower semicontinuous. Then sup f(C) = sup f(C).
(i) Suppose that f is convex. Then sup f(conv C) = sup f(C).
(iii) Let u € H. Then sup (conv C' | u) = sup (C' | u) and inf (conv C' | u) =
inf (C'| u).
(iv) Suppose that f € I'hy(H), that C is convex, and that dom f Nint C # &.
Then inf f(C) = inf f(C).

Proof. (i): Since C' C C, we have sup f(C) < sup f(C). Now take x € C.
Then there exists a sequence (z,,)nen in C such that x, — x. Thus f(z) <
lim f(z,) < sup f(C), and we conclude that sup f(C) < sup f(C).

(ii): Since C' C convC, we have sup f(C) < sup f(convC). Now take
x € convC, say x = ), ; a;x;, where (;)ier is a finite family in |0, 1] that
satisfies D, ; a; = 1, and where (7;);cs is a finite family in C. Then, since
f is convex, Corollary 8.10 yields f(z) = f(ziel aix,;) <D eraif(z) <
> icr isup f(C) = sup f(C). Therefore, sup f(conv C) < sup f(C).

(iii): This follows from (i) and (ii), since (- | u) and — (- | u) are continuous
and convex.

(iv): It is clear that inf f(C) < inf f(C). Now take o € C, 21 € dom f N
int C, and set (Vo € 10,1[) zo = (1 — @)z + ax1. Using Proposition 9.14 and
Proposition 3.35, we deduce that f(zg) = limayo f(za) > inf f(C). Therefore,
inf f(C) > inf f(C). O
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Example 11.2 Let C be a nonempty subset of H. Then the support function
o¢ is a sublinear function in I'h(H), o¢ = 0w ¢, and dom o = barconv C'.
If C is bounded, then o¢ is real-valued and continuous on H.

Proof. Definition 7.8 implies that o¢(0) = 0 and that o¢ is the supre-
mum of the family of (continuous, hence) lower semicontinuous and (linear,
hence) convex functions ((x | -))zec. Therefore, o¢ is lower semicontinuous
and convex by Proposition 9.3. On the other hand, it is clear from Defi-
nition 7.8 that o¢ is positively homogeneous. Altogether, oo is sublinear.
Furthermore, Proposition 11.1(iii) (alternatively, Proposition 7.11) implies
that 0¢ = 0zmvc and hence that domoe = barconv C by (6.39). If C' is
bounded, then barconv C' = H by Proposition 6.48(iii), and the continuity
of o¢ is a consequence of Corollary 8.30(ii). O

11.2 Minimizers

Definition 11.3 Let f: H — |—o0, +00] be proper, and let « € H. Then x is
a minimizer of f if f(x) = inf f(H), i.e. (see Section 1.5), f(z) = min f(H) €
R. The set of minimizers of f is denoted by Argmin f. Now let C' be a subset
of H such that C Ndom f # @. A minimizer of f over C is a minimizer of
f + tc. The set of minimizers of f over C is denoted by Argmin, f. If there
exists p € Ry such that x is a minimizer of f over B(x;p), then x is a local
minimizer of f.

The following result underlines the fundamental importance of convexity
in minimization problems.

Proposition 11.4 Let f: H — |—o0, +00] be proper and convex. Then every
local minimizer of f is a minimizer.

Proof. Take x € H and p € Ryy such that f(z) = min f(B(z;p)). Fix
y € dom f~\ B(x;p), and set « =1 —p/||lxz —y|| and z = ax + (1 — a)y. Then
a €10,1] and z € B(z; p). In view of the convexity of f, we deduce that

f@) < f(z) = flaz+ (1 - a)y) < af(@)+ (1 -a)f(y) (11.1)
Therefore f(x) < f(y). O

Proposition 11.5 Let f: H — ]—oo,+0o0] be proper and convez, and let
C be a subset of H. Suppose that x is a minimizer of f over C' such that
x €int C. Then x is a minimizer of f.

Proof. There exists p € Ryt such that B(xz;p) C C. Therefore, f(z) =
inf f(B(z; p)), and the conclusion follows from Proposition 11.4. O
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Proposition 11.6 Let f: H — |—o00, +00] be proper and quasiconvex. Then
Argmin f is convex.

Proof. This follows from Definition 10.18. ad

11.3 Uniqueness of Minimizers

Proposition 11.7 Let f: H — ]—o0,+o0] be quasiconver and let C' be a
conver subset of H such that CNdom f # &. Suppose that one of the following
holds:

(i) [+ o is strictly quasiconve.
(ii) f 4s convex, C' N Argmin f = &, and C is strictly convex, i.e.,

Ve eO)WyeC) z#y = “"T“’ € int C. (11.2)

Then f has at most one minimizer over C.

Proof. We assume that C'is not a singleton. Set p = inf f(C') and suppose that
there exist two distinct points 2 and y in CNdom f such that f(z) = f(y) = p.
Since z and y lie in the convex set CNlev<,, f, so does z = (z+y)/2. Therefore
f(z) = p.

(i): Tt follows from the strict quasiconvexity of f + tc that p = f(z) <
max{ f(z), f(y)} = p, which is impossible.

(ii): We have z € int C and f(z) = inf f(C). Since f is convex, it follows
from Proposition 11.5 that f(z) = inf f(#H). Therefore, z € CNArgmin f = &,
which is absurd. O

Corollary 11.8 Let f: H — |—o0,+0o0] be proper and strictly convex. Then
f has at most one minimizer.

Proof. Since f is strictly quasiconvex, the result follows from Proposi-
tion 11.7(i) with C = H. O

11.4 Existence of Minimizers

Theorem 11.9 Let f: H — |—o00,400] be lower semicontinuous and quasi-
convex, and let C' be a closed convex subset of H such that, for some € € R,
C Nlev<e f is nonempty and bounded. Then f has a minimizer over C'.

Proof. Since f is lower semicontinuous and quasiconvex, it follows from Propo-
sition 10.23 that f is weakly lower semicontinuous. On the other hand, since
C and lev<¢ f are closed and convex, the set D = C' Nlev<¢ f is closed and
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convex, and, by assumption, bounded. Thus, D is nonempty and weakly com-
pact by Theorem 3.33. Consequently, since minimizing f over C' is equivalent
to minimizing f over D, the claim follows from Lemma 2.23 and Theorem 1.28
in Hweak, O

Definition 11.10 Let f: H — [—o00,4+o0]. Then f is coercive if

() = +oo, (11.3)

im
llzll =00

and supercoercive if

1@ _ o, (11.4)

leli—+oo flz]
By convention, f is coercive and supercoercive if H = {0}.

Proposition 11.11 Let f: H — [—o0,+00]. Then [ is coercive if and only
if its lower level sets (lev<e f)ecr are bounded.

Proof. Suppose that, for some { € R, lev<¢ f is unbounded. Then we can
find a sequence (z,)nen in lev<e f such that ||z,] — 4+00. As a result, f is
not coercive. Conversely, suppose that the lower level sets of f are bounded
and take a sequence (z,)nen in H such that ||x,| — +o0o0. Then, for every
& e Ryy, wecan find N € N such that inf, > n f(2,) > £ Therefore f(z,) —
~+00. o

Proposition 11.12 Suppose that H is finite-dimensional and let f € T'o(H).
Then f is coercive if and only if there exists & € R such that lev<¢ f is
nonempty and bounded.

Proof. If f is coercive, then all level sets (lev<¢ f)eer are bounded by Propo-
sition 11.11. Now suppose that lev<¢ f is nonempty and bounded, and take
x € lev<¢ f. It is clear that all lower level sets at a lower height are bounded.
Take 7 € ¢, +00[ and suppose that lev<, f is unbounded. By Corollary 6.51,
reclev<, f # {0}. Take y € reclev<, f. Since x € lev<, f, it follows that
(VA € Ryy) 2+ Ay € leve, f. For every A\ € |1,+oo[, we have x +y =
(1-=A"YHz+A"Y(z+\y) and hence f(z+y) < (1-A"1) f(2)+ X1 f(z+Ay) <
(1= A"1 f(z) + A1y, which implies that A(f(z +y) — f(z)) <n— f(z) and,
in turn, that f(z+y) < f(x) < & We conclude that z+recleve,, f Clev<e f,
which is impossible, since lev<¢ f is bounded and reclev<, f is unbounded.
Therefore, all lower level sets (lev<,, f),er are bounded and Proposition 11.11
implies that f is coercive. a

Proposition 11.13 Let f be in I'h(H), and let g: H — |—o00, +00] be super-
coercive. Then f + g is supercoercive.

Proof. According to Theorem 9.19, f is minorized by a continuous affine
functional, say = +— (x| u) + 7, where uw € H and n € R. Thus, (Vz € H)
f(@) +g(x) = (x| u) +n+g(x) = [zl [[ull + 1 + g(z). We conclude that
(f(@) +g(@))/llzll = =llull + (n + g(2))/llz]| = +oo as |lz]| = +oc. u
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Proposition 11.14 Let f € I'hy(H) and let C be a closed convex subset of H
such that C Ndom f # @. Suppose that one of the following holds:

(i) f is coercive.
(ii) C is bounded.

Then f has a minimizer over C.

Proof. Since C Ndom f # &, there exists x € dom f such that D = C' N
lev< ¢z f is nonempty, closed, and convex. Moreover, D is bounded since
C or, by Proposition 11.11, lev< ¢, f is. The result therefore follows from
Theorem 11.9. o

Corollary 11.15 Let f and g be in Ity(H). Suppose that dom fNdom g # &
and that one of the following holds:

(i) f is supercoercive.
(ii) f is coercive and g is bounded below.

Then f + g is coercive and it has a minimizer over H. If f or g is strictly
convex, then f + g has exactly one minimizer over H.

Proof. 1t follows from Corollary 9.4 that f + g € I(H). Hence, in view of
Proposition 11.14(i), it suffices to show that f + ¢ is coercive in both cases.
The uniqueness of the minimizer assertion will then follow from Corollary 11.8
by observing that f 4+ ¢ is strictly convex.

(i): By Proposition 11.13, f + g is supercoercive, hence coercive.

(ii): Set pu = infg(H) > —oo. Then (f + g)(x) > f(z) + p — +oo as
llz|| = +oc by coercivity of f. O

Corollary 11.16 Let f € IH(H) be strongly convex. Then [ is supercoercive
and it has exactly one minimizer over H.

Proof. Set ¢ = (1/2)| - ||*. By Proposition 10.6, there exists 8 € R such
that f— B¢ is convex. Hence, f = 8¢+ (f —B¢q) is the sum of the supercoercive
function Bq and f — Bq € I'h(H). Therefore, f is supercoercive by Proposi-
tion 11.13. In view of Corollary 11.15, f has exactly one minimizer. O

Proposition 11.17 (asymptotic center) Let (z,)nen be a bounded se-
quence in H, let C' be a nonempty closed conver subset of H, let T: C' — C
be nonexpansive, and set f: H — R: x +— lim ||z — z,||%>. Then the following
hold:

(i) f is strongly convex with constant 2.
(ii) f 4s supercoercive.
(iil) f + o is strongly convex and supercoercive; its unique minimizer, de-
noted by zc, is called the asymptotic center of (z,)nen relative to C.
(iv) Suppose that z € H and that z, — z. Then (Vo € H) f(x) = ||z —2||* +
f(z) and zc = Poz.
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(v) Suppose that (zp)nen is Fejér monotone with respect to C. Then
Pczn — 2C.
(vi) Suppose that (Vn € N) zp41 = Tz,. Then z¢ € FixT.
(vii) Suppose that z, — Tz, — 0. Then z¢ € FixT.

Proof. (i): Let © € H, let y € H, and let a € ]0,1[. Corollary 2.14 yields
(VneN) laz + (1 - a)y — z)* = allz — zu[I” + (1 — @)lly — 2l — (1 -
a)l|z — y||>. Now take the limit superior.

(i1)&(iii): By (i), f is strongly convex with constant 2, as is f + ¢c. Hence,
the claim follows from Corollary 11.16.

(iv): Let z € H. Then (Vn €N) |lz — 2,2 = |lz — 2] + ||z — 2al® +
2(z — 2| 2 — z,). Consequently, f(z) = lim ||z — 2, = ||z — 2>+ f(2), and
thus Poz minimizes f + tc. Thus (iii) implies that Poz = z¢.

(v): By Proposition 5.7, § = lim Pz, is well defined. For every n € N and
every y € C, [T—2ull < 7 — Poznll + I Pzn — zall < 17— Pozall + Iy — 2l
Hence, lim ||§ — z,|| < infyec lim ||y — z,,|| and 7 is thus a minimizer of f+c.
By (iii), 7 = c.

(vi): Observe that z¢ € C and that Tzc € C. For every n € N, [|[Tz¢ —
Znt1ll = |[Tze =Tz < ||z —2zn||. Thus, taking the limit superior, we obtain
(f +wc)(Tzc) < (f +wo)(zc)- By (iii), Tz¢ = zc.

(vii): For every n € N, ||Tzc — zn|| < [Tz — Tzl + | T2n — 20|l < ||z —
Znll + T2, — zn||. Hence lim ||[T2c — 2,|| < lim||z¢ — 2|, and thus (f +
10)(Tze) < (f +1e)(2c). Again by (iil), Tzc = zc. O
Corollary 11.18 Let C' be a nonempty closed convex subset of H and let
T:C — C be nonexpansive. For every zy € C, set (Vn € N) z,11 = Tz,.
Then the following are equivalent:

(i) FixT # @.

(if) For every zg € C, (zn)nen is bounded.
(iil) For some zg € C, (2n)nen 48 bounded.

Proof. (i)=-(ii): Combine Example 5.3 with Proposition 5.4(i).
(ii)=-(iii): Clear.
(iii)=(i): This follows from Proposition 11.17(vi). O

11.5 Minimizing Sequences

Minimizing sequences were introduced in Definition 1.8. In this section we
investigate some of their properties.

Proposition 11.19 Let f: H — |—o00,+00] be a coercive proper function.
Then every minimizing sequence of f is bounded.

Proof. This follows at once from Definition 1.8 and Proposition 11.11. O
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Proposition 11.20 Let f: H — |—o00,+00] be a proper lower semicontinu-
ous quasiconvez function and let (x,)nen be a minimizing sequence of f that
converges weakly to some point © € H. Then f(x) = inf f(H).

Proof. Tt follows from Proposition 10.23 that f is weakly sequentially lower
semicontinuous. Hence inf f(H) < f(z) < lim f(z,) = inf f(H). O

Remark 11.21 Let f € I'h(H) and let (z,)nen be a sequence in dom f.

(i) Suppose that (x,)nen converges strongly to a minimizer x of f and
that X = R or z € intdom f. Then (x,)nen is a minimizing sequence
of f. Indeed, it follows from Corollary 9.15 in the former case, and from
Corollary 8.30 in the latter, that f(z,) — f(z).

(ii) Suppose that (z,)nen converges strongly to a minimizer z of f. Then
(zn)nen may not be a minimizing sequence of f, even if H is the Eu-
clidean plane (see the construction in the proof of Example 9.27).

(iii) Suppose that #H is infinite-dimensional and that (z,),en converges
weakly to a minimizer  of f. Then (z,)nen may not be a minimiz-
ing sequence of f, even if z € intdom f. For instance, suppose that
(Zn)nen is an orthonormal sequence in H and set f = || - ||. Then, as
seen in Example 2.25, 2,, =0 and f(0) = 0 = inf f(H), while f(z,) = 1.

The next examples illustrate various behaviors of minimizing sequences.

Example 11.22 Suppose that 2 € H~{0}, and set f = 1|_, , and (Vn € N)
x, = (—=1)"x. Then (x,)nen is a bounded minimizing sequence for f that is
not weakly convergent.

Example 11.23 Suppose that #H is separable. Let (wg)ren be a sequence in
Ry such that wi — 0, let (2)ken be an orthonormal basis of H, and set

fiH =00, 4otz > wi|(m | @) (11.5)
keN

Then f is real-valued, continuous, and strictly convex, and 0 is its unique
minimizer. However, [ is not coercive. Moreover, (z,)nen 1S a minimizing
sequence of f that converges weakly but not strongly.

Proof. Note that f vanishes only at 0. Moreover, by Parseval, (Vo € H) ||z]|? =
> ken (2| z))? > f(z)/ supgenwi. Hence, f is real-valued. Furthermore,
since the functions (wy, |(- | zx)|*)ren are positive, convex, and continuous, it
follows from Corollary 9.4 that f is convex and lower semicontinuous. Thus,
Corollary 8.30(ii) implies that f is continuous.

To show that f is strictly convex, take x and y in H such that x # y, and fix
a €]0,1[. Then there exists m € N such that /oy, (x| ) # \/Om (Y | Tm).
Since | - |? is strictly convex (Example 8.8), we get

wan [(ax + (1= @)y | @m)[* < awm (@ | 2)* + (1= @)wm [(y | z0)[* (11.6)
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and, for every k € N\ {m},

wil{az + (1= a)y | )| < awe [(@ | a)|* + (1= @)wi [y | 2)*. (11.7)
Thus, f(az+(1-a)y) < af(x)+(1—a)f(y OWbet (Vn e N) yp, = 2/ \/wn.
Then ||y,| = 1/y/wn — 400, but f(yn) . Therefore, f is not coercive.

)-
Finally, f(x,) = w, — 0 = f(0) = inf f(H) and by Example 2.25, 2, =0
but x, 4 0. O

&2

Fig. 11.1 Graph of the function in Example 11.24.

Example 11.24 Suppose that H = R2. This example provides a coercive
function f € I'p(H) with a unique minimizer T for which alternating mini-
mizations produce a convergent sequence that is not a minimizing sequence
and the limit of which is not Z. Suppose that H = R? and set (see Figure 11.1)

fr H = ]-o00,+]
(§1,82) = max{26; — £2,28 — &1} + g2 (§1,62)
26 =&, & 2>286>0; (11.8)
=026 —&, if & >& >0;
400, otherwise.
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It is clear that f is lower semicontinuous and convex as the sum of two
such functions, and that it is coercive. Moreover, [ admits T = (0,0) as
its unique minimizer and inf f(#) = 0. Given an initial point z¢p € Ry X
R, 4+, we define iteratively an alternating minimization sequence (2, )nen as
follows: at iteration n, x, = (£1,n,&2,,) is known and we construct x,+1 =
(&1,n+1,&2,n+1) by first letting &; 5,1 be the minimizer of f(-,&3,,) over R and
then letting &5 5,1 be the minimizer of f(&1 n41,-) over R. In view of (11.8),
for every integer n > 1, we obtain x,, = (§o,2,&0,2) # T and f(z,) = o2 #

inf f(H).

We now provide weak and strong convergence conditions for minimizing
sequences.

Proposition 11.25 Let f: H — ]—o0,+00] be proper, lower semicontinu-
ous, and quasiconver, and let (Tn)nen be a minimizing sequence of f. Sup-
pose that there exists & € inf f(H), +oo[ such that C' = lev<e f is bounded.
Then the following hold:

(i) The sequence (xy)nen has a weak sequential cluster point and every such
point is a minimizer of f.

(i) Suppose that [ + o is strictly quasiconvex. Then f possesses a unique
minimizer x and T, — x.

(iii) Suppose that f+ic is uniformly quasiconvexr. Then f possesses a unique
minimizer x and x,, — T.

Proof. Without loss of generality, we assume that (x,),en lies entirely in the
bounded closed convex set C.

(i): The existence of a weak sequential cluster point is guaranteed by
Lemma 2.37. The second assertion follows from Proposition 11.20.

(ii): Uniqueness follows from Proposition 11.7(i). In turn, the second as-
sertion follows from (i) and Lemma 2.38.

(iii): Since f+t¢ is strictly quasiconvex, we derive from (ii) that f possesses
a unique minimizer x € C. Now fix a € |0,1[ and let ¢ be the modulus of
quasiconvexity of f + tc. Then it follows from (10.24) that, for every n € N,

f(@) +a(l = a)¢([zn — zf]) = inf f(H) + a(l — a)é([lzn —2|)

< flazn + (1= a)2)) + a(l — a)g(||zn — )
< max{f(zn), f(x)}

= f(zn). (11.9)
Consequently, since f(z,) — f(x), we obtain ¢(||a,, — z||) = 0 and, in turn,
|z, — 2| — 0. O

Corollary 11.26 Let f € I'y(H) be coercive and let (z,,)nen be a minimizing
sequence of f. Then the following hold:

(i) The sequence (xy)nen has a weak sequential cluster point and every such
point is a minimizer of f.



164 11 Convex Variational Problems

(ii) Suppose that f is strictly convex. Then [ possesses a unique minimizer
T and X, — T.

(iii) Suppose that f is uniformly convex on every nonempty bounded subset
of dom f. Then f possesses a unique minimizer x and T, — x.

Another instance of strong convergence of minimizing sequences in convex
variational problems is the following.

Proposition 11.27 Let f € Iy(H) and let C be a bounded closed convex
subset of H such that C Ndom f # @. Suppose that C N Argmin f = &
and that C is uniformly convex, i.e., there exists an increasing function
¢: [0,diam C] — R that vanishes only at 0 such that

(Va € O)(¥y € C) B(“T“’;qs(nx—yn)) co, (11.10)

and let (xy)nen be a minimizing sequence of f+tc. Then f admits a unique
minimizer x over C' and x,, — x.

Proof. We assume that C' is not a singleton. The existence of x follows from
Proposition 11.14(ii) and its uniqueness from Proposition 11.7(ii). In turn,
we deduce from Proposition 11.25(i) and Lemma 2.38 that x,, —x. Moreover,
since C'N Argmin f = &, it follows from Proposition 11.5 that x € bdry C.
Hence, since (11.10) asserts that int C' # @&, we derive from Corollary 7.6(i)
that z is a support point of C. Denote by u an associated normal vector such
that [Jul| = 1. Now let n € N and set z, = (z,, + 2)/2 + ¢(||z,, — x||)u. Then
it follows from (11.10) that z, € C and from (7.1) that (x, —x | u) /2 +
6(2n — 2l)) = {20 — 7 | u) < 0. Hence, ¢(|zn — 2l)) < (z— 7 | u) /2= 0
and therefore z,, — z. O

Exercises

Exercise 11.1 Provide a function f € Ip(H) and a nonempty set C' C
int dom f such that inf f(C) < inf f(C'). Compare with Proposition 11.1(iv).

Exercise 11.2 Provide a function f € Ij(H) and a nonempty convex
set ¢ C dom f such that inf f(C') < inf f(C). Compare with Proposi-
tion 11.1(iv).

Exercise 11.3 Provide a convex function f: H — R and a nonempty convex
set C' C H such that inf f(C) < inf f(C'). Compare with Proposition 11.1(iv).

Exercise 11.4 Show that Proposition 11.4 is false if f is merely quasiconvex.

Exercise 11.5 Find a function f: H — |—o00,+0o0] that is proper and con-
vex, a set C' C ‘H, and a minimizer z of f over C such that z € bdry C' and
Argmin(f + tc) N Argmin f = @. Compare with Proposition 11.5.
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Exercise 11.6 Find a convex function f: H — |—o0, +00] and a convex set
C C H such that CNdom f # @, C N Argmin f = @, and f has at least two
minimizers over C. Compare with Proposition 11.7(ii).

Exercise 11.7 Let C' be a convex subset of H. Show that C' is strictly convex
if and only if (Vz € C)(Vy € C) z # y = Jz,y[ CintC.

Exercise 11.8 Let f: H — |—00, +00] be a proper lower semicontinuous co-
ercive quasiconvex function. Without using Theorem 11.9, derive from Propo-
sition 3.18 and Proposition 11.11 that f has a minimizer.

Exercise 11.9 Show that the conclusion of Proposition 11.12 is false if f is
not lower semicontinuous, even when H = R2.

Exercise 11.10 Show that the conclusion of Proposition 11.12 is false if H
is infinite-dimensional.

Exercise 11.11 Show that Proposition 11.13 is false if “supercoercive” is
replaced by “coercive,” even if g € I'h(H).

Exercise 11.12 Provide an alternative proof for Theorem 4.19 using Corol-
lary 11.18.

Exercise 11.13 In Example 11.23, suppose that (2, )nen is an orthonormal
sequence that is not an orthonormal basis. What is Argmin f? Is f strictly
convex?

Exercise 11.14 Let f € I'h(H) be bounded below, let 5 € Ry, let y €
dom f, let p € ]1,+o0[, and set o = f(y) — inf f(#H). Prove that there exists
2 € H such that ||z — y|| < 3 and

(VzeH) f(z)+ %uz —yllP < f(a) + %Hz — ylP. (11.11)

Exercise 11.15 Find a function f € I'H(H) such that Argmin f is a singleton
and such that f admits an unbounded minimizing sequence.

Exercise 11.16 Show that B(0;p) is unlformly convex and that (11.10)

holds with ¢: [0,2p] — Ry:t— p—+/p? — (t/2)2.






Chapter 12
Infimal Convolution

This chapter is devoted to a fundamental convexity-preserving operation for
functions: the infimal convolution. Its properties are investigated, with special
emphasis on the Moreau envelope, which is obtained by convolving a function
with the halved squared norm.

12.1 Definition and Basic Facts

Definition 12.1 Let f and g be functions from H to |—o0, +00]. The infimal
convolution (or epi-sum) of f and g is

fBg: H = [-00,+oc] : &+ inf (f) +g(z—y)), (12.1)

and it is ezact at a point x € H if (fOg)(z) = mingey f(y) + g(z —y), ie.
(see Definition 1.7),

By eH) (fOg)(z) = f(y) +g(z —y) € |-00,+a]; (12.2)

fOg is exact if it is exact at every point of its domain, in which case it is
denoted by fg.

Example 12.2 Let C be asubset of . Then it follows from (1.39) and (1.45)
that do = 1o O] - ||. Moreover, Remark 3.9(i) asserts that, if C' is nonempty
and open, this infimal convolution is never exact on H ~ C, though always
real-valued.

Example 12.3 Let C' and D be nonempty subsets of H. Then tcOtp =
LC+D-

Example 12.4 Let f: H — ]—o0,+oc0] and let y € H. Then t(y O f =7, f.
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Definition 12.5 Let f: H — |—00, 00| and let w € H. Then f possesses a
continuous affine minorant with slope w if f — (- | u) is bounded below.

Proposition 12.6 Let f, g, and h be functions from H to ]—oo, 4+00|. Then
the following hold:

(i) Suppose that [ and g possess continuous affine minorants with slope
u € H. Then fOg possesses a continuous affine minorant with slope u
and —oo ¢ (fOg)(H).

(ii) dom(fOg) = dom f + dom g.

(ili) fOg=gOf.
(iv) Suppose that f, g, and h possess continuous affine minorants with the
same slope. Then fO(gOh) = (fOg)0h.

Proof. (i): By assumption, there exist n € R and p € R such that f > (- | u)+n
and g > (- | u) + p. Now fix z € H. Then, for every y € H, f(y) +g(z —y) >
(x| w) +n+ p and, therefore, fOg > (- | u) +n+ p > —o0.

(ii)&(iii): Observe that (12.1) can be rewritten as

fOg: H— [—o0,+00]: x— inf  f(u)+ g(v). (12.3)
(u,v)EHXH
utv=x

(iv): It follows from (i) that gOh and fOg are functions from H to
]—00, +00]. Therefore, the infimal convolutions fO(gOh) and (fOg)Oh are
well defined. Furthermore, using (12.3), we obtain

(Ve € H) (fO(gOh))(z) = (th)ierngX% (f(u) 4+ g(v) + h(w))
utvt+w=x
= ((fl:lg)Dh)(x), (12.4)
as desired. O

Example 12.7 Set f: R - R: £ +— £ and g = —f. Then fOg = —oo. This
shows that Proposition 12.6(i) fails if the assumption on the minorants is not
satisfied.

Proposition 12.8 Let f and g be functions from H to |—oc, +00]. Then the
following hold:

(i) epi f +epig C epi(fDg).
(ii) Suppose that fOg = fEg. Then epi(fOg) =epi f +epig.

Proof. (i): Take (z,£) € epi f and (y,n) € epig. Then (12.3) yields
(fOg)(x+y) < f(z) +9(y) <&+ (12.5)

Therefore (x + 1y, + 1) € epi(fOg).
(ii): Take (x,&) € epi(fOg). In view of (i), it suffices to show that (z,¢) €
epi f +epi g. By assumption, there exists y € H such that (fOg)(x) = f(y)+
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gz — y) < & Therefore (x — y,& — f(y)) € epig and, in twn, (z,§) =
(W, f() + (x —y,§ = f(y)) €epif +epig. O

A central example of infimal convolution is obtained by using a power of
the norm.

Proposition 12.9 Let f: H — ]—o0, +00] be proper, let p € [1,4+00], and
set

1
= — . ||P
(7 €Rer) 0= 10(=[-IF7). (12.6)
Then the following hold for every v € Ry and every x € H:

(i) domg, = H.
Take p € |7y, +oo[. Then inf f(H) < gu(z) < gy(z) < f(x).

(i)
(ili) inf g, (H) = inf f(H).
@) 0.(2) L 00 11

i
i
(V) gy is bounded above on every ball in H.

Proof. Let x € H and v € Ry .

(i): By Proposition 12.6(ii), dom g, = dom f +dom(||-||”/(yp)) = dom f +
H="=H.

(ii): It is clear that g,(z) < g4(z). On the other hand,

it 1) < o) = it £+ o —oll?) < fl@). (12)

(ii)=(iii): Clear.

(iv): Let y € H. Then, for every u € Ry, gu(x) < f(y) + (up) "tz — y||?
and therefore lim+4 o0 g, (z) < f(y). Appealing to (ii) and taking the infimum
over y € H, we obtain

inf f(H) < lim g,(z) < Tim g,(z) < inf f(H). (12.8)
ph+o0 fr oo

(v): Fix z € dom f and p € Ry ,. Then
(Vy € B(z:p))  94(y) < f(2)+ ly = =IIP/(3p)

< f)+ 277 (ly — 2l” + llo = 217) /(p) - (12.9)
< f(2)+ 27 (o + e — 2]17) / (vp)

< +o00, (12.10)
where (12.9) follows either from the triangle inequality or from (8.15), de-
pending on whether p=1or p > 1. O
Remark 12.10 In (12.6), we may have g, = —o0, even if f is real-valued. For

instance, suppose that  is infinite-dimensional and let f be a discontinuous
linear functional (see Example 2.20 for a construction and Example 8.33 for
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properties). Since, for every p € R4, f is unbounded below on B(0; p), there
exists a sequence (Yn)nen in H such that y, — 0 and f(y,) — —oo. Thus,
for every x € H, gy(z) < f(yn) + (p) '@ — yn? = —o00. We conclude that
gy = —00.

12.2 Infimal Convolution of Convex Functions

Proposition 12.11 Let f and g be convex functions from H to |—oo, +o0].
Then fOg is convew.

Proof. Take F': H x H — |—o0,4+00] : (z,y) — f(y) + g(x — y) in Proposi-
tion 8.26. m]

Corollary 12.12 Let C be a convex subset of H. Then d¢ is conver.

Proof. As seen in Example 12.2, de = 1o O] - ||. Since ¢ and || - || are convex
(see Example 8.3 and Example 8.7), so is dc by Proposition 12.11. O

The following examples show that the infimal convolution of two functions
in IH(H) need not be exact or lower semicontinuous.

Example 12.13 Set f: R — |]—00,4+00] : & — 1/x if x > 0; 400 otherwise,
and set g = fV. Then the following hold:

(i) f € I[H(R) and g € IH(R).
(ii) fOg =0 and fOg is nowhere exact.
(iii) Set ¢ = 1 and ¥ = tp, where C = epi f and D = epig. It follows from
(i) that C and D are nonempty closed convex subsets of R?. Therefore
@ and 9 are in IH(R?). However, C' + D is the open upper half-plane in
R? and thus ¢ = (o p is not lower semicontinuous.

We now present conditions under which the infimal convolution of two
functions in IH(H) is exact and in IH(H) (see also Proposition 15.7).

Proposition 12.14 Let f and g be in IH(H), and suppose that one of the
following holds:

(i) f 1is supercoercive.
(ii) f is coercive and g is bounded below.

Then fOg= fQOg € Iy(H).

Proof. By Proposition 12.6(ii), dom fO0g = dom f + domg # &. Now let
x € dom fOg. Then dom f Ndomg(z — -) # @ and hence Corollary 11.15
implies that f + g(x — -) has a minimizer over H. Thus, (Vx € dom(fOg))
(fO0¢)(z) = mingey f(y) + g(x — y) € R. Therefore, fOg = fOg and fOg
is proper. In view of Proposition 12.11 and Theorem 9.1, to complete the
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proof it suffices to show that f g is sequentially lower semicontinuous. To
this end, let € H and let (z,,)nen be a sequence in H such that x,, — x.
We need to show that

(f0g)(z) < lim(fOg)(zn). (12.11)

After passing to a subsequence and relabeling, we assume that the sequence
(D) (@n))nen converges, say (f0g)(wn) — 1 € [~00,+00]. Let (yn)nex
be a sequence in H such that (Vn € N) (fO¢g)(xn) = f(yn) + 9(xn — yn). We
claim that

(Yn)nen is bounded. (12.12)

Assume that (12.12) is false. After passing to a subsequence and relabeling,
we obtain 0 # [|y,|| — +o0o. We now show that a contradiction ensues from
each hypothesis.

(i): By Theorem 9.19, g possesses a continuous affine minorant, say (- | u)+
7, where u € H and n € R. Using the supercoercivity of f, we get

+00 >
«~ (fOg)(xn)
= f(yn) + 9(Tn — yn)
> f(yn) + (@n —yn [ uw) +1

> ||yn||(ﬂ(yi’]|) - ||u||) T ) 4

— 400, (12.13)

which is impossible.

(ii): Since f is coercive, we have f(y,) — +oo. Hence, g(x, — yn) — —o0
since f(yn) + g(xn — yn) = 1 < +00. However, this is impossible since g is
bounded below.

Hence, (12.12) holds in both cases. After passing to a subsequence and
relabeling, we assume that (y,)nen converges weakly to some point y € H.
Then ), —y, —2—y and thus g = im(fOg)(z,) = Um f(yn) +g(zn —yn) >
lim f(yn) +1lim g(zn — yn) = f(y) + g(x —y) = (fOg)(x). Therefore, (12.11)
is verified and the proof is complete. O

The next proposition examines the properties of the infimal convolution
of a convex function with a power of the norm.

Proposition 12.15 Let f € IH(H), let v € Ry, and let p € |1,4+o00[. Then
the infimal convolution

fm( ): H — |00, +00] : = Hyig{ <f(y)+ ;—p||x—y||p> (12.14)

1
=1
P
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is convex, real-valued, continuous, and exact. Moreover, for every x € H, the
infimum in (12.14) is uniquely attained.

Proof. Let us define g, as in (12.6). We observe that (yp)~!|| - || is super-
coercive and, by Example 8.21, strictly convex. Proposition 12.14(i) implies
that g is proper, lower semicontinuous, convex, and exact. Combining this,
Proposition 12.9(v), and Corollary 8.30(i), we obtain that g, is real-valued
and continuous. The statement concerning the unique minimizer follows from
Corollary 11.15(1). O

In the next two sections, we examine the cases p =1 and p = 2 in (12.14)
in more detail.

12.3 Pasch—Hausdorff Envelope

Definition 12.16 Let f: H — |—o00,+oc] and let 8 € Ry. The B-Pasch—-
Hausdorff envelope of fis fO (8] - ).

Observe that the Pasch-Hausdorff envelope enjoys all the properties listed
in Proposition 12.9.

Proposition 12.17 Let f: H — |—o0,400]| be proper, let § € Ry, and let
g be the B-Pasch—-Hausdorff envelope of f. Then exactly one of the following
holds:

(i) f possesses a [-Lipschitz continuous minorant, and g is the largest -
Lipschitz continuous minorant of f.
(ii) f possesses no [B-Lipschitz continuous minorant, and g = —oo.

Proof. We first note that Proposition 12.9(i) implies that
(Yz € H)(Vy €M) g(z) = inf (f(2) + Bllz - 2])
< Blle — yll + nf (£(=) + Blly - =1)

= Bllz —yll + g(y)
< +oo. (12.15)

(i): Suppose that f possesses a [3-Lipschitz continuous minorant h: H — R.
Then

(Vz e H)(Vy € H) h(z) < h(y) + Bllz -yl

<h
< f(y) + Bllz —yll. (12.16)
Taking the infimum over y € H, we obtain

(Ve e H) h(zx) <g(z). (12.17)
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Consequently, —oco ¢ g(H) and (12.15) implies that g is real-valued and (-
Lipschitz continuous. On the other hand, it follows from Proposition 12.9(ii)
that g < f.

(ii): Suppose that f possesses no 8-Lipschitz continuous minorant and that
g is real-valued at some point in H. We derive from (12.15) that g is every-
where real-valued and S-Lipschitz continuous. If 5 = 0, then g = inf f(H),
which contradicts the assumption that f has no 0-Lipschitz continuous mi-
norant. On the other hand, if 5 > 0, then Proposition 12.9(ii) implies that g
is a minorant of f, and we once again reach a contradiction. O

We deduce at once the following involution property from Proposi-
tion 12.17(i).

Corollary 12.18 Let f: H — R be B-Lipschitz continuous for some B €
Ryy. Then f is its own B-Pasch—Hausdorff envelope.

Corollary 12.19 Let C' be a nonempty subset of H and let h: C — R be
B—Lipschitz continuous for some 3 € Ry. Set

h(z), ifxeC;

] (12.18)
400, otherwise.

f:?-[—)]—oo,+oo]:x»—>{

Then fO(B| - |) is a f—Lipschitz continuous extension of h.

Proof. Set g = fO(B| - ||). Then, for every = € C,

9(z) = inf (f(y)+Bllz—yll) = in

inf (h(y)+Blle—yll) = h(z) > —oo. (12.19)

Hence, g Z —oo and Proposition 12.17 implies that g is the largest S-Lipschitz
continuous minorant of f. In particular, g|c < f|c = h. On the other hand,
(12.19) yields g|¢ > h. Altogether, g|c = h and the proof is complete. O

12.4 Moreau Envelope

The most important instance of (12.6) is obtained when p = 2.

Definition 12.20 Let f: H — |—o0,+o0] and let v € Ryy. The Moreau
envelope of f of parameter v is

= 1o (50 1P). (1220)

Example 12.21 Let C C H and let v € Ry . Then "o = (2) 'd2.
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Fig. 12.1 Graphs of f: z — |z| + 0.1]z|3 and of its Moreau envelope 1f.

As a special case of (12.6) with p > 1, the Moreau envelope inherits all the
properties recorded in Proposition 12.9 and Proposition 12.15. In addition,
it possesses specific properties that we now examine.

Proposition 12.22 Let f: H — |—o00, 400, v € Ry, and p € Ry 4. Then
the following hold:

(i) "(vf) =~ (")
(i) (1) = Oy

Proof. Fix x € H.
(i): We derive from (12.20) that

1
"G = (L) + e —al?) = (D@, a2z
(ii): Set & = p/ (11 + ¥). Then it follows from Corollary 2.14 that
1 1
@) = inf, (g, (76 + 5l =) + -1 - ol

it (s L ot (ol — 2l (1 elle — ul?
it (100 + g it (alle = ol + (1= )l = o) )
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:MQ@

yeEH

+ o inf (I~ (e + (- )7 + a1 - @)l — o) )

2ay zeH
=i ; 2
= it (10 + e - ul?)). o)
which yields 7 (*f)(x) = (v+u)f($). .

In the case p = 2, Proposition 12.15 motivates the following definition.

Definition 12.23 Let f € I'h)(H) and let € H. Then Prox; z is the unique
point in H that satisfies

(o) = i £+ glle ~ u1?) = F(Prosy o)+ gl - ProxyalP. (1229

The operator Proxs: H — H is the proximity operator—or proximal map-
ping—of f.

Remark 12.24 Let f € IH(H), v € Ryy, and © € H. Proposition 12.22(i)
with = 1 yields '(vf) = v(7f). Hence we derive from (12.23) that

1
f(x) = f(Proxyfz) + ZHI — Prox, sz (12.24)
Example 12.25 Let C' be a nonempty closed convex subset of . Then
Prox,., = Pc.

The next two results generalize (3.6) and Proposition 4.8, respectively.

Proposition 12.26 Let f € [\(H), and let x and p be in H. Then

p=Proxpz & (VyeH) (y—plez—p+flp)<fly). (12.25)

Proof. Let y € H. First, suppose that p = Prox;z and set (Va € ]0,1])
Pa = ay + (1 — a)p. Then, for every « € |0, 1[, (12.23) and the convexity of
f yield

F9) < fpa) + 3z = pal® = Sl — ol
2
<af(y) +(1-—a)f(p) —alz—ply—p) + %Hy—pHQ (12.26)

and hence (y —p |z —p) + f(p) < f(y) + (a/2)|ly — p||>. Letting o | 0,
we obtain the desired inequality. Conversely, suppose that (y —p | z — p) +

f(p) < f(y). Then certainly f(p) + (1/2)lz — pl* < f(y) + (1/2)z — p[* +
@=plp—y)+1/2)lp—yl* = f(y) + (1/2)|z - y||* and we conclude that
p = Proxy x. a
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Proposition 12.27 Let f € Iy(H). Then Proxs and Id — Proxy are firmly
nonerpansive.

Proof. Take x and y in H, and set p = Proxyx and ¢ = Prox;y. Then
Proposition 12.26 yields (¢ —p |z —p) + f(p) < f(¢) and (p—q|y—¢q) +
f(q) < f(p). Since p and ¢ lie in dom f, upon adding these two inequalities,
we get 0 < (p—q | (z —p) — (y — q)) and conclude via Proposition 4.2. O

Proposition 12.28 Let f € I)(H). Then
Fix Proxy = Argmin f. (12.27)

Proof. Let x € ‘H. Then it follows from Proposition 12.26 that + = Prox; x
e WeH) y—zle—2)+ flx) < fly) & (W e H) flz) < fly) &

x € Argmin f. O

It follows from Proposition 12.15 that the Moreau envelope of f € I'h(H) is
convex, real-valued, and continuous. The next result states that it is actually
Fréchet differentiable on H.

Proposition 12.29 Let f € Ih(H) and let v € Ryy. Then "f: H — R is
Fréchet differentiable on ‘H, and its gradient

V(Of)=~"1(1d — Prox,y) (12.28)
is v~ '-Lipschitz continuous.

Proof. Assume that x and y are distinct points in H, and set p = Prox, sz
and g = Prox,sy. Using (12.24) and Proposition 12.26, we obtain

fly) = f(x) = fl@) = f) + (ly = all® = llz = pl*) /(27)
(2(-plz—p) +lly—al* = llz —plI*)/(27)
(

(y

v

ly—a—z+pl*>+2(y—a|z-p)/(27)
—x|x—p)/y. (12.29)

vV

Likewise, "f(y)— "f(z) < (y —z | y — q) /7. Combining the last two inequal-
ities and using the firm nonexpansiveness of Prox; (Proposition 12.27), we
get

0<7f(y) = "flx) —(y—x|z—p)/y
<{y-z|ly—q) —(x—p)/y
<(lly = =lI> = llg = pI*) /7
< ly —z[*/~. (12.30)

Thus, limy—z ("f(y) — f(z) = (y— 2|y (z —p)))/lly — z/| = 0. Finally,
Lipschitz continuity follows from Proposition 12.27. O
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Corollary 12.30 Let C' be a nonempty closed convex subset of H. Then dZ,
is Fréchet differentiable on H and

Vd% = 2(1d — Pc). (12.31)

Proof. Apply Proposition 12.29 with f = tc and v = 1/2, and use Exam-
ple 12.21 and Example 12.25. m]

Proposition 12.31 Let K be a nonempty closed convexr cone in H, and set
q=(1/2)|-|*. Then V(qo Px) = V((1/2)d%c) = Pr.

Proof. Using Theorem 6.29(i) and Corollary 12.30, we obtain V(g o Px) =
V(qo(ld_PKe)):v((l/Q)d%{G):Id_PKe = Pg. (]

Proposition 12.32 Let f € I\(H) and let x € H. Then the net ("f(x))yer,
is decreasing and the following hold:

(i) "f(x) 1 f(z) as v 0.
(ii) "f(x) | inf f(H) as v T +oo.

Proof. In view of Proposition 12.9(ii)&(iv), we need to prove only (i). To
this end, set y = sup,cp,, "f(z). It follows from Proposition 12.9(ii) that
Tf(x) T p < f(x) as v | 0. Therefore, we assume that u < 400, and it is
enough to show that lim. o 7f(z) > f(x). We deduce from (12.24) that

1
(Vy eRyy) p > f(x) = f(Proxyrx)+ ng — Prox, pz||?.  (12.32)

Now set g = f + (1/2)||lz — -||>. Then (12.32) implies that (Vy € ]0,1[)
Prox, sz € lev<,, g. Since g is coercive by Corollary 11.15(i), we derive from
Proposition 11.11 that v = sup. ¢j 1 | Prox, s || < +00. On the other hand,
Theorem 9.19 asserts that there exist v € H and n € R such that f >
(- | w) +n. Therefore, (12.32) yields

1
(7 €10.1) 4> (Proxya [ )+ 1+ -l = Pros o
1
> —vlull + 1+ o = Pros, ol (12:33)
from which we deduce that

|z — Prox,s 2| < 2v(p+vlul|—n) =0 as ~l0. (12.34)

In turn, since f is lower semicontinuous,

1
lim 7f(z) = lim f(Prox, s z) + —||z — Prox. s z|?
imy (1) =l (Pros ) + 5l = Pros
> lim f(Prox, x)
740
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> f(a), (12.35)

which provides the desired inequality. O

12.5 Infimal Postcomposition

Definition 12.33 Let f: H — [—o0, +0o¢], let K be a real Hilbert space, and
let L: H — K. The infimal postcomposition of f by L is

LD f: K= [-o00,+00]: y — inff(L_l{y}) = mlél?f_[ f(x), (12.36)

Lz=y
and it is ezact at a point y € H if (LD f)(y) = minger-1gy) f(2), e,
(HzxeH) L=y and (LD f)(y) = f(x) € ]—00, +0]; (12.37)

LD fis exact if it is exact at every point of its domain, in which case it is
denoted by LB f.

Proposition 12.34 Let f: H — |—o00,+0o0| and let L: H — K, where K is
a real Hilbert space. Then the following hold:

(i) dom(L D> f) = L(dom f).

(ii) Suppose that f is convex and that L is affine. Then LD f is conver.

Proof. (i): Take y € K. Then y € dom(L P> f) & [(3z € H) f(x) < 400 and
Lz =y| < ye L(dom f).

(ii): The function F': K x H — [—00,+00] : (y,z) = f() + tgrar(z,y) is
convex and so is its marginal function L > f by Proposition 8.26. O

Proposition 12.35 Let [ and g be functions from H to |—oo, +o0] and set
L:HxH—H: (r,y)—x+y. Then fOg=LD> (fDg).

Proof. A direct consequence of Definition 12.1 and Definition 12.33. O

Exercises

Exercise 12.1 Let f: H — [~00, +-0c]. Determine f00 and fOtqgy.

Exercise 12.2 Let f and g be functions in I'h(#H). Show that the set
epi f + epig is closed if and only if fOg is lower semicontinuous and ex-
act on {z € H | (fOg)(z) > —oo}.

Exercise 12.3 Provide continuous and convex functions f and ¢ from R to
R such that epi f + epig is strictly contained in epi(fOg).
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Exercise 12.4 Let f, g, and h be functions in IH(#) such that fOg = fOh.
Show that it does not follow that g = h.

Exercise 12.5 Let K be a nonempty closed convex cone in H, let ¢: R — R
be an even convex function, and set f: H — R: z — ¢(||Pxx||). Show that
f is convex. Is this property still true if K is an arbitrary nonempty closed
convex set?

Exercise 12.6 Let f € I)(H), let vy € R4, let a € Ry, and let v € H.
(i) Set g = fV. Show that g = (7f)".
(ii) Set g = f + (2a) 7! - ||* and B = (ay)/(ar + 7). Show that

1

TS

(iii) Set g = f + (- | w). Show that g = (- | u) — (v/2)[[ull? + (- — 7).

Exercise 12.7 Compute the proximity operator and the Moreau envelope
f for f € I'H(R) in the following cases:

Q) F =],

(i) f =]

(iii) f = |+ | (see Figure 12.1).
Exercise 12.8 Let f € Iy(H), and set fo = oy and (Vn €N) fr11 =
fO frn. Show that

(VneN~{0}) fn= nf(g) (12.39)
Exercise 12.9 Let 5 € Ry ;. Show that the g-Pasch—Hausdorff envelope of
a convex function from H to |—oo, +-00] is convex. In addition, find a function

from H to |—oo, +00] that has a nonconvex [-Pasch-Hausdorff envelope.

Exercise 12.10 Let f: H — ]—o00,+00], and let g: H — R be upper semi-
continuous. Show that

fog = fog, (12.40)
where f is the lower semicontinuous envelope of f defined in (1.42).

Exercise 12.11 Let A € B(H) be self-adjoint, strictly positive, and surjec-
tive, set ga: H — R: x — % (x| Az), and let b € 7. Show that

(Ve € H) qa(z)—(z|b) =qa(A7'0)—(A7'b | b)+qa(z— A"'b). (12.41)
Deduce that the unique minimizer of the function g4 — (- |b) is A7b, at
which point the value is —ga(A™'b) = —ga-1(b).

Exercise 12.12 Let A and B be self-adjoint, strictly positive, surjective
operators in B(#) such that A+ B is surjective, and set g4: = — % (z | Az).
Show that

gallgp = qa-14p-1)-1. (1242)
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Exercise 12.13 Forally € Handa € Ry, set ¢y o: H — ]—00,4+00] : &
slle=(z — y)||? if @ > 0; and gy,a = tgy} if = 0. Let y and z be in H, and
let o and 8 be in R. Show that

Qy,aDQZ,B = qerZ,\/m. (1243)

Exercise 12.14 Let f and g be functions from #H to |—oo, +00]. Define the
strict epigraph of f by

epio f={(z,§) e H xR | f(z) <&} (12.44)
Show that epi_ f +epi_ g =-epi_(fDOg).

Exercise 12.15 Let f: H — |—o0,+0o0], let K be a real Hilbert space, let
L: H — K, and use the same notation as in (12.44). Show that epi_(L D> f) =

(L x Id)(epi. f).



Chapter 13
Conjugation

In classical analysis, functional transforms make it possible to investigate
problems from a different perspective and sometimes simplify their analysis.
In convex analysis, the most suitable notion of a transform is the Legendre
transform, which maps a function to its (Fenchel) conjugate. This transform
is studied in detail in this chapter. In particular, it is shown that the conjugate
of an infimal convolution is the sum of the conjugates. The key result of this
chapter is the Fenchel-Moreau theorem, which states that the proper convex
lower semicontinuous functions are precisely those functions that coincide
with their biconjugates.

13.1 Definition and Examples

Definition 13.1 Let f: H — [—o0, +00]. The conjugate (or Legendre trans-
form, or Legendre—Fenchel transform, or Fenchel conjugate) of f is

[ H = [—oo,+00] s u su?[_)[ ((:17 | u) — f(:z?))7 (13.1)

e
and the biconjugate of fis f** = (f*)*.

Let us illustrate Definition 13.1 through a variety of examples (see also
Figure 13.1).

Example 13.2 These examples concern the case H = R.

(i) Let p € J1, +-00] and set p* = p/(p—1). Then ((1/p)|-[?)* = (1/p*)| 7"

1/z, if x> 0;
+o0, if x <0.

(ii)Letf:xH{
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gra f

gra (- | u)

Y
X

Fig. 13.1 f*(u) is the supremum of the signed vertical difference between the graph of f

and that of the continuous linear functional (- | u).

—2v/—u, if u<O0;

400, if u>0.

Thenf*:u»—){

—In(z), if = > 0;
+o0, if z<0.

(iii) Let f: x — {

—In(—u)—1, if u<0;
+o0, if uw>0.

Then f*: u— {

(iv) cosh™: u — warcsinh(u) — vu? + 1.

uln(u) —u, if u> 0;
(v) exp*: u— <0, if u=0;
400, if u<0.

(vi)Letf:x»—>\/1+x2.Thenf*:U|—>{

Proof. Exercise 13.1.

V1 -2,

+00,

if Jul <1
if |u| > 1.
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Example 13.3 Below are some direct applications of (13.1).

(i) Let f = tc, where C' C H. Then (7.4) yields f* = o¢.
(ii) Let f = vk, where K is a nonempty cone in H. Then (i) yields f*

O — lkge.
(iii) Let f = vy, where V is a linear subspace of H. Then (ii) yields f* =
lye = LlyL.
(iv) Let f = tp(o;1)- Then (i) yields f* = op(o;) = sup <1 (x| ) =1 [
(v) Let f =1+ [I. Then f* = ¢p(0;1)-

Proof. (i)—(iv): Exercise 13.2.

(v): Let uw € H. If ||u]| < 1, then Cauchy—Schwarz yields 0 = (0 | u) —||0]| <
sup,ey (2 | w) — [|l2]]) < sup,eq (2[|([lu] = 1)) = 0. Therefore f*(u) = 0. On
the other hand, if [|ul| > 1, then sup, 4 ((z | u) —||z[]) > supyer, , ((Au | u)—
[Aull) = lull(Jull = 1) suprer, , A = +00. Altogether, f* = tp(0;)- O

Example 13.4 Let p: H — ]—00,400] be proper, let v € R4, and set
f=v+~vtq, where ¢ = (1/2)] - ||*. Then

[ =7q—"porld=~q— (¢0(y"'q)) o 11d. (13.2)
Proof. Let u € ‘H. Definition 12.20 yields
Fw) =~ inf (f(&) (@ | )
_0 2 . i o 2
= Jul® = int, () + -l = ul?)
v
= 2l ~ o (ru), (13.3)

which provides (13.2). O

Example 13.5 Let C be a nonempty subset of H and let f = 1o + || - [|%/2.
Then f* = (|| - || - d,)/2.

Proof. Set ¢ = 1c and v =1 in Example 13.4. a
Example 13.6 Set f = (1/2)| - ||>. Then f* = f.

Proof. Set C'=H in Example 13.5. O
Example 13.7 Let ¢: R — |—00, +00] be even. Then (¢o||-[|)* = ¢* o] -|.

Proof. It H = {0}, then (¢ o |- ]])*(0) = —¢(0) = (¢* o || - ||)(0). Now assume
that H # {0}. Then, for every u € H,

(@oll-1)*(u) = sup sup ({pz|u)—¢(llpxl))
peRy flol=1

= sup (p||u|| - (/5(,0))

PER
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= sup (p]lull — ¢(p))
pER
= ¢*([lul), (13.4)
as required. O

Example 13.8 Let ¢: H — |—00,+0o0] and let f be its perspective function,
defined in (8.18). Then f* = 1o, where C' = {(v,u) € R x H | v + ¢*(u) < 0}.

Proof. Let v € R and u € H. It follows from (8.18) that

Fra) = s (sup &0+ (o) - €plo/e))

Ry, \z€EH

— sup §<u + sup (/€ | u) — ¢($/§)>

SER 4
= sup £(v+ " ()
EER 4
0 if *(u) <0;
_ 0 et <0 (13.5)
400, otherwise,
which completes the proof. a

13.2 Basic Properties

Let us first record some immediate consequences of Definition 13.1.

Proposition 13.9 Let f: H — [—o0o,+0o0]. Then the following hold:
(i) f*(0) = —inf f(H).

(ii) —0 € f*(H) & f=+0 & f* = —o0.
(iii) Suppose that f* is proper. Then f is proper.
(iv) Let w € H. Then

frlw= sw ((z|u)~fl@)= sup ({z]u)-¢).
rz€dom f (z,6)€epi f
(V) Im= Lgraf('afl) = LZpif('vfl)‘
Proposition 13.10 Let f: H — [—o00, +00]. Then the following hold:
(i) Let (u,v) € H x R. Then (u,v) € epi f* & (- |u) —v < f.
(il) f* = 400 if and only if f possesses no continuous affine minorant.

(iii) Suppose that dom f* # &. Then [ is bounded below on every bounded
subset of H.
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Proof. (i): (u,v) €epif* & f*(u) <ve VreH) (x|u) — f(z) <wv.

(ii): By (i), there is a bijection between the points of the epigraph of f*
and the continuous affine minorants of f, and epi f* = @ & f* = 4o0.

(iii): By (ii), if dom f* # &, then f possesses a continuous affine minorant,
say (- |u) 4+ v. Now let C' be a bounded set in H and let 3 = sup,cc ||z]|.
Then, by Cauchy-Schwarz, (Vx € C) f(x) > (z |u) + v > —|| ||ul| + v >

—Bllul| —v > —oc. O
Proposition 13.11 Let f: H — [—o0,+00]. Then f* € I'(H).

Proof. We assume that f # +oo. By Proposition 13.9(iv), f* is the supremum
of the lower semicontinuous convex functions ((z | -)—¢) (2.6)cepi f* The result

therefore follows from Proposition 9.3. o

Example 13.12 Let ¢: H — |—o0, +00] be proper and let v € Ry ;. Then,
by Proposition 13.11, (v/2)| - || — Y () is lower semicontinuous and con-
vex as a conjugate function (see Example 13.4). Likewise, it follows from
Example 13.5 that, for every nonempty subset C' of H, || - ||* — d% € Iy (H).

Proposition 13.13 (Fenchel-Young inequality) Let f: H — |—o00, +o0]
be proper. Then

VeeH)VueH) flz)+ f(u)>(z|u). (13.6)

Proof. Fix x and u in H. Since f is proper, it follows from Proposition 13.9(ii)
that —oo ¢ f*(H). Thus, if f(x) = 400, the inequality trivially holds. On
the other hand, if f(x) < +oo, then (13.1) yields f*(u) > (x| u) — f(x) and
the inequality follows. ad

Proposition 13.14 Let f and g be functions from H to [—oo,+00]. Then
the following hold:

(i) f<f.
(11)f<g:‘[f*zg* and f** < g™ ]
(iv) (f)* =

Proof. (i) and (ii): Direct consequences of (13.1).

(iii): Tt follows from (i) and (ii) that f*** > f*. On the other hand, (i)
applied to f* yields f*** < f*.

(iv): It follows from Proposition 13.11 and Definition 9.7 that f** < f < f.
Hence, by (iii) and (ii), f* = f*** > (f)* > f* O

Example 13.15 Set f: R — R: 2 — —|z|. Then f = —oc and f* = 4o0.
Proposition 13.16 (self-conjugacy) Let f: H — [—o00,+0o0]. Then

f=r e =021 17 (13.7)
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Proof. Set ¢ = (1/2)| - ||*. Then the identity ¢* = ¢ is known from Ex-
ample 13.6. Conversely, if f = f*, then f is proper by virtue of Propo-
sition 13.9, and the Fenchel-Young inequality (Proposition 13.13) yields
(Vx € H) 2f(z) > (x| x), i.e,, f > q. Therefore, by Proposition 13.14(ii),

q=q* > f* = f and we conclude that f = gq. O

Remark 13.17

(i) Suppose that H # {0}. Since (1/2)]| - ||? is the only self-conjugate func-
tion, a convex cone K in H cannot be self-polar since K® = K <
U5 = ti. In particular, we recover the well-known fact that a linear
subspace of H cannot be self-orthogonal.

(ii) Let f = tk, where K is a self-dual closed convex cone in H. Then
f" = ok = tke = L}y = [Y. Another function that satisfies the
identity f* = fV is

—In(z) — %, it x> 0;

) (13.8)
400, if x <0.

f:’H:R—>]—oo,—|—oo}:x»—>{

Proposition 13.18 Let f: H — |—00,+00] be even. Then f* is even.

Proof. Let uw € H. Then f*(—u) = sup ey (@ | —u) — f(z) = supyeqy (@ | u) —
f(=2) = sup,eq (2 | w) = f(2) = [*(u). O

Proposition 13.19 Let f: H — |—o00, +00] be such that f > f(0) = 0. Then
= £(0) =o.

Proof. We have f*(0) = —inf f(H) = —f(0) = 0. Moreover, for every u € H,
(13.1) yields f*(u) > (0 | uy — f(0) = 0. O

Proposition 13.20 Let f: H — |—o00,400|. Then the following hold:

() (Yo €R14) (af)* = af*(-/a).

(i) (Yo € Ry) (af(-/a)* = af*. *

(il (vy € )(vo € H)(Ya € R) {1, f+(- | v)+a)" = rf*+{y | )=y | v) -
a.

(iv) Let L € B(H) be bijective. Then (f o L)* = f*o L*71.

() [ =

(vi) Let V* be a closed linear subspace of H such that dom f C V. Then
(flv) oPy = f*= f*oPy.

Proof. (1)—(iv): Straightforward from (13.1).

(v): Take L = —Id in (iv).

(vi): Let u € H. Then f*(u) = sup,cy (x| u) — f(x) = sup,cy (Pva | u) —
flv(z) =sup,ey (z | Pru)y—flv(z) = (f|v)*(PVu). Consequently, we obtain
(flv)" (Pvu) = (flv) (PvPyu) = f*(Pyu). g
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Proposition 13.21 Let f and g be functions from H to |—oo,+00|. Then
the following hold:

(i) (fOg) = f"+g"

(i) Suppose that f and g are proper. Then (f + g)* < f*Og*.
(i) (V7 € Rey) ()" =+ (/2 - II*-

(iv) Let L € B(H,K). Then (LD f)* = f* o L*.

(v) Let L € B(K,H). Then (f o L)* < L*D f*.

Proof. (i): For every u € H, we have

(fO0g)*(u) = sup ((z | u) — inf (f(y) Jrg(x—y)))

TEH yeH

=sup (v w) = f) + sp ({2 =y | w) ~ 9w ~v))

= ["(u) + 9" (u). (13.9)

(ii): Items (i) and (ii) in Proposition 13.14 yield successively f + g >
4 g™ and (f+9)" < (f* 4+ g¢**)*. However, by (i) above, (f** 4 ¢**)* =
(f*0g")™ < f*0g".

(iii): Take g = || - [[*/(2y) in (i).

(iv): Let v € K. Then

(LD f)"(v) =sup ({y|v) - Lia?:fyf(x))

yer

=sup sup ((Lz|v)— f(z))
yeLzeL-{y}

= sup ((z | L*v) — f(x))

TEH
= f*(L*v). (13.10)

(v): By (iv) and Proposition 13.14(i), (L* > f*)* = f** o L** = f[** o L <
f o L. Hence, by Proposition 13.14(ii), L* D> f* > (L* D> f*)** > (foL)*. O

Corollary 13.22 Let f: H — ]—o0,+o0], let g: K — ]—o0,4+o0], and let
L € B(H,K). Then the following hold:

(i) Suppose that —oco ¢ (LD f)(K). Then ((L> f)Og)* = (f* o L*) + g*.
(i) Suppose that dom f # @ and domgNranL # &. Then (f + (go L))* <
oL g*).

Proof. (i): By Proposition 13.21(1)&(iv), (LD f)Og)* = (LD f)* + ¢* =
(f*o L") +g".

(i): By Proposition 13.21(i))&(v), (f + (g o L))* < f*O(go L)* <
fro(LrB>gr). O
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Example 13.23 Let C be a nonempty closed convex subset of H, let ¢: R —
]—00, +o¢] be increasing on Ry and even, and set f = ¢ o do. Then f* =
oc+¢ ol .

Proof. Since ¢ is increasing on R, we have for every x € ‘H and every y € C,
inf o(la — 21) < 6(lo — Poall) = 6( inf o 2[) < o(J = yll). (13.11)

Taking the infimum over y € C then yields (Va € H) inf.co o(||lz — z]|) =
¢(inf e ||z — z]|). Thus, f = tcT(¢po]-]|). In turn, since ¢ is even, we derive
from Proposition 13.21(i), Example 13.3(i), and Example 13.7 that

= (co@oll- D) =w+@ol-I)*=0c+é |-,  (1312)
which completes the proof. a

Example 13.24 Let C' be a nonempty closed convex subset of H, let p €
J1,4+00[, and set p* =p/(p — 1).
(i) Setting ¢ = | - | in Example 13.23 and using Example 13.3(v) yields
d*C’ =o0c + tB(0;1)-
(ii) If V' is a closed linear subspace of H, then (i) and Example 13.3(iii)
yleld d%k/ = LVLQB(U;I)'
(iii) In view of Example 13.2(i), setting ¢ = (1/p)| - [P in Example 13.23
yields ((1/p)dg,)* = oo + (1/p)[| - |7 .
(iv) Setting C' = {0} in (iii) yields ((1/p)[| - [|")* = (1/p")I - |7

Here is a generalization of Proposition 13.14(ii).

Proposition 13.25 Let (f;)ier be a family of proper functions from H to
|—00, +oc]. Then the following hold:

(l) (infiel fz)* = SupiEI fi* .
(ii) (supser fi) < infier f7.
Proof. (i): By definition,

(wer) (inffi) () =sup (o] w)+sup—filx))

TEH i€l

= sup sup (<$ | ) — fz(m))
icl xeH

= sup f;(u). (13.13)

iel
(ii): Set g = sup;c; fi. For every i € I, f; < g and therefore g* < f* by
Proposition 13.14(ii). Hence, ¢* < inf;cs f;. O

Proposition 13.26 Let f: H — |—o00, +00| be proper, let v € Ry, and set
q=(1/2)||- . Then
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(VW =a"=v(va—f)" —q (13.14)

1

and (yq — [f*)* is v~ t-strongly convex.

Proof. Set ¢ = ~vq — f*. Then

o =7q—sup ({-|u) = f(u) = inf (vg=(]u)+ /() (13.15)
ueEH

i
ue
Therefore, we derive from Proposition 13.25(i) that

vo* = sup (vg— (- |u) + f(u)"
uEH

= sup (v(va = (- Tu))" =7 f(u)

= sup (q(- +u) — 7yf(u))

ueEH
= q+sup (¢lu)—(f —q@)(uw)
=g+ f—-a)" (13.16)

which yields (13.14). In turn, (yqg — f*)* =y tq = v (vf — q)* is convex by
Proposition 13.11. Hence, the second claim follows from Proposition 10.6. O

Proposition 13.27 Let (H;)ier be a totally ordered finite family of real
Hilbert spaces and, for everyi € I, let f;: H; — |—o0, +00]. Then

<@f> =P (13.17)

el el

Proof. Set H = @,.; Hi and f = @, fi, and let u = (u;)ier € H. We
have

fr(u) = suwp ((u|z) - f(x))

xeH
sup <Z (ui | @) — Z fi(wi)>
z€H \ T i€l

Z sup ((u; | @) — fi(ws))

icl i €H

= f (), (13.18)

iel

and we obtain the conclusion. O

The remainder of this section concerns the conjugates of bivariate func-
tions.
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Proposition 13.28 Let K be a real Hilbert space, let F': HxK — |—00, +00]
be a proper function, and let f: H — [—o0,400]: x + inf F(x,K). Then
fr=F*(,0).

Proof. Fix u € ‘H. Then

() = sup (@] u) — inf Fa.y))

= supsup(<x|u>+<y|0>_F($,y))

zeH ye
= sSup (((m,y) ‘ (u’0)> _F(‘T’y»
(z,y)EHXK
— F*(u,0), (13.19)
which establishes the identity. O

Definition 13.29 Let F': H x H — [—00, +00]. Then F' is autoconjugate if
F*=FT7, where FT: H x H: (u,z) — F(z,u).

Proposition 13.30 Let F' € I'(H x H). Then F*T = FT*.
Proof. Exercise 13.9. ad

Proposition 13.31 Let F € I'(H x H) be autoconjugate. Then F > (- |-)
and F* > (-] ).

Proof. Take (x,u) € H x H. Then, the Fenchel-Young inequality (Proposi-
tion 13.13) yields 2F*(u,z) = 2F(z,u) = F(z,u) + FT(u,z) = F(z,u) +
F*(u,x) > ((x,u) | (u,x)) =2 (x| u) and the result follows. O

13.3 The Fenchel-Moreau Theorem

As seen in Proposition 13.14(i), a function f: H — ]—o0, +0o0] is related to
its biconjugate via the inequality f** < f. In general f** # f since the left-
hand side is always lower semicontinuous and convex by Proposition 13.11,
while the right-hand side need not be. The next theorem characterizes those
functions that coincide with their biconjugates.

Theorem 13.32 (Fenchel-Moreau) Let f: H — |—o00,+00| be proper.
Then f is lower semicontinuous and convex if and only if f = f**. In this
case, f* is proper as well.

Proof. If f = f**, then f is lower semicontinuous and convex as a conjugate
function by Proposition 13.11. Conversely, suppose that f is lower semicontin-
uous and convex. Fix © € H, take £ € |—oo, f(x)[, and set (p, 7) = Pepi r(, &).
Proposition 9.17 states that
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m>¢ and (Vyedomf) (y—plz—p) < (m—&)(fly)—m). (13.20)

If 7 > £, then upon setting v = (x — p) /(7 — &), we get from (13.20) that

(Vy edom f) (y|v)—fly) <(p|v)—7
=(z|v)—(@=Ool* —=
<(z|v)—m. (13.21)

However, (13.21) implies that f*(v) < (x|v) — 7 and, in turn, that = <
(z |v) — f*(v) < f**(x). To sum up,

T>& = f7(z)>¢&. (13.22)

We now show that f**(x) = f(x). Since dom f # &, we first consider the case
x € dom f. Then (9.15) yields 7 = f(p) > &, and it follows from (13.22) and
Proposition 13.14(i) that f(x) > f**(x) > &. Since £ can be chosen arbitrarily
in |—oo, f(z)[, we get f**(x) = f(x). Thus, f and f** coincide on dom f # @.
Therefore 400 £ f** # —oo and it follows from Proposition 13.9(ii) that
—o00 & f*(H) # {+o0}, i.e., that f* is proper. Now suppose that x ¢ dom f.
If # > &, it follows from (13.22) that f**(z) > £ and, since £ can be any
real number, we obtain f**(x) = 400 = f(x). Otherwise, 7 = £ and, since
(x,€) ¢ epi f and (p,7) € epi f, we have ||z — p|| > 0. Now, fix w € dom f*
and set u = x — p. Then it follows from (13.1) and (13.20) that

(Vy edom f) (y|w)—fly) < f(w) and (y|u) <(plu). (13.23)
Next, let A € Ry . Then (13.23) yields
(Vy edom f)  (y|w+ M) — f(y) < f5(w) + (p| \u). (13.24)

Hence, f*(w+Au) < f*(w)+ (A u | p) = f*(w)+(w + M | z)—(w | @)= Al|u?.
Consequently, f**(z) > (w + M | 2) — f*(w+Au) > (w | 2) + A||ul|? — f*(w).
Since A can be arbitrarily large, we must have f**(z) = +oo. O

Corollary 13.33 Let f € Io(H). Then f* € I[H(H) and f** = f.
Proof. Combine Theorem 13.32 and Proposition 13.11. O

Corollary 13.34 Let f € Io(H) and let g: H — [—o00,4+o0]. Then f < g <
fr=g"

Proof. Proposition 13.14(ii), Corollary 13.33, and Proposition 13.14(i) yield
f<g=[f29"=[f="<g"<y O

Corollary 13.35 Let f and g be in [H(H). Then f=g* < g= f*.

Corollary 13.36 Let f € Ih(H). Then [ is the supremum of its continuous
affine minorants.



192 13 Conjugation

Proof. As seen in Proposition 13.10(i), a continuous affine minorant of f
assumes the form (- | u) — v, where (u,v) € epif*. On the other hand, it
follows from Theorem 13.32 and Proposition 13.9(iv) that (Vo € H) f(x) =

f**(!E) :Sup(u,l/)Eepif*(<u ‘ {IJ> _U)' O
Example 13.37 Here are some consequences of Theorem 13.32.

(i) Let C be a nonempty subset of H. Then it follows from Example 13.3(i)
and Proposition 7.11 that (¥ = 0f = Oksiv 0 = lhasw o = leonv C-

(ii) Let V be a closed linear subspace of H. Then ¢{* = ty. On the other
hand, ¢}, = oy = ty1 and therefore o = oy, = ([,, = ty1e. Alto-
gether, we recover the well-known identity V++ = V.

(iil) More generally, let K be a nonempty closed convex cone in H. Then
13 =tk . On the other hand, 1% = ok = txo and therefore 13} = o} =

46 = tges. Thus, we recover Corollary 6.33, namely K°° = K.

Proposition 13.38 Let f: H — [—o0, +00] be convex and let © € H. Sup-
pose that f(x) € R. Then the following are equivalent:

(i) f is lower semicontinuous at .
(i) f**(z) = f(x) = f(z) = f(2).
(iif) £ () = f ().
Moreover, each of the above implies that f > f = f = f** € Iy(H).

Proof. In view of Proposition 13.11, Proposition 13.14(i), Proposition 9.8(i),
and Corollary 9.10, we have f** < f = f < f. Furthermore, f(z) = f(z) =
f(x) € R and therefore Proposition 9.6 implies that f € Iy(#). Hence, we
deduce from Proposition 13.14(iv) and Corollary 13.33 that f** = fr=f=
f < f. Thus, by Lemma 1.31(v), (i) < f(z) = f(z) & (i) < (ii).

O

Proposition 13.39 Let f: H — |—oo,+0o0|. If f has a continuous affine
minorant (equivalently, if dom f* # &), then f** = f; otherwise [** = —oc.

Proof. If f = 400, then f = f, and Proposition 13.9(iv) yields f** = 400 and
hence f** = f Now suppose that f Z +0o. As seen in Proposition 13.10(ii),
if f possesses no continuous affine minorant, then f* = +oo and therefore
f** = —oo. Otherwise, there exists a continuous affine function a: H —
R such that a < f. Hence, a = a < f < f, and f is therefore proper.
Thus, in view of Proposition 13.11, we have f € I'y(H), and it follows from
Proposition 13.14(iv) and Theorem 13.32 that f** = (f)** = f. O

Proposition 13.40 Let f: H — ]—o00, +00] be a proper convex function that
has a continuous affine minorant. Then the following hold:

(i) dom f C dom f** C dom f.
(i) epi f** = epi .
(i) (Vo' € 7) [**(2) = lim,_, f(y).
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Proof. Proposition 13.38 yields f** = f = f.
(i): Combine Proposition 8.2 and Proposition 9.8(iv).
(ii): Lemma 1.31(vi) yields epi f** = epi f = epif.
(iii): Let @ € H. Then Proposition 13.38 and Lemma 1.31(iv) yield
[(@) = fz) =lm, . f(y). 0
Here is a sharpening of Proposition 13.25(ii).

Proposition 13.41 Let (f;)ier be a family of functions in I'h(H) such that
sup,cy fi # +oo. Then (supiel f)r = (infiej fi*)”.

Proof. Theorem 13.32 and Proposition 13.25(i) imply that sup,c; fi =
sup,e; f;* = (infies f7)*. Hence, (sup,e; fi)* = (infic; f7)"" and the claim
follows from Proposition 13.39. O

Proposition 13.42 Let K be a real Hilbert space, let g € I(K), and let
L € B(H,K) be such that domgNran L # &. Then (go L)* = (L* D> g*)** =
(L7 > g°)"

Proof. Proposition 13.21(v) gives (g o L)* < L* D> g*. Thus, it follows from
Proposition 13.14(ii), Proposition 13.21(iv), Corollary 13.33, and Proposi-
tion 13.14(i) that (go L)** > (L*D> ¢*)* = g*™* o L** = go L > (go L)**. Con-
sequently, (goL)* = (go L)*** = (L* > ¢*)** by Proposition 13.14(iii). On the
other hand, Proposition 13.21(iv) yields @ # dom(g o L) = dom(L* > g*)*.
Therefore, by Proposition 13.39, (L* > ¢g*)** = (L* > g*)~ O

We conclude this section with a result on the conjugation of convex integral
functions.

Proposition 13.43 Let (£2,F, ) be a measure space, let (H,(-|-)y) be a
real Hilbert space, and let ¢ € I'y(H). Suppose that H = L*((£2,F, u); H) and
that one of the following holds:

(a) u(£2) < 4o0.
(b) ¢ > ¢(0) = 0.
Set

[+ H—]—o00,+x]
[ela@)utde), i pore (2T iR (1329
T = 0N
400, otherwise,
and

g: H — ]—00,+d]

. /Qso*(u(w))u(dw), if o*oue LY((92,F,p);R);  (13.26)

400, otherwise.
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Then the following hold:

(i) f € Io(H) and g € TH(H).

(ii) Suppose that H is separable, and that (2,F, 1) is complete (every subset
of a set in F of p-measure zero is in F) and o-finite (§2 is a countable
union of sets in F of finite p-measure). Then f* = g.

Proof. (i): We have shown in Proposmon 9.32 that f € I'y(H). Likewise, since
Corollary 13.33 implies that ¢* € I'H(H) and Proposition 13.19 implies that
©* > ¢*(0) =0, g is a well-defined function in IH(H).

(ii): This follows from (i) and [223] (see also [224, Theorem 21(a)]). O

Example 13.44 Let (£2,5,P) be a complete probability space, let H be
the space of square-integrable random variables (see Example 2.8), and set
f:H — ]—00,+0] : X — (1/p)E|X|P, where p € ]1,+00[. Then f*: H —
] =00, +00] : X — (1/p*)E|X|P", where p* =p/(p — 1).

Proof. This follows from Proposition 13.43 and Example 13.2(i). O

Exercises

Exercise 13.1 Prove Example 13.2.
Exercise 13.2 Prove items (i)—(iv) in Example 13.3.

Exercise 13.3 Let f € I)(H) and let o € R, . Define ax f = af o a™'1d.
Prove the following:

(i) epi(ax f) = aepi f.

(i) (af)” = ax f*.
(i) (as /)" = af*
(iv) (@®foa™l1d)* = a?f* o a~11d.

The operation (o, f) — « * f is sometimes called epi-multiplication, it is the
property dual to pointwise multiplication under conjugation.

Exercise 13.4 Suppose that p € ]0,1[ and set

—lxp, if x > 0;
[:R—=]—0c0,4o0] x> P i (13.27)
400,  otherwise.
Show that
—%|u\p*, if u<O0;
TR = ]—00,+00] turrq P (13.28)
+00, otherwise,

1 1
where = + = = 1.
p + p*
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Exercise 13.5 Let f and g be functions from H to |—o0, +oco] and let o €
10,1[. Show that (af + (1 — a)g)* < af* + (1 — a)g*.

Exercise 13.6 Derive Proposition 13.21(i) from Proposition 13.28.

Exercise 13.7 Set f: H — R: z — %EHQ: — zn||?, where (zp)nen is a
bounded sequence in H (see also Example 8.17 and Proposition 11.17) and
define g: H — R: u — %HUHZ + lim (z;, | u). Show that f* < g, and provide
an example of a sequence (2, )nen for which f* = g and another one for which
fr<ag.

Exercise 13.8 Prove Proposition 6.26 via Proposition 13.21(i).
Exercise 13.9 Prove Proposition 13.30.

Exercise 13.10 Let C' and D be nonempty subsets of H such that D is
closed and convex. Show that C C D < o¢ < op.






Chapter 14
Further Conjugation Results

In this chapter, we exhibit several deeper results on conjugation. We first
discuss Moreau’s decomposition principle, whereby a vector is decomposed
in terms of the proximity operator of a lower semicontinuous function and
that of its conjugate. This powerful nonlinear principle extends the standard
linear decomposition with respect to a closed linear subspace and its orthogo-
nal complement. Basic results concerning the proximal average and positively
homogeneous functions are also presented. Also discussed are the Moreau—
Rockafellar theorem, which characterizes coercivity in terms of an interiority
condition, and the Toland—Singer theorem, which provides an appealing for-
mula for the conjugate of the difference.

14.1 Moreau’s Decomposition

In this section, we take a closer look at the infimal convolution of a convex
function in I'y(H) and the function ¢ = (1/2)| - ||2.

Proposition 14.1 Let f € Iy(H), let v € Ryy, and set ¢ = (1/2)]] - ||*.
Then
(f +79)" = fre(v e = (/) (14.1)

Proof. Tt follows from Corollary 13.33, Proposition 13.16, and Proposi-
tion 13.21(i) that f +~vq = f** + (v 1¢)* = (f*O(y 1¢))*. Since Corol-
lary 13.33 and Proposition 12.15 imply that f*0(y1q) = f*o(y lq) €
I'v(H), we deduce from Theorem 13.32 and (12.20) that (f + v¢)* =
(fra(tv )=o) = (). O

The next proposition characterizes functions with strongly convex conju-
gates.

Proposition 14.2 Let f € Io(H), let v € Riy, and set ¢ = (1/2)] - ||
Then the following are equivalent:

H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory 197
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(i) f* — v~ tq is convez, i.e., f* is y~-strongly convez.

(ii) vq — f is convez.
Proof. (1)=(ii): Set h = f* —~y71q. Since f € I'H(H) and h is convex, we have
h € I'y(H) and, by Corollary 13.33, h* € IH(#H). Hence, using Theorem 13.32
and Example 13.4, we obtain

f=f"=((h+y"9)"=v¢— "ho~ld (14.2)

Hence, since it follows from Proposition 12.15 that 7h is convex, we deduce
that y¢ — f = "h o ~Id is convex.

(ii)=(i): Set ¢ = v¢ — f. Then g € I'y(H) and therefore Corollary 13.33
yields g = ¢**. Thus, f = v¢ — g = v¢ — (¢*)*. In turn, Proposition 13.26
yields f* = ((yg*—q)*+q)/~. Thus, Proposition 13.11 implies that f*—q/y =
(vg* —q)* /7 is convex. O

Theorem 14.3 Let f € I)(H) and let v € Ry4. Then the following hold:
(i) Set ¢ = (1/2)] - ||?. Then

v lg= () + (fE(vg) oyt Id = Tf + Y(f*) oy Id. (14.3)

(ii) Id = Proxys + 7 Proxs.,, oy 'd.
(ili) Let x € H. Then

J(Proxyyx) + f*(Proxg s (x/7))
= (Prox,s z | Proxs/,(z/7)). (14.4)

Proof. (i): Tt follows from Example 13.4, Proposition 12.15, and Proposi-
tion 14.1 that

7= () + (fFE(vg) oy lId
=f8(v ')+ (f B (vq) oy 'd. (14.5)

(ii): Take the Fréchet derivative in (i) using Proposition 12.29.

(iii): Set p = Prox,;x, p* = Proxy.,,(z/v), and let y € H. Then (ii)
and Proposition 12.26 yield (y —p | p*) + f(p) < f(y). Therefore, it follows
from Proposition 13.13 that f(p)+ f*(p*) = f(p) +sup,eqy((y | p*) = f(y)) <
(p|p*) < f(p)+ f(p*). Hence, f(p) + f*(p*) = (p | P")- O

The striking symmetry obtained when v = 1 in Theorem 14.3 deserves to
be noted.

Remark 14.4 Let f € I'y(H) and set ¢ = (1/2)| - ||>. Then Theorem 14.3
yields
(fE8q)+ (f"Bq) =¢ and Proxs;+Prox,; =1Id. (14.6)

Thus, using Proposition 12.29, we obtain
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Proxy; =1d - V(fOq) = V(f*Qq). (14.7)

If f =1k in (14.6), where K is a nonempty closed convex cone in H, then
we recover Moreau’s conical decomposition (Theorem 6.29). In particular, if

K is a closed linear subspace, we recover the identities d% +d%, = ||-]|* and
Py + Py = 1d already established in Corollary 3.22.
Example 14.5 Set f = || - || and let € H. Then Example 13.3(v) yields
J* = tB(o;1)- We therefore derive from (14.6), Example 12.25, and (3.9) that
1-1 if 1;
Prox; o — (1= 1/|=[l), : [z > 1; (14.8)
0, if ||z <1.

In other words, Proxy is the soft thresholder of Example 4.9.

14.2 Proximal Average

Definition 14.6 Let f and g be in I'y(#H). The proximal average of f and g
is

pav (f,g): H — |—00, +]

1 . 1 )
2y illy—z07). 14.9

e g ol (e +Hlu—cR). 49)
y+z=2x

Proposition 14.7 Set L: Hx H — H: (y,z) — (y+2)/2, let f and g be in
Io(H), and set F: Hx H — |—o00,+00] : (y,2) — 2 f(y) +1g9(z)+ L[y — =]
Then the following hold:

(i) pav (f,g) = pav (g, f)-
(ﬁ; pav (f,g) = L ff

(iii) dompav (f,g) = 4 dom f + 1 dom g.

(iv) pav (f,g) is a proper convex function.

Proof. (i): Clear from Definition 14.6.

(ii): Definition 12.33 and Definition 14.6 imply that pav (f,g) = LD F.
Take z € dompav (f,g) and set h: y — |ly||>+ (f(y) + 92z —y) — 2 (y | ) +
||z||?). Tt suffices to show that h has a minimizer. Since h is a strongly convex
function in I'h(#H), this follows from Corollary 11.16, which asserts that h has
a unique minimizer.

(iil): This follows from (ii) and Proposition 12.34(i).

(iv): Since F is convex and L is linear, the convexity of pav (f,g) follows
from (ii) and Proposition 12.34(ii). On the other hand, properness follows
from (iii). O
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Corollary 14.8 Let f and g be in Iy(H), and set ¢ = (1/2)]| - ||*>. Then the
following hold:

(i) pav (f,9) € To(H).
(ii) (pav (f,9))" = pav (f*,g").
(iii) pav (f,9)Dg = 3(f0q) + 3(90q).
(iv)
Proof. We define an operator © on I'y(H) x I'y(H) by

Proxpay (£,9) = % Prox; —|—% Prox,.

O: (fi. f2) = (3(fi+9) 0 (21d)) O (5(f2 + ) o (21d)). (14.10)

Definition 14.6 and Lemma 2.11(ii) yield, for every f1 and fs in I5(H), and
for every x € H,

pav (fi f2)(@) = o (56020)+ §£(22) + 20(0) + 20(2)) — a(e).
+z=x
! (14.11)
Hence

(Vfi € Io(H)(Vf2 € Io(H))  pav(fi, f2) = O(f1. f2) —q¢.  (14.12)
Proposition 13.21(i), Proposition 13.20(ii), and Proposition 14.1 yield
(6(1:9)" = (% (+0)0 )"+ (3(0-+4) 0 (1)’
(f+a) +3(9+a)
(f*09) + 5(9" Dg). (14.13)

In view of (14.12), Proposition 13.26, (14.13), (14.6), Proposition 14.1, Propo-
sition 13.20(i), Proposition 13.21(i), and (14.10), we get

(pav(f,9))" = (€(f,9) —q)"
=(¢-(0(£.9)") —q
= (34— 09) +3a— (6" 00)) 4
= (3(f0q) +3(90q)" —q
= (3(fo0) o(iog) —q
= (5(f" + @) o (1)) 0 (5(s" +q) 0 (21d)) ~

=0(f".9") — ¢ (14.14)

On the other hand, pav (f*,¢*) = O(f*,¢9*) — ¢ by (14.12). Combining
this with (14.14), we obtain (ii). In turn, (pav (f,¢))** = (pav (f*,¢*))* =
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pav (f**,¢**) = pav (f, g), which implies (i) by virtue of Proposition 14.7(iv)

and Proposition 13.11. Furthermore, using (ii), Proposition 14.1, (14.12), and
(14.13), we deduce that

pav (f*,¢")0q =

S(f0g) + 3(g"Oq). (14.15)
Hence, upon replacing in (14.15) f by f* and g by ¢*, we obtain (iii). Finally,
(14.15) and (14.7) yield

ProXpay (1,9 = V((pav (£,9))*0q) = V(3(f*0q) + 5(9"0q)),  (14.16)
which implies (iv). O

The proofs of the following results are left as Exercise 14.3 and Exer-
cise 14.4.

Proposition 14.9 Let f and g be in [H(H). Then
Les . 1 os\" 1 1
(§f + 59 ) <pav(f,9) < 5f+ 39 (14.17)

Proposition 14.10 Let F and G be in I'y(H x H). Then (pav (F,G))T =
pav (F'T,GT).

14.3 Positively Homogeneous Functions

Proposition 14.11 Let f: H — |—o00,+o0] and set
C={ueH|(VzeH) (x|u) < f(z)}. (14.18)

Then the following are equivalent:

(i) f is positively homogeneous and f € Io(H).
(ii) f = o¢ and C is nonempty, closed, and convez.
(iii) f is the support function of a nonempty closed convex subset of H.

Proof. (1)=(ii): Let u € H. We deduce from Proposition 9.14 that, given
y € dom f, f(0) = limajo f((1 — a)0 + ay) = limyjoaf(y) = 0. Thus, if
u € C, we obtain f*(u) = sup,eqy (@ | u) — f(2) <0=(0]u)— f(0) < f*(u)
and, in turn, f*(u) = 0. On the other hand, if u ¢ C, then there exists
z € H such that (z|u) — f(z) > 0. Consequently, (VA € Ri;) f*(u) >
Az uy — f(Az) = M{z | u) — f(2)). Since A\ can be arbitrarily large, we
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conclude that f*(u) = 4+o00. Altogether, f* = 1. However, since f € IH(H),
Corollary 13.33 yields v = f* € I'y(H), which shows that C' is a nonempty
closed convex set. On the other hand, we deduce from Theorem 13.32 that
== =0c.

(ii)=-(iii): Clear.

(iii)=-(i): Example 11.2. O

The next result establishes a connection between the polar set and the
Minkowski gauge.

Proposition 14.12 Let C be a convex subset of H such that 0 € C. Then
mg = Lo .

Proof. Fix u € H. First, suppose that u € C°, let x € dommc, and let
A € Jme(z),+0o[. Then, by (8.25), there exists y € C such that z = Ay
and, in turn, such that (z|u) = A(y|u) < A Taking the limit as A |
me(z) yields (x| uy < me(x), and we deduce from Proposition 13.9(iv) that
mg(uw) < 0. On the other hand, m§ (u) > (0| u) — mc(0) = 0. Altogether,
m¥ and Lo coincide on C®. Now, suppose that u ¢ C®. Then there exists
x € C such that (x| u) > 1 > me(x) and, using (8.24), we deduce that
me(u) > supyer, , (A7 | u) —me(Az) = supyep, , A((z | u) —mc(x)) = +o0.
Therefore, m§, and tco coincide also on H ~ C®. |

Corollary 14.13 Let C be a closed convex subset of H such that 0 € C'.
Then the following hold:

(i) C =lev<imc.
(ii) Suppose that int C # @. Then int C = levey me.

Proof. (i): It is clear that C C lev<; m¢. Now assume the existence of a
vector & € (lev<; m¢) ~ C. Theorem 3.38 provides u € H ~ {0} such that
(x |u) > oc(u) > 0 since 0 € C. Hence, after scaling u if necessary, we
assume that (z | u) > 1 > oc(u) so that u € C®. Using Proposition 14.12
and Proposition 13.14(i), we obtain the contradiction 1 < (u | z) < oo (z) =
o (@) = me (z) < me(z) < 1,

(ii): Example 8.34 states that m¢ is continuous on H. In view of (i) and
Corollary 8.38(ii) applied to m¢ — 1, we deduce that int C' = int(lev<i m¢) =
leve1 me. O

14.4 Coercivity

We investigate some aspects of the interplay between coercivity and conju-
gation.

Proposition 14.14 Let f € I'h(H), let « € Ry, and consider the following
properties:
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() By o £(@)/ 2] > o
(i) GBER) f>al- | + 5.
)

(iii) (3y e R) f* ‘BOQ) <.
(iv) iy i po0 £ (@)/ 2] = .
Then (1)=(ii)<(iil)=(iv).

Proof. (i)=-(ii): There exists p € Ry such that
(Vz e H~NB(0;p) f(z) > afz]. (14.19)

Now set = inf f(B(0; p)). Then we deduce from Proposition 13.10(iii) that
> —oo. Thus (Vz € B(0;p)) of|z]] < ap < (ap — u) + f(x). Hence,

(Vo € B(0sp) f(x) = allall + (1 — ap). (14.20)

Altogether, (ii) holds with f = min{0, u — ap}.

(ii)<(iii): Corollary 13.34 and Example 13.3(v) yield of - || + 8 < f &
fF<(-+8) & f <ipoaw — B

(i) = (iv): Bm g5 poo f(@)/ N1l > limy oy 4o (@ + B/[l2]]) = o O

Proposition 14.14 yields at once the following result.

Proposition 14.15 Let f € I)(H) and consider the following properties:

(i) f is supercoercive.
(ii) f* is bounded on every bounded subset of H.
(iii) dom f* = H.

Then (1)< (ii)=(iii).
Proposition 14.16 Let f € IH(H). Then the following are equivalent:

(i) f s coercive.

(ii) The level sets (lev<e f)eer are bounded.
(i) Timy oo £(2)/ ] > 0.

(iv) 3, B) € Ry xR) f=af - || + B.

(v) f* is bounded above on a neighborhood of 0.
(vi)

0 € int dom f*.
Proof. (1)< (ii): Proposition 11.11.
(ii)=(iii): Suppose that lim, o f(z)/[|z[] < 0 and set (¥n € N) a,, =
n + 1. Then for every n € N, there exists x,, € H such that |z,|| > o2 and
flxn)/||zn]l < 1/ay,. We thus obtain a sequence (x,)nen in dom f such that
0 < an/||@n|| <1/ — 0 and f(x,)/||zn] < 1/an,. Now fix z € dom f and

set
(Vn € N) yn<10é—n)z+i n

(14.21)
[ [[zn |
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The convexity of f implies that sup,,cy f(yn) < |f(2)|+1. Therefore, (yn)nen
lies in lev<|f(.)+1 f and it is therefore bounded. On the other hand, since
lynll > an — ||2]] = 400, we reach a contradiction.

(iii)=(i): Clear.

(iii)< (iv)< (v)<(vi): Proposition 14.14 and Theorem 8.29. O

Theorem 14.17 (Moreau—Rockafellar) Let f € I'h(H) and let u € H.
Then f — (- | u) is coercive if and only if u € int dom f*.

Proof. Using Proposition 14.16 and Proposition 13.20(iii), we obtain the
equivalences f — (- |u) is coercive & 0 € intdom(f — (- |u))* < 0 €
int dom(7_, f*) < u € int dom f*. O

Corollary 14.18 Let f and g be in I'hv(H), and suppose that [ is supercoer-
cwe. Then the following hold:

(i) fOg is coercive if and only if g is coercive.
(ii) fOg is supercoercive if and only if g is supercoercive.

Proof. Proposition 14.15 asserts that f* is bounded on every bounded sub-
set of H and that dom f* = H. Furthermore, fOg = fBg € Io(H) by
Proposition 12.14(i).

(i): Using Proposition 14.16 and Proposition 13.21(i), we obtain the equiv-
alences fOg is coercive < 0 € intdom(fdg)* < 0 € intdom(f* + ¢*) <
0 € int(dom f* Ndom g*) < 0 € int dom g* < ¢ is coercive.

(ii): Using Proposition 14.15 and Proposition 13.21(i), we obtain the equiv-
alences fOg is supercoercive < (f Og)* is bounded on bounded sets < f*+g*
is bounded on bounded sets < g* is bounded on bounded sets < g is super-
coercive. O

14.5 The Conjugate of the Difference

Proposition 14.19 Let g: H — ]—oo, +0o0] be proper, let h € Ih(H), and
set

: . g(x) = h(z), if x € domg;
f:H — [—oo,+o0] : &+ {+oo, i 2 ¢ domg, (14.22)
Then
(VueH) fu)= sup (9°(u+v)—h*v)). (14.23)

vedom h*

Proof. Fix u € H. Using Corollary 13.33, we obtain

fruy= sup ({z]u)—g(x)+h(z)

zcdom g
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= sup ((z]u)—g(z) +h"(2))

rzedom g

= s (@l + s (] -n0))
redom g vedom h*

= sup ( sup  ((z|u+v)—g(x)) - h*(v))
vedom h* \ z€dom g

= sup (g*(u +v) — h*(v)), (14.24)
vedom h*

as required. 0

Corollary 14.20 (Toland—Singer) Let g and h be in Iy(H). Then

nt (g@) = h(@) = _inf (h"(0) —g"(0): (14.25)
Proof. Set u =0 in (14.23). O
Exercises

Exercise 14.1 Let f € I'y(H). Show that pav (f, f*) = (1/2)] - ||*.

Exercise 14.2 Let f and g be in I'H(#H). Show that

1f + 19)

5 (14.26)

1
pav (f,g) = — (
Exercise 14.3 Prove Proposition 14.9.
Exercise 14.4 Prove Proposition 14.10.
Exercise 14.5 Let F' € I'h(H xH). Show that pav (F, F*T) is autoconjugate.

Exercise 14.6 Let a € Ry, and 8 € Ry . Set ¢ = (1/2)]| - ||?, f = ag, and
g = Bq. Show that (14.17) becomes

2a3 <a+ﬂ+2aﬂ <a+ﬂ

, 14.27
a—I—ﬁq_ 24a+p T 2 1 ( )

which illustrates that the coefficient of ¢ in the middle term (which corre-
sponds to the proximal average) is bounded below by the harmonic mean of
« and B, and bounded above by their arithmetic mean.

Exercise 14.7 Let f and g be functions in IH(#) such that 0 € sri(dom f —
dom g) and 0 € sri(dom f* — dom g*), and let @ € R4 be such that dom f N
adom f # @ and dom f* Nadom f* # &. Set
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f+g=rpav(f+g,fOg) and axf=pav(af,af(/a)), (14.28)

and show that
(f+9)" = f*+g" and (axf)" =axf" (14.29)

Exercise 14.8 Let C be a closed convex subset of H such that 0 € C. Show
that C' is bounded if and only if 0 € int C®.

Exercise 14.9 Let h: H — ]—00, +00] be proper and suppose, for every g €
I'o(H), that fis as in (14.22) and that (14.23) holds. Let h: H — |—o00, +]
be proper and suppose that, for every g € I'h(H), (14.22)—(14.23) hold. Show
that h € Iy(H).

Exercise 14.10 Let g: H — |—00, +00] be proper, and set ¢ = (1/2)]| - ||2.
Then it follows from Proposition 13.26 that (g — ¢)* = (¢ — ¢*)* — ¢. Prove
this result using Proposition 14.19.



Chapter 15
Fenchel-Rockafellar Duality

Of central importance in convex analysis are conditions guaranteeing that
the conjugate of a sum is the infimal convolution of the conjugates. The
main result in this direction is a theorem due to Attouch and Brézis. In
turn, it gives rise to the Fenchel-Rockafellar duality framework for convex
optimization problems. The applications we discuss include von Neumann’s
minimax theorem as well as several results on the closure of the sum of linear
subspaces.
Throughout this chapter, K is a real Hilbert space.

15.1 The Attouch—Brézis Theorem

Proposition 15.1 Let f and g be functions in [y(H) such that dom f N
dom g # @. Then f*0g* is proper and convex, and it possesses a continuous
affine minorant. Moreover,

(f+9) =097 =(f"0g%)" (15.1)

Proof. Proposition 13.21(i) and Corollary 13.33 yield (f*0Og*)* = f**+¢** =
f+g € Iy(H). In turn, Proposition 13.9(iii), Proposition 12.11, and Proposi-
tion 13.10(ii) imply that f*Og* is proper and convex, and that it possesses a
continuous affine minorant. Therefore, invoking Proposition 13.39, we deduce

that (f+g¢)* = (f*Og*)™ = (f*DOg")" O

Proposition 15.2 Let f and g be functions in Io(H) such that 0 €
core(dom f — domg). Then (f 4+ g)* = f*Tg*.

Proof. We work in the Hilbert direct sum H & H. For n € R and p € Ry, set

Spp={(u,v) EH xH ‘ f5(u) + g"(v) <mand [Ju+ | < p}. (15.2)
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Now take a and b in H. Since cone(dom f — domg) = H, there exist = €
dom f, y € domg, and v € Ry such that a — b = y(z — y). Now set
Bap = pllb — vyl +7(f(2) + g(y) + n) and assume that (u,v) € Sy,,. Then,
by Cauchy—Schwarz and Fenchel-Young (Proposition 13.13),

((a,b) | (u,v)) = (a|u)+(b|v)
==y |lutv)+v(z[u)+(y|v))
<o =yl llu+ vl + v (f (@) + f*(u) + g(y) + g% (v))
< Bap- (15.3)

Thus,

(V(a, b) € H x 'H) sup | {(a,b) | (u,v)) | < max{Bap,Bea,—b} < +0.
(u,0)ESy,,

(15.4)
It follows from Lemma 2.16 applied to the linear functionals (a,b)
((a;b) | (u,v)) that sup, yes, , [[(w,v)|| < +oo. Hence, S, , is bounded. On
the other hand, S, , is closed and convex. Altogether, Theorem 3.33 implies
that S, , is weakly compact. Since +: H x H — H is weakly continuous,
Lemma 1.20 asserts that it maps S, , to the weakly compact set

Woo={u+veH| (uv) e HxH, f*(u)+g*(v) <n, and |lu+v| < p}.
(15.5)
Hence W, , is closed and, by Lemma 1.39, so is

W, = U Wye={ut+veH ] (u,v) € H X H, f*(u)+g*(v) <n}. (15.6)
p=>0

Thus, for every v € R,

lev<, (f*Og%) = {w S

7+ g -0 < v

=N {weH|BueH) f(u)+g (w—u) <n}
n>v

=W, (15.7)

n>v

is closed and we deduce from Lemma 1.24 that f*Og* is lower semicontin-
uous. On the other hand, by Proposition 15.1, f*Og* is proper and convex.
Altogether, f*0Og* € I'y(H). Therefore, Corollary 13.33 and (15.1) imply
that

fr0g" =(f"0g")" =(f+9)" (15.8)
It remains to show that f* g™ is exact. Fix w € H. If w ¢ dom(f*Og*), then
f*Og* is exact at w. Now suppose that w € dom(f*0g*). Set F: H x H —
|—o0,4+00] i (u,v) = f*(u) + g*(v), C = {(u,v) e H X H | u+v=w}, and
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D = Cnlev<y, F, where n € |(f*0¢*)(w),+o0[. Then F € Ih(H x H), C
is closed and convex, and D is nonempty. Moreover, D C S, |, and, as
shown above, S, |, is bounded. Hence, D is bounded and it follows from
Theorem 11.9 that F achieves its infimum on C. We conclude that f*Og* is
exact at w. O

Theorem 15.3 (Attouch—Brézis) Let f and g be functions in I'o(H) such
that the conical hull of dom f — dom g is a closed linear subspace, i.e.,

0 € sri(dom f — dom g). (15.9)
Then (f +g)* = f*BOg* € I'v(H).

Proof. Since f + g € I'h(H), Corollary 13.33 implies that (f + g)* € Io(H).
Let us fix z € dom f N dom g, which is nonempty by (15.9), and let us set
p:x— f(x+2z)and ¢¥: y — g(y + z). Note that 0 € domp Ndomy and
that dom ¢ — dom ¢ = dom f — dom g. Now set K = cone(dom ¢ —dom ) =
span (dom ¢ — dom ). Then

domyp C K and domvy C K. (15.10)
It follows from (15.9) that, in the Hilbert space K, we have
0 € core(dom ¢|x — dom | ). (15.11)

Now set h = (z | -) and let u € H. By invoking Proposition 13.20(iii), (15.10),
Proposition 13.20(vi), and (15.11), and then applying Proposition 15.2 in K
to the functions ¢|x € IH(K) and Y|k € IH(K), we obtain

(f +9)"(u) = h(u) = (¢ + )" (u)
= (¢lx +¥|x) " (Pxu)
olx) B (Y|K)") (Pru)

((
min ((¢|K)*(v) + (Y|r)" (Pru — v))

= my ((W) (Prw) + (¢])* (Prc (u — w)))

= min (ap*(w) + 9 (u— w))

= (¢" 39" (W)

= ((f" = 1ol = 1) ()

= (f*Bg")(u) — h(u). (15.12)
Consequently, (f +9)" () = (/" Dg*)(w) 0

Remark 15.4 The following examples show that the assumptions in Theo-
rem 15.3 are tight.
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(i) Suppose that H = R2, let f: H — |—00,+o0] : z = (&1,&2) — —VE1&
if z € R%; 400 otherwise, and let g = t{oyxr. Then f + g = t{o}xr,
[r(vi,v2) = 0if 11 < 1/(4v2) < 0; 400 otherwise, and g* = tgx o3
Thus, (f + ¢)* = rxr_ # trxr__ = f*Og*. Here cone(dom f —
dom g) = R4 x R is only a closed cone, not a closed linear subspace.

(ii) Suppose that # is infinite-dimensional, and let U and V be closed
linear subspaces of H such that U + V is not closed (see Exam-
ple 3.34) or, equivalently, such that U+ + V+ is not closed (see Corol-
lary 15.35 below). Set f = ty and g = uy. Then Proposition 6.34
implies that (f + ¢)* = (zro5, whereas f*Hg" = (i ye. In
this example, cone(dom f — domg) is a linear subspace (equivalently,
0 € ri(dom f —dom g)) that is not closed. Therefore, Theorem 15.3 fails
if the strong relative interior is replaced by the relative interior.

(iii) Suppose that H is infinite-dimensional, let f be as in Example 9.21,
and let g = 1f03. Then f 4 g = g and (f + g)* = 0. Since f* = +o0
by Proposition 13.10(ii), we have f*0¢* = +oo. Hence (f + g)* #
f*0g* even though dom f —dom g = H. Therefore, assuming the lower
semicontinuity of f and g is necessary.

Proposition 15.5 Let f and g be in I'h(H). Suppose that dom fNdom g # &
and that one of the following holds:

(i) cone(dom f — dom g) = span (dom f — dom g).

(ii) 0 € core(dom f — dom g).

(iii) 0 € int(dom f — domg).

(iv) cont f Ndom g # &.

(v) H is finite-dimensional and ri(dom f) Nri(dom g) # @.

Then 0 € sri(dom f — domg), i.e., (15.9) holds.
Proof. The assertions follow from Proposition 6.19 and Corollary 8.30. O

Remark 15.6 The conditions in Proposition 15.5 are not equivalent. For
instance, in H = R?, take dom f = R x {0} and dom g = {0} x R. Then (iv)
is not satisfied but (iii) is. On the other hand, if dom f = [0,1] x {0} and
domg = [0,1] x {0}, then (ii) is not satisfied but (15.9) and (v) are.

The following result, which extends Proposition 12.14, provides conditions
under which the infimal convolution is lower semicontinuous.

Proposition 15.7 Let f and g be in I'h(H). Suppose that one of the follow-
ing holds:

(i) 0 € sri(dom f* — dom g*).
(ii) f 4 ¢ is coercive and 0 € sri(dom f — dom g¥).
(iii) f is coercive and g is bounded below.
(iv) dom f* = H.
)

i
i
(v) f is supercoercive.
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Then fOg = fQ0g € Iy(H).

Proof. (i): Apply Theorem 15.3 to f* and g*.

(i)=(1): Theorem 15.3 implies that (f + ¢¥)* = f*Qg* € Io(H).
Hence, by Proposition 14.16, 0 € intdom(f + ¢g¥)* = intdom(f*@g*V) =
int(dom f* 4+ dom ¢*¥) = int(dom f* — dom ¢g*) C sri(dom f* — dom g*).

(iii)=-(i): Proposition 14.16 yields 0 € int dom f*. On the other hand, 0 €
dom g* since ¢*(0) = —inf g(H) < 4o00. Hence, 0 € int(dom f* — dom ¢g*) C
sri(dom f* — dom g*).

(iv)=(i): Clear.

(v)=(iv): Proposition 14.15. O

Corollary 15.8 Let ¢ and v be functions in ITo(H x K). Set
F:Hx K — [—00,+00] : (z,y) — (¢(z,)O(x,-)) (y), (15.13)

and assume that

0 € sriQ1(dom ¢ — dom 1)), (15.14)
where Q1: H x K — H: (z,y) — x. Then

F*: H x K — [—00,+00] : (u,v) = (¢*(-,0) D9 (-, 0)) (u). (15.15)

Proof. Set H = H x K x K and define &: H — |—o0,+o0] : (x,y1,y2) —
o(r,y1) and ¥: H — ]—o0,+00] : (x,y1,y2) — ¥ (x,y2). Then & and ¥
belong to IH(H), and

D" (u, v1,v2) = @*(u,v1) + {0} (v2),

= s
15.16
U (u,v1,v2) = *(u, v2) + {0y (v1)- ( )

(V(u,vl,vg) € ’H) {

Now define G € I'hH(#H) by

G: (7,y1,92) = @(x,y1) + (2, y2) = P(x,y1,92) + (2, y1,92)  (15.17)

and set
L:H—>HXK: (z,y1,y2) — (x,y1 + y2). (15.18)

Then LG =F, L*: H x K — H: (u,v) — (u,v,v), and since (15.14) is
equivalent to 0 € sri(dom® — dom¥), Theorem 15.3 yields G* = ¢*OU*.
Altogether, Proposition 13.21(iv) implies that (V(u,v) € H x K) F*(u,v) =
(LD G)*(u,v) = G*(L*(u,v)) = (&*O%*)(u,v,v). In view of (15.16), this is
precisely (15.15). O

15.2 Fenchel Duality

We consider the problem of minimizing the sum of two proper functions.
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Proposition 15.9 Let f and g be proper functions from H to |—oo, +0o0].
Then

(Ve e H)(VueH) f(z)+g(x) = —f"(u) =g (-u) (15.19)

and
nf(f + g)(H) > — inf(f* + g™)(H). (15.20)
Proof. Using Proposition 13.9(ii) and Proposition 13.13, we see that
(Ve e H)(VueH) flz)+g(x)+ [ (u)+9"(—u) 2 (@ |u) + (=] —u)
0, (15.21)

and the results follow. H]

Definition 15.10 The primal problem associated with the sum of two
proper functions f: H — ]—o0, +o0] and g: H — |—00, +0o0] is

minier%ize f(z) + g(z), (15.22)
its dual problem is
miniergize fr(u) + g" (—u), (15.23)

the primal optimal value is p = inf (f + g)(H), the dual optimal value is
w* =1inf(f* + ¢*v)(H), and the duality gap is

Oa if n= _/1‘* € {—OO,—i-OO};

15.24
14+ p*,  otherwise. ( )

A(f,9) = {

Remark 15.11 Technically, the dual problem depends on the ordered pair
(f,9). We follow here the common usage.

Proposition 15.12 Let f and g be proper functions from H to |—oo, +o0],
and set p = inf(f + g)(H) and p* = inf(f* + g*¥)(H). Then the following
hold:

(i) p = —p*.
(if) A(f,9) € [0, +oc].
(ili) p = —p* & A(f,g) = 0.

Proof. Clear from Proposition 15.9 and Definition 15.10. O

The next proposition describes a situation in which the duality gap (15.24)
is 0 and in which the dual problem admits a solution.

Proposition 15.13 Let f and g be functions in I'y(H) such that
0 € sri(dom f — dom g). (15.25)

Then inf(f + ¢g)(H) = —min(f* + ¢*¥)(H).
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Proof. Proposition 13.9(i) and Theorem 15.3 imply that inf (f + g)(H)
—(f+9)7(0) = =(f*ETg")(0) = —min(f* + g™*)(H).

O
Corollary 15.14 Let f € Iy(H) and let K be a closed convex cone in H
such that 0 € sti(K — dom f). Then inf f(K) = —min f*(K®).

Proof. Set g = vi in Proposition 15.13, and use Example 13.3(ii) and Defini-
tion 6.9. a

Corollary 15.15 Let f and g be functions in IH(H) such that 0 € sri(dom f—
dom g). Suppose that [ + g > 0 and that g* = go L, where L € B(H). Then
there exists v € H such that f*(v) + g(—Lv) < 0.

Proof. By Proposition 15.13, there exists v € H such that 0 < inf(f+g¢)(H) =
—f*(v) — g*(—v). Hence 0 > f*(v) + g(—Lw). O

Corollary 15.16 Let f and g be functions in Iy(H) such that 0 € sri(dom f—
domg). Suppose that g* = g" and that f + g > 0. Then there exists
v € H such that f*(v) + g(v) <0, i.e., such that (Vz € H) f(x) + g(z) >
9(@) + (z | v) + g(v) = 0.

Proof. Applying Corollary 15.15 with L. = —Id, we obtain the existence of
v € H such that 0 > f*(v) + g(v) = sup,cy((z | v) — f(z)) + g(v). Hence,
Proposition 13.13 yields (Vo € H) f(x) + g(z) > g(x) + (x| v) + g(v) =
9(x) +g*(=v) = (x| —v) = 0. 0

Corollary 15.17 Let f € I'y(H) and set g = (1/2)]|-||>. Suppose that f+q >
0. Then there exists a vector w € H such that (Vx € H) f(x)+q(x) > q(z—w).

Proof. Applying Corollary 15.16 with g = ¢ yields a vector v in H such that
(Ve e H) f(z)+q(z) > q(x)+(z | v) +q(v) = ¢(x+v). Hence, the conclusion
follows with w = —wv. O

15.3 Fenchel-Rockafellar Duality

We now turn our attention to a more general variational problem involving
a linear operator.

Proposition 15.18 Let f: H — |—00, +00] be proper, let g: K — ]—00, +o<]
be proper, and let L € B(H,K). Then

Ve e H)(Vv e K)  f(z)+g(Lx) > —f*(L*v) — g"(—v) (15.26)

and
inf(f +goL)(H) > —inf(f* o L* + g*V)(K). (15.27)
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Proof. Using Proposition 13.9(ii) and Proposition 13.13, we see that for every
x € H and every v € K,

f(@) +g(Lx) + f*(L*) + g"(—v) = (x| L™v) + (L | —v) =0, (15.28)
and the result follows. ]

Definition 15.19 Let f: H — |—o0,+0o0], let g: K — |—00,4+00], and let
L € B(H,K). The primal problem associated with the composite function
f+golLis

minier%ize f(z) + g(La), (15.29)
its dual problem is
Ininir%ize (L) + g*(—v), (15.30)
ve

the primal optimal value is p = inf (f + g o L)(H), the dual optimal value is
w* =1inf(f* o L* + ¢*V)(K), and the duality gap is

0, if p=—p*e{—o00,+00};

15.31
W+ p*,  otherwise. ( )

A(f,g,L) = {

Remark 15.20 As observed in Remark 15.11, the dual problem depends on
the ordered triple (f, g, L). We follow here the common usage.

The next proposition extends Proposition 15.12.

Proposition 15.21 Let f: H — ]—o0,+o0] and g: K — |—o00,+00] be
proper, and let L € B(H,K). Set p = inf(f + g o L)(H) and p* =
inf(f* o L* + g*)(K). Then the following hold:

(i) p > —p*.
(ii) A(f. g, L) € [0, +o0].
(i) p = —p* & A(f,g,L) = 0.

Proof. Clear from Proposition 15.18 and Definition 15.19. O

A zero duality gap is not automatic, but it is guaranteed under additional
assumptions.

Proposition 15.22 Let f € Io(H), let g € To(K), and let L € B(H,K).
Suppose that 0 € core(dom g — L(dom f)). Then

inf (f+goL)(H)=—min (f*o L* 4+ ¢**)(K). (15.32)

Proof. Set ¢ = f@® g and V = graL. Now take (z,y) € H x K. Since
0 € core(dom g — L(dom f)), there exist v € Ry, a € dom f, and b € dom g
such that y— La = v(b— La). Upon setting z = a—x /7, we obtain = y(a—2z)
and y = v(b—Lz). Therefore, (z,y) = v((a,b)—(z,Lz)) € cone((dom ¢)—V).
We have thus shown that cone((dom ¢) — V') = H x IC, which implies that 0 €
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core(V —dom ) C sri(V — dom ). It then follows from Corollary 15.14 that
inf (V) = — min p*(V1). However, V4 = {(u,v) € H x K | u = —L*v} and,
by Proposition 13.27, ¢* = f*@®g*. Therefore, inf(f+goL)(H) = inf (V) =
—ming*(V*4) = —min((f* 0 L*)" + g*)(K) = —min(f* o L* + g*)(K). O

Theorem 15.23 Let f € Iy(H), let g € IH(K), and let L € B(H,K) be such
that (see Proposition 6.19 for special cases)

0 € sri (dom g — L(dom f)). (15.33)

Then inf(f + go L)(H) = —min(f* o L* + g*¥)(K).
Proof. We first consider the special case 0 € dom f and 0 € domg. Set A =
span dom f and B = cone(dom g — L(dom f)). By (15.33), B = span (dom g —
L(dom f)). Hence dom f C A, domg C B, and, since L(dom f) C B, we have
L(A) C B. It follows that ran L| 4 C B, and, in turn, using Fact 2.18(iv), that
B* C (ran L|4)* = ker((L|4)*) = ker P4L*. (15.34)

Therefore

PAL* = PAL*(Pg + Pg.) = PaL*Ps = PAL*|5Ps. (15.35)

Next, we observe that condition (15.33) in K yields
0 € core (domg|g — (PgL|4)(dom f|4)) (15.36)

in B. Thus, using the inclusions dom f C A and L(A) C B, (15.36), Proposi-
tion 15.22, (15.35), and Proposition 13.20(vi), we obtain

inf (F(2) + g(La)) = inf (f]a(@) + gla((PsLla)a))
:—mm( fla) *( PsL|y) U)+(9|B)*(—’U))
:—mm (fla) *( (PaL*|5) PBU))+(9|B)*(PB(_9)))

- _mm( LA (PaL") + (gls)" (Pe(—v))
( ’U)) (15.37)

= - mm
We now consider the general case. In view of (15.33), there exist b € dom g
and a € dom f such that b = La. Set ¢: z +— f(z+a) and ¥: y — g(y + b).
Then 0 € domy, 0 € dom, and domy — L(dom¢) = dom g — L(dom f).
We therefore apply the above special case with ¢ and v to obtain

Jnf (f(z) +g(L)) = inf (p(z) + (L))
= — min (cp*(L*v) + 1/1*(—1)))

vell
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= —min (f*(L"v) — (L*v [ a) + g"(—v) — (v | b))

vel
=— rrg}lcl (f*(L*v) + g*(—v)), (15.38)
where we have used Proposition 13.20(iii) and the identity La = b. O

Proposition 15.24 Let f € IH(H), let g € Io(K), and let L € B(H,K).
Suppose that dom g N L(dom f) # & and that one of the following holds:

(i) cone(dom g — L(dom f)) = span (dom g — L(dom f)).
(ii) dom g — L(dom f) is a closed linear subspace.
(iii) dom f and dom g are linear subspaces and dom g+ L(dom f) is closed.
(iv) dom g is a cone and dom g — cone L(dom f) is a closed linear subspace.
(v) 0 € core(dom g — L(dom f)).
(vi) 0 € int(dom g — L(dom f)).
(vii) cont g N L(dom f) # @.
(viil) KC is finite-dimensional and (ridom g) N (ri L(dom f)) # @.
(ix) K is finite-dimensional and (ridom g) N L(qridom f) # @.

Then 0 € sri(dom g — L(dom f)), i.e., (15.33) holds.

Proof. The assertions follow from Proposition 8.2, Proposition 3.5, (6.8),
Proposition 6.19, and Corollary 8.30. o

We now turn to a result that is complementary to Theorem 15.23 and that
relies on several external results drawn from [219]. To formulate it, we require
the notions of polyhedral (convex) set and function.

A subset of H is polyhedral if it is a finite intersection of closed half-spaces,
and a function f: H — [—o0, +0o0] is polyhedral if epi f is a polyhedral set.

Fact 15.25 Let f € Ih(H), let g € Th(K) be polyhedral, and let L € B(H,K).
Suppose that K is finite-dimensional and that one of the following holds:

(i) domg Nri L(dom f) # @.
(ii) H is finite-dimensional, f is polyhedral, and dom g N L(dom f) # &

Then inf(f +go L)(H) = —min((f* o L*) + g*V)(K).

Proof. We set p = inf(f + g o L)(#H) and, in view of Proposition 15.21(i), we
assume that p > —oo. Then

p= —inf (f(z)+g(y))

(xz,y)€gral
= inf (o) +_iaf, f@)
inf (9(y) + (L> f)())- (15.39)

Proposition 12.34(i) and Proposition 13.21(iv) assert that dom(L D> f) =
L(dom f) and that (LD f)* = f* o L*. If (i) holds, then let z € dom f be
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such that Lz € dom g Nri L(dom f) = dom g Nridom(L D> f); otherwise, (ii)
holds and we let z € dom f be such that Lz € domg N L(dom f) = domgnN
dom(L D> f). In both cases, u < g(Lz) + (LD f)(Lz) < g(Lz) + f(z) < 400
and thus

peR. (15.40)

If (LD f)(Lz) = —oo, then there exists a sequence (z,,)nen in H such that
Lz, = Lz and f(z,) — —oo, which implies that p < f(z,) + g(Lz,) =
f(zn) + g(Lz) = —o0, a contradiction to (15.40). Hence

(LD f)(Lz) € R. (15.41)
If (i) holds, then L D> f is convex by Proposition 12.34(ii) and proper by [219,

Theorem 7.2]. If (ii) holds, then L[> f is polyhedral by [219, Corollary 19.3.1]
and also proper. Therefore, [219, Theorem 31.1] yields

inf (g(y) + (LD f)(y)) = —min (¢""(v) + (LD f)*(v))

yek ve
=— Hél}lcl (g7 (v) + f*(L*)). (15.42)
The conclusion follows by combining (15.39) with (15.42). O

15.4 A Conjugation Result

We start with a general conjugation formula.

Proposition 15.26 Let f € I'h(H), let g € TH(K), and let L € B(H,K) be
such that domg N L(dom f) # @. Then (f +go L)* = (f*O(L* D> g*))**.
Moreover, f*0O(L* > ¢g*) is proper and convezx, and it possesses a continuous
affine minorant.

Proof. It follows from Corollary 13.33 and Corollary 13.22(i) that (f+goL)* =
((f*)*+((g")* o (L*)*)* = (f*O(L* > g*))**. The remaining statements fol-
low as in the proof of Proposition 15.1. Indeed, since f + go L € IH(H), we
have f+go L = (f +goL)™ = (fO(L* > g")™ = (f'O(L">g")".
Hence f*0O(L* D> g*) is proper by Proposition 13.9(iii), convex by Propo-
sition 12.34(ii) and Proposition 12.11, and it possesses a continuous affine
minorant by Proposition 13.10(ii). O

We now obtain an extension of Theorem 15.3.

Theorem 15.27 Let f € Iy(H), let g € ITH(K), and let L € B(H,K). Sup-
pose that one of the following holds:

(i) 0 € sri(dom g — L(dom f)).

(i) K is finite-dimensional, g is polyhedral, and dom g Nri L(dom f) # &.
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(iii) H and K are finite-dimensional, f and g are polyhedral, and dom g N
L(dom f) # 2.

Then (f + go L)* = f*0(L* ® g*). In other words,

(VueH) (f+goL)(u)= min (f*(u— L*v) + g*(v)). (15.43)

Proof. Let uw € H. Then it follows from Theorem 15.23 or from Fact 15.25
that

(f +g0L)*(u) = sup ({z|u) — f(z) — g(Lx))

z€EH
== inf (f(2) = (@ | u) + g(L))
= min (f*(L*v+u) + g*(—v)), (15.44)
which yields the result. O

Corollary 15.28 Let g € I'o(K) and let L € B(H,K). Suppose that one of
the following holds:

(i) 0 € sri(dom g — ran L).
(ii) K is finite-dimensional, g is polyhedral, and domgNran L # &.

Then (go L)* = L* B> g*. In other words,

(VueH) (goL)(u)= E)Yélllcl g () = (L* B g*)(u). (15.45)
L*v=u

15.5 Applications

Example 15.29 Let C € H and D C K be closed convex sets, and let
L € B(H,K) be such that 0 € sri(bar D — L(C')). Then

inf sup (Lz | v) = max in

f (L . 15.46
z€C yepD veD z€C< -T | U> ( )

Proof. Set [ =1 and g = op in Theorem 15.23. Then Example 13.3(i) and
Example 13.37(i) yield inf,ccsup,ep (L | v) = infyepy to(z) + op(La) =
infrey f(z)+g(La) = —mingey f*(—L*v)+¢g*(v) = —minyep oc(—L*v) =
— minyep sSup,ee (¢ | —L*v) = maxyep infrec (La | v). O

In Euclidean spaces, the following result is known as von Neumann’s min-
imax theorem.

Corollary 15.30 (von Neumann) Let C C H and D C K be nonempty
bounded closed convezx sets, and let L € B(H,K). Then
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min max (Lz | v) = maxmin (Lz | v). (15.47)

zeC veD veD zeC
Proof. Since D is bounded, we have bar D = K and therefore 0 € sri(bar D —
L(C)). Moreover, since Proposition 11.14(ii) implies that a continuous lin-
ear functional achieves its infimum and its supremum on a nonempty
bounded closed convex set, we have sup,cp (Lz | v) = max,ep (Lz | v) and
infyec (La | v) = mingee (La | v). Now set ¢: 2 — maxyep (La | v). Then
©(0) = 0 and, therefore, Proposition 9.3 implies that ¢ € I'H(H). Thus, in-
voking Proposition 11.14(ii) again, derive from (15.46) that

. I o
rg ey (e 1) = gl
= inf L
b

= max inf (Lz | v)
veD zeC

= maxmin (Lx | v), (15.48)
which yields (15.47). O

Corollary 15.31 Let C be a nonempty closed convex cone in H, let D be a
nonempty closed convex cone in K, and let L € B(H,IKC). Then the following
hold:

(i) (CNL7YD))® =C% + L*(D®°).
(i) Suppose that D — L(C) is a closed linear subspace of K. Then the set
(CNL7YD))® = C® + L*(D®) is a nonempty closed convex cone.

Proof. (i): Proposition 6.34 and Proposition 6.36(i) yield (C N L~Y(D))° =
C® 4+ (L~Y(D))® = C° + L*(D®) = C° + L*(D°).

(ii): Set f = tc and ¢ = tp, and note that 0 € sri(domg — L(dom f))
by assumption. Example 13.3(ii) and Theorem 15.27(i) imply that, for every
u € H,

venz-1y(pye (U) = tonp-1(py(w)
= (tc+ (tp o L))" (u)
— (f+goL)*(u)
= mi}r<1 (f*(L*v +u) + g*(—v))

ve

= Irél}ICl (tce (L*v +u) + tpe (—v))

= LC@+L*(D@)(U). (1549)

Therefore, C® N L*(D®) is the polar cone of C' N L~Y(D) and hence, by
Proposition 6.23(ii), it is closed. O
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Corollary 15.32 Let D be a nonempty closed convexr cone in IC, let L €

B(H,K), and suppose that D — ranL is a closed linear subspace. Then
(L=H(D))® = L*(D°).

Corollary 15.33 Let C be a closed linear subspace of H, let D be a closed
linear subspace of K, and let L € B(H,K). Then L(C) + D is closed if and
only if C*+ 4+ L*(DV) is closed.

Corollary 15.34 Let L € B(H,K). Thenran L is closed if and only if ran L*
is closed.

Corollary 15.35 Let U and V be closed linear subspaces of H. Then U +V
is closed if and only if U+ + VL is closed.

Corollary 15.36 Let L € B(H,K) be an operator such that ran L is closed,
and let V be a closed linear subspace of H. Then L(V') is closed if and only
if V 4+ ker L is closed.

Proof. Since ran L is closed, Corollary 15.34 yields
ran L* =Ttan L*. (15.50)

Using Corollary 15.33, (15.50), Fact 2.18(iii), and Corollary 15.35, we obtain
the equivalences L(V) is closed < V1 + ran L* is closed < V1 +tan L* is
closed < V+ + (ker L)* is closed < V + ker L is closed. O

Exercises

Exercise 15.1 Let f € IH(H) and g € Io(H) be such that dom fNdom g #
@. Show that (f + g)* = f*Bg* if and only if epi f* + epi g* is closed.

Exercise 15.2 Let K; and K5 be nonempty closed convex cones in H. Use

Proposition 15.1 to show that (K;NK,)® = K + K5 . Compare with Propo-
sition 6.34.

Exercise 15.3 Let f € I'j(H). Show that dom f + dom f* = H.
Exercise 15.4 Verify the details in Remark 15.4(i).

Exercise 15.5 Consider the setting of Definition 15.10, and let f and g be
as in Remark 15.4(i). Determine p, p*, and A(f, g), and whether the primal
and dual problems admit solutions.

Exercise 15.6 Consider the setting of Definition 15.19 with H = K = R,
L =1d, and f = g = exp. Prove the following: ¢ = p* = 0, the primal
problem has no solution, and the dual problem has a unique solution.
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Exercise 15.7 Find two functions f and g in I'H(R) for which, in the setting
of Definition 15.10, A(f,g) = 0, the primal problem has a unique solution,
and the dual problem has no solution.

Exercise 15.8 Find two functions f and g in I'h(R) for which A(f,g) =0
and inf(f + g)(H) = —o0.

Exercise 15.9 Find two functions f and ¢ in IH(R) for which inf(f +
9)(H) = +oo and inf(f* + ¢*V)(H) = —oc.

Exercise 15.10 Suppose that H = R. Set f = zx_ and

xln(z) —z, if x> 0;
g:x— <0, if x=0; (15.51)
00, if x<0.

Show that the primal problem (15.22) admits a minimizer, that A(f,g) =0,
and that 0 ¢ sri(dom f — domg).

Exercise 15.11 Suppose that H = R. Set f = ¢[_1,0) and g = ¢[p,1]- Show
that the primal problem (15.22) and the dual problem (15.23) both admit
minimizers, that A(f, g) =0, and that 0 ¢ sri(dom f — dom g).

Exercise 15.12 Find two functions f and g in I'h(R) such that the following
hold: the primal problem (15.22) has a minimizer, the primal optimal value
is 0, A(f,g) = 0, the dual problem (15.23) does not have a minimizer, and
dom f* =domg* = R.

Exercise 15.13 Let f: H — |—00,+00] and ¢g: K — ]—00, +00] be proper,
and let L € B(H,K). Show that A(f,go L) < A(f,g,L).

Exercise 15.14 Suppose that H =K =R and set f: R = |—o0, +00] : z —
x4 g, (), g = t{13, and L = Id. Compute p and p* as given in Proposi-
tion 15.21.

Exercise 15.15 Suppose that H = K =R and set f: R = |—o0, +00] : ©
— +r, (), g = t{—1}, and L: R = R: 2 — 0. Compute p and p* as given
in Proposition 15.21.

Exercise 15.16 Suppose that H =K =R and set f: R = |—o0, +00] : 2 —
—r+4tr, (), 9 = t{o}, and L: R — R: z + 0. Compute p and p* as given in
Proposition 15.21.

Exercise 15.17 Suppose that H =K =R and set f: R = |—o0, +00] : & —
—r+ R, (T), § = t]—00,—1], and L: R — R: 2 + z. Compute p and pu* as
given in Proposition 15.21.
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Exercise 15.18 Suppose that H = £(N), let (ay,)nen be a sequence in 0, 1]
such that ) a2 < 400, and set L: H — H: ({n)nen = (anén)nen. Show
that L* = L, that Tan L = ‘H, and that ran L # H. Conclude that the closure
operation in Corollary 15.31(i) is essential.

Exercise 15.19 Consider Corollary 15.31(ii). Find an example in which D —
L(C) = K and C® + L*(DP®) is not a linear subspace.



Chapter 16
Subdifferentiability

The subdifferential is a fundamental tool in the analysis of nondifferentiable
convex functions. In this chapter we discuss the properties of subdifferentials
and the interplay between the subdifferential and the Legendre transform.
Moreover, we establish the Bregndsted—Rockafellar theorem, which asserts
that the graph of the subdifferential operator is dense in the domain of the
separable sum of the function and its conjugate.

16.1 Basic Properties

Definition 16.1 Let f: H — ]—o00, +00| be proper. The subdifferential of f
is the set-valued operator

of it H—2"z—{ueH | (VyeH) (y—a|u)+ f(z) < f(y)}. (16.1)

Let x € H. Then f is subdifferentiable at x if 0f(x) # @; the elements of
Of(x) are the subgradients of f at x.

Graphically (see Figure 16.1), a vector u € H is a subgradient of a proper
function f: H — ]—o0,+o0] at 2 € dom f if the continuous affine functional
fou:y = (y— x| u)+f(x), which coincides with f at x, minorizes f; in other
words, u is the “slope” of a continuous affine minorant of f that coincides
with f at z.

Global minimizers of proper functions can be characterized by a simple
but powerful principle which goes back to the seventeenth century and the
work of Pierre Fermat.

Theorem 16.2 (Fermat’s rule) Let f: H — |—o0, +o0] be proper. Then

Argmin f =zerdf = {z € H | 0 € df(x)}. (16.2)
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>
>

\
f(x)

Fig. 16.1 A vector u € H is a subgradient of f at x if it is the “slope” of a continuous
affine minorant f . of f that coincides with f at x.

Proof. Let € H. Then z € Argmin f & (Vy e H) (y — 2| 0) + f(z) < f(y)
< 0€df(x). O

Proposition 16.3 Let f: H — |—o0,+o0] be proper and let * € dom f.
Then the following hold:

() dom@f C dom f.
(111) ( ) is closed and convezx.
(iv) Suppose that x € dom Of. Then [ is lower semicontinuous at x.

Proof. (i): Since f is proper, f(z) = +o0 = 0f(x) = @.
(ii): Clear from (16.1).
111) Clear from (ii).
Take u € Of(z). Then (Vy € H) f(z) < f(y) + (x —y | u) and hence

(iv):
flx ) <lim, ., f(y)- s
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Proposition 16.4 Let f: H — |—00, +00] be proper, and let x € H. Suppose
that € domf. Then f**(z) = f(z) and Of**(x) = Of (x).

Proof. Take u € 0f(x). Then (Vy € H) (y —x | u)+ f(x) < f(y). Hence f** =
f by Proposition 13.39. In turn, in view of Corollary 9.10, Lemma 1.31(iv),
and Proposition 16.3(iv), f**(z) = f(z) = f(z) =lim,_,, f(y) = f(z). Thus
(y—z|u) + f**(x) < f**(y), which shows that u € Jf**(x). Conversely,
since f**(z) = f(x) and since f** < f by Proposition 13.14(i), we obtain
of**(x) C Of(x). O

Proposition 16.5 Let K be a real Hilbert space, let f: H — ]—o0, +00] and
g: KK — ]—o00,+0o0] be proper, let L € B(H,K), and let A € Ryy. Then the
following hold:

(i) O(Af) = AOf.

(ii) Suppose that dom gNL(dom f) # &. Then Of+L*o(dg)oL C O(f+goL).
Proof. (i): Clear.

(ii): Take z € H, u € If(x), and v € Og(Lz). Then v + L*v is a
generic point in Jf(x) + (L* o (0g) o L)(z) and it must be shown that
u+ L*v € O(f +go L)(x). It follows from (16.1) that, for every y € H,
we have (y —x | u) + f(z) < f(y) and (Ly — Lz | v) + g(Lx) < g(Ly), hence
(y — x| L*v) + g(Lz) < g(Ly). Adding the first and third inequalities yields

VyeH) (y—z|u+Lv)+(f+goLl)(z) < (f+goL)(y) (16.3)
and, in turn, u + L*v € O(f + go L)(x). O
Proposition 16.6 Let (H;)icr be a finite totally ordered family of real
Hilbert spaces, set H = @,c; Hi, let f: H — ]—00,+00] be proper, and
let (z;)ie; € dom f. For every i € I, define R;: H; — H as follows: for
every y € H; and every j € I, the jth component of R;y is y if j =1, and z;

otherwise. Then

Of (zi)ier) € X O(f o Ri)(w:). (16.4)

il
Proof. Set @ = (z;);er, and take y = (y;)icr € H and ©u = (u;);er € H. Then
uedf(x)e (VWeH) (y—z|u)+ flz) < f(y)

= (Vie I)(Vy; € Hi) (yi — i | wi) + (f o Ri)(wi) < (f o Ri)(wi)
& (Viel) u € 0(f o Ri)(x:)

S U C X@(fORl)(JZl), (165)
icl
which completes the proof. a

Remark 16.7 The inclusion (16.4) can be strict. Indeed, adopt the notation
of Proposition 16.6 and suppose that H = R x R. Set f = tp(o;1) and & =
(1,0). Then fo Ry = ¢_11) and f o Ry = tg}. Therefore,
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9f(1,0) =Ry x {0} # Ry x R = (3(f o R1)(1)) x (9(f o R2)(0)). (16.6)

Proposition 16.8 Let (H;)icr be a totally ordered finite family of real
Hilbert spaces and, for every i € I, let f;: H; — |—o00, +00] be proper. Then

oEp fi = Xof:. (16.7)

icl el

Proof. We denote by @ = (z;)ic; a generic element in H = @, ; H;. Set
f =@, [i, and take x and w in . Then Proposition 16.3(i) yields

u e Xofi(z;) & (Vie I)(Vy; € Hi) (yi —xi | wi) + fi(zi) < filys) (16.8)

el
= (VyeH) Y (yi—ai|w)+ ) file:) <Y filyi)(16.9)
i€l i€l i€l
& (VyeH) (y—z|u)+ f) < fy)
< u € df(x). (16.10)

Finally, to obtain (16.9) = (16.8), fix ¢« € I. By forcing the coordinates of y
in (16.9) to coincide with those of @, except for the ith, we obtain (Vy; € H,;)

(Wi — i | ug) + filws) < fily). |

The next result states that the graph of the subdifferential contains
precisely those points for which the Fenchel-Young inequality (Proposi-
tion 13.13) becomes an equality.

Proposition 16.9 Let f: H — ]—o0,+0o0] be proper, let x € H, and let
u€H. Thenu € 0f(z) & f(z)+ f*(u) = (x| w) = x € If*(u).

Proof. Using (16.1) and Proposition 13.13, we get

uedf(z) = (vyedomf) (y|u) — fly) < (z|uw) - f() <[ (u)
& ffu)= sup ({y|u)—f(y) < (2]~ fle) < ()

y€dom f

& fla)+ f*(u) = (x| u). (16.11)

Accordingly, using the Fenchel-Young inequality (Proposition 13.13) and
Proposition 13.14(i), we obtain u € df(z) = (u|z) < f*(u) + f**(z) <
fruw)+ f(2) = (ulz) = f*(u)+ [ (@) = (u]2) = 2 €df(u) O

Corollary 16.10 Let f: H — ]—o0, +00| be proper. Then gradf C dom f x
dom f*.

Example 16.11 Set f = (1/2)] - ||>. Then 9f = Id.

Proof. This follows from Proposition 16.9 and Proposition 13.16. O
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16.2 Convex Functions

We start with a key example.
Example 16.12 Let C be a nonempty convex subset of H. Then dvc = N¢.

Proof. Combine (16.1) and (6.31). O

Here is a refinement of Proposition 16.9.

Proposition 16.13 Let f: H — ]—o0, +00] be proper and convez, let x € H,
and letw € H. Thenu € 0f(x) < (u,—1) € Nepi¢(z, f(x)) & f(x)+f*(u) =
(x| u) = xe€df(u).

Proof. Note that epif is nonempty and convex. Moreover, (u,—1) €
Nepif (@, f(x)) < 2 € dom f and (V(y,n) € epi f) ((y,n) — (z, f(z)) | (u,—1))
<0« 2 edomfand (V(y,n) €epif) (y—a|u)+(n—f(z)(-1) <0+
(V(y,m) €epif) (y—a|u)+ f(z) <n e (Vy Edom f) (y—x|u) + f(z) <
f(y) & u e df(x). In view of Proposition 16.9, the proof is complete. O

Let f: H — ]—o00,400] be proper. We have observed in Proposi-
tion 16.3(i)&(iii) that dom df C dom f and that, for every = € dom f, df(z)
is closed and convex. Convexity of f supplies stronger statements.

Proposition 16.14 Let f: H — |—o0, +00] be proper and convex, and let
x € dom f. Then the following hold:

(i) Suppose that intdom f # & and that x € bdry dom f. Then Of(x) is
either empty or unbounded.
(i) Suppose that x € cont f. Then Of(x) is nonempty and weakly compact.
(iii) Suppose that x € cont f. Then there exists & € Ry, such that
Of(B(x;9)) is bounded.
(iv) Suppose that cont f # &. Then int dom f C domJf.

Proof. (i): By Proposition 7.5, x is a support point of dom f. Consequently,
there exists u € H ~ {0} such that (Vy € dom f) (y — x| u) < 0. Hence
(Vo € 0f(z))(VA € Ry) v + Au € Of (x).

(i1)&(iii): Observe that epi f is nonempty and convex. Also, by Propo-
sition 8.36, intepif # @. For every ¢ € Ry, (x, f(x) —¢e) ¢ epif and
therefore (x, f(x)) € bdryepif. Using Proposition 7.5, we get (u,v) €
Nepi f(z, f(x)) ~ {(0,0)}. For every y € dom f and every n € Ry, we have
(. 7() + 1) — (@ £(2)) | (u,)) < 0 and therefore

(y—zu) +(fly) = f(@))v+n <0. (16.12)

We first note that v < 0 since, otherwise, we get a contradiction in (16.12) by
letting n — +o00. To show that v < 0, let us argue by contradiction. If v = 0,
then (16.12) yields sup (dom f — z | u) < 0 and, since B(z;e) C dom f for
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e € Ry small enough, we would further deduce that sup (B(0;¢) | u) < 0.
This would imply that w = 0 and, in turn, that (u,r) = (0,0). Hence v < 0.
Since Nepi £(z, f(z)) is a cone, we also have

(u/lvls=1) = (1)) (w, ) € Negi  (a f(a)- (16.13)

Using Proposition 16.13, we obtain u/|v| € 0f(x). Hence 0f(z) # @. By
Theorem 8.29, there exist § € Ryy and § € Ry such that f is Lipschitz
continuous with constant § relative to B(z;2d). Now take y € B(x;0) and
v € Of(y). Then (V2 € B(0;)) (2| v) < fly+2) — f(y) < Bl and
hence |[v|| < S. Tt follows that Of(z) C df(B(x;9d)) C B(0;5). Thus, df(x)
is bounded and, by Proposition 16.3(iii), closed and convex. It is therefore
weakly compact by Theorem 3.33.

(iv): A consequence of (ii) and Corollary 8.30(i). O

Corollary 16.15 Let f: H — |—o00, 00| be proper and convez. Suppose that
H is finite-dimensional and let x € ridom f. Then Of(z) is nonempty.

Proof. This follows from Corollary 8.32 and Proposition 16.14(ii). O

Corollary 16.16 Let h: H — ]—00, +00] be convex and suppose that D is a
nonempty open convex subset of cont h. Then (h+u1p)*™ is the unique function
f:H = ]—o00,+00] that satisfies

fery(H), domfcD, and f|lp=hlp. (16.14)
Moreover,
~ Jlimao (1 — @)z + ay), ifx € D;
(Ve e H)(Vy € D) f(zx) = {Jroo, ifr¢D. (16.15)

Proof. Set ¢ = h + tp. Then g is proper and convex, and D C cont g. Using
Proposition 16.14(ii) and Proposition 16.4, we see that D C dom dg and that

h|D = g|D = g**|D. (1616)

Thus g** € Io(H). Since domdg # &, Proposition 13.40(i) implies that
dom g** C dom g C D. Hence ¢g** satisfies (16.14). Now assume that f: H —
]—o0, +o0] satisfies (16.14), fix y € D = intdom f, and take x € H. If x ¢ D,
then f(z) = +oco. So assume that z € D. Proposition 3.35 implies that
Jz,y] € D. In view of Proposition 9.14 and (16.14), we deduce that

f(x) :loii%f((l — )z + ay) :E%h((l — )z + ay). (16.17)

This verifies the uniqueness of f as well as (16.15). O

Proposition 16.17 Let f: H — R be lower semicontinuous and convex.
Then the following are equivalent:
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(i) f is bounded on every bounded subset of H.

(ii) f is Lipschitz continuous relative to every bounded subset of H.

(iii) dom 0 f = H and Of maps every bounded subset of H to a bounded set.
(iv) f* is supercoercive.

If H is finite-dimensional, then f satisfies these properties.

Proof. (i)=(ii): Take a bounded subset C' of H. Let xo € H and p € Ry be
such that C' C B(xg; p). By assumption, f is bounded on B(z;2p). Propo-
sition 8.28(ii) implies that f is Lipschitz continuous relative to B(xo;p), and
hence relative to C.

(ii)=-(iii): Proposition 16.14(ii) asserts that domdf = H. It suffices to
show that the subgradients of f are uniformly bounded on every open ball
centered at 0. To this end, fix p € R4y, let A € Ry be a Lipschitz constant of
f relative to int B(0; p), take = € int B(0; p), and let « € Ry be such that
B(x;a) C int B(0; p). Now suppose that u € 9f(x). Then

(vy € BO:1)) {ay | u) < f(x+ay) - f(2) < Nlag] < Aa.  (16.18)

Taking the supremum over y € B( ;1) in (16.18), we obtain «fu| < Aa, i.e.,
llu]l < A. Thus, sup ||0f (int B(0; p))|| < A

(ili)=-(i): It suffices to show that f is ounded on every closed ball centered
at 0. Fix p € Ryy. Then 8 = sup ||0f(B(0; p))|| < +oo. Now take x € B(0; p)
and v € 9f(x). Then (0 —z | u) + f(z) < f(0) and hence f(z) < f(0) +
(x| u) < f(0) + pB. It follows that

sup f(B(0;p)) < £(0) + pp. (16.19)
Now take v € 9f(0). Then (x — 0| v) + f(0) < f(x) and thus f(x) > f(0) —
llz]| [[v]| > £(0) — pB. We deduce that

inf £ (B(0; p)) = (0) — pB. (16.20)

Altogether, (16.19) and (16.20) imply that f is bounded on B(0; p).
(i)<(iv): This is an immediate consequence of Proposition 14.15 and
Corollary 13.33.
Finally, suppose that H is finite-dimensional. By Corollary 8.32, f satisfies
(ii) and, in turn, the equivalent properties (i), (iii), and (iv). O

16.3 Lower Semicontinuous Convex Functions

Let us first revisit the properties of positively homogeneous convex functions.

Proposition 16.18 Let f € I'H(H) be positively homogeneous. Then f = o¢,
where C' = Jf(0).
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Proof. Since f(0) = 0, the result follows from Proposition 14.11 and Defini-
tion 16.1. O

A consequence of Corollary 16.16 is the following result, which shows that
certain functions in IH(H) are uniquely determined by their behavior on the
interior of their domain.

Proposition 16.19 Let f € (M) be such that int dom f # &. Then
f=(f+tintdoms) - (16.21)

The next example shows that in Proposition 16.19 int dom f cannot be
replaced in general by a dense convex subset of dom f. (However, as will be
seen in Corollary 16.31, dom 9 f is large enough to reconstruct f.)

Example 16.20 Suppose that H is infinite-dimensional and separable. Let
(en)nen be an orthonormal basis of H, and let (o, )nen be a sequence in |0, 1]
such that (ay)nen € £2(N). Define

f:H—]—00,+00] : stupM
neN Oy

(16.22)

and set C' = span{ey }nen. Then f € IH(H) and C C dom f. In fact, C' is
a convex and dense subset of H and 0 < f + ¢c. By Proposition 13.14(ii),
0 = 0" < (f 4+ tc)*™. On the other hand, set z = — > _ane,. Then
f(z) =—1and z € (dom f) \ C. Altogether, (f + tc)** # f.

Proposition 16.21 Let f € I'y(H). Then intdom f = cont f C domdf C
dom f.

Proof. The equality follows from Corollary 8.30(ii) and the first inclusion
from Proposition 16.14(ii). The second inclusion was observed in Proposi-
tion 16.3(i). O

Remark 16.22 Let f € I,(H). Then Proposition 16.21 asserts that dom 0 f
is sandwiched between the convex sets intdom f and dom f. However it
may not be convex itself. For instance, set H = R? and f: (£1,&) —

max{g(&1), €]}, where g(&) = 1 — /& if & > 0; g(&1) = +oo if & < 0.
Then domdf = (Ry x R) ~ ({0} x ]—1,1]).

The following theorem provides characterizations of the subdifferential of
a function in I'o(H).

Theorem 16.23 Let f € IH(H), let © € H, and let uw € H. Then the follow-
ing are equivalent:

(i) (z,u) € gradf.
(ii) (u, —1) € Nepis(z, f(x)).
(iti) f(z) + f*(u) = (2 | u).
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(iv) (u,x) € gradf*.

Proof. (1)< (il)< (iil)=-(iv): Proposition 16.13.
(iv)=-(iii): The implication (i)=-(iii) and Corollary 13.33 yield (u,z) €
gradf* = (u|z) = f*(u) + [ () = f*(u) + f (). 0

Corollary 16.24 Let f € I4(H). Then (0f)~1 = af*.

Example 16.25 Let x € H. Then

0l - I(z) = {;{)','f)”}’ rer (16.23)

Proof. Let f = -||. Then f € I'y(H) and, as seen in Example 13.3(v), f* =
tB(o;1)- Now let u € H. If x # 0, the equivalence (i)« (iii) in Theorem 16.23,
together with Cauchy—Schwarz, yields v € 0f(z) < [||ul] < 1 and ||z| =
(@) u)] & [lull < 1and lo] = (x| w) < | full < lol] & (Jul = 1 and
(Fa € Riy) u=ax] < u=xz/|z|. Finally, if z = 0, the equivalence (i)<(iii)
in Theorem 16.23 becomes u € 0f(z) < 1) (u) =0 < u € B(0;1). O

Proposition 16.26 Let f € Iy(H). Then gradf is sequentially closed in
waeak x sttrong and in sttrong x waeak‘

Proof. Let (zy,, un)nen be a sequence in gradf such that x, =z and u,, — u.
Then it follows from Theorem 16.23 that (Yn € N) f(z,)+f* (un) = (@ | un).
Hence, we derive from Proposition 13.13, Theorem 9.1, and Lemma 2.41(iii)
that

(x| u) < fz)+ f(u)
s_mf(scn)+hmf (un)

-1

li (xn | un>

=(z|u). (16.24)
Invoking Theorem 16.23 once more, we deduce that (x,u) € gradf, which
proves the first assertion. Applying this result to f* and then appealing to
Corollary 16.24 yields the second assertion. O

Proposition 16.27 Let f € I'h(H), and let x, ug, and uy be in H. Then the
following hold:

(i) Suppose that [ug,u1] C Of(x). Then f* is affine on [ug, u1].
(ii) Suppose that f* is affine on [ug,u1] and that x € Of*(Jug,u1[). Then
[, 1] € Of (1),

Proof. Set (Vo €10,1]) ug = (1 — @)ug + cuy.
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(i): Theorem 16.23 yields f(z) + f*(uo) = (x| uo) and f(z) + f*(u1) =
(x | u1). Now take a € |0, 1[. Then
f@) + (1= a)f*(uo) + af (u1) = (1 = a) (z [ uo) + a(z | u1)

= (| ua)

= f(@) + f((1 — @)uo + aur)
< fl@) + (1 —a)f*(uo) + af(u),
(16.25)

and we deduce that f* is affine on [ug, u1].
(ii): We have © € 0f*(u,) for some a € ]0,1[. Hence, Theorem 16.23
implies that

O—f( )+ [ (u ) (2 | ua)
(1= a)(f(z) + f*(uo) = (z | uo) )
+a(f(a:)+f (uy) — (x \u1>) (16.26)
Since the terms f(z)+f*(uo)—(z | uo) and f(x)+f*(u1)—(x | u1) are positive
by the Fenchel-Young inequality (Proposition 13.13), they must therefore

be zero. Hence, {ug,u1} C 9f(x) by Theorem 16.23, and we deduce from
Proposition 16.3(iii) that [ug,u1] C df(z). O

Proposition 16.28 Let f € IH(H)). Then gra(f +tdomay) is a dense subset
of gra f; in other words, for every x € dom f, there exists a sequence (Tn,)neN
in domOf such that x, — = and f(z,) = f(x).

Proof. Take z € dom f and ¢ € Ry, and set (p,m) = Pepi (2, f(x) — €).
Proposition 9.18 implies that 7 = f(p) > f(z) — € and

(Vyedomf) (y—plaz—p)<(flp)—flx)+e)(fly)— f(p). (16.27)

In view of (16.1), we deduce that (z — p)/(f(p) — f(z) +¢) € Of(p), hence
p € domdf. In addition, (16.27) with y = z yields ||(x, f(z)) — (p, f(p))||? =

lz = pl> +|f(z) = f()]? < e(fz) - fp)) <& 0
Corollary 16.29 Let f € Ih(H). Then domdf is a dense subset of dom f.
Corollary 16.30 Let f € I'y(H). Then f* = (f + taomar)*-

Proof. This follows from Proposition 16.28, Proposition 13.14(iv), and Propo-
sition 13.9(v). O

In the light of Proposition 16.21, the following result can be viewed as a
variant of Proposition 16.19.

Corollary 16.31 Let f € I'v(H). Then f = (f + tdomays)™™
Proof. Combine Corollary 16.30 and Corollary 13.33. O
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16.4 Subdifferential Calculus

In this section we establish several rules for computing subdifferentials of
transformations of convex functions in terms of the subdifferentials of these
functions.

Proposition 16.32 Let K be a real Hilbert space, let f € I'o(H), let g €
Io(K), and let L € B(H,K) be such that L(dom f) N domg # &. Suppose
that (f +go L)* = f*O(L*®» g*). Then O(f +go L) =0f + L* o (0g) o L.

Proof. In view of Proposition 16.5(ii), it remains to establish the inclusion
grad(f+goL)C gra(df +L*o(dg)oL). Take (z,u) € grad(f +goL). On
the one hand, Proposition 16.9 forces

(f+goL)(@)+ (f+goL) (u)=(z|u). (16.28)

On the other hand, our assumption implies that there exists v € I such that
(f+goL)(u)= f*(u— L*v) + g*(v). Altogether,
(f(@)+ (= L) — o | u=L*0)) + (g(La) +¢"(v) — x| L*v)) = 0.
(16.29)
In view of Proposition 13.13, we obtain f(z) 4+ f*(v — L*v) = (x | u — L*v)
and g(Lx)+g¢*(v) = (Lx | v). In turn, Proposition 16.9 yields u—L*v € 0f(x)
and v € dg(Lx), hence u € Of(x) + L*(0g(Lx)). O

Example 16.33 Let f € I5(H) and let v € Ry . Then 9(f + (7v/2)]| - ||?) =
of +~Id.

Proof. Combine Proposition 16.32, Proposition 14.1, and Example 16.11. O
Proposition 16.34 Let f € I\(H), and let x and p be in H. Then
p=Proxyzr < x—pedf(p). (16.30)

In other words,
Prox; = (Id +0f) . (16.31)

Proof. We derive (16.30) from Proposition 12.26 and (16.1). Alternatively, it
follows from Definition 12.23, Theorem 16.2, and Example 16.33 that p =
Proxyz < 0 € 9(f + (1/2)||lz —-|*)(p) = 0f(p) +p - =. 0

Proposition 16.35 Let f € IH(H). Then ran(Id + 9f) = H.

Proof. We deduce from (16.31) and Definition 12.23 that ran(Id + 0f)
dom Prox; = H.

O
Remark 16.36 Let f and g be in Ih(H) and suppose that dom f Ndom g #
. Proposition 16.32 yields (f + ¢)* = f*Bg¢* = d(f +¢g) = 0f + 9y, i.e.,
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f*Og" is exact on dom(f +¢)* = I(f+g)=0f+ 0g. (16.32)
Almost conversely, one has (see Exercise 16.8)
Of+g)=0f+0g9g = [f*Og"isexact ondomd(f+g)", (16.33)

which raises the question whether the implication d(f + g) = 9f + dg =
(f +9)* = f*Bg* holds. An example constructed in [116] shows that the
answer is negative.

Theorem 16.37 Let K be a real Hilbert space, let f € [h(H), let g € IH(K),
and let L € B(H,K). Suppose that one of the following holds:

(i) 0 € sri(dom g — L(dom f)) (see Proposition 6.19 for special cases).
(ii) K is finite-dimensional, g is polyhedral, and dom g Nri L(dom f) # &.
(iii) H and K are finite-dimensional, f and g are polyhedral, and dom g N
L(dom f) # .

Then O(f +goL)=0f + L* o (dg)o L.
Proof. Combine Theorem 15.27 and Proposition 16.32. O

Corollary 16.38 Let f and g be functions in I'h(H) such that one of the
following holds:

(i) 0 € sri(dom f — dom g).

(ii) dom f Nintdom g # @.
(iii) dom g = H.

(iv) H is finite-dimensional and ridom f Nridomg # &.
Then O(f +g) = 0f + dg.

Proof. (i): Clear from Theorem 16.37(3).
(ii)=(i): Proposition 6.19(vii).
(iii)=-(ii): Clear.
(iv)=(i): Proposition 6.19(viii). O

Corollary 16.39 Let m be an integer such that m > 2, set I ={1,...,m},
and let (f;)icr be functions in Iy(H) such that one of the following holds:

(i) We have

m i—1
0e m sri (dom fi— ﬂ domfj>. (16.34)
i=2 j=1
(ii) For every i € {2,...,m}, dom f; — ﬂ;;ll dom f; is a closed linear sub-
space.
(iii) The sets (dom f;);er are linear subspaces and, for every i € {2,...,m},

dom f; + ﬂ;;ll dom f; is closed.
(iV) dom fm N m;ﬂ;—ll int dom fi 75 .
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(v) H is finite-dimensional and (;c; ridom f; # @.

Then O(3 er fi) = 2 i1 0fi-

Proof. (i): We proceed by induction. For m = 2 and functions f; and fo
in I'o(H), (16.34) becomes 0 € sri(dom fo — dom f1) and we derive from
Corollary 16.38(i) that O(f2 + f1) = 0f2 + 0f1. Now suppose that the result
is true for m > 2 functions (f;)i<i<m in Io(#H), and let f,+1 be a function
in I'o(H) such that

m—+1

i1
0e ﬂ sri (dom fi— ﬂ dom fj). (16.35)
j=1

=2

Then (16.34) holds and hence the induction hypothesis yields (31", fi) =
it 8fi. Moreover, it follows from (16.35) that

m m
0 € sri (dom fma1 — ﬂ dom f,) = sri (dom fm+1 — domz f,;), (16.36)

i=1 i=1

where Y1 | fi € I'y(H). We therefore derive from Corollary 16.38(i) that
m+1 m
a( > f) = 8<fm+1 + f)
i=1 i=1
= 0fm+1 + 3<Zfi>
i=1

=0fm+1 + Z af;
=1

m—+1

=> 0fi, (16.37)
=1

which concludes the proof.
(ii)=-(i): Proposition 8.2 and Proposition 6.20(i).
(iil)=-(i): Proposition 6.20(ii).
(iv)=-(i): Proposition 8.2 and Proposition 6.20(iii).
(v)=-(i): Proposition 8.2 and Proposition 6.20(iv). O

The next example shows that the sum rule for subdifferentials in Corol-
lary 16.38 fails if the domains of the functions merely intersect.

Example 16.40 Suppose that # = R?, and set C' = B((—1,0);1) and D =
B((1,0);1). Then CND = domtcNdomep = {(0,0)} and 9(tc+:p)(0,0) =
R? £ R x {0} = 9ue(0,0) + dep(0,0).

It follows from Fermat’s rule (Theorem 16.2) that a function that admits a
minimizer is bounded below and 0 belongs to the range of its subdifferential
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operator. In contrast, a function without a minimizer that is unbounded
below—such as a nonzero continuous linear functional—cannot have 0 in the
closure of the range of its subdifferential operator. However, the following
result implies that functions in I'y(H) that are bounded below possess arbi-
trarily small subgradients.

Corollary 16.41 Let f € Io(H) be bounded below. Then 0 € Tandf.

Proof. Fix ¢ € Ry. Since f is bounded below and || - || is coercive, Corol-
lary 11.15(ii) implies that f+¢l|-|| has a minimizer, say z. Using Theorem 16.2,
Corollary 16.38(iii), and Example 16.25, we obtain 0 € 0f(z) +¢B(0;1). O

Here is another consequence of Theorem 16.37.

Corollary 16.42 Let g € I'o(K) and let L € B(H,K). Suppose that one of
the following holds:

(i) 0 € sri(dom g — ran L).
(ii) K is finite-dimensional, g is polyhedral, and dom g Nran L # &.

Then O(go L) = L* o (dg) o L.
Example 16.43 Let f € I'hy(H). Then d(fY) = —(9f)".

Example 16.44 Let N be a strictly positive integer, set I = {1,..., N}, let
(ui)ier € HN, let (Bi)ier € RY, and set C' = Nicr {a: cH ‘ (@ | u;) < Bi}.
Suppose that z € C and set J = {i €I | (z|u;) =pB;}. Then Noz =
ZjGJ R+u]‘.

Proof. Set b = (Bi)icr, set L: H — RN: 2 — ((z|w))ics, and set
g: RN — ]—00,+00] : y = 1w (y — b). Then g is polyhedral, .c = go L, and
Lz € domg Nran L. By Corollary 16.42(ii), Ncz = Ovc(z) = 9(g o L)(z) =
L*(0g(Lz)) = L*(Ng~(Lz — b)). Hence the result follows from Exam-
ple 6.41(ii). O

The following central result can be viewed as another consequence of Corol-
lary 16.38.

Theorem 16.45 (Brgndsted—Rockafellar) Let f € Ih(H), let (y,v) €
dom(f @ f*), and let A and p in Ry satisfy f(y)+ f*(v) < {y | v)+Au. Then
there exists (z,w) € gradf such that ||z —y|| < X and ||lw —v| < p.

Proof. Set o« = Ap. If @ = 0, then (y,v) has the required properties by
Proposition 16.9. So assume that o > 0, set 5 = A, and set h = f — (- | v).
Then for every x € ‘H, we have

hz) = =((z [ v) = f(x)) = = f"(v) = f(y) = (¥ | v) = An = h(y) —a. (16.38)

Hence h is bounded below and o > h(y) — inf ~(H). Theorem 1.45 yields a
point z € H such that ||z — y|| < 8 = X and z € Argmin(h + (a/B)|| - —z]))-
In turn, Theorem 16.2, Corollary 16.38(iii), and Example 16.25 imply that
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0€d(h+ (a/B)] - —2])(2) = 0f(2) — v+ uB(0;1). (16.39)
Thus, there exists w € 9f(z) such that v—w € pB(0;1), i.e., [w—v| < p. O

Proposition 16.46 Let K be a real Hilbert space, let F € T'o(H x K), and
set
f:H — [—o00,+0] : & — inf F(z, K). (16.40)

Suppose that [ is proper and that (x,y) € H x K satisfies f(x) = F(x,y),
and let w e H. Then u € 0f(z) < (u,0) € OF (x,vy).

Proof. As seen in Proposition 13.28, f*(u) = F*(u,0). Hence, by Proposi-
tion 16.9, u € 0f () & f*(u) = (z | u) — f(x) & F*(u,0) = (x | u) — F(x,y)
< F*(u,0) = ((x,y) | (u,0)) — F(z,y) < (u,0) € OF (z,y). O

Proposition 16.47 Let f € IH(H), let K be a real Hilbert space, let L €
B(H,K), suppose that y € dom(L > f), and let x € H. Suppose that Lz = y.
Then the following hold:

(i) Suppose that (L> f)(y) = f(z). Then
ALD> f)y) = (L") (0f (x)). (16.41)
(i) Suppose that (L*)~Y(df(x)) # @. Then (LD f)(y) = f(x).

Proof. Let v € K. It follows from Proposition 13.21(iv), Proposition 13.13,
and Proposition 16.9 that

f@)+ (LB ) () =y v) < flx)+ [ (L) = (Lz | v)
& f@)+ fr (L) = (x| L*)
& L' € 0f (x). (16.42)

(i): Proposition 16.9 and Proposition 13.21(iv) imply that

v e (LD f)y) = (LD fly) + (LD f)(v) = {y|v)
< flx)+ f*(L*v) = (La | v). (16.43)
To obtain (16.41), combine (16.43) with (16.42).

(ii): Suppose that v € (L*)~*(df(z)). Proposition 13.13 and (16.42) yield
{ylv) < (LB )+ (LB (v) < fl) + (LB ) (v) ={y|v). O

We now derive the following important rule for the subdifferential of the
infimal convolution.

Proposition 16.48 Let f and g be in Ih(H), let € dom(fOg), and let
y € H. Then the following hold:
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(i) Suppose that (fOg)(z) = f(y) + g(x —y). Then
I(fDOg)(x) = 0f(y) NIg(x — y). (16.44)

(ii) Suppose that Of(y) N Og(x —y) # @. Then (fOg)(z) = f(y) +g9(z —y).

Proof. Set L =1d @ 1d. Then L € B(H x H,H) and L*: H — H X H: u —
(u,u). Proposition 12.35 implies that L> (f & ¢g) = fOg and hence that
dom(L D> (f ® ¢)) = dom(fOg). Thus, L(y,z —y) = = € dom(L D> (f @& g)).

(i): Since (LD (f @ g))(x) = (f & g)(y, - ), PI‘OpOSlthH 16.47(i) and
Proposition 16.8 imply that o(fOg)(z) = (L*)"1O(f @ g)(y,z — y)) =
(L*)~1(0f (y) x 0g(x —y)) = f(y) N dg(x — y).

(ii): The assumption that Of (y)Ndg(x—y) = (L*) "1 (0f (y) x g(x —y)) =
(L*)~YO(f @ 9)(y,z — y)) # 9 and Proposition 16.47(ii) yield (fOg)(z) =

(LD (fog)x)=(fog)ly,x—y)=fy)+glz—y) 0
Example 16.49 Let C be a nonempty closed convex subset of H. Then
T — ch} .
— 0, if x ¢ C,
{ de(x) #
(Yo €H) 0de(r) =\ Noown B(0:1), if = € bdry C; (16.45)
{0}, if ze€intC.
Proof. Set f = 1c and g = | - ||. Then it follows from Theorem 3.14

that do(x) = f(Pex) + g(x — Pox). Therefore, Proposition 16.48(i) yields
ddo(x) = 0(fdg)(x) = 0f(Pex)ndg(x—Pex) = No(Pex)N(O|||) (z—Pox).
Since  — Pox € Ne(Pex) by Proposition 6.46, (16.45) follows from Exam-
ple 16.25, Proposition 6.43, and Proposition 6.12(ii). O

Our next result concerns the subdifferential of integral functions.

Proposition 16.50 Let (£2,F, 1) be a complete o-finite measure space, let
(H, (- | -)y) be a separable real Hilbert space, and let ¢ € I'hy(H). Suppose that
H = L*((2,F,1); H) and that one of the following holds:

(i) u(2) < +oo.
(i) ¢ > (0) =0
Set

fr " —]—00, +o0]
/w(w(w))u(dw), if poxe L'((2,F,u);R);  (16.46)
T > 0
+00, otherwise.
Then [ € I'n(H) and, for every x € dom f,

Of(x) ={uecH | uw)edp(z(w)) p-ae}. (16.47)
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Proof. Take x and u in H. It follows from Proposition 13.13 that

o(z(w)) + ¢* (u(w)) = (@(w) |uw))y =0 p-ae.. (16.48)

On the other hand, Proposition 13.43(i) yields f € I'y(#H). Hence, we derive
from Proposition 13.43(ii) and Theorem 16.23 that

uedf(@) & f@)+ (= (| u) =0
& [ (o) +¢" (uw)) = (@) | u@))y )u(dw) = 0

Q

(x(w)) *(u(w) (2() [ @)y =0 p-ace.

u(w) € dp(z(w)) p-ace., (16.49)
which provides (16.47). O

Example 16.51 Let (2,F, 1) be a complete o-finite measure space and
let (H,|| - |ln) be a separable real Hilbert space. Suppose that H =
L2((92,F, p); H). Set

fi H—=]—00,+x)]

/ |2(w)|n pldw), — if o€ LN((2,F, 1) H); (16.50)
T (o)
+00 otherwise,
and define
if 0;
Vo€ Q) ulw) = 4 @/ IE@ln, it 2(w) #0; (16.5)
0, otherwise.

Then u € df(z).
Proof. Apply Proposition 16.50 with ¢ = || - [|4 and use Example 16.25. O

Proposition 16.52 Let F € Ih(H x H) be autoconjugate and let (x,u) €
H x H. Then the following are equivalent:

(i) F(z,u) = (z [ u).
(ii) F*(u x) = (z|u).
(iii) (u,z) € OF (z,u).

(iv) (z,u) = Proxp(z + u,z + u).

Proof. (i) & FT(u,x) = (z | u) & F*(u,z) = (x | u) < (ii). Hence, Proposi-

tion 13.31, (i), Proposition 16.9, and (16.31) yield (ii) < F(x, u)+F*(u x) =
2(x |u) & F(z,u) + F*(u,z) = ((z,u) | (v,2)) & (u,x) € OF (z,u) < (iii)

< (x,u) + (u,2) € (Id + OF)(z,u) & (iv). O

Proposition 16.53 Set L: H x H — H x H: (z,u) — (u,x) and let F €
I'o(H x H). Then Proxp«r = Id — LProxp L.
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Proof. Since L* = L = L7!, it follows that Id + OF*T = LL + L(0F*)L =
L(Id+8F*)L. Hence Proxp.r = (L(Id+8F*)L)~' = L=\ (Id+9F*)~'L~! =
LProxp+ L = L(Id — Proxp)L = LL — LProxp L = Id — L Proxp L. m|

Exercises

Exercise 16.1 Provide a function f € I'h(R) and a point « € dom f such
that 9f(z) = @. Compare to Proposition 16.3(iv).

Exercise 16.2 Define f: R x R — ]—o00, +00] by

r1T9, if 1 > 0 and x5 > 0;

(21, 22) — { (16.52)

400, otherwise.

Show that (16.4) fails at every point (z1,22) € Ryy X Ry

Exercise 16.3 Provide f and g in I'h(H), = € dom(fOg), and y € H such
that (fOg)(z) = f(y) +g(z —y) and O(fOg)(z) = 2.

Exercise 16.4 Suppose that H = ¢*(N) and set f: H — |—00,+o0] : & =

(En)nen = 2oy nE2". Prove the following: f € I'o(H), dom f = H, and f*
is not supercoercive.

Exercise 16.5 Let f: H — ]—o00,+00] be proper. Suppose that dom f is
convex and that dom df = dom f. Show that f is convex.

Exercise 16.6 Provide an example in which df(x) is unbounded in Corol-
lary 16.15.

Exercise 16.7 Prove Proposition 16.19.
Exercise 16.8 Prove the implication (16.33).

Exercise 16.9 Use Corollary 16.29 to provide a different proof of Corol-
lary 16.41.

Exercise 16.10 Is the converse of Corollary 16.41 true, i.e., if f € I'h(H)
and 0 e tan df, must f be bounded below?

Exercise 16.11 Use Theorem 16.45 to prove Corollary 16.29.

Exercise 16.12 Let C be a convex subset of H such that 0 € C and let
x € H. Set y = x/me(x) and assume that y € C. Let u € H. Show that
u € Ome(x) if and only if u € Noy and (y | u) = 1.

Exercise 16.13 Let f € I')(#H) be sublinear and set C' = 9f(0). Use Propo-
sition 14.11 to show that f = o¢ and that epi f* = C x R;..

Exercise 16.14 Let f and g be two sublinear functions in I'h(H). Use Ex-
ercise 12.2 and Exercise 15.1 to prove the equivalence (f + ¢)* = [*Og¢* &

A(f +9)(0) = 8f(0) + 99(0).



Chapter 17
Differentiability of Convex Functions

Fréchet differentiability, Gateaux differentiability, directional differentiability,
subdifferentiability, and continuity are notions that are closely related to each
other. In this chapter, we provide fundamental results on these relationships,
as well as basic results on the steepest descent direction, the Chebyshev
center, and the max formula that relates the directional derivative to the
support function of the subdifferential at a given point.

17.1 Directional Derivatives

Definition 17.1 Let f: H — ]—o00,+0o0] be proper, let = € dom f, and let
y € H. The directional derivative of f at x in the direction y is
fl@+ay) - fz)

"z:y) = li 17.1
[ y) ling " ; (17.1)

provided that this limit exists in [—o0, +00].

Proposition 17.2 Let f: H — |—o0,+0o0]| be proper and convex, let x €
dom f, and let y € H. Then the following hold:

(i) ¢: Ryy — ]—00,400] : = (f(z + ay) — f(x))/« is increasing.
(ii) f'(z;y) exists in [—o0, +00] and

oy — e TEtan) -~ f@)

acRy 4 «

oy — o)+ f2) < f(y).

f'(x;+) is sublinear and f'(x;0) = 0.
F(

S

(17.2)

x;-) is proper, convex, and dom f'(x;-) = cone(dom f — z).
uppose that x € coredom f. Then f'(x;-) is real-valued and sublinear.
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Proof. (i): Fix o and f in R4 such that o < 8, and set A = /5 and z =
x+py. If f(2) = +o0, then certainly ¢(a) < ¢(8) = +o00. Otherwise, by (8.1),
Ja+ag) = s+ (1) < A=)+ (1= N F() = F@) + A () — F(@)):
hence ¢(a) < 6(8).

(ii): An easy consequence of (i).

(iii): If y ¢ dom f, the inequality is trivial. Otherwise, it follows from (8.1)
that (Va € 10,1]) f((1 — &)z + ay) — f(z) < a(f(y) — f(z)). Dividing by «
and letting o | 0, we obtain f'(z;y — ) < f(y) — f(x).

(iv): Tt is clear that f/(x;0) = 0 and that f’(z;-) is positively homogeneous.
Now take (y,n) and (z,¢) in epi f'(z;-), A € ]0,1[, and £ € Ry . Then, for
all @ € R, sufficiently small, we have (f(z + ay) — f(z))/a < n+ e and
(f(x +az) — f(x))/a < { +e. For such small a, Corollary 8.10 yields

f(;z: +a((1 =Ny + )\z)) — f(x)
F(A=XN(z+ay) + Mz + az)) — f(z)
1 =N(flx+ay) = f(@) + A(f(z +az) - f(z)). (17.3)

<

Consequently,

flz+a((l =Ny +Az2) — f(z)

S(l—A)f(x+aZ)_f(x) +/\f($+az)—f(x)
<(1T=XN(n+e)+AC+e). (17.4)

Letting o | 0 and then e | 0, we deduce that f'(z;(1 — Ny + Az) < (1 —
A)n + AC. Therefore, f/(z;-) is convex.

(v): This follows from (ii) and (iv).

(vi): There exists 8 € Ry, such that [x — By,z + fy] C dom f. Now,
take o € 10, 8]. Then, by (8.1), f(z) < (f(z — ay) + f(x + ay))/2 and thus,
appealing to (i), we obtain

(ﬂz—@ﬂ—ﬂ@)<<ﬂx—m0—ﬂ@>

B o
_ f@) = f(x - ay)
< f(x+04;) — /(=)
B
Letting o | 0, we deduce that
f(x) — f= = By) < —flla;—y) < flay) < flz + By) = flo) . (17.6)

B B
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Since the leftmost and the rightmost terms in (17.6) are in R, so are the
middle terms. Therefore, f/(x;-) is real-valued on H. O

Proposition 17.3 Let f: H — ]—o00,+00] be proper and convex, and let
x € dom f. Then x € Argmin f < f/(z;-) > 0.

Proof. Let y € H. We have x € Argmin f = (Va € Ryy) (f(z + ay) —
f(@)/a > 0= f'(x;y) > 0. Conversely, suppose that f’(x;-) > 0. Then,
by Proposition 17.2(iii), f(z) < f'(z;y — ) + f(z) < f(y) and, therefore,
x € Argmin f. O

Let € dom f and suppose that f’(x;-) is linear and continuous on H.
Then, by analogy with Definition 2.43 and Remark 2.44 (which concern real-
valued functions, while f maps to |—oo, +0o¢]), f is said to be Gateaux differ-
entiable at x and, by Riesz—Fréchet representation (Fact 2.17), there exists a
unique vector V f(z) € H such that

(VyeH) flxy)=(y| V@), (17.7)

namely the Gateaux gradient of f at . Alternatively, as in (2.33),

(VyeH) (y|Vi@)=lm LETWIE@)

a—0 «

(17.8)

In a similar fashion, the Hessian of f at z, if it exists, is defined as in Re-
mark 2.44. Furthermore, by analogy with Definition 2.45, if the convergence
in (17.8) is uniform with respect to y on bounded sets, then V f(z) is called
the Fréchet gradient of f at z; equivalently,

fle+y) = fl@) =y | Vi)
0#y—0 [yl

=0. (17.9)

Lemma 2.49(ii) implies that, if f is Fréchet differentiable at = € int dom f,
then it is continuous at x.

Proposition 17.4 Let f: H — |—00, +o0] be conver, let x € H, and suppose
that [ is Gateaux differentiable at x. Then x € Argmin f & Vf(x) =

Proof. Proposition 17.3 and (17.7) yield z € Argminf < (Vy € H)
(| V@)= f(z;9) 20« Vf(z) =0. 0

Corollary 17.5 Let f € To(H), let © € H, and let v € Ryy. Then the
following are equivalent:

(i) € Argmin f.
(ii) € Argmin 7f.
(iii) # = Prox,s .
(iv) f(z) = 7f(x).
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Proof. (1)< (iii): Proposition 12.28.
(ii)«<(iil): Proposition 12.29 and Proposition 17.4.
(iii)<(iv): Remark 12.24 and Definition 12.23. O

Corollary 17.6 Let f € I'\(H), and let x and p be in H. Suppose that dom f
is open and that [ is Gateauz differentiable on dom f. Then p = Prox;z <
Vflp)+p—xz=0.

Proof. Set g:y — f(y) + (1/2)||x — y||*>. Then g is convex and Gateaux
differentiable on dom f with (Vy € dom f) Vg(y) = Vf(y) +y — z. Hence,
the equivalence follows from Definition 12.23 and Proposition 17.4. o

Example 17.7 Let K be a real Hilbert space, let L € B(H,K), let r € K,
let v € Ry, and set

fiH = ]—o00,+00] t & £ La — 7| (17.10)

Then it follows from Corollary 17.6 and Example 2.48 that (Vz € H)
Prox, sz = (Id +vL*L)~*(z + yL*r).

Example 17.8 Let v € R, and set

—vIn(z), if z>0;

: (17.11)
400, if z <0.

f:R—>]—oo,+oo]:a:»—>{

Then Corollary 17.6 yields (Vz € R) Proxy z = (z + /22 + 47)/2.

Proposition 17.9 Let f: H — |—o0, +0o0] be conver, let x € H, and suppose
that f is Gateauz differentiable at x. Then (Vy € H) (y —x | Vf(z))+ f(x) <

f(y)-
Proof. Combine Proposition 17.2(iii) and (17.7). O

17.2 Characterizations of Convexity

Convexity can be characterized in terms of first- and second-order differen-
tiability properties.

Proposition 17.10 Let f: H — |—o0,400| be proper. Suppose that dom f
is open and convez, and that f is Gateauz differentiable on dom f. Then the
following are equivalent:

(i) f is convex.

(i) (Vo € dom f)(Vy € dom f) (z —y | Vf(y)) + f(y ) f(z).
(ili) (Vz € dofmf)(Vy € domf) (x—y|Vf(x)—=Vf(y)) > 0. In other
words, V f is monotone.
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Moreover, if f is twice Gateauzr differentiable on dom f, then each of the
above is equivalent to

(iv) (Vz € dom f)(Vz € H) (2 | V2 f(z)z) > 0.

Proof. Fix x € dom f, y € dom f, and z € H. Since dom f is open, there

exists ¢ € Ry such that 2 + e(z —y) € dom f and y + e(y — «) € dom f.
Furthermore, set C' = |—¢,1 + ¢[ and

¢: R —]—00,+00] : @ = f(y+ a(z —y)) + o). (17.12)
Then ¢ is Gateaux differentiable on C' and

(VaeC) ¢(a)={(z—y|Vi(y+a@—y)). (17.13)

(i)=(ii): Proposition 17.9.

(i))=(iii): It follows from (ii) that (z —y | Vf(y)) + f(y) < f(z) and
(y—z | Vf(z)) + f(z) < f(y). Adding up these two inequalities, we obtain
(o -y | V@) - V@) > 0.

(ii)=(i): Take @ and f in C such that a < (3, and set yo =y + a(z — )
and yg = y + B(z — y). Then (iii) and (17.13) imply that ¢/'(5) — ¢'(o) =
(Ws — Yo | Vf(ys) = VI(ya)) /(B — a) > 0. Consequently, ¢’ is increasing on
C and ¢ is therefore convex by Proposition 8.12(i). In particular,

floz+(1-a)y) = ¢(a) < ap(1)+(1-a)p(0) = af (v)+(1—a) f(y). (17.14)

(iii)=-(iv): Let z € H. Since dom f is open, for & € Ry small enough,
x + az € dom f, and (iii) yields

(4 az) -z | Vf(z+az) - Vf(z))
. (17.15)

SEES

(2| Vf(x+az) - Vf(z) =

>

o

In view of (2.32), dividing by a and letting « | 0, we obtain (z | V2f(z)z) >
0.

(iv)=-(i): Note that ¢ is twice Gateaux differentiable on C' with (Va € C)
¢"(a) = (z—y | V3f(y+alz—y))(z—y)) > 0. Hence, ¢’ is increasing on
C' and, by Proposition 8.12(i), ¢ is convex. We conclude with (17.14). O

Example 17.11 Let A € B(H) and set f: H — R: . — (x| Ax). Then f is
convex if and only if (Vo € H) (z | (A4 A*)z) > 0.

Proof. Combine Example 2.46 with Proposition 17.10(iv). O

Proposition 17.12 Let h: H — |—o0,+o0] be such that D = domh is
nonempty, open, and convexr. Suppose that h is Fréchet differentiable on D
and that one of the following holds:

(i) (Vz € D)(Vy € D) (z —y [ Vh(z) — Vh(y)) = 0.
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(ii) h is twice Fréchet differentiable on D and (Vx € D)(Vz € H)
(z | V2h(z)z) > 0.

Take y € D and set

h(x), if € D;
frxe— li%h((l —a)x + ozy), if « € bdry D; (17.16)
400, if ¢ D.

Then f € Ih(H), D C dom f C D, and f|p = h|p.

Proof. Proposition 17.10 guarantees that h is convex. Moreover, since h is
Fréchet differentiable on D, it is continuous on D by Lemma 2.49(ii). Hence,
the result follows from Corollary 16.16. O

17.3 Characterizations of Strict Convexity

Some of the results of Section 17.2 have counterparts for strictly convex
functions. However, as Example 17.16 will illustrate, subtle differences exist.
The proofs of the following results are left as Exercise 17.3, Exercise 17.6,
and Exercise 17.9.

Proposition 17.13 Let f: H — |—o00,400| be proper. Suppose that dom f
s open and convez, and that [ is Gateauz differentiable on dom f. Then the
following are equivalent:

(i) f s strictly conve.

(i) (Vo € dom f)(Vy € dom f) w #y = (z —y | VI (y)) + f(y) < f(=).
(iii) (Vz e dom f)(Vy edom f) x £y = (x —y | Vf(z) — Vf(y)) > 0.

Moreover, if [ is twice Gateaux differentiable on dom f, then each of the
above is implied by

(iv) (Vz € dom f)(Vz € H~{0}) (z | V2f(x)z) > 0.
Example 17.14 Let A € B(H) and set f: H — R: z — (x| Az). Then f is
strictly convex if and only if A + A* is strictly positive, i.e., (Vo € H ~ {0})
(x| (A+ A%)zx) > 0.

Proof. Combine Example 2.46 with Proposition 17.13. O

Corollary 17.15, which complements Proposition 9.28, provides a conve-
nient sufficient condition for strict convexity (see Exercise 17.8); extensions
to R can be obtained as described in Remark 9.31.
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Corollary 17.15 Let h: R — |—o0,+0o0] be such that D = domh is a
nonempty open interval. Suppose that h is twice differentiable on D and such
that, for every x € D, h"(x) > 0. Take y € D and set

h(x), ifx € Dy
frax— li%h((l —a)zr + ay), if x € bdry D; (17.17)
400, ifv ¢ D.

Then f € IH(R), f|lp = hlp, D Cdom f C D, and f is strictly convex.

Corollary 17.15 and the following example illustrate the absence of a
strictly convex counterpart to Proposition 17.12, even in the Euclidean plane.

Example 17.16 The function

n? +n?/¢, if € >0and n > 0;

] (17.18)
400, otherwise,

h: R? — ]—00,400] : (&,7) — {

is twice Fréchet differentiable on its domain R? | . Now let f be as in (17.16).
Then

n* +n?/¢, if €>0and n>0;
f:R? = ]—o00,+o0] : (&,1) = <0, if &€ =n=0; (17.19)

400, otherwise,

belongs to I'h(R?) but f is not strictly convex.

17.4 Directional Derivatives and Subgradients

Proposition 17.17 Let f: H — ]—o00, +0o0] be proper and convex, suppose
that v € domdf, and let w € H. Then the following hold:

() uecdf(r) & (|u) < f(z).

(ii) f'(z;-) is proper and sublinear.

Proof. (i): Let o € Ryy. Then (16.1) yields u € 0f(z) = (Vy e H) (y | u) =
(x+ay)—z|u) /Ja < (fl(x+ay)— f(x))/a. Taking the limit as « | 0 yields
(Vy € H) (y | u) < f'(z;y). Conversely, it follows from Proposition 17.2(iii)
and (16.1) that (Vy e H) (y —x |u) < fl(r;y—2) = (Vy e H) (y —x | u) <
[y) — f(x) = u € Of(2).

(ii): Take u € Jf(x). Then (i) yields f'(z;-) > (- |wu) and therefore
—oo ¢ f'(x;H). Hence, in view of Proposition 17.2(iv), f'(x;-) is proper
and sublinear. O
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Proposition 17.18 Let f: H — |—o0,+o0] be proper and convex, and let
x €dom f. Then (f'(x;°))" = tof(a)-

Proof. Define p: H — [—00,+00] : y — f'(x;y) and let w € H. Then, using
Proposition 17.2(ii) and (13.1), we obtain

f($+ay)f(x)>

e = s sup ((y] ) - L2

acRy yeH
f(@) +supyeq ((@+ay [u) — flz+ay) — (o] w)

= sup
acRy «

— s L@@l (17.20)
aERL &

However, Proposition 16.9 asserts that u € 0f (z) < f(z)+f*(u)—{(x | u) = 0.
Hence, v € Jf(x) = ¢*(u) = 0 and, moreover, Fenchel-Young (Proposi-
tion 13.13) yields u ¢ Of(x) = f(z) + f*(u) — (x| u) > 0 = ¢*(u) = +o0.
Altogether, ™ = 1yf(y)- O

Theorem 17.19 (max formula) Let f: H — ]—o0,+00] be proper and
convezx, and suppose that © € cont f. Then f'(x;-) = max (- | Of(x)).

Proof. Define ¢: H — ]—o00,+00] : y — f/(x;y) and fix y € H. Since z €
cont f, Theorem 8.29 asserts that there exist p € Ry, and 8 € R4y such
that f is S-Lipschitz continuous relative to B(x; p). Hence, for o € R4 small
enough to ensure that ©+ay € B(x; p), we have |f(xz+ay)— f(2)|/a < B|ly]-
Taking the limit as a | 0, we obtain |o(y)| < Slly||. Consequently, ¢ is
locally bounded at every point in ‘H and dom ¢ = H. Moreover, ¢ is convex
by Proposition 17.2(v). We thus deduce from Corollary 8.30(i) that ¢ is
continuous. Altogether, ¢ € IH(H) and it follows from Theorem 13.32 and
Proposition 17.18 that

ey) =¢™(y)= sup ((uly)—¢*(u)= sup (ylu).  (17.21)
uEdom p* uwed f(x)

However, df(z) is nonempty and weakly compact by Proposition 16.14(ii).
On the other hand, (y | -) is weakly continuous. Hence, we derive from The-
orem 1.28 that ¢(y) = max,cof(z) (¥ | v)- O

Definition 17.20 Let f: H — ]—o0,400] be proper and convex, let z €
dom f, and let y € H. Then y is a descent direction of f at x if there exists
e € Ry such that (Vo €]0,¢]) f(z+ ay) < f(x).

Proposition 17.21 Let f: H — |—o00,+00] be proper and convex, let x €
dom f, and let y € H. Then the following hold:

(i) y is a descent direction of [ at x if and only if f'(x;y) < 0.
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(ii) Suppose that f is differentiable at x and that x ¢ Argmin f. Then
—V f(x) is a descent direction of f at x.

Prfof. (i): By Proposition 17.2(1)&(ii), (f(z + ay) — f(z))/a | f(x;y) as
al0.
(ii): By (17.7) and Proposition 17.4, f'(x; =V f(x)) = —||Vf(2)||? < 0. O

Proposition 17.22 (steepest descent direction) Let f: H — |—o0, 4]
be proper and convex, and suppose that x € (cont f) ~ (Argmin f). Set
u = Pys)0 and z = —u/||ul|. Then z is the unique minimizer of f'(x;-)
over B(0;1).

Proof. Proposition 16.14(ii), Proposition 16.3(iii), and Theorem 16.2 im-
ply that Of(x) is a nonempty closed convex set that does not contain 0.
Hence u # 0 and Theorem 3.14 yields max (—u | df(z) —u) = 0, ie.,
max (—u | Of (x)) = —|Jul|?. Using Theorem 17.19, we deduce that

f'(;2) = max (2 | 0f (x)) = —|lu| (17.22)
and that
(vy € BO0:1) [(azy) =max(y | 0f@)) > (y | u) > —ul.  (17.23)

Therefore, z is a minimizer of f’(x;-) over B(0;1) and uniqueness follows
from Fact 2.10. ad

Example 17.23 Let f: H — ]—00, +0] be proper and convex, and suppose
that € dom f \ Argmin f and that u € df(x). If f is not differentiable
at x, —u may not be a descent direction. For instance, take H = RZ2, set
fi(&,&) — &)+ 2|&], set = (1,0), and set v = (1,£0), where 6 €
[1/2,3/2]. Then one easily checks that v € df(z) and (Voo € Ry ) f(z—au) >
1(@).

Proposition 17.24 Let f: H — |—o0, +00] be proper and convex. Suppose
that x € cont [ and that C' is a nonempty subset of H such that f'(x;-) = oc.
Then Of (x) = conv C.

Proof. In view of Theorem 17.19, we have oc = 05y (»)- Taking conjugates
and using Example 13.37(1) and Proposition 16.3(iii), we obtain teonvc =

00 = Ohf(a) = loomv o (x) = Lof(a): -

Proposition 17.25 (Chebyshev center) Let C' be a nonempty compact
subset of H, set f: H — R: x — maxyec ||z — y||?, and set

Do H— 2" x {r € C" |l —r| = meaé(||$ —yll} (17.24)
y

Then the following hold:
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(i) f is continuous, strongly convez, and supercoercive.

(ii) dom @ = H, gradc is closed, and the sets (P (x))zen are compact.

(ii) (Vo € H)(Vz € H) f(x;2) =2max (z | x — Pc(x)).

(iv) (Vz € H) Of(z) = 2(z — conv P (x)).

(v) The function f has a unique minimizer r, called the Chebyshev center
of C, and characterized by

r € conv o (r). (17.25)

Proof. (i): Since the functions (|| - —y||*)yec are convex and lower semicon-
tinuous, it follows from Proposition 9.3 that f is likewise. It follows from
Corollary 8.30(ii) that f is continuous. Arguing similarly, we note that

g:H—R: @ = max (lylI> —2(z | y)) (17.26)
y
is convex and continuous, and that f = g + || - || is strongly convex, hence

supercoercive by Corollary 11.16.

(ii): Tt is clear that dom @ = H. Now let (z,,yn)nen be a sequence in
gradc converging to (z,y) € H x H. Then y € C by closedness of C'. Since
f is continuous, we have f(z) < f(zn) = ||#n — ynl/> = ||z — y||*>. Thus,
y € Pc(z) and hence graPe is closed. Therefore, @ (x) is compact.

(iii): Let « and z be in H, let y € P (x), and let ¢t € Ry, Then f(z) =
lz—yl* and f(z+1t2) > [o+tz—y|* Hence, (f(z+tz)— f(2))/t = tllz—yl|®
+2(z | x —y). This implies that f'(z;z) > 2(z |z —y) and, furthermore,
that

f(z;2) > 2max (z | z — Pc(x)) . (17.27)

To establish the reverse inequality, let (¢,,)nen be a sequence in Ro . such
that ¢, — 0. For every n € N, set z,, = = + t,2, and let r, € Pc(x,).
Then z,, — x. Due to the compactness of C, after passing to a subsequence
and relabeling if necessary, we assume that there exists r € C such that
7, — 7. For every n € N, since f(z,) = ||z, — rn||? and f(x) > ||z — ra|?,
we have (f(zn) — f(2))/tn < (|znl®* = |2||?)/tn — 2 (2 | 7). Taking the limit
as n — 400, we deduce that

fz;2) <2z ]2 —7r) <2max(z | . — Pc()). (17.28)

Combining (17.27) and (17.28), we obtain (iii).

(iv): Combine (iii) and Proposition 17.24.

(v): In view of (i) and Corollary 11.16, f has a unique minimizer over H,
say 7. Finally, Theorem 16.2 and (iv) yield the characterization (17.25). O
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17.5 Gateaux and Fréchet Differentiability

In this section, we explore the relationships between Gateaux derivatives,
Fréchet derivatives, and single-valued subdifferentials.

Proposition 17.26 Let f: H — |—o0,+o0] be proper and convex, and let
x € dom f. Then the following hold:

(i) Suppose that f is Giteaux differentiable at x. Then Of(x) = {V f(z)}.
(ii) Suppose that x € cont f and that Of(x) consists of a single element wu.
Then f is Gateaux differentiable at x and uw =V f(x).

Proof. (i): Tt follows from (16.1) and Proposition 17.9 that Vf(x) € df(x).
Now let w € 9f(x). By Proposition 17.17(i) and (17.7), (u — Vf(z) | u) <
f(z;u—Vf(x)) = (u—Vf(z)| Vf(x)); hence ||u—Vf(z)||* < 0. Therefore
u =V f(x). Altogether, 0f(z) = {Vf(z)}.

(i): Theorem 17.19 and (17.7) yield (Vy € H) f(z;y) = (y|u) =
(y | Vf(z)). 0

Proposition 17.27 Let f: H — ]—o00,+00] be proper and converz, let x €
H, and suppose that [ is Gateauz differentiable at x. Then f*(Vf(x)) =

(z | Vf(x)) = fl(x).
Proof. This follows from Proposition 16.9 and Proposition 17.26(i). o

Proposition 17.28 Let A € B(H) be positive and self-adjoint. Suppose that
ran A is closed, set qa: H — R: z+— (1/2) (x | Az), and define qu+ likewise.
Then the following hold:

(i) ga is convez, continuous, Fréchet differentiable, and Vqa = A.
(ii) gar = qa 0 AT = lker a1 G
(111) qz = lran A T qat-
(iv) ¢ o A=qa.

Proof. (i): Clearly, domga = H and ga is continuous. The convexity of ga
follows from Example 17.11. The Fréchet differentiability and the gradient
formula were already observed in Example 2.46.

(i))&(iii): Take w € H. Using Exercise 3.11 and Corollary 3.30(ii),
we obtain 2¢ai(u) = (u|Atu) = (u| ATAATw) = (A™u|AATu) =
(A*Tu | AATw) = (ATu| AATu) = 2q4(ATu). Hence qar = qa o AT is con-
vex and continuous, and the first identity in (ii) holds.

Let us now verify (iii) since it will be utilized in the proof of the second
identity in (ii). Set V' = ker A. Then it follows from Fact 2.18(iii) that V+ =
Tan A* = ran A. We assume first that u ¢ ran A, i.e., Pyu # 0. Then ¢’ (u) >
suppen(n Py | ) — (1/2) (nPyu | A(nPyu))) = sup,,ca nll Pyull? = +00 =
(tran A4 + qat)(u), as required. Next, assume that u € ran A, say v = Az =
Vqa(z), where z € H. Since AA" = P,., 4 by Proposition 3.28(ii), it follows
from Proposition 17.27 that ¢ (u) = (z | u) — (1/2) (z | Az) = (1/2) (z | u) =
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(1/2) (= | AATu) = (1/2) (Az | ATu) = (1/2) (u | ATu) = g4 (u). This com-
pletes the proof of (iii).

The fact that dom(q’)* = domga = H, Theorem 15.3, Proposi-
tion 3.28(v), Corollary 3.30(i), (i), and Corollary 13.33 imply that tker 4 D¢ =
(trana + ¢a)" = (tran a1 + qart)” = (€4:)" = qar.

(iv): In view of (iii), (ii), and Corollary 3.30(i), we have g% 0 A = tyan 4 ©
A+ quroA=qu oA =qair =qa. O

The following example extends Example 16.25, which corresponds to the
case ¢ = |- |.

Example 17.29 Set f = ¢o | - ||, where ¢: R — R is convex, even, and
differentiable on R ~ {0}. Then 0¢(0) = [—p, p| for some p € R} and

{¢’<mn)ﬁ}, it o £ 0

VzeH) Of(x)= (17.29)

B(0; p), it z=0.

Proof. Let © € H. We first suppose that « # 0. Then ¢ is Fréchet differentiable
at ||x|| (Exercise 2.10) and it follows from Fact 2.51 and Example 2.52 that f is
Fréchet differentiable at « with Vf(x) = ¢'([|lz|)(|| - |)'(z) = (&' (||=]))/]|z]])x.
Hence, Proposition 17.26(1) yields 0f(z) = {(¢'(||z|))/||x]|)2z}. Now suppose
that £ = 0 and let v € H. Then we derive from Theorem 16.23 and Exam-
ple 13.7 that u € 9f(x) © 0ljull = (| u) = (z) + f*(u) = 6(0) + ¢ (ul})
< ||lu]| € 94(0). However, since ¢ is continuous by Corollary 8.31, Proposi-
tion 16.14(ii) implies that d¢(0) is a closed bounded interval. Hence, since ¢
is even, 0¢(0) = [—p, p] for some p € Ry. Thus, u € 9f(z) < |Jul| <p. O

The implication in Proposition 17.26(i) is not reversible.

Example 17.30 Let C' be the nonempty closed convex set of Exam-
ple 6.11(iii) and let u € H. Then

0€ C C coneC =spanC # coneC =spanC = H (17.30)

and u € 9uc(0) < sup (C' | u) <0 < sup(eoneC | u) <0< sup(H |u) <0
< u = 0. Therefore, dvc(0) = {0} and hence ¢ possesses a unique sub-
gradient at 0. On the other hand, 0 ¢ coreC and thus (¢ is not Géateaux
differentiable at 0.

Proposition 17.31 Let f € Ih(H) and suppose that x € intdom f. Then
the following are equivalent:

(i) f is Gateaux differentiable at x.
(ii) Every selection of Of is strong-to-weak continuous at x.

Proof. (i)=(ii): Let G be a selection of df and let (z,)nen be a sequence
in intdom f converging to x. In view of Fact 1.37 and Lemma 2.23, it is
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enough to show that Gz, — Gxz. Since Proposition 16.14(iii) implies that
(GZp)nen is bounded, let (G, Jnen be a weakly convergent subsequence of
(Gxp)nen, say Gry, — u. Then (xy, , Gxg, )nen lies in gradf and we derive
from Proposition 16.26 that (z,u) € gradf. By Proposition 17.26(i), u =
V f(z) and, using Lemma 2.38, we deduce that Gz, — V f(z).

(ii)=-(i): Let G be a strong-to-weak continuous selection of 0f and fix
y € H. Then there exists § € Ry such that [z,z + By] C intdom f. Take
a €10,5]. Then a(y| Gz) = ((x + ay) —x | Gx) < f(z + ay) — f(x) and
—aly| Gz +ay)) = (- (z +0ay) | Gz +ay)) < f(z) — f(@ +ay). Thus

0< flz+ay) — flx)—aly| Gz) <aly |Gz + ay) — Gzx) (17.31)

and hence
0< Bt O‘Z) @) G < Gletay) —Gry. (17.32)
This implies that
. flztay) — flz)
1 = 17.
lim " (y | Gz), (17.33)
and therefore that f is Gateaux differentiable at x. O

Proposition 17.32 Let f € I4(H) and suppose that x € intdom f. Then
the following are equivalent:

(i) f is Fréchet differentiable at x.
(ii) Every selection of Of is continuous at x.

Proof. (i)=-(ii): Assume that this implication is false and set u = Vf(x).
Then there exist a sequence (X, un)nen in gradf and € € Ry such that

T, — x and
(Vn e N) |lu, —ul| > 2e. (17.34)

Note that
VneN)VyeH) (y|un) <(rn—x|un) + flx+y)— flz,). (17.35)

The Fréchet differentiability of f at x ensures the existence of § € R4 such
that

(Vy € B(0;9)) flz+y) = flz) = (y|u) <ellyll. (17.36)
In view of (17.34), there exists a sequence (zp)neny in B(0;1) such that
(Vn € N) (z,, | u, —u) > 2. Hence, using (17.35), (17.36), the boundedness
of (up)nen, which is guaranteed by Proposition 16.14(iii), and the continuity
of f at z, which is guaranteed by Corollary 8.30(ii), we obtain

280 < 6 (zn | up —u)
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= (02n | un) — (62n | u)

< —x|un>+f( +6Zn)_f($n)_<5zn|u>

= (fz+02n) = f(x) = (02n [u) ) + (@n =z | un) + (@) = f(2n)

< e+ lan — afllun]l + f(z) = f(zn)

— &4, (17.37)

IN

which is absurd.

(ii)=(i): Let G be a selection of Jf. There exists 6 € Riy such that
B(z;6) € dom G = domdf. Now take y € B(0;9). Then (y | Gz) < f(x +
y) = f(z) and (—y | G(z +y)) < f(z) - f(x +y). Thus

0< flz+y) — fz) - (y| Gx)
<(y| Gz +y) - Gr)
<[yl |G(z +y) — Gz||. (17.38)

Since G is continuous at x, this implies that

1 flz+y) - fl2) = (Gz |y)
0#(y[[—0 llyll

=0. (17.39)

Therefore, [ is Fréchet differentiable at x. O

Ttem (ii) of the next result shows that the sufficient condition for Fréchet
differentiability discussed in Fact 2.50 is also necessary for functions in Iy (H).

Corollary 17.33 Let f € I'\(H) be Gateaux differentiable in a neighborhood
D of a point x € dom f. Then the following hold:

(i) Vf is strong-to-weak continuous on D.
(ii) f is Fréchet differentiable at x if and only if V [ is continuous at x.

Proof. This is clear from Proposition 17.31 and Proposition 17.32. o

Corollary 17.34 Let f € I'y(H) be Fréchet differentiable on int dom f. Then
Vf is continuous on int dom f.

Corollary 17.35 Suppose that H is finite-dimensional. Then Gdteaur and
Fréchet differentiability are the same notions for functions in I'o(H).

Proof. Combine Proposition 17.31 and Proposition 17.32. O

The finite-dimensional setting allows for the following useful variant of
Proposition 17.26.

Proposition 17.36 Suppose that H is finite-dimensional, let f € [H(H),
let x € H, and let w € H. Then Of(x) = {u} if and only if f is Fréchet
differentiable at x and uw =V f(z).
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Proof. Suppose first that 9f(x) = {u} and set C' = dom f. By Corollary 16.29,
C = domdf. Hence, using Theorem 20.40 and Proposition 21.14, we de-
duce that Necx = Nga = rec(0f(x)) = rec{u} = {0}. By Corollary 6.44
and Corollary 8.30(iii), € intC = cont f. It thus follows from Proposi-
tion 17.26(ii) that f is Gateaux differentiable at = and that Vf(z) = w.
Invoking Corollary 17.35, we obtain that f is Fréchet differentiable at z. The
reverse implication is a consequence of Proposition 17.26(i). a

Example 17.37 Let (uy,)nen be a sequence in B(0; 1) that converges weakly
to 0 and let (v, )nen be a sequence in Ry, such that a,, | 0. Set

f:H —]—00,+00] : > sup ((x | un) — an). (17.40)
neN

Then the following hold:

(i) f € I'hv(H), dom f = H, and f is Lipschitz continuous with constant 1.
(i) £ >0, f(0) =0, and f is Gateaux differentiable at 0 with V f(0) = 0.
(iii) f is Fréchet differentiable at 0 if and only if u, — 0.

Proof. Fix x € H.

(i): As a supremum of lower semicontinuous and convex functions, the
function f is also lower semicontinuous and convex by Proposition 9.3. Since
u, — 0, it follows that (z | un) — o, — 0. Thus, dom f = H. Now let y € H.
Then (Vn € N) (2 | un) — o = (@ — y | )+ (y | ) — an < llz -yl + £(y).
Hence f(x) < ||z — y|| + f(y), which supplies the Lipschitz continuity of f
with constant 1.

(ii): Since 0 = lm((x | up) — an) < sup,en((z | un) — an), it is clear
that f > 0, that f(0) = 0, and that 0 € 9f(0). Hence f’(0;:) > 0 by
Proposition 17.3. Now fix y € H and let m € N. Then there exists § € Ry
such that (Vn € {0,...,m — 1}) Va € ]0,5]) a(y | un) < a,. For every
a €10, 8], maxo<n<m—1({y | un) — @n/a) < 0 and hence

0< flay)/a
= sup ( <y | un> - an/a)
neN
= max { omax  ({y ] un) = an/a),slzlg ((y ] un) — an/a)}
= sup ({y | un) — an/a)
< Sl>1p (y | un,) - (17.41)

In view of Proposition 17.2(ii), we deduce that

(VYmeN) 0< f(0;y) =lim flay) < sup (y | un) . (17.42)
al0 « n>m
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Hence

0 < f(0;9) < inf sup (y [ u,) =Tim (y | u,) = 0. (17.43)

meN >,

Therefore, f'(0;-) =0, i.e., f is Gateaux differentiable at 0 with V f(0) = 0.
(iii): Since f > 0 = f(0), it suffices to show that

f(y)

Uy, — 0 im 2 =
" 0£llyli—0 [|y]|

(17.44)

Assume first that w, # 0. Then there exist § € R4 and a subsequence
(uk, Jnen Of (un)nen such that infpen |ug, || > . Set

Uk,

e |l

Then (Vn € N) [lyn|| = y/ak, and f(yn) = (yn | uk,) — ar, = Ok, [luk, || -
g, > /o, 0 — ay, . Hence

(Vn €N) y, = o, (17.45)

Yn — 0 and lim 1 (yn)

lim - >lim (6 — /ag, ) =6 > 0. (17.46)

Now assume that u, — 0 and fix £ € ]0,1[. There exists m € N such that
for every integer n > m we have [ju,| < e, and hence (Vy € H ~ {0})
(U [ un) = an < (y [ un) <[yl lun]l < lylle. Thus

(y | un) —an

(vyeH~{O(neN) n2m = =,

<e. (17.47)

Set § = minp<p<m—1 n/(1 —¢€). Then

(Vy € B(0;0))(vn € {0,...,m = 1})  (y|un) — an <[yl — an <elly|.
(17.48)
Hence

(Vy € B(0;6) ~ {0})(Vn €{0,...,m —1}) W <e. (17.49)

Altogether,

: @) _ o W) —an
(Vy € B(0;6) ~ {0}) ol neg o <e, (17.50)

which completes the proof of (17.44). O
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17.6 Differentiability and Continuity

We first illustrate the fact that, at a point, a convex function may be Gateaux
differentiable but not continuous.

Example 17.38 Let C' be as in Example 8.33 and set f = (. Then
0 € (coreC) \ (int C), 9f(0) = {0} is a singleton, and f is Gateaux dif-
ferentiable at 0 with Vf(0) = 0. Moreover, f is lower semicontinuous at
0 by Proposition 16.3(iv). However, since 0 ¢ intdom f = intC, f is not
continuous at 0.

Proposition 17.39 Let f: H — |—o0,+00] be convexr and Gdteaux differ-
entiable at x € dom f. Then the following hold:

(i) f is lower semicontinuous at x.
(i) Suppose that H is finite-dimensional. Then x € intdom f and f is con-
tinuous on int dom f.

Proof. (i): It follows from Proposition 17.26(i) that © € domdf and hence
from Proposition 16.3(iv) that f is lower semicontinuous at .

(ii): Note that € core(dom f) by definition of Gateaux differentiability.
Proposition 6.12(iii) implies that x € intdom f. By Corollary 8.30(iii), f is
continuous on int dom f. O

The next example shows that Proposition 17.39 is sharp and that the im-
plication in Proposition 17.26(ii) cannot be reversed even when « € int dom f.

Example 17.40 Let f be the discontinuous linear functional of Exam-
ple 2.20 and set ¢ = f2. Then ¢ is convex, domg = H, and ¢ is Gateaux
differentiable at 0. By Proposition 17.39, ¢ is lower semicontinuous at 0.
However, g is neither continuous nor Fréchet differentiable at 0.

We conclude with two additional continuity results.

Proposition 17.41 Let f € IH(H) be Gdteauz differentiable at x € dom f.
Then x € intdom f and f is continuous on int dom f.

Proof. Since x is a point of Gateaux differentiability, we have x € coredom f.
By Corollary 8.30(ii) and Fact 9.16, cont f = int dom f = coredom f. O

Proposition 17.42 Let f: H — |—00, +00] be convez, and suppose that f is
Gateauz differentiable on some open subset U of dom f. Then f is continuous
on intdom f.

Proof. Observe that U C intdom f. Let x € U, take p € R4y such that
C = B(x;p) C U, and set g = f + tc. Proposition 17.39 implies that f is
lower semicontinuous and real-valued on C'. Consequently, g € I'h(#). Hence,
Corollary 8.30(ii) asserts that g is continuous and real-valued on int dom g =
int C. Since g|c = f|c and since x € int C, we deduce that « € cont f. Thus,
the conclusion follows from Theorem 8.29. O
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Exercises

Exercise 17.1 Let A € B(H) be self-adjoint and positive, and set ga: H —
R: 2+ (1/2) (x | Az). Suppose that ran A is closed. Show that the following
are equivalent:

(i) ga is supercoercive.
(ii) dom ¢% = H.
(iii) A is surjective.
Exercise 17.2 Let A € B(H) be self-adjoint, and set ga: H — R: z —
(1/2) (x | Az). Show that A is positive if and only if AT is.

Exercise 17.3 Prove Proposition 17.13.

Exercise 17.4 Set f: R — R: z ~ 2% Use condition (ii) of Proposi-
tion 17.13 to show that f is strictly convex. Since f”/(0) = 0, this demon-
strates that strict convexity does not imply condition (iv) of Proposi-
tion 17.13.

Exercise 17.5 (Bregman distance) Let f: H — |—o0,+00] be strictly
convex, proper, and Gateaux differentiable on int dom f # &. Show that the
Bregman distance

D:H xH — ]|—o0,+x)]

@5 s {f(x>f<y><xy|Vf(y>>, ify € imtdom fi o)

400, otherwise,

satisfies (V(z,y) € intdom f x intdom f) D(x,y) > 0 and [D(z,y) = 0 <
x =yl

Exercise 17.6 Use Proposition 17.12, Proposition 17.13, and Exercise 8.7
to prove Corollary 17.15.

Exercise 17.7 Explain why the function f constructed in Proposition 17.12
and Corollary 17.15 is independent of the choice of the vector y.

Exercise 17.8 Revisit Example 9.29 and Example 9.30 via Corollary 17.15.
Exercise 17.9 Verify the details of Example 17.16.

Exercise 17.10 Let f: H — ]—o00,+o0] be proper and convex, let z €
dom f, and suppose that f’(x;-) is continuous at y € H. Use Theorem 17.19
to show that f'(x;y) = max (y | 0f(x)).

Exercise 17.11 Let f and g be in I'j(H), and suppose that f+ g is Gateaux
differentiable on H. Show that both f and g are Gateaux differentiable.
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Exercise 17.12 (partial derivatives) Consider Proposition 16.6 and sup-
pose in addition that f is proper and convex, that © = (x;);cs; € cont f, and
that for every ¢ € I, f o Q; is Gateaux differentiable at x;. Show that f is
Gateaux differentiable at x and that

Vf(x)= XV(foQ;)(x;). (17.52)

il
Exercise 17.13 Suppose that #H is finite-dimensional, and let C be a
bounded closed convex subset of H such that 0 € intC. Suppose further

that, for every y € bdry C, Ny is a ray. Show that m¢ is Gateaux differen-
tiable on H ~ {0}.

Exercise 17.14 Consider Example 17.30, which deals with a nonempty
closed convex set C' and a point € C at which t¢ is not Gateaux differen-
tiable, and yet Noa = {0}. Demonstrate the impossibility of the existence of
a nonempty closed convex subset C' of H such that ran Np = {0} and ¢p is
nowhere Gateaux differentiable.






Chapter 18
Further Differentiability Results

Further results concerning derivatives and subgradients are collected in this
chapter. The Ekeland-Lebourg theorem gives conditions under which the
set of points of Fréchet differentiability is a dense G5 subset of the domain
of the function. Formulas for the subdifferential of a maximum and of an
infimal convolution are provided, and the basic duality between differentia-
bility and strict convexity is presented. Another highlight of this chapter is
the Baillon-Haddad theorem, which states that nonexpansiveness and firm
nonexpansiveness are identical properties for gradients of convex functions.
Finally, the subdifferential operator of the distance to a convex set is analyzed
in detail.

18.1 The Ekeland—Lebourg Theorem

Proposition 18.1 Let f: H — |—00, +o0] be conver and suppose that x €
cont f. Then f is Fréchet differentiable at x if and only if

(Ve e Ryq)(3n € Ry )(Vy € H)
lyl=1 = f(z+ny)+ fl@—ny)—2f(z) <ne. (18.1)

Proof. We assume that H # {0}. Let ¢ € R4 and let y € H be such that
ly]| = 1. Assume that f is Fréchet differentiable at x. Then there exists
n € R4, such that

(VzeH) [zll=1 = flz+nz)—f(x) =z V() <(e/2)n. (18.2)

Letting z be successively y and then —y in (18.2) and adding the two resulting
inequalities yields (18.1). Conversely, let 7 € Ry be such that (18.1) holds.
Using Proposition 16.14(ii), we take u € df(z). Then

H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory 261
in Hilbert Spaces, CMS Books in Mathematics, DOI 10.1007/978-1-4419-9467-7 18,
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0< fl@+ny) — f@) — (ny [ u)
<ne+ f(x) = f(@z—ny) + (—ny [ u)
< ne. (18.3)
Let o € ]0,7m]. Then Proposition 17.2(i) implies that (f(z + ay) — f(z))/a <
(f(x+ny)— f(x))/n. Hence, since u € df(x), (18.3) yields (Vz € B(0;1)) 0 <

flz+nz)— f(x)— (nz | u) < n|lz|e. It follows that f is Fréchet differentiable
at « and that Vf(x) = u. O

Proposition 18.2 Let f: H — ]—o0,+00] be proper and conver, let € €
R4y, and set

Se = U {xecontf

neR 4

sup f@+ny)+ flx—ny) —2f(z) - 6}.
yeH,|lyll=1 n

(18.4)
Then S¢ is open.

Proof. If cont f = @ or H = {0}, the result is clear. We therefore assume
otherwise. Take x € S.. Since f is continuous at x, Theorem 8.29 implies the
existence of n; € R4 and f € Ry such that

(Vy € B(z;m)) (V2 € Blzsm))  [f(y) — f(2)] < Blly — =] (18.5)
Furthermore, using the definition of S. and Proposition 17.2(i), we deduce
the existence of 1 € ]0,n1[ such that

o= sup Aoy =2/ (18.6)

yEH,[lyll=1 n

Take ny € [0, min{n, —n,n(c —o)/(458)}[. Then for every z € B(x;n2) and
every y € H such that ||y|| = 1, we have

fe+ny)+flz—ny) —2f(2) _ fla+ny)+ flz—ny) —2f(z)

7 = 7
N J(z+ny) ; [z +ny)
N f(z—ny) ; flz —mny)
+2f(l‘)—f(Z)
7

4
sU+§||x—z||

4
§0+—ﬁn2
n

<e. (18.7)
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Consequently, B(z;n2) C Se. O

Theorem 18.3 (Ekeland—Lebourg) Let f: H — ]—o0,+o0] be conver,
and suppose that cont f # @&. Then the set of points at which f is Fréchet
differentiable is a dense G5 subset of dom f.

Proof. We assume that H # {0}. Set X = dom f. It follows from Theorem 8.29
that cont f = int dom f and from Proposition 3.36(iii) that intdom f = X.
Take y € int dom f. Then there exists p € R, such that B(y; p) C int dom f
and f is bounded on B(y;p). Now let ¢: R — R be such that ¢ is dif-
ferentiable on [0,p], ¥[j0,; > 0, and ¥(0) = (p) = 0 (for instance,
Pt sin(tn/p)). Set

(e —ylh), if 0<[lz—yll <p;

: (18.8)
400, otherwise,

w: B(y; p) — [0, +00]:  — {

and U = (int B(y; p)) ~ {y}. Then ¢ is proper and lower semicontinuous.
Combining Example 2.52 and Fact 2.51, we see that ¢ is Fréchet differentiable
on U. Fix ¢ € Ri4. Applying Theorem 1.45(i)&(iii) in the metric space
B(y; p) to the function ¢ — f, we deduce the existence of z. € B(y;p) such
that

(¢ = F)(ze) < e+inf(p — f)(B(y; p)) (18.9)
and
(Vz € B(y;p)) (¢ — f)ze) = (¢ — f)(z) <elle— 2. (18.10)

Since ¢ — f is bounded below and takes on the value 400 only on B(y; p)\U,
(18.9) implies that z. € U. Hence, ¢ is Fréchet differentiable at z. and there
exists 7 € Ry such that B(z:;n) C U and

(Ve € Bzsim))  o(@) — pl(z2) — (0 — 20 | Volz2)) < el — z . (18.11)
Adding (18.10) and (18.11), we obtain

(Vo€ Blzoim))  f(2) = f(z) — (@ — 2 | Vip(z)) < 26z — 2. (18.12)
Hence

(reH) Il =1 = flz+mr) = f(z) - (| Vip(z)) < 2em. (18.13)

Invoking the convexity of f, and considering (18.13) for r and —r, we deduce
that for every r € H such that [|r| = 1, we have

J(ze +nr) + f(ze —nr) — 2f(2c)
n

0< < de. (18.14)

It follows that
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sup (f(ze +nr) + flze —nr) — 2f(z2)) < 5ne. (18.15)

reH
llrl=1

For the remainder of this proof, we adopt the notation (18.4). Since z. €
Sse, it follows from Proposition 18.2 that S, is dense and open in X. Thus,
by Corollary 1.44, the set S = ﬂneN\{o} Si/n is a dense Gs subset of X.
Using (18.15) and Proposition 18.1, we therefore conclude that f is Fréchet
differentiable on S. ad

Proposition 18.4 Let C' be a nonempty bounded subset of H, and let € €
R 4. Then there exist x € H and o € Ry such that

diam ({u € C | oc(z)—a<(z|u}) <e. (18.16)

Proof. The support function o¢ is real-valued, convex, and continuous on H
by Example 11.2. In view of Theorem 18.3, there exists a point =z € H at
which o¢ is Fréchet differentiable. In turn, by Proposition 18.1, there exists
0 € Ry such that

VyeH) |yl=1 = oc(z+dy)+oc(z—2ody)—20c(x) < de/3. (18.17)

Now set a = d¢/3 and assume that diam ({u € C' | oc(z) —a < (z | u)}) >
e. Then there exist v and v in C' such that (x| u) > oc(x) — o, (x| v) >
oc(x) —ay and ||lu — v|| > €. Set z = (u — v)/[Ju — v||. Then |z|| = 1 and
(z | u—v) > e. Hence,

oc(x+0z)+oc(x—06z) > (x+ 0z | u) + (x —dz | v)

> 20c(x) — 200+ de
= 20c(z) + 62 /3, (18.18)

which contradicts (18.17). O

18.2 The Subdifferential of a Maximum

Theorem 18.5 Let (f;)ier be a finite family of convex functions from H to
|—00, +00], and suppose that v € (o, cont f;. Set f = max;er f; and let

Iz)={iel | fi(z) = f(z)}. Then
of(x) =comv | Ofi(x). (18.19)

i€l(x)
Proof. Let i € I(x) and v € Jf;(x). Then (Vy € H) (y —z | u) < fi(y) —
filz) < f(y) — f(x) and hence u € Jf(x). This and Proposition 16.3(iii)
imply that conv U, ¢, 0fi(z) C 0f(z). We now argue by contradiction and
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assume that this inclusion is strict, i.e., that there exists
u € 9f(x) \ conv U Ofi(x). (18.20)
iel(x)

By Theorem 3.38 and Theorem 17.19, there exist y € H ~ {0} and ¢ € R,
such that

(lu) 2 e+ max sup {y | 0fi(z)) = e + max fila;y). (18.21)
Since y and € can be rescaled, we assume that

z+y€()domf; = dom f. (18.22)
el

Now let (o )nen be a sequence in 0, 1] such that oy, | 0. Since I is finite,
there exist a subsequence of (v, )nen, which we still denote by (a, )nen, and
7 € I such that

(Vn eN)  f(z+ any) = fi(z + any). (18.23)

Now let n € N. Then f;(z + any) < (1 — o) fj(z) + anfj(z +y) and thus,
by (18.23) and (18.20),

(1= an)fj(@) = fi(@ + any) — an fi(z +y)
> f(@+ any) — onf(z +y)
> f(@) + {ony | u) — anf(z +y)
> [i(@) +an (y | u) — anf(z +y). (18.24)

Letting n — +o0 and using (18.22), we deduce that

fi(x) = f(=). (18.25)
In view of (18.23), (18.25), (18.20), and (18.21), we obtain
filz + any) — fi(x)

F(@ + any) - ()

A,

filzy)

{y [u)

> (y |
> e+ fi(xy), (18.26)

which is the desired contradiction. O
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18.3 Differentiability of Infimal Convolutions

Proposition 18.6 Let f and g be in I'h(H), and let x and y be in H. Suppose
that x € domd(fOyg), that (fOg)(x) = f(y)+g(z—y), and that f is Giteaux
differentiable at y. Then O(fOg)(x) = {Vf(y)}.

Proof. Proposition 16.48(i) and Proposition 17.26(i) imply that

(f0g)(x) = 0f(y)Ndg(x—y) ={VFf(y)} Ng(z—y) C{Vf(y)}. (18.27)
Since O(fOg)(z) # @, we conclude that O(fOg)(z) ={Vf(y)}. O

Proposition 18.7 Let f and g be in I'h(H), and let x and y be in H. Suppose
that fOg € I'o(H), that (fOg)(x) = f(y) + g(x —y), and that f is Gateauz
differentiable at y. Then x € cont(fOg), fOg is Gateauz differentiable at x,
and

V(fOg)(x) = VI(y). (18.28)

In addition, if f is Fréchet differentiable at y, then fOg is Fréchet differen-
tiable at x.

Proof. Proposition 17.41 and Proposition 12.6(ii) imply that =z = y +
(x —y) € (intdom f) + domg C dom f + domg = dom(fOg). However,
dom g +intdom f = Uzedomg(z + intdom f) is open as a union of open sets.
Thus, 2 € intdom(fOg) and, since fOg € IH(H), Proposition 16.21 im-
plies that « € cont(fOg) C domd(fOg). Next, we combine Proposition 18.6
and Proposition 17.26(ii) to deduce the Gateaux differentiability of fOg at
x and (18.28). Now assume that f is Fréchet differentiable at y. Then, for
every z € H ~ {0},

0<(fOg)(z+2z)— (fOg)(x) — (| Vf(y))
< fly+2)+g(z—y)— (fly) +9(x—y) — (| VI(y)
=fly+2)—fly) = (= VI(y) (18.29)
and hence
b i $O9E+2) - (FO9@) - (2 Vi)
0120 [El
e ORI~ (| V)
= 0#|z]—0 Izl
=0. (18.30)
Therefore, fOg is Fréchet differentiable at x. O

Corollary 18.8 Let f and g be in Io(H). Suppose that f is real-valued,
supercoercive, and Fréchet differentiable on H. Then fOg is Fréchet differ-
entiable on H.
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Proof. By Proposition 12.14(i), fOg = fOg € Iy(H). Now let = € H.
Since dom(fOg) = H by Proposition 12.6(ii), there exists y € H such that
(fOg)(x) = f(y) + g(x — y). Now apply Proposition 18.7. O

18.4 Differentiability and Strict Convexity

In this section, we examine the interplay between Gateaux differentiability
and strict convexity via duality.

Proposition 18.9 Let f € I'h(H) be such that f* is strictly convex on every
nonempty convex subset of domdf*. Then f is Gateaux differentiable on
int dom f.

Proof. Suppose that « € int dom f and that [uy,us] C df(z). Then it follows
from Corollary 16.24 that [uy, us] C ran df = dom(9f)~! = dom df*. Hence,
Proposition 16.27(i) implies that f* is affine on [u1, us]. Consequently, u; =
ug and 9f(x) is a singleton. Furthermore, = € cont f by Corollary 8.30(ii)
and the conclusion thus follows from Proposition 17.26(ii). O

Proposition 18.10 Let f € I'h(H) be Gdteauz differentiable on int dom f.
Then f* is strictly convex on every nonempty convez subset of V f(int dom f).

Proof. Assume to the contrary that there exist two distinct points u; and
ug such that f* is affine on [u1,u2] C Vf(int dom f). Choose z € int dom f
such that V f(z) € Juy, uz[. Then Proposition 16.27(ii) implies that [u1,us] C
Of (x), which contradicts the Gateaux differentiability of f at x. O

Corollary 18.11 Let f € I'h(H) be such that domdf = intdom f. Then f is
Gateauz differentiable on int dom [ if and only if f* is strictly convex on every
nonempty convex subset of dom 0 f*, in which case dom 9 f* = V f(int dom f).

Proof. If f* is strictly convex on every nonempty convex subset of dom df*,
then f is Gateaux differentiable on int dom f by Proposition 18.9. Let us
now assume that f is Gateaux differentiable on int dom f. Using Proposi-
tion 17.26(i) and Corollary 16.24, we sce that

V f(int dom f) = df(int dom f) = f (domdf) = randf = dom I f*.
(18.31)
The result thus follows from Proposition 18.10. O

Corollary 18.12 Let f € Iy(H) be such that domdf = intdom f and
dom 0 f* = int dom f*. Then the following hold:

(i) f is Gateaux differentiable on intdom f if and only if f* is strictly
convex on int dom f*.
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(i) f s strictly convex on intdom f if and only if [* is Gateaux differen-
tiable on int dom f*.

Proof. (i): This follows from Corollary 18.11.
(ii): Apply (i) to f* and use Corollary 13.33. O

18.5 Stronger Notions of Differentiability

In this section, we investigate certain properties of the gradient of convex
functions.

Theorem 18.13 Let f: H — R be a Fréchet differentiable convex function,
and let ¢: R — Ry be an even convex function that vanishes only at 0. For
every s € R, define

_Jos)/Isl, if s#0; _ [t olst)
¢(s>—{0, Ty = S

and o(s) =sup {v € Ry | 20*(v) <ws}. (18.32)

Now consider the following statements:

(i) (Ve e H)(Vy € H) [V f(x) = VI(y)ll < o(lz —yl)-
(i) (Ve e H)(Vy € H) (x —y [ Vf(2) = Vf(y)) < o([[x = yl]).
(iii) (Vo € H)(Yy € H) f(y) < fz) + (y =2 [ VI(2)) + 0z = yl])-
(iv) (Vo e H)(Vy € H) [*(Vf(y)) >

Fr (V@) + @ | V() = Vi) + 0 ([Vf(z) = Vi)l
(v) (Ve e H)(Vy € H) (z—vy | Vf( )= Vf(y) = 20°(|[Vf(z) = VIY)])-
(vi) (Ve € H)(Vy € H) [[Vf(z) = VI(y)ll < ollz = yl])-

Then (1)=(ii)=-(iil)=(iv)=(v)=(vi).
Proof. Let x and y be in H, and set u = Vf(z) and v = V f(y).

(i)=(ii): Cauchy—Schwarz.

(il)=-(iil): Since the Géateaux derivative of t — f(z 4+ t(y — x)) is ¢ —
(y—z | Vf(x+tly—x))), we have

1
f(y)—f(:v)—<y—wIU>=/0 (-2 | V(e +tly — ) — Vi) dt

- / %@@,_@ | Vi(z+ty — =) — Vf(z)) dt
< [ Folly =) e

— 8(]ly — ). (18.33)
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(iii)=(iv): For every z € H, we derive from Proposition 17.27 that

—f(2) 2 = f(2) + (& [w) = (z [ u) = 0(]|z — )
= f*(u) =z [ w) = 0(]|z — =[]) (18.34)

and, in turn, we obtain

frw) = (z[v) = f(2)
> (z|v)+ f(u) = (z | w) = 0(]z — =l))
=fflu)+x|lv—u)y+{(z—z|v—u)—0(]z—z|). (18.35)

However, since ¢ is even, so is € and, therefore, it follows from Example 13.7
that (fo| -|)* =0* o] -|. Hence, we derive from (18.35) that

frw) = [ (u) + <x\U—U>+Sup((Z—x\v—w—@(\lz—xll))

zEH

=)+ (@ |v—u) + 6 ([[o—ul]). (18.36)
(iv)=(v): We have
fru) = f5(0) + (y [ u—v) + 0 ([[u— o). (18.37)

Adding (18.36) and (18.37) yields (v).
(v)=(vi): Cauchy—Schwarz. O

The following special case concerns convex functions with Holder contin-
uous gradients.

Corollary 18.14 Let f: H — R be Fréchet differentiable and convez, let
B € Ryy, and let p € ]0,1]. Consider the following statements:

(i) (Ve € H)(Vy € H) |V f(x) = V)l < Bllz —yl*.

(i) (Vo € H)(Vy € H) (z —y | V(z) = VI(y)) < Bllz -yl
(iii) (Y € H)(Vy € H) f(y) < f(2)+(y — 2 [ Vf(2))+Bp+1)" lz—y[F*.
(iv) (Ve e H)(vy € H) [*(V(y) = f*(Vf(2)) + (x| VI(y) = VI(z))

+87Pp(p + 1)V f () = V()P
(v) Ve e H)(Vy e H) (x—y | V[(z) = V[(y)) =

26~ Pp(p + 1)1V f(z) — Vf(y) | TP,
(vi) (Vo e H)(vy € H) IV f(x) = VI(y)ll < B((p +1)/(2p))"[l= - y||”-

Then (1)=(ii)=-(iil)=(iv)=(v)=(vi).
Proof. This follows from Theorem 18.13 with ¢ = 3| - [PT1. Indeed, ¢ is an
even convex function vanishing only at 0. Moreover, 0: t — S|t|PT1/(p + 1)

and we deduce from Example 13.2(i) and Proposition 13.20(i) that 6*: v —
B7HPp(p+ 1)~y TP, O

Next, we provide several characterizations of convex functions with Lip-
schitz continuous gradients.
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Theorem 18.15 Let f € Ih(H), let 8 € Ry, and set h = f* — (1/8)q,
where ¢ = (1/2)|| - ||. Then the following are equivalent:

(i) f is Fréchet differentiable on H and V[ is 5-Lipschitz continuous.
(ii) f 4s Fréchet differentiable on H and

(Ve e H)(Vy € H) (o —y|Vf(x) = V() <Blla -yl
(iii) (descent lemma) f is Fréchet differentiable on H and
(Ve e H)(Wy eH) [fly) < f(@)+{y—= | VI@)+(B/2)]z -yl
(iv) f is Fréchet differentiable on H and

(Ve e H)(VyeH) (V)=
(V@) + (@ | V) = V() + 1/ @OV () = Vi)™

v) f is Fréchet differentiable on H and V f is (1/5)-cocoercive.
(vi) Bq — [ is convex.
(vii) f* — (1/B8)q is convex (i.e., f* is 1/B-strongly convex).
(viii) h € To(H) and f = YP(h*) = Bq — Pho BId.

v
(ix) h € Iy(H) and V f = Proxgy, o fId = B(Id — Proxy- /).

Proof. (1)< (ii)< (iil)<(iv)<(v): Set p =1 in Corollary 18.14.

(v)=-(vi): Since (1/8)Vf is firmly nonexpansive, so is Id — (1/8)V f by
Proposition 4.2. Hence, V(g — f) = fId — Vf is monotone and it follows
from Proposition 17.10 that 8¢ — f is convex.

(vi)<(vii): Proposition 14.2.

(vil)=(viii): Since f € IH(H) and h is convex, Corollary 13.33 yields
h € I'n(H) and h* € IH(H). Hence, using successively Corollary 13.33, Propo-
sition 14.1, and Theorem 14.3(i), we obtain f = f** = (h + (1/8)¢)* =
YB(h*) = Bq — Pho pId.

(viii)=-(ix)=(i): Proposition 12.29. O

As seen in Example 4.9, nonexpansive operators may not be firmly nonex-
pansive. Remarkably, the equivalence (i)<(v) in Theorem 18.15 asserts that
this is true for the gradient of a convex function f: H — R. We record this
result next, which is known as the Baillon—Haddad theorem.

Corollary 18.16 (Baillon-Haddad) Let f: H — R be a Fréchet differ-
entiable convex function and let f € Ryy. Then V f is B-Lipschilz continuous
if and only if V f is (1/8)-cocoercive. In particular, V [ is nonexpansive if and
only if V[ is firmly nonexpansive.

Corollary 18.17 Let L € B(H) be self-adjoint and positive, and let x € H.
Then || (Lz | ) > |[La]?.
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Proof. Set f: H — R:y — (Ly|y) /2. It follows from Example 2.46 that
Vf = L is Lipschitz continuous with constant ||L||. Hence, the result follows
from the implication (i)=-(v) in Theorem 18.15. O

Corollary 18.18 Let f € I'h(H), let B € Ry, and set ¢ = (1/2)| - ||>. Then
fis Fréchet differentiable on H with a (-Lipschitz continuous gradient if and
only if [ is the Moreau envelope of parameter 1/5 of a function in I'o(H);
more precisely,

* 1 :
= <f - Eq> 0 Bg. (18.38)
Proof. This follows from the equivalence (i)<(viii) in Theorem 18.15. O

Corollary 18.19 Let (f;)ier be a finite family of functions in ITo(H), let
(ai)ier be a finite family of real numbers in |0,1] such that ), ., a; = 1,
and set q = (1/2)|| - ||>. Then Y, o Proxy, is the prozimity operator of a
function in T'y(H); more precisely,

Zai Proxy, = Prox;, where h= (Zai(fi*mq)) —q. (18.39)

i=1 icl

Proof. Set f = > ;. ai(ff Oq). We derive from Proposition 12.15, Propo-
sition 8.15, and Proposition 12.29 that f: H — R is convex and Fréchet
differentiable on H. Moreover, it follows from (14.7) and Proposition 12.27
that Vf =3, ai Proxy, is nonexpansive as a convex combination of non-
expansive operators. Hence, using the implication (i)=-(ix) in Theorem 18.15
with g = 1, we deduce that V f = Proxy, where h = f* — ¢ € I'j(H), which
gives (18.39). O

Remark 18.20 Suppose that I = {1,2} and that a3 = s = 1/2 in Corol-
lary 18.19. Then, in view of Corollary 14.8(iv), the function h in (18.39) is
the proximal average pav (f1, f2).

18.6 Differentiability of the Distance to a Set

Proposition 18.21 Let C be a nonempty closed convex subset of H and let
x € C. Then the following are equivalent:

(i) de is Gateaur differentiable at x and Vdco(x) = 0.
(i) z ¢ spts C, i.e., (Vu € H N {0}) oc(u) > (x| u).
(ii) Tox = H, i.e., cone (C — z) = H.

Proof. (i)=(ii): Suppose that u € H ~\ {0}. Since o¢ and (- | u) are positively
homogeneous, we assume that ||u| = 1. Let y € H. Then, since deo(z) = 0,
Cauchy—Schwarz yields
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0= (y| Vdc(x))
=lima™(do(z + ay) — do(x))

al

=lima™!inf ||z + oy — z||
al0 zelC

> lima ™! inf -
2 limo™" inf (z+ay -2 | u)

= (y | u) +Tim(—a" ") sup (z -z | u)
al0 zeC

= (y|w) ~lima™ (oc(u) - (2| w))

al0
Jwlu), ifoc(u) = (z|u);
- {—oo, if oo (u) > (x| u). (18.40)

Thus, if o¢(u) = (x | u), then (y | uy < 0. Since y is an arbitrary point in #,
we obtain u = 0, in contradiction to our hypothesis. Hence oc(u) > (z | u).

(ii)=(iii): Assume that tone (C' — z) = U,cg,, MC — ) # H and take
y € H ~ cone(C — z). By Theorem 3.38, there exists u € H ~ {0} such
that (y | u) > sup,cr,, vsup(C —x [ u) = sup,cg, , (v(oc(u) — (x| u)).
We deduce that oc(u) = (« | u), which is impossible.

(iii)=-(i): It follows from Example 16.49 that domddc = H. Hence, in
view of Proposition 17.26(ii), it suffices to check that ddc(z) = {0}. Take
u € ddc(x). Then Vy € C) (y—z|u) < do(y) — de(z) = 0. Hence
sup (C — [ u) <0, which implies that supycp, , sup (M(C — ) | u) <0 and
thus that sup (H | u) = sup (cone (C' — x) | u) < 0. Therefore, u = 0. O

The next result complements Corollary 12.30 and Example 16.49.

Proposition 18.22 Let C be a nonempty closed convex subset of H and let
x € H. Then exactly one of the following holds:

(i) Suppose that x € int C. Then dc is Fréchet differentiable at x with
Vdc (.23) =0.
(ii) Suppose that x € bdry C. Then the following hold:

(a) Suppose that x ¢ sptsC. Then d¢ is not Fréchet differentiable at x,
but de is Gateauz differentiable at x with Vdeo(x) = 0.

(b) Suppose that x € spts C. Then d¢ is not Gateaux differentiable at x
and ddc(x) = Nex N B(0;1).

(iil) Suppose that © ¢ C. Then dc is Fréchet differentiable at x with
Vde(x) = (x — Pex)/do(x).

Proof. (i): There exists ¢ € Ry 4 such that dc|p(s;e) = 0, which implies that
dc is Fréchet differentiable at = with Vde(z) = 0.

(ii)(a): Proposition 18.21 implies that Vde(x) = 0. Since Theorem 7.4
yields spts C' = bdry C, there exists a sequence (2, )nen of support points of
C' such that x,, — z. Let (un)nen be such that (Vn € N) oc(un) = (@ | un)
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and ||u,|| = 1. By Example 16.49, (Vn € N) w,, € Noz,, N B(0;1) = 9dc(zy).
Altogether, (2, un)nen i a sequence in graddc such that z, — x and
up £ 0 = Vdo(x). In view of Proposition 17.32, we conclude that d¢ is
not Fréchet differentiable at x.

(ii)(b): Let u € Nox ~ {0}. Then {0,u/||ul|} € Nexn B(0;1) = ddc(x)
by Example 16.49. Thus, d¢ is not Gateaux differentiable at by Proposi-
tion 17.26(i).

(iii): Set f = |||l and g = tc. Then de = fOg and do(x) = f(z — Pox) +
g(Pcx). Since || -|| is Fréchet differentiable at x — Poa with V|| - ||(x — Pox) =
(x — Pox)/||z — Pez|| by Example 2.52, it follows from Proposition 18.7
that dc is Fréchet differentiable at z and that Vdeo(z) = (2 — Pex)/dc(x).
Alternatively, combine Example 16.49, Proposition 17.26(ii), Proposition 4.8,
and Fact 2.50. o

Exercises

Exercise 18.1 Let (ug)aca be a family in H, let (py)aca be a family
in ]—oo,400], and set f = sup,ea({-| ua) — po). Show that randf C
CONV {Uq facA-

Exercise 18.2 Let f: R — R: z — |z|. Compute 9f(0) (see also Ex-
ample 16.25) in two different ways, using Theorem 18.5 and Proposi-
tion 18.22(ii)(b).

Exercise 18.3 Let f € Iy(H) and let v € Ry.. Use Corollary 18.8 to
establish the Fréchet differentiability of the Moreau envelope f (see Propo-
sition 12.29).

Exercise 18.4 By providing a counterexample, show that the equivalence
in Corollary 18.11 fails if the assumption dom df = int dom f is removed.

Exercise 18.5 Let K be a real Hilbert space, let L € B(H,K), let r € K,
and let C' be a nonempty closed convex subset of H. Set f: H — R: z —
| Lz —r||* + ||z||* + d%(z). Show that f is the Moreau envelope of a function
in FO (H)

Exercise 18.6 (Legendre function) Let f € Iy(H) be such that
dom df = intdom f and dom df* = int dom f*. Suppose that f is Gateaux
differentiable on int dom f and that f* is Gateaux differentiable on int dom f*.
These assumptions together mean that f is a Legendre function, as is f*.
Show that both f and f* are strictly convex on the interior of their do-
mains, respectively. Furthermore, show that Vf: intdom f — intdom f* is
a bijection, with inverse V f*.
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Exercise 18.7 Provide five examples of Legendre functions (see Exer-
cise 18.6) and five examples of functions in I'h(H) that are not Legendre
functions.

Exercise 18.8 Let A € B(H) be positive, self-adjoint, and surjective. Using
Proposition 17.28 and its notation, deduce from Exercise 18.6 that g4 is
strictly convex, that ¢ is strictly convex, and that A is bijective.

Exercise 18.9 . Use Fact 2.51 and Corollary 12.30 to give an alternative
proof of Proposition 18.22(iii).

Exercise 18.10 Use Example 7.7 and Proposition 18.22 to construct a func-
tion f € I'p(H) and a point & € H such that dom f = H, f is Gateaux
differentiable at =, but f is not Fréchet differentiable at x.

Exercise 18.11 Suppose that H is infinite-dimensional, that C' is as in Ex-
ample 6.18, and that @ is as in Exercise 8.17. Set

[ H =R = me(||lz)?, do(2)). (18.41)

Prove the following:

(i) f is continuous, convex, and min f(H) = 0 = f(0).
(ii) f is Gateaux differentiable at 0 and V f(0) = 0.
(iii) f is Fréchet differentiable on H ~ {0}.

(iv) f is not Fréchet differentiable at 0.



Chapter 19
Duality in Convex Optimization

A convex optimization problem can be paired with a dual problem involv-
ing the conjugates of the functions appearing it its (primal) formulation. In
this chapter, we study the interplay between primal and dual problems in the
context of Fenchel-Rockafellar duality and, more generally, for bivariate func-
tions. The latter approach leads naturally to saddle points and Lagrangians.
Special attention is given to minimization under equality constraints and un-
der inequality constraints. We start with a discussion of instances in which
all primal solutions can be recovered from an arbitrary dual solution.
Throughout this chapter, K is a real Hilbert space.

19.1 Primal Solutions via Dual Solutions

In this section we investigate the connections between primal and dual
solutions in the context of the minimization problem discussed in Defini-
tion 15.19. We recall that given f: H — |—o00,+], g: £ — |—00, 4], and
L € B(H,K), the primal problem associated with the composite function
f+golLis

minirﬁize f(z) + g(Lx), (19.1)
e
its dual problem is
minirlrclize (L") + g (—v), (19.2)
ve

the primal optimal value is p = inf (f 4+ go L)(#), and the dual optimal value
is p* = inf(f* o L* + ¢*¥)(K). We saw in Proposition 15.21 that p > —u*.
A solution to (19.1) is called a primal solution, and a solution to (19.2) is
called a dual solution. As noted in Remark 15.20, in principle, dual solutions
depend on the ordered triple (f, g, L), and we follow the common convention
adopted in Definition 15.19.
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Theorem 19.1 Let f € I'hy(H), let g € Ih(K), and let L € B(H,K) be such
that dom g N L(dom f) # &. Furthermore, set yu = inf(f + g o L)(H), set
w* =1inf(f* o L* 4+ ¢*V)(K), let x € H, and let v € K. Then the following are
equivalent:

*

(i) x is a primal solution, v is a dual solution, and p = —p*.
(ii) L*v € 9f(x) and —v € dg(Lx).
(iii) x € f*(L*v) N L™ (g* (—v)).

Proof. (1)< (ii): Since f + go L is proper, we derive from Theorem 16.23 the
equivalences

(i) & f(x) +g(Lz) = —(f" +97(-v))
& (fl@)+ (L *) <$|L* )+( )+9*(*"U)*<Lx\*v>):0
< L*'v € Of(z) and —v € Og(Lx). (19.3)
(i)« (iii): Corollary 16.24. O

Corollary 19.2 Let f € Ih(H), let g € IH(K), and let L € B(H,K) be such
that inf(f 4+ go L)(H) = —min(f* o L* 4+ ¢*)(K) (e.g., one of the conditions
listed in Theorem 15.23, Proposition 15.24, or Fact 15.25 holds), and let v be
an arbitrary solution to the dual problem (19.2). Then the (possibly empty)
set of primal solutions is

Argmin(f 4+ go L) = 8f*(L*v) N L™ (dg* (—v)). (19.4)

Next, we present an instance in which the primal solution is uniquely
determined by a dual solution.

Proposition 19.3 Let f € IH(H), let g € Ih(K), and let L € B(H,K) be
such that the following hold:

(i) inf(f+goL)(H) = —min(f* o L*+ ¢g*V)(K) (e.g., one of the conditions
listed in Theorem 15.23, Proposition 15.24, or Fact 15.25 holds).

(ii) There exists a solution v to the dual problem (19.2) such that f* is
Gateauz differentiable at L*v.

Then either the primal problem (19.1) has no solution or it has a unique
solution, namely

x = Vf*(L"). (19.5)

Proof. We derive from Corollary 19.2, (ii), and Proposition 17.26(i) that
Argmin(f +go L) = df*(L*v) N L=Y(dg*(—v)) C {Vf*(L*v)}, which yields
(19.5). O

Here is an important application of Proposition 19.3. It implies that, if
the objective function of the primal problem is strongly convex, then the
dual problem can be formulated in terms of a Moreau envelope (see Defini-
tion 12.20).
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Proposition 19.4 Let ¢ € Ih(H), let v € TH(K), let z € H, let r € K,
and let L € B(H,K) be such that r € sri(domp — L(dom p)). Consider the
problem

migierqniize ol@) +(Le —r) + %Hx — 2% (19.6)

together with the problem

migier’rclize Yo" (L*v + 2) +*(=v) — (v | ), (19.7)

which can also be written as

min.ierlrclize %HL*U + 2| = Yo(L*v 4 2) + o  (—v) — (v | 7). (19.8)

Let v be a solution to (19.7). Then (19.6) has a unique solution, namely
x = Prox,(L*v + z). (19.9)

Proof. The fact that (19.6) admits a unique solution follows from Defini-
tion 12.23, and the fact that (19.7) and (19.8) are identical from (14.6).
Now set f = ¢ + (1/2)| - —z||*> and g = (- — 7). Then (19.1) reduces
to (19.6). Moreover, using Proposition 14.1 and Proposition 13.20(iii), we
obtain f*: u = *(¢*)(u + 2) — (1/2)|2]|* and ¢g*: v — ¥*(v) + (r|v),
so that (19.2) reduces to (19.7). Furthermore, it follows from (14.7) that
Vf*: u s Proxy,(u + z). Thus, the result follows from Proposition 19.3 and
Theorem 15.23. ad

Remark 19.5 The (primal) problem (19.6) involves the sum of a composite
convex function and of another convex function. Such problems are not easy
to solve. By contrast, the (dual) problem (19.7) involves a Moreau envelope,
i.e., an everywhere defined differentiable convex function with a Lipschitz
continuous gradient (see Proposition 12.29). As will be seen in Corollary 27.9,
such problems are much easier to solve. This observation will be exploited in
Section 27.5.

Corollary 19.6 Let ¢ € Io(H), let z € H, let r € K, let L € B(H,K)
be such that ||L]] < 1 and —r € sri(L(dom)), and set T: K — K: v
r+v — L(Prox,(L*v + z)). Then T is firmly nonexpansive, FixT # &, and
for every v € Fix T, the unique solution of the problem

e . 1 2
minimize o(z) + 5llz — 2| (19.10)
Lx=r
is x = Proxy(L*v + z).

Proof. Set S = {v € K | L(Prox,(L*v+ z)) =r}. The result follows from
Proposition 19.4 with ¢ = 10y. Indeed, (19.6) turns into (19.10), and the
function to minimize in (19.7) is v — (¢*)(L*v 4 2) — (v | ), the gradient
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of which is v — L(Prox,(L*v + z)) — r. Hence, S is the nonempty set of
solutions of (19.7). Since v — L(Prox,(L*v + z)) is firmly nonexpansive by
Exercise 4.7, we deduce that T is firmly nonexpansive and that FixT = S.
The conclusion follows from Proposition 19.4. O

We close this section with some applications of Proposition 19.4.
Example 19.7 Let K be a nonempty closed convex cone of H, let 1) € IH(K)

be positively homogeneous, set D = 9¢(0), let z € H, let r € K, and let
L € B(H,K) be such that r € sri(dom — L(K)). Consider the problem

minimize ¥(Lx —r) + %Hz—z\|2, (19.11)

zeK

together with the problem

mi}lgrerljjize %die(L*v +2z)—(v]|r). (19.12)

Let v be a solution to (19.12). Then the unique solution to (19.11) is x =
Pr(L*v + 2).

Proof. This is an application of Proposition 19.4 with ¢ = 1. Indeed, Exam-
ple 13.3(ii) yields ¢* = txe, and Proposition 16.18 yields ¢* = o}, = tp. O

Example 19.8 Let K be a nonempty closed convex cone of H, let z € H,
let r € K, and let L € B(H, K). Consider the problem

e 1 2
minimize Lz =7l + 5llz — 2|, (19.13)

together with the problem

minimize sd3e (Lo +2)—(v]r). (19.14)

Let v be a solution to (19.14). Then the unique solution to (19.13) is x =
Prc(L*v + 2).

Proof. This is a special case of Example 19.7 with ¢ = || - ||. Indeed, dom ¢ —
L(K) =K — L(K) = K and Example 16.25 yields D = 9¢(0) = B(0;1). O

Example 19.9 Let C and D be closed convex subsets of H, let z € H,
and let L € B(H,K) be such that 0 € sri(D — L(C')). Consider the best
approximation problem
minimize ||z — z||, (19.15)
zeC
LxeD

together with the problem

miniI’rClize %HL*U e %d%(L*v +2) + op(—v). (19.16)
ve
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Let v be a solution to (19.16). Then the unique solution to (19.15) is x =
Po(L*v + 2).

Proof. Apply Proposition 19.4 with ¢ = 1¢, ¥ = tp, and r = 0. a

19.2 Parametric Duality

We explore an abstract duality framework defined on the product H x K.

Definition 19.10 Let F': H x K — |—00, +00]. The associated primal prob-
lem is
minimize F(z,0), (19.17)

rEH

the associated dual problem is

inimize F* 19.1
minimize (0,v), (19.18)

and the associated value function is
9: K — [—o00,+00] : y — inf F(H,y). (19.19)

Furthermore, x € H is a primal solution if it solves (19.17), and v € K is a
dual solution if it solves (19.18).

Proposition 19.11 Let F: H x K — |—00,+00] and let ¢ be the associated
value function. Then the following hold:

(i) 0* = F*(0, ).
(i) — inf F*(0, K) = 9**(0) < 9(0) = inf F(H,0).

Proof. We assume that F' is proper.

(i): Apply Proposition 13.28.

(ii): The first equality follows from (i) and Proposition 13.9(i), and the
second equality follows from (19.19). The inequality follows from Proposi-
tion 13.14(i) applied to 9. O

The next result gives a condition under which the inequality in Proposi-
tion 19.11(ii) becomes an equality.

Proposition 19.12 Let F € Ty(HXK) and suppose that the associated value
function 9 is lower semicontinuous at 0 with ¥(0) € R. Then

inf F(#,0) = —inf F*(0,K) € R. (19.20)

Proof. Since F' is convex, it follows from Proposition 8.26 that 1 is convex.
Hence, Proposition 13.38 yields ¥**(0) = 9(0) and the result follows. O
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We now describe the set of dual solutions using the subdifferential of the
(biconjugate of the) value function at 0.

Proposition 19.13 Let F: Hx K — |—o0, +0o0], suppose that the associated
value function ¥ is convex and that 9* is proper, and denote the set of dual
solutions by U. Then the following hold:

(i) U = 99**(0).

(il) 09(0) # @ if and only if 9 is lower semicontinuous at 0 with
9(0) € R and U # @, in which case U = 99(0) and inf F(#H,0) =
—min F*(0,K) e R

Proof. (i): In view of Proposition 19.11(i), Theorem 16.2, and Corollary 16.24,
we have U = Argmin 9* = (99*)~1(0) = 99**(0).

(ii): Suppose that 919(0) # @. Using Proposition 16.3(i), Proposition 16.4,
(i), and Proposition 19.12, we obtain 0 € domd, ¥**(0) = 9(0), U =
09**(0) = 99(0) # &, and hence inf F(H,0) = —min F*(0,K) € R. Now
assume that 0 € domd, that ¢ is lower semicontinuous at 0, and that
U # @. By Proposition 13.38 and (i), 9(0) = 9**(0) and U = 99**(0) # &.
Now take u € 99**(0). Since ¥9** < o, it follows that (Vo € H) (x| u) <
9**(x) — 9**(0) < J(xz) — 9(0). Therefore, @ # U = 99**(0) C 99(0). O

Proposition 19.14 Let F' € Ih(H x K) and let (z,v) € H x K. Then the
following are equivalent:

(i) x is a primal solution, v is a dual solution, and (19.20) holds.

(ii) F(z,0) + F*(0,v) = 0.
(iii) (0,v) € OF(x,0).
(iv) (2,0) € 9F*(0,v).
Proof. ()= (ii): F(z,0) = inf F(#,0) = —inf F*(0,K) = —F*(0,v) € R.
Hence F(z,0) + F*(0,v) = 0.

z,
(ii)=-(i): By Proposition 19.11(ii),
—F*(0,v) < —inf F*(0,K) <inf F(#,0) < F(x,0). (19.21)

(i) (iil)<(iv): It follows from Theorem 16.23 that (ii) < F(z,0) +
F*(0,v) = {(z,0) | (0,v)) & (iil) & (iv). O

Definition 19.15 Let F': H x K — |—o00, +00]. The Lagrangian of F is the
function

L:H XK= [—00,+00] : (x,0) 52;{; (F(z,y)+ (y | v)). (19.22)

Moreover, (z,v) € H x K is a saddle point of £ if

sup L(z, K) = L(z,v) = inf L(H,v). (19.23)
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Proposition 19.16 Let F': H x K — |—o00,400] and let L: H x K —
[—o0, +0o0] be its Lagrangian. Then the following hold:

(i) For every x € H, L(x,-) is upper semicontinuous and concave.

(i) Suppose that F € To(H x K). Then (Vx € H) sup L(x,K) = F(x,0).
(iii) Suppose that F' is convex. Then, for every v € K, L(-,v) is convez.
(iv) (Vo € K) inf L(H,v) = —F*(0, —v).

Proof. (i): Let « € H and set ¢ = F(z,-). Then, for every v € K,

L(@,v) = inf (F(z,y) = (y | —v)) = = sup (w1 -v) =) =—¢"(-v).

ye

(19.24)

Since ¢* is lower semicontinuous and convex by Proposition 13.11, we deduce
that £(z,-) = —¢*" is upper semicontinuous and concave.

(ii): Let « € H and set o = F(x,-). Then either ¢ = +o0 or ¢ € I[H(K). It
follows from Corollary 13.33 that ¢** = ¢. In view of (19.24) and Proposi-
tion 13.9(i), we obtain sup £(z, K) = —inf o*(K) = ¢**(0) = ¢(0) = F(z,0).

(iii): Let v € K. Since (z,y) — F(x,y) + (y | v) is convex, the conclusion
follows from Proposition 8.26.

(iv): For every x € H, L(z,v) = —sup,exc((z [ 0) + (y | —v) — F(z,y)).
Therefore, inf L(H,v) = —sup,cy supye,c(«:c,y) | (0,—v)) — F(x, y)) =
—F*(0, —v). |

Corollary 19.17 Let F € I'h(HxK), let £ be its Lagrangian, and let (x,v) €
H x IC. Then the following are equivalent:

(i) z is a primal solution, v s a dual solution, and inf F(H,0) =
—inf F*(0,K) €
(ii) F(z,0) + F*(0, v) =0.
(iii) (0,v) € OF(x,0).
(iv) (x,0) € OF*(0,v).
(v) (z,—v) is a saddle point of L.
Proof. (i) (i)« (iii)<(iv): Proposition 19.14.
(ii)=-(v): By Proposition 19.16(iv)&(ii),

F(z,0) = —F*(0,v) = inf L(H, —v) < L(x, —v) < sup L(z,K) = F(z,0).

(19.25)
(v)=(ii): Using Proposition 19.16(iv)&(ii), we get

—F*(0,v) = inf L(H, —v) = L(z, —v) =sup L(x,K) = F(z,0). (19.26)

Hence, since F' is proper, —F*(0,v) = F(z,0) € R. O

The following proposition illustrates how a bivariate function can be as-
sociated with a minimization problem, its second variable playing the role
of a perturbation. In this particular case, we recover the Fenchel-Rockafellar
duality framework discussed in Section 15.3 and in Section 19.1.
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Proposition 19.18 Let f € I'h(H), let g € TH(K), and let L € B(H,K) be
such that dom g N L(dom f) # @. Set

F:HxK—=]—o00,+00]: (x,y) = f(z) + g(Lx — y). (19.27)
Then the following hold:

(i) F e Ih(H x K).
(ii) The primal problem is

minier%ize f(z) 4+ g(Lx). (19.28)
(iii) The dual problem is
minierlrclize (L) + g" (—v). (19.29)
(iv) The Lagrangian is
L:Hx K — [—o0,+00]
—00, if € dom f andv ¢ dom g*;
(x,v) = < f(z)+ (Lz | v) — g*(v), if © € dom f andv € dom g*;
+00, if = ¢ dom f.
(19.30)

(v) Suppose that the optimal values p of (19.28) and p* of (19.29) satisfy
uw=—p* €R, and let (z,0) € H x K. Then (Z,0) is a saddle point of
L if and only if

—L'5€df(z) and U € dg(LT). (19.31)

Proof. (i): This follows easily from the assumptions on f, g, and L.
(ii): This follows from (19.17) and (19.27).
(iii): Let v € K. Then

F*0,0) = sup ({y|v)— flz) —g(Lz—y))
(z,y)EHXK

sup (@ | L*0) = f(@) +sup (= | —v) = 9(2) )

TEH zeK
= (f*o L") (v) + g"(~v). (19.32)

Hence, the result follows from (19.18).
(iv): For every (x,v) € H x K, we derive from (19.22) and (19.27) that

L(z,v) = f(z) + inf (9(Lx —y)+ (y | v))
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f(@)+ (Lx | o) + inf (9(2) = (=] v)), if @ €domf;
+00, if ¢ dom f
f(@) 4+ (Lz | v) —sup ((z | v) — g(2)), if x € dom f;

= zeK
+00, if «¢ dom f

_ flz)+ (La | v) — g*(v), if = € dom f; (19.33)
+00, if ¢ dom f, .

which yields (19.30).

(v): Since F € I'y(H x K), we derive from Corollary 19.17 that (z, ) is a
saddle point of £ if and only if Z is a solution to (19.28) and —o is a solution
to (19.29). Hence, the conclusion follows from Theorem 19.1. O

19.3 Minimization under Equality Constraints

In this section, we apply the setting of Section 19.2 to convex optimization
problems with affine equality constraints.

Proposition 19.19 Let f € I[((H), let L € B(H,K), and let r € L(dom f).
Set

S .
Fo M x K = =00, 4+00] : (my) s 41 @ T LE=ydms g a0
+oo, if Lx #y+r.
Then the following hold:
(i) F e I[H(H x K).
(ii) The primal problem is
minimize f(z). (19.35)
Lx=r
(iii) The dual problem is
minir’I%ize (L) —(v]r). (19.36)
ve
(iv) The Lagrangian is
L:H XK —]—00,+x)]
Lo — ‘ :
(2.0) f@)+ Lz —rlv), i z€domf; (19.37)
+00, if x ¢ dom f.

(v) Suppose that the optimal values p of (19.35) and p* of (19.36) satisfy
w=—p* R, and let (z,v) € H x K. Then (Z,7) is a saddle point of
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L if and only if —L*v € f(Z) and Lx = r. In this case,
f(@) =min f(L7'({r})) = min L(H, ). (19.38)

Proof. All the results, except (19.38), are obtained by setting g = ¢y, in
Proposition 19.18. To prove (19.38), note that Corollary 19.17 and Proposi-
tion 19.16 yield f(z) = F(z,0) = —F*(0, —v) = inf L(H,v) = L(Z, D). O

Remark 19.20 In the setting of Proposition 19.19, let (Z,7) be a saddle
point of the Lagrangian (19.37). Then @ is called a Lagrange multiplier asso-
ciated with the solution Z to (19.35). In view of (19.38) and (19.37), & solves
the unconstrained minimization problem

miniegniize flx)+ (x| L*0). (19.39)

An important application of Proposition 19.19 is in the context of problems
involving finitely many scalar affine equalities.

Corollary 19.21 Let f € Ih(H), let m be a strictly positive integer, set I =
{1,...,m}, let (u;)ier € H™, and let (p;)icr € {((z | wi))ier | T € domf}.
Set

F:HxR™ = |—o00,+00] (19.40)
N, f(x), if (Viel) (x]u)=mni+p;
(z, (mi)ier) = {—I—oo, Diherise. (19.41)

Then the following hold:
(i) F e Io(H x K).
(ii) The primal problem is

minimize f(x). (19.42)
(@lur)=p1,....(@|um)=pm

(i) The dual problem is
minimize f* v | — Vi i 19.43
i £ (Sr) S 0000
(iv) The Lagrangian is
L:HXxR™ — [—o00,+]
F@)+> vil{x |w) —pi), i @ €dom f;

(2, (Wi)ier) = icl (19.44)
~+00, if ¢ dom f.
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(v) Suppose that the optimal values p of (19.42) and p* of (19.43) satisfy
= —p* €R, and let (z,(7)icr) € H x R™. Then (Z,(V;)icr) is a
saddle point of L if and only if

= vui €0f(x) and (Viel) (z|u)=pi, (19.45)
el

in which case T is a solution to both (19.42) and the unconstrained
mainimaization problem

rmmmlze flx) + Z Ui (x| ug). (19.46)

xre
el

Proof. Apply Proposition 19.19 with £ = R™, r = (p;)icr, and L:  —
((z | ui))ier- O

19.4 Minimization under Inequality Constraints

To use a fairly general notion of inequality, we require the following notion
of convexity with respect to a cone.

Definition 19.22 Let K be a nonempty closed convex cone in K and let
R: H — K. Then R is convex with respect to K if

(Vo € H)(Vy € H)(Va €]0,1])
R(az+ (1 —a)y) —aRz— (1— )Ry € K. (19.47)
Proposition 19.23 Let f € I1(H), let K be a nonempty closed convex cone

n K, and let R: H — K be continuous, convex with respect to K, and such
that K N R(dom f) # @. Set

. K
F:HxK—]—o00,+00] : (z,y) /@), Zf Roey+K; (19.48)
+o00, if Re¢y+ K.
Then the following hold:
(i) F € Ih(H x K).
(ii) The primal problem is
mlggﬁlze f(z). (19.49)
RreK

(iii) The dual problem is

minimize (v), where ¢: v sup ((Rx|v)— f(z)). (19.50)
vEK® zEH
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(iv) The Lagrangian is

L:H XK — [—00,+x)]

if € dom f andv ¢ K°;

(z,v) = < f(z)+(Rz |v), if v €domfandve K°; (19.51)
~+00, if ¢ dom f.

(v) Let (z,v) € H x K. Then (Z,0) is a saddle point of L if and only if

Z € dom f,

Rz € K,

veK°,

f(z) = inf (f(z) + (Rz | 7)),

rEH

(19.52)

in which case (RT | 0) =0 and T is a primal solution.

Proof. (1): The assumptions imply that F'is proper and that Fy : (z,y) — f(x)
is lower semicontinuous and convex. Hence, by Corollary 9.4, it remains to
check that Fy: (x,y) — tx (Rz—y) is likewise, which amounts to showing that
C={(z,y) e xK | Rz —y € K} is closed and convex. The closedness of
C follows easily from the continuity of R and the closedness of K. Now take
(x1,91) and (22,y2) in C' and « € ]0,1[. Then Rxy —y1 € K, Rxa —y2 € K,
and, by convexity of K, aRx1 + (1 — a)Rxs — (ay1 + (1 — a)y2) = a(Rxy —
y1) + (1 —a)(Rx2 —y2) € K. On the other hand, it follows from (19.47) that
R(axi + (1 — a)xs) — aRz1 — (1 — a)Rzy € K. Adding these two inclusions
yields R(axy + (1 — a)z2) — (ayr + (1 — a)y2) € K + K = K. We conclude
that a(z1,y1) + (1 — a)(x2,y2) € C and hence that C' is convex.

(ii): This follows from (19.17) and (19.48).

(iii): Let v € K. Then

F*(O,v)=( iggm(@\v>—f(w)—LK(R:c—y))
:ing((Rm|U>_f(m)+R§2%K<Rx_yl_v>>
:21615<Rx|v )+ZSé1£<z|—v>>
:sup( (Rx | v) — ))+LK6( )

zEH

Hence, the result follows from (19.18).
(iv): Let (x,v) € H x K. Then (19.22) and (19.48) yield
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L(x,v) = Hel)fc (f(x) + g (Rx —y)+ (y|v)). (19.54)
y
If « ¢ dom f, then, for every y € K, f(z) + tx(Rx —y) + (y | v) = +00 and,
therefore, £(x,v) = +o00. Now suppose that € dom f. Then f(z) € R and
we derive from (19.54) that

L) = f@)+ inf (y]o)

Rx—yeK
= f(@) + (Rx [ v) — sup (z | v)
zeK
= f(@) + (Re [ v) = tge (v), (19.55)

which yields (19.51).
(v): We derive from (19.48) and (19.53) that

Z € dom f,
Rz € K,
F(z,0)+ F*(0,-0) =0 § _ o KO,
f(@) +sup ((Rz | —v) — f(2)) =0
rEH
< (19.52). (19.56)

Using the equivalence (v)<(ii) in Corollary 19.17, we obtain the first result.
Next, we derive from (19.52) that (RZ | #) < 0 and f(Z) < f(Z) + (RZ | 7).
Hence, since f(z) € R, (Rz | v) = 0. Finally, Z is a primal solution by Corol-
lary 19.17. o

Remark 19.24 In the setting of Proposition 19.23, suppose that (z,?) is a
saddle point of the Lagrangian (19.51). Then v is called a Lagrange multiplier
associated with the solution Z to (19.49). It follows from Proposition 19.23(v)
that z solves the unconstrained minimization problem

Ininir?n{ize f(z)+ (Rx | v). (19.57)
xE
Conditions for the existence of Lagrange multipliers will be discussed in Sec-

tion 26.3, in Section 26.4, and in Section 26.5. For specific examples, see
Chapter 28.

Example 19.25 Let f € IH(H), let z € H, and let K be a closed convex
cone in H such that z € (dom f) — K. Set

flz), f zey+2z+K;

19.58
+oo, f x¢y+z+ K. ( )

F:HxH—]—00,+c] : ($7y)'—>{

Then the following hold:
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(i) F e Io(H x H).
(ii) The primal problem is

T . 19,
mieipee /) (19.59
(iii) The dual problem is
minimize f*(u) — (z | u). (19.60)
ueK®

(iv) The Lagrangian is

L:HxH— [—00,+x]

, if x €dom fandu¢ K°;

(x,u) = < f(x)+{(x—2z|u), if z € domfandue K®;
—+00, if ¢ dom f.

—00

(19.61)
(v) Let (z,a) € H x H. Then (Z,u) is a saddle point of £ if and only if

z € (z+ K)ndom f,
e K°, (19.62)
z € Argmin (f + (- | 1)),

in which case (Z | @) = (z | @) and Z is a primal solution.
Proof. Apply Proposition 19.23 to K =H and R: z +— x — z. O

Example 19.26 Suppose that H = R2, let ¢ € IH(R) be such that 0 €
dom ¢, set v = inf ¢(R), and set

F:H xR —]|—00,+x)]

) lf ) - S 5
(61, 6),9) {¢(§2) [[(& .52)” &<y (19.63)
400, otherwise.
Then the following hold:
(i) F € I'hv(H x R).
(ii) The primal problem is
minimi , 19.64
(51’52)6%6 P(&2) ( )
[1(€1,€2)1I<61

the optimal value of (19.64) is u = ¢(0), and the set of primal solutions
is R+ X {0}
(iii) The dual problem is



19.4 Minimization under Inequality Constraints 289

minimize  swp (v([(6, &)l - &) - 9(&)), (19.65)

veR- (1,62)eH

the optimal value of (19.65) is u* = —v, and the set of dual solutions is
R_.
(iv) The Lagrangian is

L:HXR = [—o0, +0]

—00, if & € dom¢ and v < 0;

((€1,&),0) = § o(&) +v(l(&1, &)l — &), if & € dome and v > 0;
+00, if & ¢ dom ¢.

(19.66)

(v) The Lagrangian £ admits a saddle point if and only if ¢(0) = ~, in
which case the set of saddle points is (R4 x {0}) x R,..
(vi) The value function (see (19.19)) is

s if y>0;
¥: R — [—o0,+00] : y = < ¢(0), if y=0; (19.67)
400, if y<O0.

Proof. Set f: H — |—00, +00] : (£1,&2) — @(&2). Then f € Ih(H). Set K =R,
K=R_,and R: H — R: (&,&) — [|(&1,&2)||—&1- Then (0,0) € Rxdom ¢ =
dom f and hence 0 € K N R(dom f). Moreover, the bivariate function F in
(19.48) is that deriving from (19.63).

(1): Proposition 19.23(i).

(ii): Proposition 19.23(ii) yields (19.64). Now let (&1,&2) € H. Since 0 <
(&1, &2)|| — &, it follows that [|(&1,&)[| < & < [[(&, &) =& < (§,8) €
Ry x {0}, in which case f(&1,&2) = ¢(0).

(iii): Proposition 19.23(iii) yields (19.65). Let us determine

p:R_ —]|—00,+00]: v~ sup (U(||(§1,f2)|| —&) - ¢(§2)). (19.68)
(&1,62)€H

Let v € R_ and let (£1,&) € H. Then v([|(&1,&)] — &) — ¢(&2) < —9(&2) <
—~ and thus ¢(v) < —v. On the other hand, since ||(&1,£2)|] — & — 0 as
&1 — 400, we deduce that p(v) = —7.

(iv): Proposition 19.23(iv).

(v): This follows from Proposition 19.23(v) and computation of ¢ in (iii).

(vi): The details are left as Exercise 19.9. O

Remark 19.27 Consider the setting of Example 19.26. If v < ¢(0), then £
has no saddle point and it follows from Corollary 19.17 that the duality gap is
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nonzero, even though primal and dual solutions exist. The choice ¢ = exp",
for which v =0 < 1 = ¢(0), then leads to Duffin’s duality gap.

The application presented next is referred to as the convexr programming
problem.

Corollary 19.28 Let f € Iy(H), let m and p be integers such that m >
p>0,set I ={1,...,p}, set J ={p+1,...,m}, let (g;)ics be real-valued
functions in I'y(H), suppose that (u;)jcs are vectors in H, and let (pj)jcs €
R™7P be such that

{:E € dom f ’ meajxgi(x) <0 and mea}(\ (x| uj) — pil = 0} £@. (19.69)
i j

Set
F:HXxR™ — ]—00,+0] (19.70)

L (Viel) gi(x) <m,
f(l‘)a if {(Vj c J) <.Z' | Uj> =nj + pj; (19.71)

400, otherwise.

(x, (Ui)ieIuJ) =

Then the following hold:
(i) F € Io(H x R™).
(ii) The primal problem is

mini%ize f(z). (19.72)
fAS
91 (2)<0,....9p () <0
(lup+1)=pp+15e- (T|Um ) =pm
(iii) The dual problem is
minimize sup (ngi(l‘) + Zyj(<x | uj) — pj) — f(sc))
(vi)ier€R?. z€M \ 27 JeT

(vj)jes ER™TP

(19.73)
(iv) The Lagrangian is

L:HXxR™ — [—00,+00]
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—00, if x € dom f and (v;)icr ¢ RY;
(@) + Y _wigi(2) + v ({@ [ug) = py),
(:c, (W)ieluJ) — i€l jeJ

if € dom f and (v;)icr € RY;

+00, if « ¢ dom f.
(19.74)

(v) Suppose that (T, (V;)icrur) is a saddle point of L. Then T is a solution
to both (19.72) and the unconstrained minimization problem

mlnlmlze f(z)+ Z vigi(x) + Z Ui (x| uj). (19.75)
i€l JjeJ
Moreover,

U = 07 ] () < 07
wiel) " i 9:(7) (19.76)

; <0, if gi(z)=0
Proof. Apply Proposition 19.23 with £ = R™, K = RZ x {0}m™?
(hence K© = RE x R™P and K¥ = R?” x R™?), and R: z
(g1(x), .y gp(@), (@ | Upt1) — Ppt1,---y (T | Um) — pm). Note that the con-
tinuity of R follows from Corollary 8.30(ii). O

Remark 19.29 As in Remark 19.24, the parameters (7;);e; in Corol-
lary 19.28(v) are the Lagrange multipliers associated with the solution Z
o0 (19.72). Condition (19.76) on the multipliers (#;);c; corresponding to the
inequality constraints is a complementary slackness condition.

Exercises

Exercise 19.1 Let F € I'h(H x K) and suppose that
inf F(#,0) = — inf F*(0,K) € R. (19.77)

Show that the associated value function defined in (19.19) is lower semicon-
tinuous at 0.

Exercise 19.2 Let F € I'h(H x K) with associated value function 9. Show
that inf F'(#,0) = —inf F*(0,K) € R if and only if ¥(0) € R and ¢ is lower
semicontinuous at 0.

Exercise 19.3 Let £: H x K — [—o00, 4], let (Z,0) € H x K, and denote
the set of saddle points of £ by S. Prove the following:
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(i) sup inf L(:L’ v) < inf sup L(z,v).
veK TE T€H yek
(ii) (z,9) € S & 1nf L(x,0) = sup L(Z,v).
vel
(iii) Suppose that (x, v) € S. Then

iglrc) Ilél%ﬁ(m,v) = L(Z,0) = ;giilégﬁ(x,v) (19.78)

Exercise 19.4 Let f: H — R, and let K € {{0},R;,R_,R}. In each case,
what does it means to say that f is convex with respect to K (see Defini-
tion 19.22)7

Exercise 19.5 Derive Proposition 19.23(iii) from Proposition 19.16(iv) and
Proposition 19.23(iv).

Exercise 19.6 Recover Corollary 19.21 from Corollary 19.28.

Exercise 19.7 In the setting of Proposition 19.23, prove that —v is a dual
solution if and only if

inf  L(x,v) = su inf  L(x,w). 19.79

zcdom f ( ) UJEIIS@ zcdom f ( ) ( )

Exercise 19.8 Consider Corollary 19.28 when H = R, f: 2z — x, p = 1,

m=2,¢g1: 2 22, uy =0, and py = 0. Determine F, the primal problem,
the dual problem, the Lagrangian, all saddle points, and the value function.

Exercise 19.9 Check the details in Example 19.26(vi).

Exercise 19.10 In the setting of Example 19.26(vi), determine when the
value function ¢ is lower semicontinuous at 0 and when 09(0) # @. Is it
possible that 9¥(0) = —oo?



Chapter 20
Monotone Operators

The theory of monotone set-valued operators plays a central role in many
areas of nonlinear analysis. A prominent example of a monotone operator is
the subdifferential operator investigated in Chapter 16. Single-valued mono-
tone operators will be seen to be closely related to the nonexpansive operators
studied in Chapter 4. Our investigation of monotone operators will rely heav-
ily on the Fitzpatrick function.

The conventions introduced in Section 1.2 will be used. In particular, an
operator A: H — 2" such that, for every z € H, Ax is either empty or a
singleton will be identified with the corresponding (at most) single-valued
operator. Conversely, if D is a nonempty subset of H and T: D — H, then T
will be identified with the set-valued operator A: H — 2™, where, for every
x€H, Axv ={Tz} if v € D, and Az = & otherwise.

20.1 Monotone Operators

Definition 20.1 Let A: H — 2. Then A is monotone if
(V(z,u) € grad) (V(y,v) € grad) (z—y|u—v)>0. (20.1)
A subset of H x H is monotone if it is the graph of a monotone operator.

Proposition 20.2 Let A: H — 2. Then the following are equivalent:
(i) A is monotone.

(ii) A is accretive, i.e.,

(V(z,u) € grad) (V(y,v) € grad)(Va € [0,1])
|z —y+alu—v)|=z-yl. (20.2)
(iii) The following holds.
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(V(z,u) € graA) (V(y,v) € gra A)
ly = wll® + llz = vl* > flz — | + [ly — l*. (20.3)

Proof. (20.2)<(20.1): This follows from (20.1) and Lemma 2.12(i).
(20.3)<(20.1): Use Lemma 2.11(i). O

Example 20.3 Let f: H — ]—00, +o0] be proper. Then Jf is monotone.

Proof. Take (z,u) and (y,v) in gradf. Then, by (16.1), (x —y | u) + f(y) >
f(z) and (y — x| v) + f(x) > f(y). Adding these inequalities, we conclude
that (x —y | u—v) > 0. O

Example 20.4 Suppose that H = R, let D be a nonempty subset of H, and
let A: D — H be increasing. Then A is monotone.

Example 20.5 Let D be a nonempty subset of H and let T: D — H be
cocoercive (in particular, firmly nonexpansive). Then T is monotone.

Proof. See (4.5). O

Example 20.6 Let D be a nonempty subset of H and let T: D — H be
a-averaged, with « € ]0,1/2]. Then T is monotone.

Proof. Combine Remark 4.27 with Example 20.5, or use the equivalence
(i)<(iv) in Proposition 4.25. O

Example 20.7 Let D be a nonempty subset of H, let T: D — H be non-
expansive, let o € [—1,1], and set A = Id 4+ oT'. Then, for every x € D and
every y € D,

(x—y| Av — Ay) = lz —y|* + a(z —y | Tz - Ty)

> ||lz =yl (lz = yll = || || T2 — Ty|)
> 0. (20.4)

Consequently, A is monotone.

Example 20.8 Let D be a nonempty subset of H, let T: D — H, and set

A =1d — T. Then the following are equivalent:

(i) T is pseudononexpansive (or pseudocontractive), i.e.,
(Vz € D)(vy € D) [Tz —Ty|* < [lz—y[*+[|(1d - T)z — (Id - T)y||*.

(20.5)
(ii) A is monotone.

Proof. Take z and y in D. Then ||z —y|* +[|(Id = T)z — (Id = T)y||* > || Tz —
Ty|* < lz=yl*+llz—y|* =2 (e -y | Te = Ty)+ || Te=Ty|]* > |Tz—Ty|
Slr—yl|l?—(z—y|Tz—-Ty) >0& (x —y | Az — Ay) > 0. O
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Example 20.9 Let H be a real Hilbert space, let T' € R4, and suppose
that # = L2([0,T];H) (see Example 2.7). Furthermore, let A be the time-
derivative operator (see Example 2.9)

A:H—>2H:xb—>{{ml}’ if IGP; (20.6)
a, otherwise,
where (initial condition)
D = {x e W"([0,T];H) | (0) =x¢} for some xo € H (20.7)
or (periodicity condition)
D = {z e W"3([0,T];H) | 2(0) = z(T)}. (20.8)

Then A is monotone.

Proof. Take x and y in D = dom A. Then

T
(—y | Az — Ay) = / (a(t) — y(t) | 2/ () — ' (E) dt

1M dla() v
/ dt

2 dt
1
= Q(llx(T) —y(D)IE = [=(0) = y(0)[1})
>0, (20.9)
which shows that A is monotone. O

Further examples can be constructed via the following monotonicity-
preserving operations.

Proposition 20.10 Let K be a real Hilbert space, let A: H — 2™ and
B: K — 2% be monotone operators, let L € B(H,K), and let v € Ry. Then
the operators A=', vA, and A+ L*BL are monotone.

Proposition 20.11 Let (£2,F,p) be a measure space, let (H,(-|-),) be a
real Hilbert space, and let A: H — 2% be a monotone operator. Suppose that
H = L2((2,F,p); H) and define A: H — 2% via

grad = {(z,u) e H xH | (z(w),u(w)) € graA p-a.e. on 2}.  (20.10)
Then A is monotone.
Proof. Take (x,u) and (y,v) in gra A. By monotonicity of A,

(x(w) —y(w) |u(w) —v(w))y >0 p-a.e. on £2. (20.11)
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In view of Example 2.5, integrating these inequalities over (2 with respect to
1, we obtain

(2 —y | u—v)= /Q (2(@) — y(w) | uw) - o))y uldw) >0, (20.12)

which shows that A is monotone. O

Monotone operators also arise naturally in the study of best approximation
and farthest-point problems.

Example 20.12 Let C be a nonempty subset of H and let I be the set-
valued projector onto C' defined in (3.12). Then 1 is monotone.

Proof. Take (z,u) and (y,v) in grallc. Then ||z —u|| = do(x) < ||z — v|| and
ly = vll = dc(y) < lly —ull. Hence ||z —ul|* + [ly —v[|* < [l —v]|> + [ly — ul|>.
Now expand the squares and simplify to obtain the monotonicity of IIo. O

Example 20.13 Let C' be a nonempty bounded subset of H and denote by
@c:'H%QH:SCi—){UEC‘ |z —ul| = sup ||z — C| } (20.13)
its farthest-point operator. Then —®¢ is monotone.

Proof. Suppose that (z,u) and (y,v) are in gra®c. Then ||z — ul| > ||z — v||
and [ly —v]| > |ly — ul. Hence [z — ul® + |y — v > ]z — v]|* + |ly — u*.
Now expand the squares and simplify to see that —®¢ is monotone. a

Next, we provide two characterizations of monotonicity.

Proposition 20.14 Let A: H — 2™ and set F = (- | -). Then the following
are equivalent:

(i) A is monotone.
(ii) For all finite families (cv)ier in ]0,1] such that ) ;c;c; = 1 and
(z4,u;)ier in gra A, we have

F(Z%(%,“i)) < ZaiF(zi,ui). (20.14)
i€l il
(i) F is conver on gra A.
Proof. This follows from Lemma 2.13(i). O
We devote the remainder of this section to linear monotone operators.

Example 20.15 Let A: H — H be linear. Then A is monotone if and only
if (Vo e H) (Ax | z) > 0.

Example 20.16 Let A € B(#). Then the following hold:
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(i) A is monotone < A + A* is monotone < A* is monotone.
(ii) A*A, AA*, A— A* and A* — A are monotone.

Proposition 20.17 Let A € B(H) be monotone. Then ker A = ker A* and
Tan A = Tan A*.

Proof. Take © € kerA and v € ranA, say v = Ay. Then (Va € R)
0 <({ax+y|Alax+vy)) =alz|v)+ (y | Ay). Hence (x | v) = 0 and thus
ker A C (ran A)L = ker A* by Fact 2.18(iv). Since A* € B(H) is also mono-
tone, we obtain ker A* C ker A** = ker A. Altogether, ker A = ker A* and
therefore Tan A = tan A* by Fact 2.18(iii). O

Fact 20.18 [214, Chapter VII] Let A and B be self-adjoint monotone oper-
ators in B(H) such that AB = BA. Then AB is monotone.

Example 20.19 Set

11 10 0—-1
T T e [ R

Then A, B, C, and —C' are continuous, linear, and monotone operators from
R? to R2. However, neither AB nor C? is monotone. This shows that the as-
sumption on self-adjointness and commutativity in Fact 20.18 are important.

20.2 Maximally Monotone Operators

Definition 20.20 Let A: H — 27* be monotone. Then A is mazimally
monotone (or mazimal monotone) if there exists no monotone operator
B: H — 2" such that gra B properly contains gra A, i.e., for every (z,u) €
H X H,

(x,u) e grad < (Y(y,v) €grad) (x—y|u—v)>0. (20.16)

Theorem 20.21 Let A: H — 2 be monotone. Then there exists a maxi-
mally monotone extension of A, i.e., a marimally monotone operator A: H —
2" such that gra A C gra A.

Proof. Assume first that gra A # @ and set
M = {B:H — 2" | B is monotone and gra A C gra B}. (20.17)

Then M is nonempty and partially ordered via (VB; € M)(VBy € M)
B, < By & graB; C graBs. Let C be a chain in M. Then the operator
the graph of which is | Joc graC' is an upper bound of C. Therefore, Zorn’s
lemma (Fact 1.1) guarantees the existence of a maximal element A e M. The
operator A possesses the required properties. Now assume that gra A = &.
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Then any maximally monotone extension A of the operator the graph of
which is {(0,0)} is as required. O

The proofs of the next two propositions are left as exercises.

Proposition 20.22 Let A: H — 2™ be mazimally monotone, let z € H, let
w € H, and let v € Ryy. Then A~! and x — u + yA(x + 2) are maximally
monotone.

Proposition 20.23 Let A: H — 2" and B: K — 2X be mazimally mono-
tone. Then Ax B: HxK — 2"*K: (x,1) = Axx By is maximally monotone.

Proposition 20.24 Let A: H — H be monotone and hemicontinuous, i.e.,
for every (z,y,2) € H3, limayo (2 | A(x + ay)) = (2 | Az). Then A is maxi-
mally monotone.

Proof. Let (z,u) € H x H be such that (Vy € H) (x —y | u— Ay) > 0. We
must show that v = Az. For every a € ]0,1], set yo = = + a(u — Ax) and
observe that (u — Az | u — Ays) = —(* — Yo | U — Aya) /o < 0. Since A is
hemicontinuous, we conclude that ||u — Az||* < 0, i.e., that u = Ax. O

Corollary 20.25 Let A: H — H be monotone and continuous. Then A is
mazximally monotone.

Example 20.26 Let T: H — H be nonexpansive and let o € [—1, 1]. Then
Id 4+ aT' is maximally monotone.

Proof. Combine Example 20.7 with Corollary 20.25. O

Example 20.27 Let T: H — H be a-averaged, with o € ]0,1/2] (in partic-
ular, firmly nonexpansive). Then T is maximally monotone.

Proof. This follows from Corollary 20.25 since T is continuous and, by Ex-
ample 20.6, monotone. a

Example 20.28 Let T: H — H be [-cocoercive, with 8 € Ry ;. Then T is
maximally monotone.

Proof. Since BT is firmly nonexpansive, it is maximally monotone by Exam-
ple 20.27. O

Example 20.29 Let A € B(H) be monotone. Then A is maximally mono-
tone.

Proof. This follows from Example 20.15 and Proposition 20.24. O

Example 20.30 Let A € B(H) be such that A* = —A. Then A is maximally
monotone.
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H H
A - A

> N > H
H H
A - A

> H > H
H H
A A

> H > H

e

Fig. 20.1 Extensions of a monotone operator A: H — 27 (H = R). Top left: Graph of
A. Top right: Graph of a nonmonotone extension of A. Center left: Graph of a monotone
extension of A. Center right, bottom left, and bottom right: Graphs of maximally monotone
extensions of A.
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Proof. We have (Vx € H) (x | Az) = 0. Hence A is monotone, and maximally
so by Example 20.29. O

We now present some basic properties of maximally monotone operators.

Proposition 20.31 Let A: H — 2" be mazimally monotone and let x € H.
Then Ax is closed and conver.

Proof. We assume that « € dom A. Then (20.16) yields

Av= () {ueH|(@-ylu—v)>0}, (20.18)
(y,v)Egra A
which is an intersection of closed convex sets. 0

The next two propositions address various closedness properties of the
graph of a maximally monotone operator.

Proposition 20.32 Let A: H — 27 be mazimally monotone, let (xy,up)pe B
be a bounded net in gra A, and let (x,u) € H x H. Then the following hold:

(i) Suppose that xp — x and up — u. Then (z,u) € gra A.
(ii) Suppose that xp, — x and up, — u. Then (x,u) € gra A.

Proof. (1): Take (y,v) € gra A. Then (Vb € B) (x;, —y | up — v) > 0 by (20.16).
In turn, Lemma 2.36 implies that (x —y | w — v) > 0. Hence (x,u) € gra A
by (20.16).

(ii): Apply (i) to A~L. O

Proposition 20.33 Let A: H — 2% be maximally monotone. Then the fol-
lowing hold:

(i) gra A is sequentially closed in H¥™O"8 x HVek j.e. for every sequence
(Zpy Un)nen in gra A and every (z,u) € H X H, if x,, — © and u, — u,
then (z,u) € gra A.

(ii) gra A is sequentially closed in HY2k x HSone e for every sequence
(Zn, Un)nen in gra A and every (z,u) € H X H, if v, — x and u, — u,
then (z,u) € gra A.

(iii) gra A is closed in H5TO"e x Hstrone,

Proof. (i): Combine Lemma 2.38 and Proposition 20.32(i).
(ii): Apply (i) to A=L.
(iii): A consequence of (i) (see Section 1.12). O

As we shall see in Example 21.5 and Remark 21.6, Proposition 20.32(i) is
sharp in the sense that the boundedness assumption on the net cannot be
removed. Regarding Proposition 20.33(i), the next example shows that it is
not possible to replace H5ONe x Fweak hy gyweak o qyweak
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Example 20.34 The graph of a maximally monotone operator need not be
sequentially closed in H "2k x HWeak Indeed, suppose that H = ¢(N) and set
C = B(0;1). Then Id— P is firmly nonexpansive by Corollary 4.10, and hence
maximally monotone by Example 20.27. Consider the sequence (z,,)neny =
(e1+e2n)nen, where (e, )nen is the sequence of standard unit vectors in £?(N).
Then the sequence (z,,, (1—1/v/2)2y )nen lies in gra(Id— P¢) and it converges
weakly to (e, (1 —1/v/2)e1). However, the weak limit (eq, (1 —1/v/2)e1) does
not belong to gra(Id — Pr).

Proposition 20.35 Let A: H — 2™ be mazimally monotone and at most
single-valued. Suppose that dom A is a linear subspace, that A|qom a is linear,
and that (Vx € dom A)(Vy € dom A) (x| Ay) = (Ax | y). Set

1 .
5 A dom A;
h:?—[—>]—oo,+oo]:ml—>{2<x ©), Y wedomd; (20.19)
400, otherwise,
and
f:H —]—00,+oc]:x— sup ((z|Ay)—h(y)). (20.20)
yEdom A
Then the following hold:
() f + ldom A = h.
(i) f € To(H).
(iii) of = A.
(iv) f =h"".
Proof. Take z € dom A = dom h.
(i): For every y € dom A, 0 < (x —y | Ax — Ay) = (x| Az) + (y | Ay) —
2 (z | Ay), which implies that (z | Ay) — h(y) < h(x). Hence f(z) < h(x). On
the other hand, f(z) > (z | Az) — h(z) = h(z). Altogether, f + taoma = h.

(ii): As a supremum of continuous affine functions, f € I'(H) by Proposi-
tion 9.3. In addition, since f(0) =0, f is proper.

(iil): For every y € H, we have f(x)+(y — x | Azx) = (y | Ax)—h(z) < f(y).
Consequently, Az € 9f(x). It follows that gra A C gradf, which implies that
A = 0f since A is maximally monotone, while 0f is monotone by Exam-
ple 20.3.

(iv): Using (ii), Corollary 16.31, (iii), and (i), we see that f = (f +
Ld01113f>** = (f + LdomA)** = h*". O

Example 20.36 Suppose that H is infinite-dimensional and separable with
an orthonormal basis (e,)nen, let (8n)nen be a sequence in ]0, 1] such that
Bnl0,and set B: H — H:x = > ybn(x|en)en. Then B € B(H), B is
maximally monotone and self-adjoint, and ran B is a proper linear subspace
of H that is dense in H. Now set A = B~! and

f:H —]—00,4+00]: x+— sup (<x|Ay>—%(y|Ay>) (20.21)
yEdom A
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Then A is maximally monotone, dom A is a dense and proper linear subspace
of H, f is nowhere Gateaux differentiable, and 0f = A is at most single-
valued.

Proof. Clearly, B is linear and bounded, ||B|| < 1, B is self-adjoint, and B
is strictly positive and thus injective. By Example 20.29, B is maximally
monotone and so is A by Proposition 20.22. Note that A is linear and single-
valued on its domain, and that {3,e,}neny C ran B. Thus, dom A = ran B
is a dense linear subspace of H. Since sup,,cy || A€, | = sup,en 8, = +oo,
it follows that A is not continuous and hence that dom A # H. Proposi-
tion 20.35(ii)&(iii) implies that f € I'n(H) and that 9f = A is at most
single-valued. Since int dom df = intdom A = &, f is nowhere Gateaux dif-
ferentiable by Proposition 17.41. O

20.3 Bivariate Functions and Maximal Monotonicity

We start with a technical fact.

Lemma 20.37 Let (z,w) € H X H, and set

G:HxH—R
(@u) =~ — (@ [u)+ (z =z | w—u) + F]lz — 2> + 3w — ul?
=— (@] u) + 3ll(z — 2) + (u— w)|?
= (z|w) = {(z,u) | (w,2)) + 5[ (@.w) = (zw)|[>  (20.22)

and L: HxH — HxH: (u,z) — (—z,—u). Then G* = Go L. Furthermore,
let (z,u) € H x H. Then the following hold:

(i) G(z,u) + (x| u) > 0.
(i) Glr,u)+ (z |u)y =0 2 —2=w —u.
(il) [ Gz,u) + (x |uy=0and (z—z |w—u) >0] < (z,u) = (z,w).

Proof. The formula G*(u,x) = G(—z,—u) is a consequence of Proposi-
tion 13.16 (applied in H x H) and Proposition 13.20(iii). The remaining
statements follow from (20.22). O

Theorem 20.38 Let F': HxH — |—00, +00] be a convex function such that
F* is proper and F* > (- | -). Define A: H — 2% by

grad = {(z,u) e H x H | F*(u,2) = (z | u)}. (20.23)

Then the following hold:

(i) A is monotone.
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(ii) Suppose that F > (- | -). Then A is mazimally monotone.

Proof. (i): Suppose that (z,u) and (y,v) belong to gra A. Then by convexity
of I,
(@ u) +{y|v) = F(u,2) + F*(v,y)
> 2" ((utv), 5 + 1))
> 2w +ylutv). (20.24)

Hence (z —y | u —v) > 0 and A is therefore monotone.

(ii): Since F* is proper, Proposition 13.9(iii) and Proposition 13.10(ii)
imply that F' is convex and that it possesses a continuous affine minorant.
Using Proposition 13.40(iii) and the continuity of (- | -}, we obtain F' > (- | )
= (V(J?,’U,) € H) h—m(y,v)—>(m,u) F(y7’l)) > h—m(y,v)—>(m,u) <y | U>' Hence F™* >
(-] ). Now suppose that (z,w) € H x H satisfies

(V(z,u) € grad) (z—a|w—u)>0. (20.25)

We must show that (z,w) € graA. Define G and L as in Lemma 20.37,
where it was observed that G* = G o L and that G + (-|-) > 0. Since
F** — (-]-) > 0, we see that F** + G > 0. By Proposition 13.14(iii) and
Corollary 15.15 (applied to F**, G, and L), there exists (v,y) € H x H such
that 0 > F*(v,y) + (G o L)(—v, —y) = F*(v,y) + G(y,v). The assumption
that F* > (- | -) and Lemma 20.37(i) then result in

0= F'(v,y) + Gy, v) = (y | v) + Gy,v) = 0. (20.26)

Hence
(y]v)+Gy,v) =0 (20.27)

and F*(v,y) = (y | v), i.e.,
(y,v) € graA. (20.28)
In view of (20.25) and (20.28), we obtain
(z—y|w—v)>0. (20.29)

Lemma 20.37(iii) shows that (20.27) and (20.29) are equivalent to (z,w) =
(y,v). Therefore, using (20.28), we deduce that (z,w) € gra A. O
(

Corollary 20.39 Let F € I'h(H x H) be autoconjugate and define A via
grad = {(z,u) e H XN | F(z,u) = (x| u)}. (20.30)

Then A is maximally monotone.
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Proof. This follows from Proposition 13.31, Proposition 16.52, and Theo-
rem 20.38(ii). ad

A fundamental consequence of Corollary 20.39 is the following result on
the maximality of the subdifferential.

Theorem 20.40 Let f € I\(H). Then f is maximally monotone.

Proof. On the one hand, f @ f* is autoconjugate. On the other hand,
{(@u)eHxH | (f® f)(a,u)=(x|u)} = gradf by Proposition 16.9.
Altogether, df is maximally monotone by Corollary 20.39. O

Example 20.41 Let C' be a nonempty closed convex subset of H. Then N¢
is maximally monotone.

Proof. Apply Theorem 20.40 to f = ¢ and use Example 16.12. O

20.4 The Fitzpatrick Function

Definition 20.42 Let A: H — 2™ be monotone. The Fitzpatrick function
of A is

Fa: HXH— [—OO,+OO]

(z,u) = sup ({y|u)+(z|v)—(y|v)) (20.31)
(y,v)Egra A
=(x|uy— inf (z—ylu—0v). (20.32)
(y,v)€gra A

Example 20.43 Fiq: H x H — ]—00, +00] : (z,u) — (1/4)||z + ul]>.
Example 20.44 Let A € B(H) be such that A* = —A. Then Fg = tgra a-

Example 20.45 Let A € B(H) be monotone and set ga: H — R: z —
(1/2) (x | Az). Then (V(z,u) € H x H) Fa(w,u) = 2¢% (u+ 3 A*z).

Proof. Take (x,u) € H x H. Then

Fa(x,u) =§1€15(<yIU>+<x | Ay) — (y | Ay))

= 2 sup (<y %u—i— %A*w> — % (y | Ay))
yeH

= 2¢%, (%u + %A*x). (20.33)

O

Example 20.46 Let f € I'hy(H). Then Fyy < f @ f* and dom f x dom f* C
domFaf.
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Proof. Take (z,u) € dom f x dom f* and (y,v) € gradf. Then (y | u) +

(@lv) = (wlv) =y luw) = fy)+ {(z]v) = f*(v) < f*(u) + f*(x) by
Proposition 16.9 and Proposition 13.13. Hence, Fpy < f & f*. O

Proposition 20.47 Let A: H — 2™ be a monotone operator such that
graA # @ and let (z,u) € H x H. Then the following hold:

(i) Suppose that (z,u) € grixA. Then Fa(z,u) = (x| u).
(11) FA:(graA 1+< | >) GFO(HXH .
(iii) Fa(x,u) < (x| wu) if and only if {(x,u)} Ugra A is monotone.
(iv) Fa(z,u) < Fi(u,x).
) Suppose that (z,u) € graA. Then F(u,z) = (x| u).
(Vlg FA( ) FA 1(u .Z‘)

(viii) Suppose that (x,u) € graA Then (z, u) PI‘OXFA (x +u,x + u).

Proof. (i): We have inf(, ,yegraa (z —y | u —v) = 0, and so (20.32) implies
that Fa(z,u) = (x| u).

(ii): The identity F'a = (tgra a1 + (- | -))* is clear from (20.31). Hence, (i)
and Proposition 13.11 yield Fa € IH(H x H).

(iii): Clear from (20.32).

(iv): We derive from (i) that

Fa(z,u)= sup  ((y|u)+(x]v)—(y|v))
(y,v)€gra A
= sup  ((y|u)+(z|v)— Fa(y,v))
(y,v)€gra A
< sup  ((y|w) + (x|v) - Fa(y,v))
(y,v)EHXH
= sup  ({(g,0) | (u,2)) = Fa(y,v))
(y,v)EHXH

= Fi(u,x). (20.34)

(v): By (ii) and Proposition 13.14(i), F'{ = (tgra a1+ | )™ < tgaa—1+
(- | -). This, (i), and (iv) imply that F} (u,z) < (z | v) = Fa(z,u) < F}(u, ),
as required.

(vi)&(vii): Direct consequences of (20.31).

(viii): By (i) and (v), Fa(z,u) + Fi(u,z) = 2{z [ u) = ((z,u) | (u, 7)).
Hence (u,x) € OFa(z,u) and thus (z + u,x + u) € (Id + 0F4)(z, u), Wthh
yields the result. O

Proposition 20.48 Let A: H — 2™ be mazimally monotone. Then Fa >
(-1-) and

grad = {(z,u) € H X H | Fa(z,u) = (z|u)}. (20.35)
Proof. Take (z,u) € H x H. If (z,u) € graA, then Fa(z,u) = (x| u) by
Proposition 20.47(i). On the other hand, if (z,u) ¢ gra A, then {(x, u)}Ugra A
is not monotone, and Proposition 20.47(iii) yields Fa(x,u) > (x| u). O
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Corollary 20.49 Let A: H — 2™ be maximally monotone, let x and u be
inH, and let (xy, un)nen be a sequence in gra A such that (x,,un) — (z,u).
Then the following hold:
(i) (z | w) < lim (zp | un).
(ii) Suppose that lim (z, | un) = (x | w). Then (x,u) € gra A.
(iil) Suppose that lim (z,, | u,) < (z|u). Then (z, |u,) — (z|u) and
(z,u) € graA.

Proof. (i): By Proposition 20.47(ii) and Theorem 9.1, Fy4 is weakly lower
semicontinuous. Hence, Proposition 20.48 and the assumptions imply that

(x| uy < Fa(z,u) <lm Fyg(2n, un) = 0m (2, | ) . (20.36)

(ii): In this case, (20.36) implies that (z |u) = Fa(z,u). By Proposi-
tion 20.48, (x,u) € gra A. L
(iii): Using (i), we see that (z | ) < lim (@, | up) < lim (@, | un) < (z | w).

Hence (x, | un) — (x| u) and, by (ii), (z,u) € gra A. O

Proposition 20.50 Let C' and D be closed affine subspaces of H such that
D—D=(C—C)t, let A: H — 2™ be maximally monotone, let (T, Un)nen
be a sequence in gra A, and let (z,u) € H x H. Suppose that

Ty =T, Uy —u, T, — Pox, =0, and u, — Ppu, — 0. (20.37)
Then (z,u) € (C x D)NgraA and (x, | u,) — (x| u).

Proof. Set V.= C — C. Since Pox, — x and C is weakly sequentially closed
by Theorem 3.32, we have x € C' and likewise u € D. Hence, C = x + V and
D = u+ V+. Thus, using Corollary 3.20(i),

Po:wr Pyw+ Pyrx and Pp:we Pyiw+ Pyu. (20.38)

Therefore, since Py and Py 1 are weakly continuous by Proposition 4.11(i),
it follows from Lemma 2.41(iii) that

+ (xp — Poxy | Pyiun) + (Pyix | Pyiuy)
— <Pv.13 | Pvu> + <PvLJ,' I PVLu>
= (x| u. (20.39)

Thus, the result follows from Corollary 20.49(iii). O
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Proposition 20.51 Let A: H — 2™ be a monotone operator such that
gra A # &. Then the following hold:

(1) FA = (tgraa—1 + ([ )™

(ii) conv graA I ¢ dom F3 C conv graA~ I conv ran A x conv dom A.

(i) F4 > (- [ ).
)

(iv Suppose that A is mazimally monotone. Then
grad={(z,u) e xH | Fi(u,x) = (x| u)}. (20.40)

Proof. (i): Proposition 20.47(ii).

(ii): Combine (i), Proposition 9.8(iv), and Proposition 13.39.

(iii)&(iv): Let B be a maximally monotone extension of A and take (z,u) €
H x H. Since F4 < Fg, we derive from Proposition 13.14(ii) that F} > F}.
Hence, Proposition 20.47(iv) and Proposition 20.48 imply that

Fi(u,x) > F(u,x) > Fp(a,u) > Fa(z,u) > (z|u) = (u]z), (20.41)

which yields (iii). If (z,u) ¢ gra B, then (20.41) and (20.35) yield F}(u,z) >
Fp(x,u) > (x| u). Now assume that (z,u) € gra B and take (y,v) € H x H.
Then Fp(y, 0) 2 {(3,0) | (u,2))— (o | ) and hence {z | ) > {(y.0) | (u, 2))—
Fp(y,v). Taking the supremum over (y,v) € H x H, we obtain (z |u) >
Fj(u,z). In view of (20.41), (x |u) = Fj(u,x). Thus, if A is maximally
monotone, then B = A and (20.40) is verified. O

Remark 20.52 Proposition 20.48 and Proposition 20.51 provide converses
to Theorem 20.38.

Using the proximal average, it is possible to construct maximally monotone
extensions.

Theorem 20.53 Let A: H — 2" be a monotone operator such that gra A #
@. Set G = pav (Fa, F37) and define B: H — 2% via

graB = {(z,u) e H x H | G(z,u) = (x| u)}. (20.42)
Then B is a mazimally monotone extension of A.

Proof. By Proposition 20.47(ii), F4 belongs to I'h(H x H) and hence so does
FT. Using Corollary 14.8(i)&(ii), Proposition 13.30, Proposition 14.7(i),
and Proposition 14.10, we obtain that G € Ip(H x H) and that G* =
(pav (Fa, F3T))* = pav (F;, Fi™) = pav(F;, FI™) = pav(Fi, Fl) =
pav (F1,F%) = pav (F1,Fi'T) = (pav (Fa, F3"))T = GT. Hence G is au-
toconjugate and Corollary 20.39 implies that B is maximally monotone. Set
L:HXH—HxH: (x,u) = (u,x), and let (z,u) € gra A. Using Corol-
lary 14.8(iv), Proposition 20.47(viii), and Proposition 16.53, we see that

Proxg(z +u,x +u) = %ProxFA (z+u,x+u)+ %ProxF;r (z+u,x+u)
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(Id — LProxp, L)(xz + u,z + u)

N N~

)+ 3
)+ %((eru,eru) — (u,x))
T, u). (20.43)

(z,u
(z,u

—

In view of Proposition 16.52, it follows that G(x,u) = (x | v) and hence that
(z,u) € gra B. Therefore, gra A C gra B and the proof is complete. O

Exercises

Exercise 20.1 Prove Proposition 20.10.
Exercise 20.2 Verify Example 20.15 and Example 20.16.

Exercise 20.3 Provide a proof rooted in linear algebra for Fact 20.18 when
H=RN.

Exercise 20.4 Let A: H — 27* be maximally monotone and suppose that
gra A is a convex set. Prove that gra A is an affine subspace.

Exercise 20.5 Prove Proposition 20.22.
Exercise 20.6 Deduce Proposition 20.33(1)&(ii) from Proposition 20.50.

Exercise 20.7 Suppose that H is infinite-dimensional. Use Exercise 18.11 to
construct a maximally monotone operator A: H — H that is strong-to-weak
continuous and hence hemicontinuous on #, strong-to-strong continuous on
H ~ {0}, but not strong-to-strong continuous at 0.

Exercise 20.8 Verify Example 20.43.
Exercise 20.9 Verify Example 20.44.

Exercise 20.10 Consider Example 20.46. Find f € I't(#) such that dom f x
dom f* = dOHlFaf = dOl’IlFaf.

Exercise 20.11 Consider Example 20.46 when H = R and f is the nega-
tive Burg entropy function (defined in Example 9.30(viii)). Demonstrate that
dom Fyy is closed and properly contains dom f x dom f*.

Exercise 20.12 Suppose that H = L2([0,1]) (see Example 2.7) and de-
fine the Volterra integration operator A: H — H by (Vx € H)(Vt € [0,1])
(Az)(t) = fot x(s) ds. Show that A is continuous, linear, and monotone, and
that ran A # ran A*. Conclude that the closures in Proposition 20.17 are
important.
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Exercise 20.13 Let C be a nonempty closed convex subset of H. Show that
Fne =tc @ g

Exercise 20.14 Let C be a nonempty closed convex subset of H. Show that
for every (z,u) € H x H,

2
Po(te+ L f’P lpgl ‘ if u € O
Fp (2,u) = <c(2x+2u> x+u> ‘C<2x+2u) , Hwue
+00, ifué¢C.
(20.44)

Exercise 20.15 Let A: H — 2" be maximally monotone, and let ¢ € R
The e-enlargement of A is

A H =2 ﬂ {fueH | (x—2z|u—w)>—c}. (2045)
(z,w)Egra A

Now let (z,u) and (y,v) be in gra A°. Use Proposition 20.48 to show that
(x—y|u—0v) > —4e.






Chapter 21

Finer Properties of Monotone
Operators

In this chapter, we deepen our study of (maximally) monotone operators. The
main results are Minty’s theorem, which conveniently characterizes maximal
monotonicity, and the Debrunner—Flor theorem, which concerns the existence
of a maximally monotone extension with a prescribed domain localization.
Another highlight is the fact that the closures of the range and of the domain
of a maximally monotone operator are convex, which yields the classical
Bunt—Motzkin result concerning the convexity of Chebyshev sets in Euclidean
spaces. Results on local boundedness, surjectivity, and single-valuedness are
also presented.

21.1 Minty’s Theorem

A very useful characterization of maximal monotonicity is provided by the
following theorem. Recall that Fy designates the Fitzpatrick function of a
monotone operator A: H — 2% (see Definition 20.42).

Theorem 21.1 (Minty) Let A: H — 2 be monotone. Then A is mazi-
mally monotone if and only if ran(Id + A) = H.

Proof. Suppose first that ran(Id + A) = H and fix (z,u) € H x H such that
(V(y,v) e grad) (z—y|u—v)>0. (21.1)

Since ran(Id + A) = H, there exists (y,v) € H such that
veAy and rz+u=y+ve (Id+Ay. (21.2)

It follows from (21.1) and (21.2) that 0 < (y —z |v—u) ={y— x|z —y) =
—|ly — z||* < 0. Hence y = z and thus v = u. Therefore, (z,u) = (y,v) €
gra A, and A is maximally monotone. Conversely, assume that A is maximally
monotone. Then Proposition 20.48 implies that
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(V(x,u) € H x 7-[) 2FA(z,u) + ||(z,u)||* = 2Fa(x, u) + Hx||2 + ||u||2
> 2 (x| u) + [l + [|u]?
= ||z + ul|®
> 0. (21.3)

Hence, Corollary 15.17 guarantees the existence of a vector (v,y) € H x H
such that

(V(@,u) €H xH) Falw,u)+ gl@w)?*> 5@ u) + @) (21.4)
which yields
1 1
(V(z,u) € Hx H) Falz,u) = 3ol + (z | v) + 3 lyl* + (y | w)
>—(ylo)+(@|o)+y|u). (21.5)
This and Proposition 20.47(i) imply that

(V(w,u) € grad) (z|u) > 5llvl*+ (@ [v) + 5llyl* + {y |u)  (21.6)

—(y o) +{x]v)+(y|u), (21.7)
and hence that (z —y | u —v) > 0. Since A is maximally monotone, we de-

duce that
v e Ay. (21.8)

Using (21.8) in (21.6), we obtain 2 (y | v) > |[v[|? +2(y | v) + |y[|> + 2 (y | v).
Hence 0 > [|v]|* + 2 (y [ v) + ylI* = [ly + v||* and thus
—v=y. (21.9)

Combining (21.8) and (21.9) yields 0 € (Id + A)y C ran(Id + A). Now fix
w € H and define a maximally monotone operator B: H — 2M: z +— —w +
Azx. Then the above reasoning shows that 0 € ran(Id + B) and hence that
w € ran(Id + A). O

We now provide some applications of Theorem 21.1. First, we revisit The-
orem 20.40 with an alternative proof.

Theorem 21.2 Let f € I'h(H). Then Of is mazimally monotone.
Proof. Combine Example 20.3, Proposition 16.35, and Theorem 21.1. O

Proposition 21.3 Let H be a real Hilbert space, let xo € H, suppose that
H = L3([0,T);H), and let A be the time-derivative operator (see Example 2.9)

A H 9™ g {{x’}, if @ € WH2([0,T];H) and z(0) = xo; (21.10)

, otherwise.

Then A is maximally monotone.
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Proof. Monotonicity is shown in Example 20.9. To show maximality, let us
fix u € L2([0,T]; H). In view of Theorem 21.1, we must show that there exists
a solution x € W2([0,T]; H) to the evolution equation

{x(t) +a!(t) = ult) ae. on]0,T] (21.11)
z(0) = xo.

Let us set v: [0,T] — H: t + e'u(t). Then v € L*([0,7];H) and the function
y € W2([0,T]; H) given by

y(0) =xo and (Vt€[0,T]) y(t)=y(0) +/0 v(s)ds (21.12)

is therefore well defined. Now set z: [0,7] — H:t + e 'y(t). Then z €
L2([0,T); H), 2(0) = xg, and

2'(t) = —e ty(t) + ey (t) = —z(t) +u(t) a.e on ]0,T]. (21.13)
Thus, 2’ € L?([0,T);H), € W2([0,T);H), and z solves (21.11). O

Proposition 21.4 Let C be a nonempty compact subset of H. Suppose that
the farthest-point operator @¢ of C defined in (20.13) is single-valued. Then
—®¢ is mazximally monotone and C' is a singleton.

Proof. It is clear that dom ®c = H since C' is nonempty and compact. Set
fo:H =Rz ||z — Pox||, and take z and y in H. Then for every z € C,
we have |z — z|| < |lx — y|| + ||y — #|| and hence fo(z) = sup |z — C|| <
le =yl + suplly — C|| = ||z — y|| + fe(y). It follows that fc is Lipschitz
continuous with constant 1. Now let (x,,)nen be a sequence in H converging
to . Then

[2n — Pownl = fo(zn) = folz) = ||v — Poxl]. (21.14)

Assume that
Spcl‘n 7L> @C.’L'. (21.15)

After passing to a subsequence and relabeling if necessary, we assume that
there exist € € Ry and u € C such that ||Pcx, — Pox| > € and oz, — u.
Taking the limit in (21.14) yields ||z — u|| = ||z — Pcx]|, and hence u = P,
which is impossible. Hence (21.15) is false and @¢ is therefore continuous. In
view of Example 20.13 and Corollary 20.25, —®¢ is maximally monotone. By
Theorem 21.1, ran(Id — &¢) = H and thus 0 € ran(Id — $¢). We deduce the
existence of w € H such that 0 = ||w — Pcwl|| = sup ||w — C||. Hence w € C
and therefore C' = {w}. 0

Example 21.5 Set P = N~ {0}, let H = (%(P), let (en)nep be the canonical
orthonormal basis of H, and set
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fiH—=]—00,4+00]:z— max{l + (x| e1), sup (z|+/ne,) } (21.16)
2<neN

Then f € Iy(H) and Of is maximally monotone. However, gradf is not
closed in H5tore x HWeak Furthermore,

Argmin f = {(fn)nep eH ’ &< -1, sup & < 0}. (21.17)
2<neN
Proof. 1t follows from Proposition 9.3 that f € I'(H). Note that, for every
integer n > 2,0 = f(—e1) <1 = f(0) = flen/v/n) <2 = f(e1); hence f €
I'v(H) and Of is maximally monotone by Theorem 21.2. Since 0 ¢ Argmin f,
it follows from Theorem 16.2 that

(0,0) ¢ gradf. (21.18)

Now take an integer n > 2 and x € H. Then f(z) — f(en//n) = f(z) — 1 >
(& | Vien) — {ea/ V8 | Vien) = (@ — en//t | Viien). Furthermore, £(z) —
fler) = fl&) —2>1+4+(x|e1) —2 = (x —ey | e1). Consequently, (¥n € P)
Vvnen € 9f(en//n) and thus

{(en/V/n, \/ﬁen)}neﬂ, C gradf. (21.19)

In view of Example 3.31, there exists a net (y/n(a)en(q))aca that converges
weakly to 0. Now set C' = {0} U {e,,//n}nep. Since e, /y/n — 0, the set C' is
compact and the net (€,(q)/v/1(a))aca lies in C. Thus, by Fact 1.11, there ex-

ists a subnet (en()/v/1(b))seB Of (€n(a)/r/n(a))aca that converges strongly
to some point in C. Since (y/n(b)enw))ben is a subnet of (y/n(a)en(q))acas
it is clear that

We claim that

en(b)/\/n(b) — 0. (21.21)

Assume that this is not true. Then e,,/\/m = limpep e,/ +/n(b) for some
m € P. Since e,,/y/m is an isolated point of C, the elements of the net
(en(r)//1(b))vep are eventually equal to this point. In turn, this implies that
the elements of the net (\/n(b)e,))sep are eventually equal to \/me,,, which
contradicts (21.20). We thus have verified (21.21). To sum up, (21.18)—(21.21)
imply that (e, /+/n(b), \/n(b)enw))ven lies in gradf, that it converges to
(0,0) in Hstrone x Hweak and that its limit lies outside gradf. Now fix € €
R, and assume that @ = (&,)nep € (?(P) satisfies f(z) < —e. Then for
every integer n > 2, \/né&, < —¢ = &2/n < £ = ||z||* = +oo, which is
impossible. Hence inf f(#) > 0, and (21.17) is proven. O

Remark 21.6 The proof of Example 21.5 implies that gradf is not closed
in Hstrome x HWeak due to the existence of a net
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(25, up)ver = (en@)/ V1), VR(b)enw)) e s (21.22)

in gradf converging to (0,0) ¢ gradf in H5"o"e x HWeak and that is un-
bounded. Clearly,
lim (23 | up) = 1 % (0] 0), (21.23)

which shows that Lemma 2.36 is false without the assumption on bounded-
ness.

21.2 The Debrunner—Flor Theorem

Theorem 21.7 (Debrunner—Flor) Let A: H — 2™ be a monotone oper-
ator such that gra A #+ &. Then

(Vw e H)FzxeonvdomA) 0< inf (y—z|v—(w—2a)). (21.24)

" (y,v)€gra A

Proof. Set C' = conv dom A. In view of Proposition 20.47(iii), we must show
that (Vw € H) (3z € C) Fa(z,w —z) < (r | w — x), i.e., that

(Vw € H) gg% (Fa(z,w—z) + ||z]]* — (z | w) + tc(x)) <0.  (21.25)

Let w € H. We consider two cases.
(a) w = 0: It suffices to show that

mip (Fale.—2) + (o] + o(2)) ) < 0. (21.26)

Set ¢ = (1/2)] - |I?, f: H x H — ]—00,+oq] : (y, ) = (1/2)F;(2y,27), g =
(q+ic)* = q—(1/2)d% (by Example 13.5), and L: HxH — H: (y,z) — z—y.
We claim that

(o) Ehc (£l 2) +9(L(y.2))) 0. (21.27)

To see this, fix (y,z) € H x H. By Proposition 20.51(ii), dom F; C
conv ran A x conv dom A, and we thus have to consider only the case 2z € C.
Then, since (- | -) < F'} by Proposition 20.51(iii), we obtain
0=4(y|z)+z—yl*~ ||z +yl
= (2y | 22) + [l — y|* = (z — y) — 22|
< Fi(2y,22) + [lo — y* — d&(z — y)
2(f(y,2) + gz —y))

2(f(,2) + 9(L(y, ). (21.28)
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Since dom g = H, Theorem 15.23 implies that

min (f*(=L*z) + g*(x)) <0. (21.29)

Since f* = (1/2)Fa, g* =q+tc,and L*: H — H X H: z — (—x,x), we see
that (21.29) is equivalent to (21.26).

(b) w# 0: Let B: H — 2™ be defined via gra B = —(0,w) + gra A. The

above reasoning yields a point (z, —x) € C' x H such that {(z,—x)} Ugra B

is monotone. Therefore, {(z,w — x)} U gra A is monotone. O

Theorem 21.8 Let A: H — 21 be monotone. Then there exists a mazimally
monotone extension A of A such that dom A C conv dom A.

Proof. Set C' = ¢conv dom A and let M be the set of all monotone extensions
B of A such that dom B C C. Order M partially via (VB; € M)(VBy € M)
By, = By & gra By C gra Bs. Since every chain in M has its union as an upper
bound, Zorn’s lemma (Fact 1.1) yields a maximal element A. Now let w € H
and assume that w € H ~ran(Id+A). Theorem 21.7 provides z € C such that
0 <inf ) ceai (y—a|v—(w—=z)). Thus, (z,w — z) ¢ graA and hence
{(z,w—2)}U gra A is the graph of an operator in M that properly extends
A. This contradicts the maximality of A. We deduce that ran(Id + A) = H
and, by Theorem 21.1, that Ais maximally monotone. O

21.3 Domain and Range

Definition 21.9 Let A: H — 27 and let © € H. Then A is locally bounded
at x if there exists 0 € Ry such that A(B(z;d)) is bounded.

Proposition 21.10 Let A: H — 2" be monotone, set Q1: H x H —
H: (z,u) — x, and suppose that z € intQq(dom Fa). Then A is locally
bounded at z.

Proof. Define

f:H—]—00,+00]: x—  sup w (21.30)

(y,v)€gra A 1+ ||y||

and observe that f € I'() by Proposition 9.3. Fix (z,u) € H x H and
let (y,v) € graA. Then (x| v) + (y|u) — (y | v) < Fa(x,u) and hence
(@ —y|v) < Fa(z,u) = (y|w) < max{Fa(z,u),ull}(1+ |ly]). Dividing
by 1+ ||y|| and then taking the supremum over (y,v) € gra A yields

f(@) < max {Fa(z,u), |lul }. (21.31)
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Hence @Q1(dom F4) C dom f and thus z € int dom f. Corollary 8.30 implies
the existence of 6 € Ry such that sup f(B(z;20)) < 1+ f(z). Hence, for
every (y,v) € graA and every w € B(0;29), (z+w —y |v) < (1+ f(2))(1 +
[lyl]) or, equivalently,

20]jvll + (z —y [v) < (14 f(2)) (1 + [lyl])- (21.32)

Now assume that (y,v) € gra A and y € B(z;9). Using Cauchy—Schwarz and
(21.32), we deduce that

Sllvll = 26][v]l = d]jv]
< 20[[of +(z =y |v)

< (1+ 7)1+ vl

< 1+ £(2) 1+ lly =2l + 1I=1)

<(1T+f(2)Q+0+ =) (21.33)
It follows that sup [[A(B(2;9))|| < (14 f(2))(1 + 4+ [|2])/d < 4o0. 0

Proposition 21.11 Let A: H — 2" be mazimally monotone and set
Qi: HXxH—H: (x,u) — x. Then

intdom A C int @ (dom Fy) C dom A C @Q(dom Fy) C dom A.  (21.34)

Consequently, int dom A = int Q1 (dom F4) and dom A = Q1(dom Fa).

Proof. Fix x € H. If € dom A, then there exists u € H such that (z,u) €
gra A. Hence, by Proposition 20.47(i), F'a(z,u) = (x | u) € R, which implies
that € Q1(dom F'y). As a result, the third, and thus the first, inclusions in
(21.34) are verified. Now assume that x € Qq(dom Fy), say Fa(z,u) < 400
for some u € H. Let € € ]0, 1], set

B = max {Fa(z,u), |ull, || u]l}, (21.35)
and pick \ € ]0,62/(9ﬁ) [ Define B: H — 2™ via
graB = {((y —x)/\v) | (y,v) € graA}. (21.36)

Then B is maximally monotone and therefore Theorem 21.1 yields 0 €
ran(Id + B). Hence there exists z € H such that —z € Bz, and thus (y,v) €
gra A such that (z,—2) = ((y — z)/A\,v). In turn, (x | v) + (y | u) — (y | v) <
Fa(x,u) < and

—y—zfv)+y—zlu) <B—(v|uw) <+ llul <26 (21.37)

Consequently, —(y —x|v) = —(y—z|-2) = |y —z[?/A {y—2|w) >
—|ly — || ||u|| > =8]|ly — z||, and we obtain
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ly =z = ABlly — 2|l — 2A8 <0. (21.38)
Hence ||y — x| lies between the roots of the quadratic function p — p? —
ABp — 2AB and so, in particular, ||y — z|| < (A8 + /(A8)2 +8(A\3))/2 <

VABOB +8) < /(2/9)(1 +8) = . Thus, the fourth inclusion in (21.34)
holds, i.e.,

Q1(dom F4) C dom A. (21.39)

It remains to verify the second inclusion in (21.34). Assume that z €
int Q1 (dom Fy). By (21.39), there exists a sequence (Z,)nen in dom A such
that z, — z. Let (u,)nen be a sequence in H such that (z,,un)nen lies
in gra A. Tt follows from Proposition 21.10 that (u,)nen is bounded. Hence
(un)nen possesses a weakly convergent subsequence, say ug, —u € H. Propo-
sition 20.33(i) implies that (x,u) € gra A and thus z € dom A. O

Corollary 21.12 Let A: H — 2 be mazimally monotone, and set Q1 : H x
H — H:(v,u) = 2 and Q2: H x H — H: (v,u) — u. Then dom A =
Qi(dom Fy), intdomA = intQi(domFyu), Tan A = Q2(dom Fy), and
intran A = int Q2(dom Fy4). Consequently, the sets dom A, int dom A, Tam A,
and intran A are conver.

Proof. The first claims follow from Proposition 21.11, applied to A and A~1,
and from Proposition 20.47(vi). On the one hand, since F4 is convex, its
domain is convex. On the other hand, since Q1 and ()2 are linear, the sets
Q1 (dom F) and Qz(dom F4) are convex by Proposition 3.5, and so are their
closures and interiors by Proposition 3.36(i)&(ii). O

Corollary 21.13 (Bunt—Motzkin) Suppose that H is finite-dimensional
and let C' be a Chebyshev subset of H. Then C' is closed and convex.

Proof. It is clear that dom Pc = H and that Pc is single-valued. Remark 3.9(i)
implies that C'is closed. Thus C' = C' = ran P¢. On the one hand, P¢ is con-
tinuous by Proposition 3.10. On the other hand, Pc is monotone by Exam-
ple 20.12. Altogether, we deduce from Corollary 20.25 that Po is maximally

monotone. Therefore, by Corollary 21.12, Tan Po = C' = C' is convex. a

21.4 Local Boundedness and Surjectivity

Proposition 21.14 Let A: H — 2 be mazimally monotone and let x €
dom A. Then rec(Az) = Nqgm 4 -

Proof. Fix u € Az and w € H, and assume that w € Nqo ,x. Then (V(y,v) €
grad) 0 < {z—y|w) <(z—ylw+{z-—ylu—v)=(z-y[(utw)-v).
The maximal monotonicity of A implies that u + w € Ax. Hence w + Az C
Az, ie., w € rec(Ax). Now assume that w € rec(Az), which implies that
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(Vp e Ryy) u+ pw € Azx. Let y € dom A and v € Ay. Then (Vp € Ryy)
0<{z—y|lu+pw)—v) ={(r—y|u—v)+p{x—y|w). Since p can be
arbitrarily large, we have 0 < (z —y | w). Therefore, w € Nq57 4. O

The next result, combined with Theorem 21.2, provides an extension to
Proposition 16.14(iii).

Theorem 21.15 (Rockafellar—Vesely) Let A: H — 2" be mazimally
monotone and let x € H. Then A is locally bounded at x if and only if
2 ¢ bdry dom A.

Proof. Let S be the set of all points at which A is locally bounded. Clearly,
H ~dom A C S. In addition, Proposition 21.10 and Proposition 21.11 imply
that int dom A C S. We claim that

SNdomA=SNdomA. (21.40)

Let € SN dom A. Then there exists a sequence (Zny Un)nen in gra A such
that x,, — 2 and such that (u,)n,en is bounded. After passing to a subse-
quence if necessary, we assume that u,, — u. Now Proposition 20.33(i) yields
(x,u) € gra A. Hence x € dom A, which verifies (21.40). It remains to show
that S Nbdrydom A = @. Assume to the contrary that € S N bdry dom A
and take 6 € Ry, such that A(B(x;26)) is bounded. Set C = dom A,
which is convex by Corollary 21.12. Theorem 7.4 guarantees the existence
of a support point z of C' in (bdry C') N B(z; ). Take w € Nez N\ {0}. Since
B(z;9) C B(z;20), z € SNbdry C. Hence, by (21.40), z € SNdom ANnbdry C.
Consequently, Az # & and, by Proposition 21.14, w € rec(Az). This implies
that Az is unbounded, which, since z € S, is impossible. O

Corollary 21.16 Let A: H — 2™ be mazimally monotone. Then A is locally
bounded everywhere on H if and only if dom A = H.

Corollary 21.17 Let A: H — 2" be mazimally monotone and at most
single-valued. Then A is strong-to-weak continuous everywhere on int dom A.

Proof. Fix a point z € intdom A and a sequence (z,),en that converges to
x € intdom A. By Theorem 21.15, (Azy,)nen is bounded. Let y be a weak
sequential cluster point of (Az,)nen, say Az, — y. Proposition 20.33(i)
implies that (z,y) € gra A. Since A is at most single-valued, we deduce that
y = Ax. It follows from Lemma 2.38 that Az, — Ax. ad

The verification of the next result is left as Exercise 21.7.

Example 21.18 Let H = (*(N) and set A: H — H:x = (&)nen —
(€n/2")nen. Then A is maximally monotone, locally bounded everywhere
on H, and dom A = H. Now set B = A~!. Then B is maximally monotone,
nowhere locally bounded, nowhere continuous, and dom B is a dense proper
linear subspace of H.
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Corollary 21.19 Let A: H — 27 be mazimally monotone. Then A is sur-
jective if and only if A=Y is locally bounded everywhere on H.

Corollary 21.20 Let A: H — 2™ be a mazimally monotone operator such
that
lim inf ||Az| = +oo. (21.41)
llz|—+o0

Then A is surjective.

Proof. In view of Corollary 21.19, let us show that A~! is locally bounded
on H. Assume that A~! is not locally bounded at u € H. Then there exists
a sequence (T, Un)nen in gra A such that w, — u and ||z,| — +oo. Hence,
00 = lim|g| 400 inf |Az| = liminf|[Az,| < lim [|ju,| = [Jul/, which is
impossible. a

Corollary 21.21 Let A: H — 2" be mazimally monotone with bounded do-
main. Then A is surjective.

21.5 Kenderov’s Theorem and Fréchet Differentiability

Theorem 21.22 (Kenderov) Let A: H — 2" be a mazimally monotone
operator such that int dom A £ &. Then there exists a subset C' of int dom A
that is a dense G5 subset of dom A and such that, for every point x € C, Ax
is a singleton and every selection of A is strong-to-strong continuous at x.

Proof. Let (g,,)nen be a sequence in Ry converging to 0, fix n € N, and
define the set C), by requiring that y € C,, if and only if there exists an
open neighborhood V' of y such that diam A(V) < &,. It is clear that C),
is an open subset of int dom A. To show that C,, is dense in int dom A, take
y € intdom A. Since A is locally bounded at y by Theorem 21.15, there exists
an open bounded set D such that A(D) is bounded. Proposition 18.4 yields
z € H and o € Ry such that

diam S < e,, where S={uec A(D) | (z|u)>oap(z)—a}. (21.42)

Take uy € S. Then there exists 1 € D such that u; € Azy. Now let v € Ry 4
be small enough to satisfy zop = 1 + vz € D, and take ug € Azy. Then
ug € A(D) and 0 < (xg — x1 | up — u1) = v (2 | uop — u1), which implies that
(z | up) > (z | u1) and so ug € S. Thus,

o € D and Azy C S. (21.43)
In view of Proposition 20.33(i), there exists p € R4 such that

B(xzo;p) € D and  A(B(z0;p)) C {u €M | (z]u) >o0ap)(z) - a}.
(21.44)
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Consequently, A(B(zo; p)) C S; hence diam A(B(zo; p)) < €p, and thus z¢ €
Ch.

We have shown that for every mn € N, (), is a dense open subset of
intdom A. Set C = ﬂneN C,. By Corollary 1.44, C' is a dense G5 subset

of dom A. Take z € C. From the definition of C, it is clear that Az is a
singleton and that every selection of A is norm-to-norm continuous at z. O

Corollary 21.23 Let f € Io(H) be such that intdom f # &. Then there
exists a subset C' of int dom f such that C is a dense Gs subset of dom f, and
such that f is Fréchet differentiable on C.

Exercises

Exercise 21.1 Let N be strictly positive integer, and let A € RV*N be
such that (Vz € RY) (z | Az) > 0. Show that Id + A is surjective without
appealing to Theorem 21.1.

Exercise 21.2 Let A: H — 27* be maximally monotone, let £ € Ry, de-
note the e-enlargement of A by A® (see Exercise 20.15), and let (x,u) €
gra A®. Use Theorem 21.1 to show that dgmA(gc, u) < v/2e.

Exercise 21.3 Let f € Ih(H) be Gateaux differentiable on H. Show that
Vf is strong-to-weak continuous without appealing to Corollary 17.33(i).

Exercise 21.4 Let A: H — H be monotone. Show the equivalence of the
following: (i) A is maximally monotone; (ii) A is strong-to-weak continuous;
(iii) A is hemicontinuous.

Exercise 21.5 Let f € I'h(H) be Gateaux differentiable on H. Show that if
limyjz | 5400 |V (2)]| = +00, then dom f* = H.

Exercise 21.6 Let A: H — H be monotone and hemicontinuous. Suppose
that H is finite-dimensional or that A is linear. Show that A is maximally
monotone and continuous.

Exercise 21.7 Verify Example 21.18.

Exercise 21.8 Suppose that H # {0}, let A: H — 2% be a monotone opera-

tor such that gra A is bounded, and let A be a maximally monotone extension
of A. Show that dom A or ran A is unbounded.

Exercise 21.9 Prove Corollary 21.23.

Exercise 21.10 Show that Theorem 21.22 fails if int dom A = @.






Chapter 22
Stronger Notions of Monotonicity

This chapter collects basic results on various stronger notions of monotonicity
(para, strict, uniform, strong, and cyclic) and their relationships to properties
of convex functions. A fundamental result is Rockafellar’s characterization of
maximally cyclically monotone operators as subdifferential operators and a
corresponding uniqueness result for the underlying convex function.

22.1 Para, Strict, Uniform, and Strong Monotonicity

Definition 22.1 An operator A: H — 2™ is

(i) paramonotone if it is monotone and

(V(z,u) € graA)(V(y,v) € graA)
(x—ylu—v)y=0 = (x,v) €Egrad; (22.1)

(ii) strictly monotone if

(Y(z,u) € gra A)(¥(y,0) €grad) sy = (w—ylu—1v)>0;

(22.2)

(iii) uniformly monotone with modulus ¢: Ry — [0, +o0] if ¢ is increasing,
vanishes only at 0, and

(V(z,u) € graA)(V(y,v) € grad) (z—y|u—v)>o(|z—yl);
(22.3)
(iv) strongly monotone with constant 5 € R, if A — Id is monotone, i.e.,

(V(z,u) € graA)(V(y,v) € grad) (z—y|u—v)>Blla—y|* (22.4)
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It is clear that strong monotonicity implies uniform monotonicity, which
itself implies strict monotonicity, which itself implies paramonotonicity, which
itself implies monotonicity.

Remark 22.2 The notions of strict, uniform, and strong monotonicity of
A: H — 2" can naturally be localized to a subset C' of dom A. For instance,
A is uniformly monotone on C' if there exists an increasing function ¢: Ry —
[0, +00] vanishing only at 0 such that

(Vz € O)(Vy € O)(Vu € Az)(Vv € Ay) (z —y|u—v) > ¢([z—yl). (22.5)

Example 22.3 Let f: H — |—00,400]| be proper and convex. Then the
following hold:

(i) Of is paramonotone.
(ii) Suppose that f is strictly convex. Then 9f is strictly monotone.
(iil) Suppose that f is uniformly convex with modulus ¢. Then Jf is uni-
formly monotone with modulus 2¢.
(iv) Suppose that f is strongly convex with constant 3 € R, ;. Then Of is
strongly monotone with constant (.

Proof. We assume that dom df contains at least two elements since the con-
clusion is clear otherwise. Take (z,u) and (y,v) in gradf, and « € ]0,1][.
Then (16.1) yields

afe—ylv)={(cx+1-a)y) —ylv) < flaz+ (1 —-a)y) - fly). (22.6)

(i): Assume that (z —y | u —v) = 0. It follows from Proposition 16.9 that
O=(z—ylu—v)=(z[w+{y|v)—(&|v)=(y[u) = fl@)+["(u)+f(y)+
@) — (x| o) — (y | w) = (F@) + 1) — (@ | o)+ (F) + £*() — (5 | w).
Hence, by Proposition 13.13, v € 0f(z) and u € df(y).

(ii): Assume that x # y. Then (22.6) and (8.3) imply that (z —y | v) <
f(z)— f(y). Likewise, (y — z | u) < f(y)— f(z). Adding these two inequalities
yields (22.2).

(iii): It follows from (22.6) and (10.1) that (z —y | v)+ (1 —a)o(|lz—y|) <
f(x) = f(y). Letting o | 0, we obtain (z —y | v) + ¢([lx — y[|) < f(z) — f(y).
Likewise, (y — = | u)+¢(|lz—yl||) < f(y)— f(z). Adding these two inequalities
yields (z — y | u—1v) > 26(|z — ).

(iv): Since f is uniformly convex with modulus ¢ — (1/2)5t?, we deduce
from (iii) that df is uniformly monotone with modulus ¢ + St2, i.e., that Of
is strongly monotone with constant [3. O

Example 22.4 Let f: H — ]—o00,+00] be proper and convex, let C' be a
nonempty subset of dom df, and suppose that f is uniformly convex on C.
Then 0f is uniformly monotone on C.

Proof. Use Remark 22.2 and proceed as in the proof of Example 22.3(iii). O
The next result refines Example 20.7.
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Example 22.5 Let D be a nonempty subset of H, let T: D — H, let a €
[-1,1], and set A =1Id + oT'. Then the following hold:

(i) Suppose that T is strictly nonexpansive, i.e., (Vo € D)(Yy € D) z # y
= ||Tx —Ty|| < ||z — y||- Then A is strictly monotone.

(ii) Suppose that T is S-Lipschitz continuous, with 8 € [0,1[. Then A is
strongly monotone with modulus 1 — |a]f.

Proof. (i): This follows from (20.4).
(ii): It follows from (20.4) that, for every z and y in D, (x — y | Ax — Ay) >
(1 =lelB)]z —ylI*. O

Example 22.6 Let D be a nonempty subset of H,let 5 € Ry, let T: D —
H, and set A = T~ Then T is -cocoercive if and only if A is strongly
monotone with constant .

Proof. Take (z,u) and (y,v) in gra A. Then u € T~ 'z and v € T~ 'y. Hence,
z=Tu, y="Tv,and (u—v|z—y) > Bllz—y|?> & (u—v|Tu—Tov) >
B||Tu — Tv||?. Thus, the conclusion follows from (4.5) and (22.4). O

Example 22.7 Let A: H — H be linear. Then

(i) A is strictly monotone if and only if (Vo € H ~ {0}) (x | Az) > 0.
(ii) A is strongly monotone with constant § € Ry, if and only if (Vo € H)
(x| Az) > Bllz]*.

Proposition 22.8 Let A: H — 2" be mazimally monotone and suppose that

one of the following holds:

(i) A is uniformly monotone with a supercoercive modulus.
(ii) A is strongly monotone.

Then lim 4| 400 inf ||Az| = +00 and A is surjective.

Proof. (i): Let ¢ be the modulus of uniform convexity of A and fix (y,v) €
gra A. Then (22.3) and Cauchy—Schwarz yield

(V(z,u) € grad) ||z —y|[lull = (z —y|u)
=@-ylu-—v)+(z—-ylv
> ¢(lz —yll) = llz =yl [lv]. (22.7)
Accordingly, since lim;_, 4 ¢(t)/t = 400, we have inf,ca, ||u|| = +oo as

|z]] = 4o0. In view of Corollary 21.20, the proof is complete.
(ii)=(i): Clear. O

Example 22.9 Let A: H — H be monotone and hemicontinuous, and let
r € ‘H. Suppose that one of the following holds:

(i) A is strictly monotone and lim,)— 100 [|[Az| = +o0.
(ii) A is uniformly monotone with a supercoercive modulus.
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(iii) A is strongly monotone.
Then the equation Az = r has exactly one solution.

Proof. By Proposition 20.24, A is maximally monotone.

(i): The existence of a solution follows from Corollary 21.20, and the
uniqueness from (22.2).

(ii)&(iii): On the one hand, A is strictly monotone. On the other hand,
lim ;| 400 [[AZ[| = 400 by Proposition 22.8. Altogether, the conclusion fol-
lows from (i). O

22.2 Cyclic Monotonicity

Definition 22.10 Let A: H — 2% and let n € N be such that n > 2.
Then A is n-cyclically monotone if, for every (x1,...,2,41) € H"! and
(Ugy ..., up) € H,

(x1,u1) € gra A,
=

(xn7u’ﬂ) G gra‘A? 7
Tn41 = L1,

n
<l‘i+1 — X | uz> S 0. (228)

=1

If A is n-cyclically monotone for every integer n > 2, then A is cyclically

monotone. If A is cyclically monotone and if there exists no cyclically mono-

tone operator B: H — 2% such that gra B properly contains gra A, then A

is mazimally cyclically monotone.

It is clear that the notions of monotonicity and 2-cyclic monotonicity coin-
cide, and that n-cyclic monotonicity implies m-cyclic monotonicity for every
m € {2,...,n}. A maximally monotone operator that is cyclically monotone
is also maximally cyclically monotone.

Proposition 22.11 Let f: H — |—o00, +0o0] be proper. Then Of is cyclically
monotone.

Proof. Fix an integer n > 2. For every ¢ € {1,...,n}, take (z;,u;) € gradf.
Set ©p4+1 = x1. Then (16.1) yields

(V’L S {1, .. ,’I’L}) <$i+1 —x; | ul> < f(l‘i+1) — f(l‘l) (22.9)
Adding up these inequalities, we obtain Y . | (zi41 — z; | u;) <O0. O

However, there are maximally monotone operators that are not 3-cyclically
monotone.
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Example 22.12 Suppose that H = R?, and set

A= [(1) _01} . (22.10)

Then A is maximally monotone but not 3-cyclically monotone.

Proof. The maximal monotonicity of A follows from Example 20.30. Observe
that A% = —Id and that (Vo € H) ||Az| = ||| and (z | Az) = 0. Now let
1 € H~ {0}, and set zo = Az, 3 = Az = A%x) = —x1, and x4 = 1.
Then

3
> Awigr — mi | Azi) = (2 | Amy) + (23| Amg) + (21 | Azs)
1=1
= A1 |? + (=an | —a1) + (21 | —Az1)

= 2|21 ?
> 0. (22.11)
Therefore, A is not 3-cyclically monotone. ad

Remark 22.13 The operator A of Example 22.12 is the rotator by /2.
More generally, let 6 € [0,7/2], let n > 2 be an integer, and let A be the
rotator in R? by 6. Then A is n-cyclically monotone if and only if § € [0, 7/n];
see [4] and [27].

22.3 Rockafellar’s Cyclic Monotonicity Theorem

Theorem 22.14 (Rockafellar) Let A: H — 2. Then A is mazimally
cyclically monotone if and only if there exists f € I'n(H) such that A = 0f.

Proof. Suppose that A = 9f for some f € I'h(H). Theorem 21.2 and Propo-
sition 22.11 imply that A is maximally monotone and cyclically monotone.
Hence A is maximally cyclically monotone. Conversely, suppose that A is
maximally cyclically monotone. Then gra A # &. Take (zg,up) € gra A and
set

f:H = [—o0, +o0]

n—1
Z > sup sup { (¥ —xp | un) + Z (Tip1 — @ | ug) } (22.12)
zg}? (z1,u1)Egra A i—0

(Tn 7un).Egra A

Since gra A # &, we deduce that —oo ¢ f(#H). On the other hand, it follows
from Proposition 9.3 that f € I'(H). The cyclic monotonicity of A implies
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that f(zo) = 0. Altogether, f € IH(H). Now take (z,u) € graA and n €
]—o0, f(z)[. Then there exist finitely many points (x1,u1),. .., (Tn, u,) in
gra A such that

n—1

(x —xn | up) + Z (Tiz1 — i | wi) > 1. (22.13)
=0

Set (Tp41,un+1) = (z,u). Using (22.13), we deduce that, for every y € H,

n
F@) 2y =21 [ uns1) + ) (@ip1 — 2 | wi)
=0

K2

=<y—x|u)+<x—xn|un)+i(xi+1—xi|ui)
i=0
> (y—x|u)+n. (22.14)

Letting n 1 f(z), we deduce that (Vy € H) f(y) > f(z) + (y —x | u), ie.,
u € Of(z). Therefore,
graA C gradf. (22.15)

Since df is cyclically monotone by Proposition 22.11, and since A is maxi-
mally cyclically monotone, we conclude that A = d0f. O

Proposition 22.15 Let f and g be functions in Iy(H) such that Of = Jg.
Then there exists v € R such that f =g+ 7.

Proof. Consider first the special case in which f and g are differentiable
on H. Fix  and y in H, and set ¢: R — R: ¢t — f(z + t(y — z)) and
P:R—=R:t— gz +t(y — x)). We have

(VteR) ¢'(t)=(y—z|Vf(z+tly—=x))
=(y—z|Vg(x+tly—x)))
=/ (t). (22.16)

Hence, using Corollary 17.33, f(y) — f(z) = ¢(1) — ¢(0) = fol o (H)dt =
fol Y (t)dt =(1) —(0) = g(y) — g(x). We conclude that f— g is a constant.
Now we turn our attention to the general case. Set ¢ = (1/2)| - ||* and recall
from Example 13.6 that ¢* = ¢. Using Corollary 16.38(iii), Corollary 16.24,
and Proposition 14.1, we obtain the equivalences 0f = dg < Id + 0f =
Id+0dg < dg+f) =0(q+g) & 0+ f)" = (@g+g) " & g+
fr=20(+g)" < o(f'80q) = d(g"Bq") & O(f*Uq) = 0(g"Hq). The
functions f*@q and ¢* [ q are differentiable on H and their gradients coincide
by Proposition 12.29 and Proposition 17.26(i). Thus, by the already verified
special case, there exists v € R such that f*0qg = ¢g*0g — . Hence f + ¢ =
[+ = (709" =(9"0¢—7)" = (g"0g)" +7 =97 +¢" +7=9+q+7,
and we conclude that f =g+ 7. O
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22.4 Monotone Operators on R

We introduce a binary relation on R? via

(V1 = (21,u1) € R?) (Voo = (22, u2) € R?)
r1 K x2 & a1 <zoanduy <wug; (22.17)

and we shall write &7 < @5 if 1 < @2 and x1 # xs.
We leave the proof of the following results as Exercise 22.7 and Exer-
cise 22.8. (See Section 1.3 for a discussion of order.)

Proposition 22.16 (R?, ) is directed and partially ordered, but not totally
ordered.

Proposition 22.17 Let A: R — 2R be such that graA # @. Then A is
monotone if and only if gra A is a chain in (R?,<).

Theorem 22.18 Let A: R — 2% be such that gra A # @. Then A is mono-
tone if and only if it is cyclically monotone.

Proof. 1t is clear that cyclic monotonicity implies monotonicity. We assume
that A is n-cyclically monotone, and we shall show that A is (n+ 1)-cyclically
monotone. To this end, let x1 = (x1,u1),...,®nt1 = (Tny1,Un+1) be in
gra A, and set x,+o = 1. It suffices to show that

n+1

D (@i — wi)ui <0. (22.18)
i=1

The n-cyclic monotonicity of A yields Z?;ll(xi+1 —z)u; + (z1 — zp)u, <0,
ie.,

n—1
Z(.’L‘i.}rl —xzi)u; < — (21 — Tp)Unp. (22.19)
i=1

Now define B: R — 2% by gra B = {x1,...,Z,11}. Since A is monotone, so is

B. By Proposition 22.17, gra B is a chain in (R?, x). Since gra B contains only
finitely many elements, it possesses a least element, which—after cyclically
relabelling if necessary—we assume to be x,41. After translating gra A if
necessary, we assume in addition that @, 11 = (£p4+1, unt1) = (0,0), so that
gra B C R3. Using (22.19), we thus obtain

n+1 n—1

Z(I‘H_l — xz)ul = Z($i+1 — .T,‘z)’uz + (0 — xn)un + ($n+2 — 0)0 <

i=1 i=1
— (21 — Tp)Un — Tpu, = —z1u, < 0. (22.20)

This verifies (22.18). Therefore, by induction, A is cyclically monotone. O
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In view of Example 22.12, the following result fails already in the Euclidean
plane.

Corollary 22.19 Let A: R — 28 be mazimally monotone. Then there exists
f € Iv(R) such that A = 0f.

Proof. Combine Theorem 22.18 and Theorem 22.14. O

Exercises

Exercise 22.1 Provide an example of a maximally monotone operator that
is not paramonotone.

Exercise 22.2 Provide an example of a maximally monotone operator that
is paramonotone, but not strictly monotone.

Exercise 22.3 Provide an example of a maximally monotone operator that
is strictly monotone, but not uniformly monotone.

Exercise 22.4 Provide an example of a maximally monotone operator that
is uniformly monotone, but not strongly monotone.

Exercise 22.5 Suppose that H is finite-dimensional, and let A € B(H).
Show that A is strictly monotone if and only if it is strongly monotone.

Exercise 22.6 Let A: H — 2% and let n € N be such that n > 2. Denote
the Hilbert direct sum H"™ by H and the cyclic right-shift operator on H by R
sothat R: H — H: (x1,22,...,Tn) = (Tn,21,...,Tn_1). Show that A is n-

cyclically monotone if and only if for all (x1,u1) € gra A, ..., (xn,u,) € graA
we have
|z —ul| < |z - Rul, (22.21)
where = (z1,...,2,) and w = (uq, ..., u,); equivalently,
>l =l <>l — wia |, (22.22)
i=1 i=1

where ug = uy,.
Exercise 22.7 Prove Proposition 22.16.
Exercise 22.8 Prove Proposition 22.17.

Exercise 22.9 Let A: H — 2 and let n € N be such that n > 2. The
Fitzpatrick function of order n at (x,u) € H x H is defined by
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n—2

sup<<x ) + (D v =9 [0)) + (@ =y | vama) + 1 — < | u>),
i=1

(22.23)

where the supremum is taken over (y;,v1), ..., (Yyn—1,0n—1) in gra A, and set

Faco = SUDyeqo3, 3 Fan. Show that Fupn: H x H — [~00,+0o0] is lower

semicontinuous and convex, and that Fa, > (- | -) on graA. What is F4 27

Exercise 22.10 Let A: H — 2" and let n € N be such that n > 2. Show
that A is n-cyclically monotone if and only if F4 ,, = (- | -) on gra A.

Exercise 22.11 Let A: H — 2™. Show that A is cyclically monotone if and
only if Flg oo = (-] -) on gra A.

Exercise 22.12 Let f € IH(#H). Show that Fyr oo = f @ f*.

Exercise 22.13 Let C' be a nonempty closed convex subset of H and let
n € N be such that n > 2. Use Exercise 20.13 and Exercise 22.12 to determine
FNc,n and FNc,oo~

Exercise 22.14 Let A € B(H) be such that A* = —A and let n € N be
such that n > 2. Determine F4 , and Fg .






Chapter 23
Resolvents of Monotone Operators

Two quite useful single-valued, Lipschitz continuous operators can be associ-
ated with a monotone operator, namely its resolvent and its Yosida approx-
imation. This chapter is devoted to the investigation of these operators. It
exemplifies the tight interplay between firmly nonexpansive mappings and
monotone operators. Indeed, firmly nonexpansive operators with full domain
can be identified with maximally monotone operators via resolvents and the
Minty parametrization. When specialized to subdifferential operators, resol-
vents become proximity operators. Numerous calculus rules for resolvents
are derived. Finally, we address the problem of finding a zero of a maximally
monotone operator, via the proximal-point algorithm and via approximating
curves.

23.1 Definition and Basic Identities

Definition 23.1 Let A: H — 2" and let v € R, . The resolvent of A is
Ja=Id+A)~* (23.1)

and the Yosida approximation of A of index ~ is
1
TA = 5 (Id — JWA). (23.2)

The following properties follow at once from the above definition and (1.7).

Proposition 23.2 Let A: H — 2", let y € Ry, let x € H, and let p € H.
Then the following hold:

(i) dom Jy4 = dom "A = ran(Id + vA) and ran J,4 = dom A.
(i)pe Jyar & x€p+yAp & x—peyAp & (p,y Hx —p)) € graA.
(iii) pe "Az & p € A(x — vp) & (& —yp,p) € gra A.

H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory 333
in Hilbert Spaces, CMS Books in Mathematics, DOI 10.1007/978-1-4419-9467-7 23,
© Springer Science+Business Media, LLC 2011
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Example 23.3 Let f € Ih(H) and let v € Ry . Then Proposition 16.34
yields
Jy@f = PI‘OX,yf . (23.3)

In turn, it follows from Proposition 12.29 that the Yosida approximation of
the subdifferential of f is the Fréchet derivative of the Moreau envelope; more
precisely,

N0 =v(0r). (23.4)

Example 23.4 Let C be a nonempty closed convex subset of H and let
v € Ry4. Setting f = 1 in Example 23.3 and invoking Example 12.25 and
Example 16.12 yields

1
Jne = (Id + Ng)™' =Prox,, = Po and "Ng = —(Id — Po).  (23.5)
gl

Example 23.5 Let H be a real Hilbert space, let xo € H, suppose that
H = L?([0,T];H), and let A be the time-derivative operator (see Example 2.9)

"}, if e WH2([0,T];H) and z(0) = xo;
A s oM gy Q1 I 2 €WRAO, T H) and 2(0) =50 o )
, otherwise.
Then dom J4 = H and, for every = € H,
t
Jaz: [0,T] = H:t — e %o —|—/ e*"ta(s)ds. (23.7)
0

Proof. Let x € H and set y: t — e~ xg + f(f e~tx(s)ds. As shown in Propo-
sition 21.3 and its proof, A is maximally monotone; hence dom J4 = H by
Theorem 21.1, and y € W12([0,T]; H), y(0) = xo, and x(t) = y(t) + y'(¢)
a.e. on ]0,T[. Thus, © = (Id + A)y and we deduce that y € Ja2. Now let
z € Jax, i.e., . = z+ Az. Then, by monotonicity of A, 0= (y —z |z —x) =
lly —2|1> + (y — 2 | Ay — Az) > ||y — 2||* and therefore z = y. 0

Proposition 23.6 Let A: H — 2™, let v € Ry, and let p € Ry ,. Then
the following hold:

(i) gra YA C gra(A o J,4).

(ii) TA = (’yId =+ A_l)_l = <J771A71> o ’y_lld.
(iii) 7THA = T (HA).
(iv) J,y(“A) =Id+~/(v+ 1) (Jy+ma —1d).

Proof. Let x and u be in H.

(i): We derive from (23.2) and Proposition 23.2(ii) that (z,u) € gra "4 =
(3p € Jyax) u=~vy"Y(x —p) € Ap = u € A(Jyax).

(ii):u e TAr & yu € x—Jyax & x—yu € Jyaz & 2 € z—yu+yA(r—yu)
su€Alz—vyu) & reyu+ A lu & ue (yId+ A )"z, Moreover,
requt+ A u s ylreuty ATl u s ue Jmipa (v ).
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(iii): Let p € H. Proposition 23.2 yields p € ""HAx < p € A(z—(y+u)p) =
A((z —yp) —pp) @ pe (MA)(z —yp) & pe (A
(iv): This follows from (iii), (23.1), and elementary manipulations. O

23.2 Monotonicity and Firm Nonexpansiveness

In this section, we focus on the close relationship between firmly nonexpansive
mappings and monotone operators.

Proposition 23.7 Let D be a nonempty subset of H, let T: D — H, and
set A=T7"1 —1d. Then the following hold:

)T =Ja.

(ii) T s firmly nonexpansive if and only if A is monotone.

(iii) T is firmly nonexpansive and D = H if and only if A is maximally
monotone.

Proof. (i): See (23.1).

(ii): Suppose that T' is firmly nonexpansive, and take (x,u) and (y,v) in
graA. Then z +u € T~ x, ie., v = T(z+ u). Likewise, y = T'(y + v). Hence,
Proposition 4.2(v) yields

(o —y|u—nv)=
(T(x+u) = T(y+v) | (1d—T)(@+u) — (Id-T)(y+0)) >0, (23.8)

which proves the monotonicity of A. Now assume that A is monotone, and
let  and y be in D. Then x — Tx € A(Tx) and y — Ty € A(Ty). Hence, by
monotonicity, (Tz — Ty | (x — Tz) — (y — T'y)) > 0. By Proposition 4.2, T' is
firmly nonexpansive.

(iii): It follows from (ii) and Theorem 21.1 that A is maximally monotone
if and only if H = ran(Id + A) =ran7 ! = domT = D. O

Corollary 23.8 Let T: H — H. Then T is firmly nonexpansive if and only
if it is the resolvent of a maximally monotone operator A: H — 2.

Proposition 23.9 Let A: H — 2™ be such that dom A # @, set D =
ran(Id + A), and set T = Ja|p. Then the following hold:

(i) A=T"1-1d.

(ii) A is monotone if and only if T is firmly nonexpansive.

(iii) A is mazimally monotone if and only if T is firmly nonexpansive and
D="™H.

Proof. (i): Clear.
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(ii): Assume that A is monotone, and take (x,u) and (y,v) in graJy.
Then z — v € Au. Likewise, y — v € Awv. Hence, by monotonicity,
(- (z—u) - (y—v) >0, ie.

(@—ylu—v)>u—v|? (23.9)

In particular, for x = y, we obtain u = v. Therefore T is single-valued and
we rewrite (23.9) as (z —y | Te —Ty) > ||[Tx — Ty||?. In view of Proposi-
tion 4.2(iv), T is firmly nonexpansive. The reverse statement follows from
Proposition 23.7(ii).

(iii): Combine (i), (ii), and Proposition 23.7(iii). O

Further connections between monotonicity and nonexpansiveness are listed
next.

Corollary 23.10 Let A: H — 2" be mazimally monotone and let v € R, .
Then the following hold:

() Jya: H = H and Id — Jya: H — H are firmly nonexpansive and mazi-
mally monotone.
(i) The reflected resolvent

RoaH—>Hio—2Ja0—2 (23.10)

1S MONeTpansive.
(ili) "A: H — H is y-cocoercive.
(iv) YA is mazimally monotone.
(v) YA: H — H is y~'-Lipschitz continuous.

Proof. (i): See Corollary 23.8 and Proposition 4.2 for firm nonexpansiveness,
and Example 20.27 for maximal monotonicity.

(i)=(ii): See Proposition 4.2.

(i)=(iii): See (23.2).

(iii)=(iv): See Example 20.28.

(iil)=-(v): Cauchy—Schwarz. O

Proposition 23.11 Let A: H — 2 be monotone and let 3 € Ry, . Then A
is strongly monotone with constant B if and only if Ja is (8 + 1)-cocoercive,
in which case Jy is Lipschitz continuous with constant 1/(8+ 1) € ]0,1].

Proof. Let x, y, u, and v be in H. First, suppose that A is S-strongly mono-
tone. Then, using Proposition 23.2(ii), (u,v) = (Jaz, Jay) < (x —u,y—v) €
Aux Av = ((z—u)— (y—v) |u—v) > Blu—2|* & z—y|u—2v) >
(B + 1)|lu — v||?. This shows that J4 is (8 + 1)-cocoercive. Conversely,
suppose that Jy is (8 + 1)-cocoercive. Then (u,v) € Az x Ay < ((u +
) —x,(v+y) —y) € Av X Ay & (z,y) = (Jalu + 2),Ja(v +y)) =
(@ —y | (wtz)—(©+y) > B+ Dle—yl? & @yl u—0) > flz—yl*.
Thus, A is [S-strongly monotone. The last assertion follows from Cauchy—
Schwarz. O
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Proposition 23.12 Let 3 € R, and let A: H — 2" be mazimally -
cohypomonotone in the sense that A=Y + B1d is mazimally monotone. Let
v €18, 400 and set X\ =1— F/y. Then Id + A\(Jya —Id): H — H is firmly
NONETPANSIVE.

Proof. Set B = PA. In view of Proposition 23.6(ii) and Proposition 20.22,
B is maximally monotone. Hence, by Corollary 23.10(i), J(y—g)p: H — H is
firmly nonexpansive. The result therefore follows from Proposition 23.6(iv),
which provides Id + A(Jy4 — Id) = J,_p)5- O

The last two results of this section concern the problem of extending a

(firmly) nonexpansive operator defined on D C H to a (firmly) nonexpansive
operator defined on the whole space H.

Theorem 23.13 Let D be a nonempty subset of H and let T: D — H
be firmly nonexpansive. Then there ewists a firmly nonexpansive operator
T:H — H such that T|D =T and ranT C conv ranT.

Proof. Proposition 23.7 asserts that there exists a monotone operator A: H —
27 such that ran(Id + A) = D and T = J 4. However, by Theorem 21.8, A
admits a maximally monotone extension A:H > 27" such that dom A C
conv dom A. Now set T = J 5. Then it follows from Corollary 23.10(i) that
T is firmly nonexpansive with dom7T = H. On the other hand, ranT =

dom(Id + A) = dom A C ¢onv dom A = ¢onv dom(Id + A) = conv ran J4 =
conv ran T Finally, let 2 € D. Then Tz = Jaz = x —Tx € A(Tx) C A(Tx)
:Tx:ng:Tvx. Thus,f|D:T. O

Corollary 23.14 (Kirszbraun—Valentine) Let D be a nonempty subset
of H and let T': D — H be a nonexpansive operator. Then there exists a non-
expansive operator T: H — H such that T’D =T andranT C conv ranl.

Proof. Set R = (Id+1T')/2. Then R: D — H is firmly nonexpansive by Propo-
sition 4.2 and, by Theorem 23.13, it admits a firmly nonexpansive extension
R:H — H. Hence, T = Pg o (2R — Id), where C = conv ranT, has the
required properties. O

23.3 Resolvent Calculus

In this section we establish formulas for computing resolvents of transforma-
tions of maximally monotone operators.

Proposition 23.15 Let A: H — 2 be mazimally monotone. Then the fol-
lowing hold:

(i) Let o € Ry and set B = A+ old. Then Jp = J1pa)-1a((1+ o) '1d).
(ii) Let z € H and set B=z+ A. Then Jgp = 1,J4.
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(iii) Let z € H and set B =1, A. Then Jg =z + 1.Ja.

Proof. Let « and p be in H. Then we derive from Proposition 23.2(iii) the
following equivalences:
():p=Jpreoz—pcAptapsr—(1+apedpe (1+a)lz—pe
(140) " 4p & p = Jsa1a((1+0)1a)
(iip=Jprear—pez+Ape (x—2)—peAp < p=Js(x — 2).
(i) p=Jpr e rz—pecAp—2) < (x—2)—p—2) € Alp—2) &
p—z=Jslx — z). O

Proposition 23.16 Let (H;)icr be a totally ordered finite family of real
Hilbert spaces, set H = @,.; Hi, and, for every i € I, let A;: H; — 2

iel
be mazimally monotone. Set A = X A;. Then A is maximally monotone
icl
and
Ja = X Ja,. (23.11)
iel

Proof. Tt is clear that A is monotone. On the other hand, it follows from
Theorem 21.1 that (Vi € I) ran(Id + A;) = H;. Hence, ran(Id + A) =
X erran(ld + A4;) = H, and A is therefore maximally monotone. Now let
x = (x;);c; be an arbitrary point in H, set p = Jax, and let (p;)icr € H.
We derive from Proposition 23.2(ii) that

(V’L S I) pi = JAq.Z'l =4 (Vl S I) xr; —Ppi € Aipi
& — (pi)ier € (Aipi)icr = A(pi)ier
& p = (pi)ier, (23.12)

which establishes (23.11). O

Given a maximally monotone operator A: H — 2% and v € Ry, no sim-
ple formula is known to express .J, 4 in terms of J4. However, a simple formula
relates the graphs of these two resolvents (the proof is left as Exercise 23.9).

Proposition 23.17 Let A: H — 2" be mazimally monotone, let v € R,
and set L: H x H — H x H: (z,u) = (yz + (1 —y)u,u). Then graJ 4 =
L(graJy).

The next result relates the resolvent of an operator to that of its inverse.

Proposition 23.18 Let A: H — 27 be mazimally monotone and let vy €
R++. Th@n
Id = Jya +7J,-14-1 0y~ d. (23.13)

In particular,
Jp—1 =1d— Ja. (23.14)

Proof. Since J,a and J4-1,, are single-valued, (23.13) follows from (23.2)
and Proposition 23.6(ii). O
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Remark 23.19 Let f € Ih(H), let v € Ry, and let € H. In view of
Example 23.3 and Corollary 16.24, setting A = 9f in (23.13) yields Theo-
rem 14.3(ii), namely @ = Prox, sz + v Prox,-1 (v ').

The next result characterizes cocoercive operators.

Proposition 23.20 LetT: H — H and let v € Ry . Then T is y-cocoercive
if and only if it is the Yosida approximation of index v of a maximally mono-
tone operator from H to 2

Proof. The Yosida approximation of index v of a maximally monotone op-
erator is y-cocoercive by Corollary 23.10(iii). Conversely, suppose that T is
~-cocoercive. Then it follows from Corollary 23.8 and (23.14) that there exists
a maximally monotone operator B: H — 27 such that v7' = Jp = Id— Jp-:1.
Now set A = v~1B~!. Then Proposition 20.22 asserts that A is maximally
monotone, and (23.2) yields T' = "A. O

Proposition 23.21 Let A: H — 2" be mazimally monotone, let v € R,
and let x, y, and v be in H. Then

(y,v) € gra A,

(23.15)
r =y +yv.

(4,0) = (Jyaw, "Az) = {
Proof. Using Proposition 23.2(ii), (23.1), and (23.2), we obtain

{y = Jyaz, {(yw —y) €gravd, {(y,v) € grad,
v = "Az, v=(x—-y)/, T =Y+,

(23.16)
as required. O

Remark 23.22 Here are some consequences of Proposition 23.21.

(i) Set R: H — gra A: & + (Jyaz, "Azx). Then R is a bijection and, more
precisely, a Lipschitz homeomorphism from H to gra A, viewed as a
subset of H @ H. Indeed, for every « and y in H, Corollary 23.10(i)&(v)
vields [|[Rz — Ry||* = [|Jyaz — Jyay|?* + [|"Az — Ay < [z -y +
v~2||z — y||*. Hence, R is \/1 + 1/42-Lipschitz continuous. Conversely,
if (z,u) and (y,v) are in gra A then, by Cauchy—Schwarz,

IR~ (2, u) — Ry, v)|| = |z — y) + 7(u —v)|?
< (lz =yl +~llu—ol))?
<1+ lz = ylI? + [lu—o?)
= (142, w) = (y,0)]*. (23.17)

Therefore, R~ is /1 + y2-Lipschitz continuous.



340 23 Resolvents of Monotone Operators

(ii) Setting v = 1 in (i), we obtain via (23.2) and (23.14) the Minty
parametrization

H—grad: x— (Jax,Jqg—12) = (Jax,x — Jax) (23.18)
of gra A.
We now investigate resolvents of composite operators.

Proposition 23.23 Let K be a real Hilbert space, suppose that L € B(H, )
is such that LL* is invertible, let A: KK — 25 be mazimally monotone, and
set B = L*AL. Then the following hold:

(i) B: H — 2™ is mazimally monotone.
(i) Jg =Id— L*o (LL* + A=Y~ !0 L.
(iii) Suppose that LL* = uld for some p € Ryy. Then Jg =1d—L*o *Ao L.

Proof. (i): Since K = L(L*(K)) C L(H) = ranL, we have ranL = K and
therefore cone(ran L — dom A) = Span (ran L — dom A). Thus, as will be seen
in Theorem 24.5, B: H — 27 is maximally monotone.

(ii): Tt follows from (i) and Corollary 23.10(i) that Jp is single-valued with
domain H. Now set T'= (LL*+ A~1)~1. Since LL* is invertible, it is strictly
monotone by Fact 2.18(v), and so is LL*+ A~!. As a result, T is single-valued
on domT = ran(LL* + A~'). On the other hand, by Example 24.13, LL* is
3* monotone. Hence, it follows from Corollary 24.4(i) and Corollary 24.22(ii)
that dom T = H. Now let x € H, note that v = T'(Lx) = (LL*+ A~1)~1(Lx)
is well defined, and set p = z — L*v. Then Lz € LL*v 4+ A~'v and hence
Lp = L(x — L*v) € A~'. In turn, v € A(Lp) and, therefore, z —p = L*v €
L*(A(Lp)) = Bp. Thus, p = Jpz, as claimed.

(iii): This follows from (ii) and Proposition 23.6(ii). O

Corollary 23.24 Let A: H — 2™ be mazimally monotone, let p € R~ {0},
and set B = pA(p-). Then B: H — 2% is mazimally monotone and

Jg=p " Jealp). (23.19)
Proof. Apply Proposition 23.23(iii) to K = H and L = pld. O

Corollary 23.25 Let A: H — 2™ be mazimally monotone, let L € B(H) be
an invertible operator such that L~ = L*, and set B=L*o Ao L. Then B
18 maximally monotone and Jg = L* o J4 o L.

Proof. Apply Proposition 23.23(iii) to X = H and u = 1. O

Corollary 23.26 Let A: H — 2" be mazimally monotone and set B =
—AY. Then B is mazimally monotone and Jg = —(Ja)".

Proof. Apply Corollary 23.25 to L = —Id. O
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Proposition 23.27 Let A: H — 2" be mazimally monotone, let v € R,
and set B =~"'1d— "A =~7'J,4. Then B: H — H is maximally monotone
and

1 Y
=1Id-— - —1Id). 23.2
Jp VJWWflAO <'Y+1 > ( 3 0)

Proof. 1t follows from Corollary 23.10(i) that B = y7!J,4 is maximally
monotone and single-valued with domain H. Hence, for every z and p in H,
Proposition 23.2(ii) yields

p=Jpr & y(x —p)=vBp=J,ap

& p—y(z—p) evA(yv(z —p))

VT v
& —— —vy(x—p) e A(y(x —
porny G Rt O R (v(z —p))
_ vz
e p)—J%A<7+1)
1 YT
Sp=x——J 2 23.21
Pe=rm 5 kA <7+ 1) ’ (23.21)
which gives (23.20). O

Proposition 23.28 Let A: H — 2" be mazimally monotone, let v € R,
let X\ € Ry, and let x € H. Then the following hold:

(i) Jyax = Jaya ()\LL‘ + (1 — /\)J»YAx).

(ii) Suppose that A < 1. Then ||Jaxyax — x| < (2 = N)||Jyaz — z]|.
(iii) [[ [y a2 — Tayaz|| < L= Al[|Jya2 — 2.
Proof. Set = \y.

(i): We have x € (Id + yA)(Id + vA) "'z = (Id + vA)J,ax. Hence x —
Jyax € yA(Jyax) and therefore Aa — Jyaz) € pA(Jyaz). In turn, Az +
(1 =N Jyax € Jyax + pA(Jya2) = (Id + pA)(Jyax) and therefore Jyaz =
JHA ()\CL‘ + (1 — )\) J»YALL‘).

(ii): By (i) and Corollary 23.10(i),

[ Tuaz = 2|l < (| Juaz = Jyazl| + || Jyaz — x|
— = Jua O+ (1= A)Tya2) | + | Jyaz —
< o — Az — (1 = Ay all + 1y — al
< (2= N)||Jyax —z|. (23.22)

(iii): By (i) and Corollary 23.10(i), we have

HJ"/A‘T — J#AIH = ||JMA()\I + (1 — )\)JWA:E) — JMAIH
<||Az+ (1 = N)J a2z — x|
= 1= Al[[Jyaz — =[], (23.23)
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which concludes the proof. O

Using Example 23.3, we derive easily properties of proximity operators
from those of resolvents.

Proposition 23.29 Let f € I4(H), let v € H, and let v € Ryy. Then the
following hold:

(i) Set g = f+ (a/2)|| - [|?+{- | u) + 3, where u € H, a € Ry, and 3 € R.
Then Proxg & = Prox(q41)-17((a +1)7 ! (z — u)).
(ii) Set g = 7. f, where z € H. Then Prox, x = z + Proxs(z — 2).
(iii) Set g = f o L, where L € B(H) is an invertible operator such that
L=t = L*. Then Prox, x = L*(Proxs(Lx)).
(iv) Set g = f(p-), where p € R\ {0}. Then Prox,z = p~ ' Prox, (pz).
(v) Set g = f¥. Then Proxyx = — Proxs(—=x )
(vi) Set g = 7f. Then Proxga =z + (v + 1)~ (Prox(,41) ¢ — ).
(vii) Set g = (29) 7' > = 7f. Then

1
Proxyx = x — — Prox 2 (Lx>
Yy 'H—lf v+ 1

(viii) Set g =~ f*. Then Prox,z = x — yProx,-1 (v ').

Proof. These properties are specializations to A = df and B = dg of some of
the above results.

(1): Proposition 23.15(i)&(ii) (note that Corollary 16.38(iii) and Proposi-
tion 17.26(i) imply that dg = df + ald + u).

(ii): Proposition 23.15(iii).

(iii): Corollary 23.25 (note that, since ran L = H, Corollary 16.42(i) yields
0g=L*o(0f)oL).

(iv): Corollary 23.24.

(v): Corollary 23.26.

(vi): Proposition 23.6(iv) and (23.4).

(vii): It follows from Example 13.12 that ¢ = (v/2) - [|> = "f(v-) € To(H)
and therefore that g = @(y~1:) € I'y(H). Furthermore, (23.4) yields Vg =
v~ d — 7(9f). Hence, the result follows from Proposition 23.27.

(viii): Remark 23.19. O

Proposition 23.30 Let (H;)icr be a totally ordered finite family of real
Hilbert spaces, set H = @,.; Hi, and, for every i € I, let f; € Iv(Hi) and
x; € Hi. Set © = (xi)icr and f = @, fi. Then Proxy @ = (Proxy, x;)icr.

Proof. Tt is clear that f € IH(#H). The result therefore follows from Proposi-
tion 23.16, where (Vi € I) A; = Jf;. O

Proposition 23.31 Let (¢;)icr be a totally ordered family of functions in
Io(R) such that (Vi € I) ¢; > ¢;(0) = 0. Suppose that H = (*(I), set
[ =Bics @i, and let x = (§;)ier € H. Then the following hold:
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(i) felo(H).
(ii) (V(&)ier € H) Proxy(&i)ier = (Proxg, &i)ier-

(ili) Proxy is weakly sequentially continuous.

Proof. (i): For every ¢ € I, define ¢;: H — ]—o00,+00] : (§;)jer — ¢:i(&).
Then the family (¢;)ier lies in Ih(#H) and, since f(0) = 0, it follows from
Corollary 9.4(ii) that f =3, ;@i € Io(H).

(ii): Let = (&)ier € H, and set p = (m;)ier = (Proxy, &)ier. For every
i € I, since 0 € Argmin ¢;, it follows from Theorem 16.2 that 0 — 0 €
0¢;(0) and therefore from (16.30) that Proxy, 0 = 0. Hence, we derive from
Proposition 12.27 that

(Vi € I) |m|* = | Proxg, & — Proxy, 02 < [& — 0] = [&]°. (23.24)

This shows that p € H. Now let y = (1;)ier € H. It it follows from Proposi-
tion 12.26 that

Viel) (ni—m)(& —mi)+ di(mi) < di(mi). (23.25)

Summing over I, we obtain (y —p | x — p) + f(p) < f(y). In view of (12.25),
we conclude that p = Proxy x.

(iii): Let (2, )nen be a sequence in H and let & € H be such that x,, — z.
Then Proposition 2.40 asserts that (2, )nen is bounded. On the other hand,
arguing as in (23.24), since 0 € Argmin f, Proxys 0 = 0 and, by nonexpansive-
ness of Proxy, we obtain (Vn € N) || Proxy z,|| < ||z, ||. Hence,

(Prox; xn)neN is bounded. (23.26)

Now set © = (& )ier and (Vn € N) @, = (& n)icr. Denoting the standard unit
vectors in H by (e;)icr, we obtain (Vi € I) &, = (z, | €;) — (x| e;) = &
Since, by Proposition 12.27, the operators (Proxg,);cs are continuous, (ii)
yields (Vi € I) (Proxsx, | ;) = Proxy, &.n — Proxy, § = (Proxyz | e;). It
then follows from (23.26) and Proposition 2.40 that Proxy z,, = Prox;z. O

Proposition 23.32 Let K be a real Hilbert space, let L € B(H,K) be such
that LL* = pld for some p € Ry, let f € I[H(K), and let © € H. Then
foLé€Iy(H) and Proxsor v = x + p~ ' L*(Prox,r(Lz) — Lx).

Proof. Since ranL = K by Fact 2.18(v) and Fact 2.19, Corollary 16.42(i)
yields O(f o L) = L* o (0f) o L. Hence, the result follows by setting A = 9f
in Proposition 23.23(iii) and using (23.2). O

Corollary 23.33 Suppose that u is a nonzero vector in H, let ¢ € IH(R),
set g = ¢((- | u)), and let x € H. Then

Prox|, 24 (v | v) — (z | u)
(w2

(23.27)

Proxgyx = x +
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Proof. Apply Proposition 23.32 to X =R, f = ¢, and L = (- | u). O

Proposition 23.34 Suppose that (ey)ren is an orthonormal basis of H, let
(oK )ken be a family of functions in I'h(R) such that (Vk € N) ¢ > ¢ (0) = 0,
and set

f:’}-[—)]—oo,—i—oo]:x»—)Zd)k((:c\ek>). (23.28)

keN
Then f € I'v(H) and

(Vz e H) Proxsz = Z (Proxg, (= | ex) )ex. (23.29)
keN

Proof. Set L: H — (*(N):  — ((z | ex))ken- Then L is linear, bounded,
and invertible with L= = L*: (?(N) — H: (&)ren — > ken $ker. Now set
o () — =00, +00] : (€k)ken = Lpen O6(€). Then f = @ o L and we
derive from Proposition 23.32 that Proxy.r, = L* o Prox, oL. In turn, using
Proposition 23.31(i)&(ii), we obtain the announced results. O

23.4 Zeros of Monotone Operators

In this section we study the properties of the zeros of monotone operators
(see (1.8)) and describe a basic algorithm to construct them iteratively.

Proposition 23.35 Let A: H — 27 be strictly monotone. Then zer A is at
most a singleton.

Proof. Suppose that z and y are distinct points in zer A. Then 0 € Az, 0 € Ay,
and (22.2) yields 0 = (x —y | 0 — 0) > 0, which is impossible. O

Proposition 23.36 Let A: H — 2" be mazimally monotone and suppose
that one of the following holds:

(i) A=t is locally bounded everywhere.
(iii) dom A is bounded.

Then zer A # &.

Proof. The conclusion follows from (i), (ii), and (iii) via Corollary 21.19,
Corollary 21.20, and Corollary 21.21, respectively. a

Corollary 23.37 Let A: H — 2™ be mazimally monotone and suppose that
one of the following holds:

(i) A is uniformly monotone with a supercoercive modulus.
(ii) A is strongly monotone.
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Then zer A is a singleton.

Proof. (i): In view of Proposition 22.8, zer A # &. Furthermore, since A is
strictly monotone, we derive from Proposition 23.35 that zer A is a singleton.
(ii)=(i): Definition 22.1. O

Proposition 23.38 Let A: H — 2" be monotone and let v € Ry . Then
Fix Jy4 = zer A = zer "A.

Proof. Let & € H. Then Proposition 23.2(ii) yields 0 € Az & x — z € yAx
srv=Jyuar e TAz=0. O

Proposition 23.39 Let A: H — 2" be mazimally monotone. Then zer A is
closed and convex.

Proof. This is a consequence of Proposition 20.31 since zer A = A~10 and
A~1 is maximally monotone. O

Let A: H — 2" be maximally monotone and let v € Ry ;. Then zer A =
zer(yA) and, in view of Proposition 23.38, a zero of A can be approximated
iteratively by suitable resolvent iterations. Such algorithms are known as
prozimal-point algorithms.

Example 23.40 Let A: H — 2™ be maximally monotone, let v € R, and
let g € H. Set
(VneN) xpy1 = Jyaxy. (23.30)

Then the following hold:

(i) Suppose that zer A # @. Then (2, )nen converges weakly to a point in
zer A.

(ii) Suppose that A is strongly monotone with constant 8 € R,;. Then
(Zn)nen converges strongly (actually linearly) to the unique point in
zer A.

Proof. Proposition 23.38 yields Fix J, 4 = zer(yA) = zer A.

(i): In view of Corollary 23.10(i), the result is an application of Exam-
ple 5.17 with T' = J,, 4.

(ii): Proposition 23.11 asserts that .J,4 is Lipschitz continuous with con-
stant 1/(8y + 1) € |0, 1[. Therefore, the result follows by setting 7" = J, 4 in
Theorem 1.48(1)& (iii). O

A finer proximal-point algorithm is described in the following theorem.

Theorem 23.41 (proximal-point algorithm) Let A: H — 2™ be a maa-
imally monotone operator such that zer A # &, let (Yn)nen be a sequence in
Ry such that Y, Ve = +00, and let 29 € H. Set

(VneN) zpp1 =Jy, 420, (23.31)

Then the following hold:
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(i) (xn)nen converges weakly to a point in zer A.

(ii) Suppose that A is uniformly monotone on every bounded subset of H (see
Remark 22.2). Then (xn)nen converges strongly to the unique point in
zer A.

Proof. Set (Vn € N) w,, = (¥, — Tp+1)/Vn- Then (Vn € N) u,, € Az, and
Tpt1 — Tnt2 = Yn+1Un+1. Hence, by monotonicity and Cauchy—Schwarz,

(VneN) 0<(Tnt1 — Tny2 | Un — Unt1) [Vnt1
= <un+1 | Un — un+1>
= (ups1 | un) = [[unia|?
< g l[([[unll = [Junsal]), (23.32)

which implies that (||un||)nen converges. Now let z € zer A. Since Proposi-
tion 23.38 asserts that z € (), oy FixJ,, 4, we deduce from (23.31), Corol-
lary 23.10(i), and (4.1) that

(Vn €N)  |zns1 — 2| = | Jy, a0 — Iy, a2
< lwn — 2)1* = [|#n — Jy, azall®
= |ln — 2II> = 72 Jun . (23.33)

Thus, (zn)nen is bounded and Fejér monotone with respect to zer A, and
> nen Vallunll? < +oc. In turn, since >, 72 = +00, we have lim [Ju,| = 0
and therefore u,, — 0 since (||un||)nen converges.

(i): Let o be a weak sequential cluster point of (zy,)nen, say @k, +1 — .
Since 0 < ug, € Axy, 11, Proposition 20.33(ii) yields 0 € Az and we derive
the result from Theorem 5.5.

(ii): The assumptions imply that A is strictly monotone. Hence, by Propo-
sition 23.35, zer A reduces to a singleton. Now let x be the weak limit in
(i). Then 0 € Az and (Vn € N) w,, € Az,41. Hence, since (z,)nen lies in
a bounded set, there exists an increasing function ¢: Ry — [0,40c] that
vanishes only at 0 such that

(Vn €N)  (@ng1 — 2| un) = ¢([|lzns1 — z|). (23.34)

Since u, — 0 and x,4+1 — x, Lemma 2.41(iii) yields ||x,4+1 — 2| — 0. O

23.5 Asymptotic Behavior

In view of Proposition 20.31 and Theorem 3.14, the following notion is well
defined.

Definition 23.42 Let A: H — 2" be maximally monotone and let x €
dom A. Then %Az denotes the element in Az of minimal norm.
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Proposition 23.43 Let A: H — 2% be mazimally monotone, let v € R,
let € Ry4, and let © € dom A. Then the following hold:

(i) [|"Az|| < inf || Az]|.
(i) [ Az < |]PAz] < || "Ax]].

Proof. (i): Set p = YAz and let u € Az. Proposition 23.2(iii) and the mono-
tonicity of A yield (u—p|p) = (u—p|ax— (z—yp)) /v > 0. Hence, by
Cauchy—Schwarz, ||p|| < ||ul|.

(ii): By (i), ||*Az| < ||°Az||. Applying this inequality to YA, which is
maximally monotone by Corollary 23.10(iv), and, using Proposition 23.6(iii),
we get [|7H Az | = |*("A)z]| < |°CA)z = [|"Az]. O

We now present a central perturbation result.

Theorem 23.44 Let A: H — 2" be a mazimally monotone operator and let
x € H. Then the inclusions

(Vy€]0,1[) 0€ Az + y(zy — ) (23.35)

define a unique curve (z),¢jo,1[- Moreover, exactly one of the following holds:

(i) zer A # @ and o — Pyer ax as v 1 0.
(ii) zer A = @ and ||z|| = 400 as v | 0.

Proof. Tt follows from (23.35), Proposition 23.2(ii), and Corollary 23.8 that,
for every v €]0,1],
Ty =Jy/y (23.36)

is well defined. We now proceed in two steps.
(a) zer A # @ = x4 — Prerax as v | 0: Set g = Per ax, which is well
defined and characterized by

xg€zerA and (Vzezerd) (z—uzo|x—x0) <0 (23.37)

by virtue of Proposition 23.39 and Theorem 3.14. Now let z € zer A. Then
Proposition 23.38 yields (Vv € ]0,1[) 2 = J4,,2. Therefore, it follows from
(23.36) and Corollary 23.10(i) that

(Vy€]0,1]) (z—ay|2z—2) > ||z — 2, (23.38)

Thus, by Cauchy-Schwarz, (z),cjo,1 is bounded. Now let (y,)nen be a
sequence in ]0,1[ such that 7, | 0 as n — 4o0o0. Then it is enough to
show that z,, — x0. To this end, let y be a weak sequential cluster
point of (., )nen, say ., —y. Since (2, )nen is bounded, the sequence
(Y, (€ = 2, ), T+, Jnen, Which lies in gra A by virtue of (23.35), converges
to (0,y) in Hore x HWeak Hence, it follows from Proposition 20.33(i) that
y € zer A. In turn, we derive from (23.38) that 0 < (y—x |y — a4, ) >

ly — @, || and therefore that z,, ~— y. However, (23.38) yields 0 >
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||Z—:E%n||2 - <27‘T%n |27‘T> = <27‘T7kn |I7"E"/kn> - <Z*y|$*y>
and, in view of the characterization (23.37), we obtain y = xo. Altogether, x¢
is the only weak sequential cluster point of the bounded sequence (-, )nen,
and it follows from Lemma 2.38 that x.,, — x¢. Invoking (23.38), we obtain
|z, — xol|? < (x — z0 | 2, — x0) — 0 and therefore z,, — (.

(b) |lzy]] # +o00 as v | 0 = zer A # @: Take a sequence (V,)nen in
10, 1[ such that v, | 0 and (2, )nen is bounded. Then (23.35) yields 0 <
m(r — xy,) € Az, . Furthermore, (z,,)nen possesses a weak sequential
cluster point y, and Proposition 20.33(ii) forces y € zer A. |

We now revisit the approximating curve investigated in Proposition 4.20
and analyze it with different tools.

Corollary 23.45 Let T': H — H be nonexpansive and let x € H. Then the
equations
(Vy€]0,1)) zy=~vz+ (1 —7)Tz, (23.39)

define a unique curve (x~),cjo,1[- Moreover, exactly one of the following holds:

(i) FixT # @ and © — Prixr 2 as v 1 0.
(ii) FixT = @ and ||z4| = +o0 as v | 0.

Proof. Set A = 1d — T. Then zer A = FixT, A is maximally monotone by
Example 20.26, and (23.39) becomes

(vyeo,1l) 0= Az, + 2

— (xy — ). (23.40)

Since lim o v/(1 — ) = 0, the conclusion follows from Theorem 23.44. O

Corollary 23.46 Let A: H — 2™ be mazimally monotone and let x € H.
Then exactly one of the following holds:

(i) z € dom A, and "Ax — Az and ||"Az| 1 || ®Az| as v | 0.
(ii) ¢ dom A and || "Az|| 1+ +o00 as v | 0.

Proof. Set B = A~! —x. Then zer B = Az. Moreover, B is maximally mono-
tone and, by Theorem 23.44, the inclusions

(Vy €]0,1[) 0 € Bzy +y(zy —0) (23.41)

define a unique curve (2 )ejo,1;- However, it follows from Proposition 23.6(ii)
that (Vy €1]0,1[) 0 € Bz +y2, & 0€ A~ e —a+vya, & 2 € (Y Id+ A )z,
& xy = Az,

(i): Suppose that € dom A. Then zer B # &, and it follows from The-
orem 23.44(i) that "Az = z; — P,er g0 = YAz as v 4 0. In turn, we derive
from Proposition 23.43(ii) that || YAz 1 || Az|| as v | 0.

(ii): Suppose that x ¢ dom A. Then zer B = &, and the assertion therefore
follows from Theorem 23.44(ii). O
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Theorem 23.47 Let A: H — 27 be mazimally monotone and let x € H.
Set
(Vy eR4y) zy = Jyaz. (23.42)

Then x — P 4x as v | 0, and exactly one of the following holds:

(i) zer A # @ and x, = Per ax as v T +00.
(ii) zer A = @ and ||z,|| = +00 as v T +oo.

Proof. Set D = dom A and Z = zer A. Tt follows from Corollary 21.12 that D
is nonempty, closed, and convex. Hence, by Theorem 3.14, Pp is well defined.
Now let v € ]0, 1] and let (y,v) € gra A. It follows from Proposition 23.2(ii)
and the monotonicity of A that (z, —y | x — z, — yv) > 0, which yields

lzy = ylI* < (2o —y [ 2 —y) + 7l —yll o] (23.43)

As aresult, ||z, —y|| < ||z —y| +v[[v], and (2+),ejo,1] is therefore bounded.
Now let (n)nen be a sequence in |0, 1] such that v, | 0 as n — +oo. Let
z be a weak sequential cluster point of (z,, )nen, say z,, — z. Note that
z € D since (7, Jnen lies in dom A C D and since D is weakly sequentially
closed by Theorem 3.32. On the other hand, since (., )nen is bounded,
Lemma 2.35 and (23.43) yield ||z — y[|* < lim |z, —yl* < (z—y |z —y)
and therefore (z — z | y — z) < 0. Since y is an arbitrary point in dom A, this
inequality holds for every y € D and, in view of Theorem 3.14, it follows that
z = Ppx is the only weak sequential cluster point of the bounded sequence
(@, Jnen. Hence, by Lemma 2.38, z,,, — Ppz. It follows from (23.43) that

lim [z, —yl|* < (Pox—y |z —y). (23.44)

Now set f: H — R: z ~ lim ||z, — 2||2. Then f > 0 and it follows from
Example 8.17 that f is continuous. Now let (y,)nen be a sequence in dom A
that converges strongly to Ppx. Then, using (23.44), we obtain 0 < f(Ppx) =
lim f(y,) < lim (Pp2z — Y, | © — yn) = 0. Hence 0 = f(Ppx) = lim ||z, —
Ppz||? and therefore x,, — Ppx. Thus, z, — Ppx as vy | 0.

(i)&(ii): Apply Theorem 23.44 since (23.42) is equivalent to (Vy € Ry )
0€Azy +v (zy — ). O

Exercises

Exercise 23.1 Let A: # — 2 be maximally monotone and at most single-
valued. Define the Cayley transform Ca: H — H of Aby C4 = (Id— A)(Id+
A)~1. Show that Cy = 2J4 —Id and determine C¢,. What happens when A
is linear with dom A = H?

Exercise 23.2 Let A: H — 2" be maximally monotone, let v € R, ,, and
let 4 € Ry4. Show that
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(Vo €M) Iyaz —Juazl < Iy — pl | "Ac]. (23.45)

Exercise 23.3 Let A: H — 2" be maximally monotone and let v € R .
Show that »
Id=~Ido "A4+ 7 (A 1) oy '1d (23.46)

and deduce that Id = 'A 4+ (A1),

Exercise 23.4 Let D be a nonempty subset of H and set T = Id|p. Deter-
mine T where T is as in the conclusion of Theorem 23.13.

Exercise 23.5 Let D be a nonempty subset of H and set T" = Id|p. De-
termine Fix 7' and ranT where T is as in the conclusion of Corollary 23.14.
Give examples in which ( ) T is unique, and (i) 7" is not unique.

Exercise 23.6 Let A: H — 2" be maximally monotone. Show that
dom(A) 4+ ran(A) = H.

Exercise 23.7 Let f € I'hy(H). Show that dom(df) + dom(df*) = H. Com-
pare to Exercise 15.3.

Exercise 23.8 Let A: H — 2" be maximally monotone. Prove the follow-
ing:

(i) Ja is injective if and only if A is at most single-valued.
(ii) Ja is surjective if and only if dom A = H.

Exercise 23.9 Prove Proposition 23.17.

Exercise 23.10 Let A: H — 2™ be maximally monotone, let v € Ry, and
set Lt HXH — HxH: (z,u) = (x+~yu,z). Show that graJ,4 = L(gra A).

Exercise 23.11 Give the details of the proof of Corollary 23.33.

Exercise 23.12 Let A: H — 2" be a maximally monotone operator and let
x € H. Use Corollary 23.37(ii) to show that the inclusions (23.35) define a
unique curve (), ejo,1[-

Exercise 23.13 Without using Theorem 23.44, show directly that the equa-
tions (23.39) define a unique curve (z.)~ejo,1[-

Exercise 23.14 Let A: H — 27 be a maximally monotone operator such
that zer A # @, and let x € H. Show that "Ax — 0 as v 1 +oo.

Exercise 23.15 Let A € B(H) be such that ran A is closed. Show that
A1) = Al ran a, (23.47)

where A~ is the set-valued inverse.



Chapter 24
Sums of Monotone Operators

The sum of two monotone operators is monotone. However, maximal mono-
tonicity of the sum of two maximally monotone operators is not automatic
and requires additional assumptions. In this chapter, we provide flexible suf-
ficient conditions for maximality. Under additional assumptions, conclusions
can be drawn about the range of the sum, which is important for deriving
surjectivity results. Consideration is also given to the parallel sum of two
set-valued operators.

Throughout this chapter, F4 designates the Fitzpatrick function of a
monotone operator A: H — 2% (see Definition 20.42).

24.1 Maximal Monotonicity of a Sum

As the following example shows, the sum of two maximally monotone oper-
ators may not be maximally monotone.

Example 24.1 Suppose that # = R?, and set C' = B((—1,0);1) and D =
B((1,0);1). Then N¢ and Np are maximally monotone by Example 20.41,
with (dom N¢) N (dom Np) # @. However, it follows from Corollary 21.21
and the fact that ran(N¢ + Np) = R x {0} that N¢ + Np is not maximally
monotone.

Theorem 24.2 Set Q1: H x H — H: (z,u) — z, and let A and B be maz-
imally monotone operators from H to 2" such that

0 € sriQy(dom F4 — dom Fg). (24.1)
Then A + B is maximally monotone.
Proof. Proposition 20.48 and Proposition 20.47(iv) imply that, for every

(I,Uhug) in H37
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(@ | ur +u2) < Fal(z,ur) + Fp(z,u2) < Fi(ur,2) + Fp(uz, ). (24.2)
Thus the function
F:H xH —]—00,400] : (z,u) — (Fa(z, )0 Fp(z,-))(u) (24.3)
is proper and convex, and it satisfies
F>(]). (24.4)
Corollary 15.8 and (24.2) yield
(V(u,2) e H xH) F*(u,x) = (Fi(-,2)DFp(-, 2)) (u)

> F(z,u)
> (x| u. (24.5)

Now fix (z,u) € H x ‘H and assume that F*(u,z) = (z | w). Then (24.5) and
Proposition 20.51(iii) guarantee the existence of u; and wug in H such that
ur +uz = uwand (z|u) = F*(u,z) = Fji(ur,x) + Fj(uz,x) > (x| u1) +
(x | ug) = (z | w). It follows that Fi(ui,z) = (x | u1) and that Fj(ug,x) =
(x| ug). By (20.40), (z,u) = (x,u; + u2) € gra(A + B). Now assume that
(x,u) € gra(A + B). Then there exist u; € Az and uy € Bx such that u =
ur +uz. Hence F(u1,x) = (z | w1) and Fj(u2, x) = (x | ua), by (20.40). This
and (24.5) imply that (x | u) = (x| u1) + (@ | u2) = F}(u1,z) + Fi(ug, z) >
(Fi(2)BF5(-,2)) (u) = F*(u,x) > (@ | u). Therefore, F*(u,z) = (z | u).
Altogether, we have shown that

{(z,u) € H x H | F*(u,z) = (2 | u)} = gra(A+ B). (24.6)

Combining (24.5), (24.6), (24.4), and Theorem 20.38(ii), we conclude that
A + B is maximally monotone. O

Theorem 24.3 Let A and B be maximally monotone operators from H to
2" such that

cone(dom A — dom B) = span (dom A — dom B). (24.7)
Then A+ B is maximally monotone.
Proof. Using Proposition 21.11 and its notation, we obtain

cone(dom A — dom B) C cone (Q1 (dom F4) — Q1(dom FB))
C Span (Q (dom Fa) — Q1 (dom FB))
(dom
(

C span (dom A — dom B)
= span (dom A — dom B)
= cone(dom A — dom B). (24.8)
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Hence (24.1) holds and the result follows from Theorem 24.2. O

Corollary 24.4 Let A and B be mazimally monotone operators from H to
2" such that one of the following holds:

(i) dom B = H.

(ii) dom A Nint dom B # .

(iii) 0 € int(dom A — dom B).

(iv) (Vz € H)(Fe € R44) [0,ex] C dom A — dom B.
(v) dom A and dom B are convex and

0 € sri(dom A — dom B). (24.9)
Then A+ B is maximally monotone.

Proof. (1)=(ii)=-(iil)=-(iv)=(24.7): Clear.
(v): By (6.8), (24.7) is equivalent to (24.9). O

Theorem 24.5 Let K be a real Hilbert space, let A: K — 25 be mawi-
mally monotone, let L € B(H,K), and suppose that cone(ran L — dom A) =
span (ran L — dom A). Then L*AL is mazimally monotone.

Proof. We work in H @ K. Using Proposition 20.23, we see that the operators
B = Ngar and C: H x K — 27K (2, y) — {0} x Ay (24.10)

are maximally monotone with dom B = graL and domC = H x dom A.
Hence dom(B + C) C gra L. We claim that

(V(z,u) € H x H)(Vv € K)
(u,v) € (B+C)(z,Lz) & u+L'veL*(A(Lz)). (24.11)
Let (z,u) € HxH and v € K. Then (B+C)(x, Lz) = Ngrar(z, L)+ ({0} X
A(Lz)) and hence
(u,v) € (B+ C)(x,Lz) < (u,v) € Ngrar(z, Lx) + ({0} x A(Lz))

& (u,v) € {(L*w,—w) | w e K} + ({0} x A(Lz))

< BwekK) u=Lw and v+we A(Lx)

& u+ L'v e L*(A(Lx)). (24.12)
This verifies (24.11). Since dom B — dom C' = (graL) — (H x dom A) = H x
(ran L —dom A) and cone(ran L —dom A) = span (ran L —dom A), we deduce
that cone(dom B — dom C') = Span (dom B — dom C'). Hence, Theorem 24.3

implies that B + C' is maximally monotone. Now let (z,w) be monotonically
related to gra(L*AL), i.e.,

(Ve € H) inf(x—z|L*(A(Lz)) —w) > 0. (24.13)
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Now take (z,u) € H x H and v € K such that ((z, Lz), (u,v)) € gra(B+ C).
Then, by (24.11), u + L*v € L*(A(Lxz)). Moreover, (24.13) yields

0<(x—z|u+L'v—w)
:<gj—z‘u—w>—|—<L$—LZ‘U>
((z, L) — (2, Lz) | (u,v) — (w,0)). (24.14)

The maximal monotonicity of B + C implies that ((z, Lz), (w,0)) € gra(B +
(). In view of (24.11), this is equivalent to w € L*(A(Lz)). Appealing to
(20.16), we conclude that L* AL is maximally monotone. O

Remark 24.6 We have proved the composition result (Theorem 24.5) by
applying the sum result (Theorem 24.3) in a suitable product space. It is
also possible to proceed in the opposite direction. Indeed, let A and B be
maximally monotone operators from H to 2. Then A x B: H x H — 27t>x*
is maximally monotone. Set L: H — H x H: x + (x,x). Then L*: H x H —
H: (u,v) = u+ v and hence L*(A x B)L = A + B. Therefore, maximal
monotonicity of the composition L*(A x B)L implies maximal monotonicity
of the sum A + B.

24.2 3* Monotone Operators

Definition 24.7 Let A: H — 2% be monotone. Then A is 3* monotone if
dom A x ran A C dom Fy. (24.15)

Proposition 24.8 Let A: H — 27 be mazimally monotone and 3* mono-
tone. Then domF4 = dom A x Tan A.

Proof. Combine (24.15) and Corollary 21.12. O
Example 24.9 Let f € I'h(H). Then 0f is 3* monotone.

Proof. Using Example 20.46, we obtain domdf x randf = domdf x
dom df* C dom f x dom f* C dom Fyy. O

Example 24.10 Let C' be a nonempty closed convex subset of H. Then N¢
is 3* monotone.

Proof. Apply Example 24.9 to f = 1c and use Example 16.12. O

Example 24.11 Let A: H — 2" be maximally monotone and uniformly
monotone with a supercoercive modulus ¢. Then A is 3* monotone.

Proof. Fix (z,u) € graA and w € H, and set v = |lu — w| and
P Ry — [—oo,+o0[:t — ~t — ¢(t). Since limy o0 ¢(t)/t = +o0, we
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can find 7 € Ry such that ¢(t) < 0 = (0) whenever ¢t > 7. Thus,
Supser, Y(t) = supyepo - ¥(t) < 77 < +oo. Therefore, (20.32), (22.3), and
Cauchy—Schwarz yield

Fa(z,w) = (x|w)y= sup ((z—ylv—u)+{z—ylu—w))
(y,v)Egra A
< sup ¢([e—yl)
yedom A
< +oo. (24.16)

In other words, (z,w) € dom F4 and hence
(dom A) x H C dom Fu. (24.17)
Therefore, A is 3* monotone. O

Proposition 24.12 Let A € B(H) be monotone. Then the following are
equivalent for some € Ry, :

(i) A is 3* monotone.
(ii) A is B-cocoercive.
(iil) A* is B-cocoercive.
(iv) A* is 3* monotone.

Proof.
(i)=(ii): Set

fiH = ]—o00,+00]: .+ Fa(z,0). (24.18)
Then f € IH(H) by Proposition 20.47(i)&(ii). Since A is 3* monotone, we
see that H x {0} C dom A x ran A C dom F4. Hence dom f = H. By Corol-
lary 8.30(ii), 0 € cont f and thus there exist p € Ry and p € Ry, such that
(Vo € B(0;p)) f(z) = Fa(x,0) = sup,ey ((z | Ay) — (y | Ay)) < p. Now let
x € B(0;p) and y € H. Then

(VteR) 0 <p+(ty| Alty)) — (x| Alty))
=p+t*(y| Ay) —t(z | Ay). (24.19)

This implies that
(Vo € B(0;p))(Vy € H) (x| Ay)® <4u(y| Ay). (24.20)

Now let y € H ~ ker A and set © = (p/||Ay||)Ay € B(0;p). By (24.20), we
arrive at 4u (y | Ay) > (p/ | Ayl)?| Ay|l*, ie., (y | Ay) > [[Ayl?p?/(4p). The
last inequality is also true when y € ker A; hence we set 3 = p*/(4u), and
we deduce that, for every y € H, (y | BAy) > ||BAy|>. Therefore, since A is
linear, we deduce that A is S-cocoercive.

(i)« (iii): Clear from Corollary 4.3.

(i)=() & (iii)=(i): Fix = and y in H, and take z € H. Then
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(x| Az) + (2 | Ay) — (2 | Az)

((x] A2) = 5 (=] A2)) + (A2 | g) = 5 (= | A7)

(]l 142l — 381 A211%) + (114" 2] lyll — 3811 A*2]|2)

IN

IN

1
ﬁ(Hxll“r lyll%), (24.21)
where (24.21) was obtained by computing the maximum of the quadratic
functions ¢ — ||z||t — (1/2)Bt* and t — |[Jy||t — (1/2)Bt%. Tt follows from
(24.21) that

(Ve e H)(Vy € H) Fa(r, Ay) < |21 + llyll*).- (24.22)

1 (|
2
Hence H x ran A C dom Fy.

(iii)<(iv): Apply the already established equivalence (i)« (ii) to A*. O

Example 24.13 Let K be a real Hilbert space and let L € B(#H, ). Then
LL* is 3" monotone.

Proof. Combine Example 24.9, Example 2.48, and Proposition 17.26(i). Al-
ternatively, combine Corollary 18.17 and Proposition 24.12. o

Example 24.14 Let N be a strictly positive integer, and let R: HY —
HN: (z1,29,...,o8) = (TN, 21,...,2N-_1) be the cyclic right-shift operator
in H™. Then Id — R is 3* monotone.

Proof. By Proposition 4.2 and Proposition 24.12, —R is nonexpansive <
2((1/2)(Id — R)) —Id is nonexpansive < (1/2)(Id — R) is firmly nonexpansive
= Id — R is 3* monotone. O

Proposition 24.15 Let A: H — 2" be monotone and let v € Ry,. Then
the following hold:

(i) A is 3* monotone if and only if A~ is 3* monotone.
(ii) A is 3* monotone if and only if vA is 3* monotone.

Proof. (i): By Proposition 20.47(vi), A is 3* monotone < dom A x ran A C
dom Fy < ran A x dom A C dom F] < dom A~ xran A~ C dom Fu-1 &
A~1 is 3* monotone.

(ii): By Proposition 20.47(vii), A is 3* monotone < dom A x ran A C
dom Fy & dom A x yran A C (Id x yId)(dom F4) < dom(yA) x ran(yA) C
dom F, 4 < vA is 3" monotone. O

Example 24.16 Let A: H — 2% be monotone and let v € R, ;. Then J, 4
and 7A are 3* monotone.
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Proof. Since Id++ A is strongly monotone, Example 24.11 implies that Id+~vA
is 3* monotone. Therefore, by Proposition 24.15(i), Jy4 = (Id +~yA)~! is 3*
monotone. It follows from (23.14) that Id — J, 4 = J(y.4)-1 is 3" monotone. In
view of Proposition 24.15(ii), "A = y~1(Id — J,4) is also 3* monotone. O

Proposition 24.17 Let A and B be monotone operators from H to 2. Then
(Ve e H)(Vu € H) Fayp(z,u) < (Fa(z, )OFp(z,-))(u).

Proof. Fix (z,u) € H x H and suppose that (u1,us) € H x H satisfies u =
u1 +ug. Take (y,v1) € gra A and (y,ve) € graB. Then (x| v1 +ve)+{y | u) —
(9 |0+ 020 = (@ | 00) +(y | an) — {y | 00)) + (G | v2) -+ | wa) — (y | 02)) <
Fa(x,u1) + Fp(x,us) and hence Faip(x,u) < Fa(x,u1) + Fp(z,uz). In
turn, this implies that Fayp(z,u) < infy, uy—u Fa(z,ur) + Fp(z,ug) =
(Fa(2,) 0 Fp (2, ) ). 0

Proposition 24.18 Let A and B be monotone operators from H to 2™ such
that (dom ANdom B) x H C dom Fp. Then A+ B is 3* monotone.

Proof. Let (z,v) € dom(A + B) x H = (dom A Ndom B) x H and take
u € Az. By Proposition 20.47(i), Fa(z,u) = (z | u) < 400. Thus, by Propo-
sition 24.17, Fayp(x,v) < (Fa(x,-)OFp(z,-))(v) < Fa(x,u)+Fp(x,v—u) <
+o0. Hence dom(A+ B) xran(A+ B) = (dom ANdom B) x H C dom Fa g,
and therefore A + B is 3* monotone. a

24.3 The Brézis—Haraux Theorem

Theorem 24.19 (Simons) Let A and B be monotone operators from H to
2" such that A + B is mazimally monotone. Suppose that

(Vu € ran A)(Vv € ran B)(3z € H)
(z,u) € dom Fy and (z,v) € dom Fp. (24.23)
Then tan (A + B) = ran A + ran B and intran(A + B) = int(ran A + ran B).

Proof. We set Qo: H X H — H: (z,w) — w. Fix u € ran A and v € ran B,
and let © € H be such that (z,u) € dom F)4 and (x,v) € dom Fp. Proposi-
tion 24.17 implies that

Faip(z,u+v) < Fa(x,u) + Fp(x,v) < 400, (24.24)

and thus that u+v € Qa(dom Fa4 ). Hence ran A+ran B C Qa(dom Fay )
and therefore

ran A + ran B C Q2(dom Fayp) and
int(ran A + ran B) C int Qz(dom Fayp). (24.25)
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Since A 4+ B is maximally monotone, Corollary 21.12 yields

Q2(dom Fayp) =Tan (A + B) and
int Q2(dom Fuyp) = intran(A + B). (24.26)

Altogether,

ran A +ran B Ctan (A + B) and
int(ran A +ran B) C intran(4 + B). (24.27)

The results follow since the reverse inclusions in (24.27) always hold. O

Theorem 24.20 (Brézis—Haraux) Let A and B be monotone operators
from H to 27 such that A+B is mazimally monotone and one of the following
conditions is satisfied:

(i) A and B are 3* monotone.
(ii) dom A C dom B and B is 3* monotone.

Then Tan (A + B) =ran A + ran B and intran(A + B) = int(ran A +ran B).

Proof. Let u € ran A and v € ran B. In view of Theorem 24.19, it suffices to
show that there exists x € H such that (x,u) € dom F4 and (z,v) € dom Fp.
(i): For every € dom A Ndom B, (z,u) € dom A X ran A C dom F4 and
(z,v) € dom B x ran B C dom Fs.
(ii): Since u € ran A, there exists * € dom A such that (z,u) € gra A.
Proposition 20.47(i) yields (z,u) € dom Fy4. Furthermore, since € dom A
and dom A C dom B, we have (z,v) € dom B X ran B C dom Fg. O

Example 24.21 It follows from Example 24.10 that, in Example 24.1, N¢
and Np are 3* monotone. However, Tan (Nc + Np) = R x {0} # R? =
ran N¢o + ran Np. The assumption that A + B be maximally monotone in
Theorem 24.20 is therefore critical.

Corollary 24.22 Let A and B be monotone operators from H to 2™ such
that A + B is maximally monotone, A or B is surjective, and one of the
following conditions is satisfied:

(i) A and B are 3* monotone.
(ii) dom A C dom B and B is 3* monotone.

Then A+ B is surjective.

Corollary 24.23 Let A and B be mazimally monotone operators from H to
2" such that A + B is mazximally monotone and B is uniformly monotone
with a supercoercive modulus ¢. Suppose, in addition, that A is 3* monotone
or that dom A C dom B. Then the following hold:

(i) ran(A+ B) = H.
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(ii) zer(A + B) is a singleton.

Proof. (1): Proposition 22.8(i) and Example 24.11 imply that B is surjective
and 3* monotone. We then deduce from Corollary 24.22 that ran(A+B) = H.

(ii): Since A is monotone and B is strictly monotone, A + B is strictly
monotone. Hence, the inclusion 0 € Ax + Bx has at most one solution by
Proposition 23.35. Existence follows from (i). O

24.4 Parallel Sum

Definition 24.24 Let A and B be operators from # to 2%. The parallel sum
of A and B is L
AOB=(A""+B7") . (24.28)

Some elementary properties are collected in the next result.

Proposition 24.25 Let A and B be monotone operators from H to 2. Then
the following hold:

(i) (ADB)z = Uyen (Ayn B(z —y)).
(ii)u e (AOB)z < (3yeH)ye A u and z —y € Bt
(iii) dom(ADB) = ran(A~! 4+ B~1).
(iv) ran(AOB) = ran A Nran B.
(v) Suppose that A and B are monotone. Then AQB is monotone.

Proposition 24.26 Let A: H — 2" be at most single-valued and let
B:H — H be linear. Then

AOB = A(A+ B)"'B. (24.29)
Proof. Let (z,u) € H x H. Proposition 24.25(ii) yields

yeA'u and 2 —y e B lu

(x,u) € gra(AOB) )

dyeH) w=Ay= Bx— By
)
)

u= Ay and (A+ B)y = Bz
u=Ay and y € (A+ B) 'Bx
z,u) € gra(A(A+ B)"'B). (24.30)

Hence (24.29) holds. O

Proposition 24.27 Let f € I[h(H), let g € Tv(H), and suppose that 0 €
sri(dom f* — dom g*). Then

(0f)B(09) = o(fDg). (24.31)
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Proof. Using (24.28), Corollary 16.24, Corollary 16.38(i), Proposition 15.1,
and Proposition 15.7(i), we obtain (0f)0(dg) = ((0f)~" + (9g)~ 1)~ =
@f +0g") ' = (0(f +g") " =0(f* +g") =0(f0g)"=0(fmg). O

Proposition 24.28 Let A and B be monotone operators from H to 27 such
that A + B is mazimally monotone. Then

JaOJpg = J(1/2)(A+B) o %Id (2432)

Proof. Take (x,u) € gra(Ja OJp). By Proposition 24.25(1), there exists y € H
such that u € Jay and u € Jp(x —y). Since J4 and Jp are single-valued, we
have u = Jay = Jp(x — y). By Proposition 23.2(ii), (u,y — u) € gra A and
(u,z—y—u) € graB. Now let (z,w) € gra(A+ B). Then there exist wy € Az
and wp € Bz such that w = wa +wp. By monotonicity of A and B, we have
(u—z|y—u—wy) >0and (u—z|x—y—u—wg) > 0. Adding the last
two inequalities yields (u — z |  — 2u — w) > 0. Since A + B is maximally
monotone, we deduce that (u,z — 2u) = (u,2(x/2 —u)) € gra(A + B). In
turn, by Proposition 23.2(ii), u = J(1/2)(a+B)(2/2)- O

Corollary 24.29 Let A and B be monotone operators from H to 2™ such
that A+ B is mazimally monotone. Then Jarp = (JoaOJ2p) o 21d.

Corollary 24.30 Let f and g be functions in I'o(H) such that dom f N
domg # @ and Of +0g = O(f + g). Then

Prox i, = (Proxes O Proxa,) o 21d. (24.33)

Corollary 24.31 Let C and D be closed convex subsets of H such that C'N
D # @ and No + Np = Neqp. Then

Penp = (PcOPp) o 21d. (24.34)

Proposition 24.32 Let C and D be closed linear subspaces of H such that
C + D s closed. Then the following hold:

(i) Penp = 2P0(PC + PD)_1PD.
(ii) Suppose that ran(Pc + Pp) is closed. Then Ponp = 2Pc(Pc+ Pp) Pp.

Proof. Since C' + D is closed, it follows from Corollary 15.35 that C+ + D+ =
C+ + D+ = (CnND)*. Hence, No + Np = Nonp.

(i): Using Corollary 24.31, the linearity of Ponp, and Proposition 24.26,
we see that Poqp = Q(PcDPD) = QPD(PC + PD)71PD.

(ii): Since, by Corollary 3.22 and Corollary 20.25 the projectors Po and
Pp are continuous, maximally monotone, and self-adjoint, so is their sum
Pe + Pp. Furthermore, by Proposition 4.8 and Proposition 24.12, Po and
Pp are 3" monotone. Theorem 24.20 therefore yields

ran(Pc+ Pp) =Tan (Pc + Pp) =ran Pc +ran Pp =C + D =C + D.
(24.35)
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In turn, Exercise 3.13 implies that

(PC =+ PD)T = Pran(PchPD)* © (PC + PD)_l © Pran(PchPD)
= Poip(Pc+ Pp) ' Posip. (24.36)
On the other hand, by Exercise 4.9, we have PoPo+p = Pc and PoypPp =
Pp. Altogether,
Po(Pe + Pp)'Pp = Po(Poyp(Po + Pp) ' Poyp) Pp
= (PcPoyp)(Po+ Pp) ' (PcypPp)
= Pc(Pc + Pp) ' Pp. (24.37)

In view of (i), the proof is therefore complete. O

Corollary 24.33 (Anderson—Duffin)  Suppose that H has finite dimen-
sion, and let C' and D be linear subspaces of H. Then

Pcnp = 2Pc(Pc + Pp)tPp. (24.38)

Exercises

Exercise 24.1 Show that Theorem 24.5 fails if cone(ranL — dom A) #
span (ran L — dom A).

Exercise 24.2 Is the upper bound for F4, g provided in Proposition 24.17
sharp when A and B are operators in B(#) such that A* = —A and B* =
—B?

Exercise 24.3 Is the upper bound for F44p provided in Proposition 24.17
sharp when A and B are operators in B(H) such that A is self-adjoint and
monotone, and B* = —B?

Exercise 24.4 Is the upper bound for F4, p provided in Proposition 24.17
sharp when V is a closed linear subspace of H, A = Py, and B = Py,.7

Exercise 24.5 Is the upper bound for F4;p provided in Proposition 24.17
sharp when H =R, A = Pg, and B = Py, where K =R;?

Exercise 24.6 An operator A: H — 27 is angle bounded with constant
B e Ryy if, for all (z,u), (y,v), and (z,w) in H X H,

(z,u) € gra A,
(y,v) € gra A, = (yYy—zlw—u)y<pBx—yl|lu—0). (24.39)
(z,w) € graA

Let f € I't(#H). Show that 0f is angle bounded with constant 1.
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Exercise 24.7 Show that every angle bounded monotone operator is 3*
monotone.

Exercise 24.8 Provide an example of a maximally monotone operator that
is not 3* monotone.

Exercise 24.9 Provide an example of maximally monotone operators A and
B such that A + B is maximally monotone, ran(A + B) = {0}, and ran A =
ran B = H. Conclude that the assumptions (i) and (ii) of Theorem 24.20 are
critical.

Exercise 24.10 Let R be as in Example 24.14. Prove that
ker(Id — R) = {(z,...,2) e H" | z € H} (24.40)

and that

ran(Id— R) = (ker(lde))L = {(xl, ay) €HY

N
> mi= 0}. (24.41)
i=1

Exercise 24.11 Let A and B be monotone operators from A to 2% such
that dom(ADB) # &. Let (z,u1) and (z,u2) be in gra(AOB), and let y;
and yo be such that uy € Ay; N B(z — y1) and us € Ay, N B(x — y2). Show
that (y1 — ya2 | u1 — u2) = 0.

Exercise 24.12 Let A: H — 2" be maximally monotone, and let v € R, .
Show that A0 (y~!Id) = "A.

Exercise 24.13 Let A and B be maximally monotone operators from H to
27, Use Lemma 2.13(i) and Exercise 24.11 to show that, for every = € H,
(AOB)x is convex.

Exercise 24.14 Let A and B be strictly positive self-adjoint surjective op-
erators in B(H). Set ga: = — (1/2) (x | Az). Show that A + B is surjective
and observe that the surjectivity assumption in Exercise 12.12 is therefore
superfluous. Furthermore, use Exercise 12.12 to deduce that g4 05 = ¢4 Dgs.

Exercise 24.15 Let A € B(H) be positive and self-adjoint, and set g4 : « —
(1/2) (x| Ax). Show that g4 is convex and Fréchet differentiable, with Vga =
A and ¢ o A = ga. Moreover, prove that ran A C domg¢} C ran A.

Exercise 24.16 Let A € B(H) be positive and self-adjoint, and let B €
B(H) be such that B* = —B. Suppose that ran A is closed and set C = A+ B.
Show that C' is 3* monotone if and only if ran B C ran A.



Chapter 25
Zeros of Sums of Monotone Operators

Properties of the zeros of a single monotone operator were discussed in Sec-
tion 23.4. In this chapter, we first characterize the zeros of sums of monotone
operators and then present basic algorithms to construct such zeros itera-
tively. These are called splitting algorithms in the sense that they involve the
operators individually.

25.1 Characterizations

The solutions to problems in various areas of nonlinear analysis can be mod-
eled as the zeros of the sum of two monotone operators. These zeros can be
characterized as follows, where we use the notation (23.10).

Proposition 25.1 Let A: H — 2", let B: H — 2", and let v € R, .. Then
the following hold:

(i) zer(A+ B) = dom(A N (—B)).
(i) Suppose that A and B are monotone. Then
zer(A + B) = Jyp(Fix RyaRy5). (25.1)

(iii) Let C be a closed affine subspace of H, set V.= C —C, and suppose that
A= N¢. Then zer(A+ B) ={z € C | V* N Bz # &}.
(iv) Suppose that A is monotone and that B is at most single-valued. Then

zer(A+ B) = Fix Jy4 o (Id — vB). (25.2)

Proof. Let x € H.
(i): 0 € Az + Bx & (Ju € Bx) —u € Az & Az N (—DBzx) # @.
(ii): We have

0cAz+Bex < (yeH) x—yeyAxr and y—z € yBx
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< (FyeH) 2z—ye (Id+~A)zx and = = Jypy

& (JyeH) x=Jya(Rypy) and z = J,pYy

& (JyeH) y=22—R,py=Rya(Rypy) and z = J,py
< (Jy € FixRyaRyB) = = J,BY. (25.3)

(iii): Tt follows from Example 6.42 that 2 € zer(N¢ + B) < 0 € Nox + Bx
& (3u € Bz) —u € Nox & [r € C and (3u € Bx) ue V24|

(iv): We have 0 € Az + Bx & —Br € Ax & ¢ —yBx € o + yAxr &
z€(Id+~A4)"to(Id—+B))zr & x = (Jyao(Id — yB))x. 0

Proposition 25.2 Let A: H — 2™ be mazimally monotone, let B: H — H,
and let v € Ry . Then Fix Jy o (Id +y(B —1d)) = Fix J,-14 0 B.

Proof. For every x € H, we have x € FixJ,-14 0B & ~v(Br —z) € Ax
S B+ (1 —-YId)zx e (Id+ Az < x=Od+ A) B+ (1 —y)d)x <
x € Fix Ja(Id + (B — 1d)). O

The following asymptotic result complements Proposition 25.1(iii).

Proposition 25.3 Let V be a closed linear subspace of H, let B: H — 2" be
maximally monotone, let (T, un)nen be a sequence in gra B, and let (x,u) €
H x H. Suppose that

Ty — T, Up —u, Pyix, =0, and Pyu, — 0. (25.4)

Then the following hold:

(i) z € zer(Ny + B).
(ii) (w,u) € (V x VL) NgraB.
(iii) (xn | un) = (@ | u) =0.

Proof. (ii)&(iii): This follows from Proposition 20.50.
(i): Combine (ii) and Proposition 25.1(iii). O

In order to study the zeros of an arbitrary finite sum of maximally mono-
tone operators, we need a few technical facts.

Proposition 25.4 Let m be an integer such that m > 2, set I = {1,...,m},
and let (A;)icr be mazimally monotone operators from H to 2*. Furthermore,
set

H=Dc M,

D= {(z,....,0) e H | z € H},

j:H—>D:xw— (z,...,x), (25.5)
B = X A,.
iel

Then the following hold for every © = (x;)ic; € H.:
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() D" ={ueH | >, u =0}

. = ) D‘
(11) ND-’.U = {u € H | Z’LGI Uq 0}7 Zf T € ' ;
9, otherwise.

(iii) Ppx = 3((1/m) > ,c; xi)-
(iv) Pprx = (:L'l —(1/m) Zjel acj)iel,
(v) Jypx = (J’YAixi)iGI'
(vi) j(zer Y ,c; Ai) = zer (Np + B).
Proof. (i): This follows from (2.6).
(ii): Combine (i) and Example 6.42.
(iii): Set p = (1/m) > ,c; @i and p = j(p), and let y = j(y), where

y € H. Then p € D, y is an arbitrary point in D, and (x —p|y) =
Sier@i—ply) = (Cie;zi —mp|y) = 0. Hence, by Corollary 3.22(i),
p= Ppx.

(iv): Corollary 3.22(v).

(v): Proposition 23.16.

(vi): Let & € H. Then (ii) implies that

0e ZAVT = <E|(ui)ie[ S XA11‘> ZUZ =0

i€l icl i€l
& (3u € Bj(z)) —ue D =Np j(z)
< j(x) € zer(Np + B) C D, (25.6)

and we have obtained the announced identity. O

Corollary 25.5 Let m be an integer such that m > 2, set I = {1,...,m},
and let (A;)icr be mazimally monotone operators from H to 2*. For every
i €1, let (zin,Uin)nen be a sequence in graA; and let (x;,u;) € H X H.
Suppose that

. —\ .
Timn Ly

> im0 and (Viel) QMU (25.7)
icl MT;j p — ij,n — 0.
jeI

Then there exists x € zer ), A; such that the following hold:
zx=x1="=2&n.

(i) 2 i ui = 0.
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(iii) (Vi € I) (z,u;) € gra 4,.

(iv) Zie] (Tin | Win) = <x | Zie] “i> =0.

Proof. Define #, D, and B as in Proposition 25.4, set * = (z;);c; and
u = (u;);e1, and note that, by Proposition 23.16, B is maximally monotone.
Now set (Vn € N) @, = (zin)icr and w,, = (Ui p)icr- Then (z,, Un)nen
lies in gra B and we derive from (25.7), Proposition 25.4(iii), and Proposi-
tion 25.4(iv), that @, — @, u, —~u, Ppix, — 0, and Ppu, — 0. The asser-
tions therefore follow from Proposition 25.3 and Proposition 25.4(i)&(vi). O

25.2 Douglas—Rachford Splitting

We now turn our attention to the central problem of finding a zero of the
sum of two maximally monotone operators A and B, i.e.,

find z € H such that 0€ Az + Buz. (25.8)

When A + B is maximally monotone, one can approach this problem via
Theorem 23.41. Naturally, this approach is numerically viable only in those
cases in which it is easy to compute J,(a4p). A more widely applicable
alternative is to devise an operator splitting algorithm, in which the operators
A and B are employed in separate steps.

The following algorithm is referred to as the Douglas—Rachford algorithm
because, in a special linear case, it is akin to a method proposed by Douglas
and Rachford for solving certain matrix equations. Its main step consists in
alternating the reflected resolvents defined in (23.10).

Theorem 25.6 (Douglas—Rachford algorithm) Let A and B be maz-
imally monotone operators from H to 2™ such that zer(A + B) # @, let
(An)nen be a sequence in [0,2] such that ) \An(2 — A\p) = oo, let
vy €Ryy, and let xg € H. Set

Yn = JyBTn,
(Vn € N) Zn = Jya(2yn — p), (25.9)
Tpiyl = Ty + )\n(zn - yn)

Then there exists © € Fix RyaRyp such that the following hold:
(i) Jypz € zer(A+ B).

)
ii) (2n)nen converges weakly to x.

V) (Yn)nen converges weakly to Jypw.

V) (2Zn)nen converges weakly to Jypx.

(vi) Suppose that A = N¢, where C is a closed affine subspace of H. Then
(Pcxn)nen converges weakly to Jypw.
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(vii) Suppose that one of the following holds (see Remark 22.2):

(a) A is uniformly monotone on every nonempty bounded subset of
dom A.

(b) B is uniformly monotone on every nonempty bounded subset of
dom B.

Then (Yn)nen and (zp)nen converge strongly to the unique point in
zer(A + B).

Proof. Set T' = RyaR,p. Since R,4 and R,p are nonexpansive by Corol-
lary 23.10(ii), T is nonexpansive. Moreover, since Proposition 25.1(ii) states
that J,p(FixT) = zer(A + B), which is nonempty, we have FixT # &. We
also note that, using Proposition 4.21(i), we can rewrite (25.9) as

An
(VneN) @y = + o (Txy — 3,), where p, = 5 (25.10)
It will be convenient to set
(VneN) v, =2, —yn and wy, =2y, — Ty — 2p (25.11)

and to observe that (25.9) yields

(Znawn) € gravA,
(Vn € N) (Yn, vn) € grayB, (25.12)

Up + Wp = Yn — Zn.

(i): Proposition 25.1(ii).

(ii): This follows from (25.10) and Theorem 5.14(ii).

(iii): This follows from (25.10) and Theorem 5.14(iii).

(iv): By Corollary 23.10(i), (Vn € N) |lyn — voll = ||JyBxn — JyBxo|| <
|z — xo||. Hence, since (xy)nen is bounded by (iii), so is (yn)nen. Now let
y be a weak sequential cluster point of (y,)nen, say yg, — y. It follows from
(25.11), (i), and (iii) that

Yk, =Y, 2k, =Y, Uk, =T —y, and wg, —y— . (25.13)

In turn, (25.12), (ii), and Corollary 25.5 yield y € zer(yA+~B) = zer(A+ B),
(y,y —x) € grayA, and (y,z — y) € grayB. Hence,

y=Jypr and y & domA. (25.14)

Thus, J,pz is the unique weak sequential cluster point of (yn)nen and, ap-
pealing to Lemma 2.38, we conclude that y, — J,p.

(v): Combine (ii) and (iv).

(vi): On the one hand, (iii), Proposition 4.11(i), and Example 23.4 yield
Pcxy, — Pcx = Jyax. On the other hand, by Proposition 4.21(iii)&(iv),
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z € FixT & z € Fix(PcRyp +1d — J,5) & Pox = Jypxz. Altogether,
Pcxy — Jypx.

(vil): Set y = Jypx. As seen in (i) and (iii), y € zer(A + B) and z,, — z.
Since A or B is strictly monotone, so is A+ B. Hence Proposition 23.35 yields
zer(A+ B) = {y}. It follows from (25.11), (iii), (iv), and (v) that

Yn =Y, Zn—Y, Up =z —y, and w, >y —T. (25.15)
We therefore deduce from (25.12), (25.15), (ii), and Corollary 25.5 that
(y,y—x) € grayA and (y,x —y) € grayB. (25.16)

(vii)(a): Set C = {y} U {zn}nen. Since (v) and (25.12) imply that (z,,)nen
is a bounded sequence in dom A, and since y € dom A by (25.14), C' is a
bounded subset of dom A. Hence, it follows from (25.12), (25.16), and (22.5)
that there exists an increasing function ¢4 : Ry — [0, +0o0] that vanishes only
at 0 such that

(Vn e N) v¢a(llzn —yll) < (20 —y | wn —y+a). (25.17)
On the other hand, by (25.12), (25.16), and the monotonicity of vB,
(VneN) 0<(yn—yl|vn—z+y). (25.18)

Thus,

(VneN) voa(llzn —yll) < (2o —ylwn —y+2) + (Yn =yl vn —x+y)
(Zn = Yn |Wn —y+2) + (Yo —y | wn —y + )

+Yn—ylvn—z+y)

= (20 —Yn | Wn =Y +2) + (Yn — y | wn + V)

=(n —Yn | Wn =Y+ 2) + (Yo =y | Yn — 2n)

= (zn — Yn | Wn —yn + ). (25.19)

However, it follows from (ii) that z, — vy, — 0 and from (25.15) that w, —
Yn + 2 — 0. Thus, it follows from Lemma 2.41(iii) that ¢4 (||z, —y||) — 0 and
therefore z,, — y. In turn, y,, — y.

(vii)(b): We argue as in (vii)(a), except that the roles of A and B are
interchanged. Thus, (25.19) becomes

(vneN) é5(llyn —yl) < Yn—ylvn —x+y) + (20 —y | wn —y+2)
=Wn—2n|vn—2+y) +{zn—y|vn—2+Yy)
+<zn_y|wn_y+x>
=Yn—2n|n—2+y)+ (zn—y| vn+ wy)
= (Yn = 2n | vn + 20 — ). (25.20)
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Consequently, since y,, —z,, — 0 and v,, + 2, —x—0, we get ¢5(||lyn—y||) — 0,
hence y,, — y and 2z, — y. O

By recasting the Douglas-Rachford algorithm (25.9) in a product space,
we obtain a parallel splitting algorithm for finding a zero of a finite sum of
maximally monotone operators.

Proposition 25.7 (parallel splitting algorithm) Let m be an integer
such that m > 2, set I = {1,...,m}, let (A;)ier be maximally monotone
operators from H to 2% such that zer_._, A; # @, let (\n)nen be a sequence

iel
in [0,2] such that ) .y An(2 — A\p) = 400, let v € Ry, and let (v50)icr €
H™. Set
1
Pn = szi,'ru
icl
(VZ € I) Yin = AiTin,
(Vn €N) ) ! (25.21)
qn = EZ yi,n;
iel
_(Vl S I) Tin+l = Tin + An <2Qn — Pn — yi,n>~

Then (pn)nen converges weakly to a point in zer ) ;. A;

Proof. Define #, D, j, and B as in (25.5), and set A = Np. It fol-
lows from Example 20.41, Example 23.4, Proposition 23.16, and Proposi-
tion 25.4(iii)&(v) that A and B are maximally monotone, with

1
VeeH) Jyaxr=3j <E ;%) and J,px = (J'VA’ixi)iGI' (25.22)
Moreover, Proposition 25.4(vi) yields
<zerz A; ) =zer (A + B). (25.23)
iel

Now set (Vi € N) @y, = (zin)icr, Pn = 3(Pn), Yn = (Win)ier, and q,, = j(qn).
Then it follows from (25.22) that (25.21) can be rewritten as

P, = PDwna
= J’*/B:Bna

Yy
Vn € N " 25.24
( ) a. = Poy,, (25.24)
Tpt1 = Tp + An (Q(In — P, — yn)'
In turn, since J,a = Pp is linear, this is equivalent to
P, = J’yAwna
(Vn € N) Y, VBTn, (25.25)

Tp4+1 = Tp, + )\ ( ’yA(Qyn ) - yn)'
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Hence, we derive from Theorem 25.6(vi) and (25.23) that (p,,)nen converges

weakly to a point j(x), where x € zer ), A;. Thus, p, = i Yp,)—x O

25.3 Forward—-Backward Splitting

We focus on the case when B is single-valued in (25.8). The algorithm de-
scribed next is known as a forward-backward algorithm. It alternates an
explicit step using the operator B with an implicit resolvent step involving
the operator A, i.e., in the language of numerical analysis, a forward step
with a backward step.

Theorem 25.8 (forward—backward algorithm)  Let A: H — 27 be
mazimally monotone, let 5 € Ry, let B: H — H be [-cocoercive, let v €
10,28], and set 6 = min{1, 8/v}+1/2. Furthermore, let (A )nen be a sequence
in [0,0] such that ) An(0 — Ap) = +00, and let xo € H. Suppose that
zer(A + B) # @ and set

Yn = Tn — YBx,,
i N 25.2
( ne ) \‘wn-t,-l =Tn + )\n(J’yAyn - xn)~ ( 5 6)

Then the following hold:

(i) (xn)nen converges weakly to a point in zer(A + B).
(ii) Suppose that infpeny A, > 0 and let © € zer(A + B). Then (Bxn)nen
converges strongly to Bzx.
(iii) Suppose that inf,cy Ay, > 0 and that one of the following holds:

(a) A is uniformly monotone on every nonempty bounded subset of
dom A.
(b) B is uniformly monotone on every nonempty bounded subset of H.

Then (Zn)nen converges strongly to the unique point in zer(A + B).

Proof. Set T = Jya0(Id—vB) and o = 1/¢. On the one hand, Corollary 23.8
and Remark 4.24(iii) imply that Jya is 1/2-averaged. On the other hand,
Proposition 4.33 implies that Id — yB is v/(283)-averaged. Hence, Proposi-
tion 4.32 implies that T is a-averaged. Moreover, by Proposition 25.1(iv),
FixT = zer(A 4+ B). We also deduce from (25.26) that (2, )nen is generated
by (5.15).

(i): The claim follows from Proposition 5.15(iii).

(ii): Let o € zer(A + B) = FixT and set ¢ = inf,,ey A\,,. We derive from
the above and Proposition 4.25(iii) that, for every n € N,

||T.Z‘n — .TL'||2 == ||J7A(xn - ’YB-'I;n) - J"/A(x - ’YB‘/E)HZ
< [|(Id = yB)a, — (Id = yB)z|?
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< lln — ]2 = ¥(28 — 7)|[ B — Bz (25.27)
and, therefore, using Corollary 2.14 and the inequality § > 1, that

[2n1 —2)* = (1= X) (20 — @) + An (T — ) ||?
=1 =)|lzn - x”Z + Al Tn — zHQ
— (1 = M) Ty — 0)?
< [lzn — 2> = ¥(28 — v)An|| Bz, — Bz|?
= A (1= )Tz — zTnHQ
< [Jzn — 2> = 4(28 — v)el| Bz, — Bz|?
+6(6 — V)| Txn — x| (25.28)

Thus, using Proposition 5.15(i)&(ii) and Proposition 5.4(ii), we obtain
(28 = 7)el|Ban — Ba|? < (lzn — 2l® — lens1 —2|?)

+6(6 =D Txpn — .Tn||2
0, (25.29)

and the conclusion follows.
(iii): As seen in (i), there exists x € zer(A + B) such that z,, — z.
(iii)(a): Set (Vn € N) z, = Jyayn. Then

—yBzx € yAx and (Vn €N) x, —vBx,— 2y = Yn —2n € YAz,. (25.30)
On the other hand, we derive from Proposition 5.15(ii) that
Zn — Ty = T, — 2, — 0. (25.31)

Thus, z, — 2 and hence C' = {a} U {z, }nen is a bounded subset of dom A.
In turn, it follows from (22.5) and (25.30) that there exists an increasing
function ¢4: Ry — [0, 4+00] that vanishes only at 0 such that

(Vn€N)  (zn — | 2y — 2 — ¥(Ban — Bx)) > véa(||lzn —z]). (25.32)

However, z, — 2z — 0, and it follows from (25.31) and (ii) that x, — z, —
v(Bxy — Bx) — 0. We thus derive from (25.32) that ¢a(||z, — z||) — 0,
which forces z, — x. In view of (25.31), we conclude that z,, — x.

(iii)(b): Since z, — 1z, C = {z} U{xy }nen is a bounded subset of H. Hence,
it follows from (22.5) that there exists an increasing function ¢p: Ry —
[0, +00] that vanishes only at 0 such that

(VneN) (z, — x| Bz, — Bx) > v¢p(||z, — ). (25.33)

Thus, (ii) yields ¢5(||zn — z||) — 0 and therefore x,, — x. O
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We conclude this section with two instances of linear convergence of the
forward—backward algorithm.

Proposition 25.9 Let D be a nonempty closed subset of H, let A: H — 2%
be maximally monotone and such that dom A C D, let B: D — H, let « €
Ry, and let B € Ry . Suppose that one of the following holds:

(i) A is a-strongly monotone, B is B-cocoercive, and v € 0, 2/].
(il) o < B, B is a-strongly monotone and [3-Lipschitz continuous, and v €

]0, 20/ 32 [
Let xg € D and set

Yn = Tn — yBx,
Vn € N 25.34
( " ) \‘xn-&-l - J'yAyn- ( )

Then (x,)nen converges linearly to the unique point in zer(A + B).

Proof. Set T = J,4 o (Id — vB) and note that, by Proposition 25.1(iv),
FixT = zer(A + B). Since Proposition 23.2(i) asserts that ran.J,4 = dom A,
T is a well-defined operator from D to D, and (25.34) reduces to (Vn € N)
Tpt1 = Txy,. Since D, as a closed subset of H, is a complete metric space, in
view of Theorem 1.48, it is enough to show that in both cases T is Lipschitz
continuous with a constant in [0, 1[.

(i): Set 7 = 1/(ay+1). On the one hand, we derive from Proposition 23.11
that J,4 is Lipschitz continuous with constant 7. On the other hand, we
derive from Proposition 4.33 and Remark 4.24(i) that Id—~ B is nonexpansive.
Altogether, T is Lipschitz continuous with constant 7 € ]0, 1[.

(ii): Observe that v(2a —3?) €10,1] and set 7 = /1 — v(2a — v52). On
the one hand, we derive from Corollary 23.10(i) that J,4 is nonexpansive.
On the other hand, for every x and y in D, we have

|(Id = yB)z — (Id = vB)y||* = ||« — y||* = 2y (x — y | Bx — By)
+7%|Bx — Byl|®
<l =yl = 2vallz — y)|* + 8% |z — y|?
= (1=~(2a=78%)llz — yl*- (25.35)

Altogether, T is Lipschitz continuous with constant 7 € [0, 1[. O

25.4 Tseng’s Splitting Algorithm

In this section, we once again consider the case when B is single-valued in
(25.8), but relax the cocoercivity condition imposed by the forward—backward
algorithm in Theorem 25.8 at the expense of additional computations. More



25.4 Tseng’s Splitting Algorithm 373

precisely, the algorithm presented below involves at each iteration two forward
steps, a backward step, and a projection step.

Theorem 25.10 (Tseng’s algorithm) Let D be a nonempty subset of H,
let A: H — 2™ be mazimally monotone and such that dom A C D, and let
B:H — 2™ be a monotone operator that is single-valued on D. Suppose that
A + B is mazimally monotone, and that C is a closed convex subset of D
such that C Nzer(A+ B) # @ and B is 1/8-Lipschitz continuous relative to
C Udom A, for some § € Ry. Let xg € C, let v €0, 5[, and set

Yn = Ty — ’YB:L'na
Zn = JyAlYn,
(neN) |mZoam (25.36)
Tnt1 = PC(-Tn — Yn +Tn>
Then the following hold:

(i) (X — 2n)nen converges strongly to 0.
(i1) (n)nen and (zn)nen converge weakly to a point in C Nzer(A + B).
(iii) Suppose that A or B is uniformly monotone on every nonempty bounded
subset of dom A. Then (zp)nen and (zp)nen converge strongly to the
unique point in C Nzer(A+ B).

Proof. Suppose that, for somen € N, z,, € C'. Then x,, € D and y,, is therefore
well defined. In turn, we derive from Proposition 23.2(i) that z,, € ranJy4 =
dom A C D, which makes r,, well defined. Finally, x,+1 = Po(rn+on, —yn) €
C'. This shows by induction that the sequences (., )nen, (Un)neNs (2n)nen,
and (1, )nen are well defined. Let us set

(Vn €N) wu, =~ ' (z, — 2,) + Bzp — By, (25.37)
Note that (25.36) yields
(Vn €N) up =7 (yn — 2n) + Bzn € Az, + Bz,. (25.38)
Now let z € C' Nzer(A + B) and let n € N. We first note that
z2=Pcz and (z,—yBz) € grayA. (25.39)
On the other hand, by Proposition 23.2(ii) and (25.36), (2, yn—2n) € grayA.
Hence, by (25.39) and monotonicity of vA, (z, — 2 | 2, — yn —yBz) < 0.
However, by monotonicity of B, (z, — z | yBz — yBz,) < 0. Upon adding
these two inequalities, we obtain
(zn — 2 | 20 — Yn — YBzpn) < 0. (25.40)
In turn, we derive from (25.36) that

29y (zn — 2z | Bxyp, — Bzn) =2 {2, — 2 | 2n — Yn — vBzn)
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+2(2n — 2 | YBxp + Yn — 2n)
§2<Zn_2|'7an+yn_Zn>
:2<Zn—2|xn_zn>

= [lzn = 2l = [lz0 — 211> = |z — zal*  (25.41)
and, therefore, from Proposition 4.8 that

|41 — ZH2 = [|[Pc(rn +an — yn) — PCZ”2
<rn+2n — yn — Z||2
= [|(zn — 2) + v(Bzn — an)”Q
= ||zn — 2||* + 2y (20 — 2 | Bz, — B2,) +v*||Bzn, — Bz,||?
< lzn — Z||2 = [lzn - ZnH2 +’)’2||an - BZn”2

< wn — 21 = (1 = +2/8) |2n — 20> (25.42)
This shows that
(Zn )nen is Fejér monotone with respect to C' Nzer(A + B). (25.43)

(i): An immediate consequence of (25.42).
(ii): Tt follows from (i), the relative Lipschitz continuity of B, and (25.37)
that
Bz, — Bx, -0 and wu, — 0. (25.44)

Now let  be a weak sequential cluster point of (z,)nen, say xp, — x. Let
us show that @ € C'Nzer(A + B). Since (2, )nen lies in C,; which is weakly
sequentially closed by Theorem 3.32, we have x € C and it remains to show
that (z,0) € gra(A + B). It follows from (i) that z, — x, and from (25.44)
that uy, — 0. Altogether, (2, , uk, Jnen lies in gra(A + B) by (25.38), and it
satisfies

2k, o and ug, — 0. (25.45)

Since A+ B is maximally monotone, it follows from Proposition 20.33(ii) that
(x,0) € gra(A + B). In view of (25.43), Theorem 5.5, and (i), the assertions
are proved.

(iii): Since A+ B is strictly monotone, it follows from Proposition 23.35 that
zer(A+ B) is a singleton. As shown in (i), there exists x € C'Nzer(A+ B) C
dom A such that

Zn — T (25.46)

The assumptions imply that A+ B is uniformly monotone on {z}U{z, }nen C
dom A. Hence, since 0 € (A + B)z, it follows from (25.38) and (22.5) that
there exists an increasing function ¢: Ry — [0, +00] that vanishes only at 0
such that

(VneN) (2, — x| up) > 79(||lzn — a)). (25.47)
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We therefore deduce from (25.46) and (25.44) that ¢(||z, — z||) — 0, which
implies that z, — . In turn, (i) yields z,, — =. O

Remark 25.11 Here are a few observations concerning Theorem 25.10.

(i) Sufficient conditions for the maximal monotonicity of A + B are dis-
cussed in Theorem 24.3 and Corollary 24.4.

(ii) The set C' can be used to impose constraints on the zeros of A + B.

(iil) If dom A is closed, then it follows from Corollary 21.12 that it is convex
and we can therefore choose C' = dom A.

(iv) If dom B = H, we can choose C' = H. In this case, it follows that B
is continuous and single-valued on #H, hence maximally monotone by
Corollary 20.25. In turn, Corollary 24.4(i) implies that A + B is maxi-
mally monotone and (25.36) reduces to the forward-backward—forward
algorithm

Yn = Tn — YBxy,,
(\V’TL € N) Zn = JyAlYn, (2548)
Tntl = Tp — Yn + 2n — YB2y.

25.5 Variational Inequalities

Definition 25.12 Let f € I5(H) and let B: H — 2% be maximally mono-
tone. The associated variational inequality problem is to

find « € H such that (Ju € Bx)(Vy € H) (x —y | u)+ f(z) < f(y). (25.49)

Here are a few examples of variational inequalities (additional examples
will arise in the context of minimization problems in Section 26.1 and Sec-
tion 26.2).

Example 25.13 In Definition 25.12, let z € H and set B: x — x — z. Then
we obtain the variational inequality problem

find v € H such that (Vy e H) (z —y |z —2) + f(z) < f(y).  (25.50)
As seen in Proposition 12.26, the solution to this problem is Proxy z.

Example 25.14 In Definition 25.12, set f = 1, where C' is a nonempty
closed convex subset of H, and let B: H — H be maximally monotone. Then
we obtain the classical variational inequality problem

find z € C such that (Vy € C) (x —y | Bx) <0. (25.51)

In particular, if B: x — x — z, where z € H, we recover the variational
inequality that characterizes the projection of z onto C' (see Theorem 3.14).
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Example 25.15 (complementarity problem) In Example 25.14, set
C = K, where K is a nonempty closed convex cone in H. Then we obtain
the complementarity problem

find x € K such that = | Br and Br € K®. (25.52)

Proof. 1f x € K, then {x/2,2r} C K and the condition sup, ¢ s (z —y | Bz) <
0 implies that (x — 2/2 | Bx) < 0 and (z — 2z | Bz) <0, hence (x | Bx) = 0.
It therefore reduces to sup,c (—y | Bz) < 0, i.e., by Definition 6.21, to
Bz € K9. ad

Remark 25.16 In view of (16.1), the variational inequality problem (25.49)
can be recast as that of finding a point in zer(A + B), where A = 0f is
maximally monotone by Theorem 20.40.

It follows from Remark 25.16 that we can apply the splitting algorithms
considered earlier in this chapter to solve variational inequalities. We start
with an application of the Douglas—Rachford algorithm.

Proposition 25.17 (Douglas—Rachford algorithm) Let f € I'h(H), let
B:H — 2" be mazimally monotone, and suppose that the variational in-
equality

findx € H such that (3u € Bx)(Vy € H) (x —y | uw) + f(z) < f(y) (25.53)

admits at least one solution. Let (Ay)nen be a sequence in [0,2] such that
Y onenAn(2—=A) =400, let y € Ry, and let 2o € H. Set
Yn = JyBIn,
(Vn € N) 2n = Proxy ¢ (2yn — an), (25.54)
Tptl1 = Ty + )\n(zn - yn)~

Then there exists x € H such that the following hold:

(i) Jypx is a solution to (25.53).

(ii) (zn)nen converges weakly to x.

(ili) (yn)nen and (2n)nen converge weakly to J,px.
)

(iv) Suppose that one of the following holds:

(a) f is uniformly convex on every nonempty bounded subset of dom df.
(b) B is uniformly monotone on every nonempty bounded subset of
dom B.

Then (Yn)nen and (zn)nen converge strongly to the unique solution to

(25.53).

Proof. Apply items (i), (iii), (iv), (v), and (vii) of Theorem 25.6 to A = 9f,
and use Example 23.3 and Example 22.4. o
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Next, we consider the case when B is single-valued, with an application of
the forward-backward algorithm (linear convergence results can be derived
from Proposition 25.9 in a similar fashion).

Proposition 25.18 (forward—backward algorithm)  Let f € [H(H),
let B € Ryy, let B: H — H be [-cocoercive, let v € 10,28], and set § =
min{1, 8/} + 1/2. Suppose that the variational inequality

findx € H such that (Vy € H) (x —y | Bx) + f(z) < f(y) (25.55)

admits at least one solution. Furthermore, let (Ay)nen be a sequence in [0, 0]
such that Y, oy A (0 — Ap) = 400, let xg € H, and set

Yn = Ty — '7an7
Vn € N 25.56

(¥n ) {xnﬂ =2 + Ao (Proxy s yn — ). ( )
Then the following hold:

(i) (zp)nen converges weakly to a solution to (25.55).
(i) Suppose that infpen Ay, > 0 and let x be a solution to (25.55). Then
(Bxy)nen converges strongly to Bzx.
(iii) Suppose that inf,ey Ay, > 0 and that one of the following holds:

(a) f is uniformly convex on every nonempty bounded subset of dlom Jf.
(b) B is uniformly monotone on every nonempty bounded subset of H.

Then (2n)nen converges strongly to the unique point in zer(A + B).

Proof. This is an application of Theorem 25.8 to A = df, Example 23.3, and
Example 22.4. O

Example 25.19 Let C' be a nonempty closed convex subset of H, let
B € Ry, and let B: H — H be [-cocoercive. Suppose that the variational
inequality

find x € C such that (Vy € C) (x —y | Bz) <0 (25.57)
admits at least one solution. Let zg € H and set
(Vvn €N) zn41 = Po(zn, — fBxy). (25.58)

Then (z,)nen converges weakly to a solution x to (25.57) and, moreover,
(Bxp)nen converges strongly to Bx.

Proof. Apply Proposition 25.18 to f = ¢, v = B, and A\, = 1, and use
Example 12.25. o

In instances in which B is not cocoercive on H, one can turn to Tseng’s
splitting algorithm of Section 25.4. Here is an illustration.
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Example 25.20 Let C' be a nonempty closed convex subset of H, let g €
R, ., and let B: H — 27 be a maximally monotone operator that is single-
valued and (-Lipschitz continuous relative to C'. Suppose that

cone(C' — dom B) = span (C — dom B), (25.59)
and that the variational inequality
find x € C such that (Vy e C) (x—y|Bz) <0 (25.60)
admits at least one solution. Let zp € C, let v € ]0,1/5], and set

Yn = Tn — YBay,
2n = Poyn,

(Vn € N) ro = 2 — B, (25.61)
Tn+1 = PC(wn — YUn +Tn)

Then the following hold:

(i) (zn, — 2n)nen converges strongly to 0.
(ii) (xn)nen and (zp)nen converge weakly to a solution to (25.60).
(iil) Suppose that B is uniformly monotone on every nonempty bounded
subset of C. Then (2, )nen and (zy,)nen converge strongly to the unique
solution to (25.60).

Proof. 1t follows from Example 20.41, (25.59), and Theorem 24.3 that the
operator No + B is maximally monotone. Hence, the results follow from
Theorem 25.10 applied to D = C and A = N¢, and by invoking Exam-
ple 20.41 and Example 23.4. a

Exercises

Exercise 25.1 Let C' and D be nonempty closed convex subsets of H. Show
that C N D = Pp(Fix(2Pc — Id) o (2Pp — 1d)).

Exercise 25.2 Let A and B be maximally monotone operators from H to
27, Use Exercise 24.13 to show that zer(A + B) is convex.

Exercise 25.3 Let A and B be operators from H to 2.

(i) Show that zer(A + B) # @ < zer(A~t — (B™H)V) # @.
(ii) Let f and g be functions in IH(#H) such that 0 € sri(dom f — domg),
and set A =9f and B = dg. Do we recover Proposition 15.13 from (i)?

Exercise 25.4 In the setting of Theorem 25.6, suppose that H is finite-
dimensional. Show that (y,)nen converges to a point in zer(A + B) without
using items (iv) and (v).
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Exercise 25.5 In the setting of Theorem 25.6, suppose that B is affine and
continuous. Show that (y,)nen converges weakly to a point in zer(A + B)
without using items (iv) and (v).

Exercise 25.6 Let A and B be maximally monotone operators from # to
2™ let v € R4, and suppose that the problem

find z € H suchthat 0e€ Az + “Bzx (25.62)

has at least one solution. Devise an algorithm using the resolvent of A and
B separately to solve (25.62), and establish rigorously a convergence result.

Exercise 25.7 Deduce the strong and weak convergence results of Exam-
ple 23.40 from Theorem 25.6.

Exercise 25.8 In Theorem 25.6 make the additional assumption that the
operators A and B are odd and that (Vn € N) A, = 1. Prove the following:

(i) Jya and J,p are odd.
(ii) The convergence of the sequences (2, )nen, (Yn )nen, and (2, )nen defined
in (25.9) is strong.

Exercise 25.9 Deduce the convergence results of Example 23.40 from The-
orem 25.8 and Proposition 25.9.

Exercise 25.10 In Theorem 25.8(i), make the additional assumption that
intzer(A + B) # @. Show that the sequence produced by the forward—
backward algorithm (25.26) converges strongly to a zero of A + B.

Exercise 25.11 In the setting of Proposition 25.9(ii), show that B is coco-
ercive.






Chapter 26
Fermat’s Rule in Convex Optimization

Fermat’s rule (Theorem 16.2) provides a simple characterization of the min-
imizers of a function as the zeros of its subdifferential. This chapter explores
various consequences of this fact.

Throughout, K is a real Hilbert space.

26.1 General Characterizations of Minimizers

Let us first provide characterizations of the minimizers of a function in Iy (H).
Proposition 26.1 Let f € I'y(H). Then
Argmin f = zer 0f = 0f*(0) = Fix Prox; = zer Prox« . (26.1)

Proof. Let x € H. Then x € Argmin f < 0 € 9f(z) (by Theorem 16.2) <
x—0=2x € df*(0) (by Corollary 16.24) < Proxs-x = 0 (by (16.30)) <
Proxy;z =z (by (14.6)). O

The next theorem is an application of Fermat’s rule to the minimization
of the sum of two convex functions satisfying a constraint qualification.

Theorem 26.2 Let f € Ih(H), let g € IH(K), let L € B(H,K), and let
T € H. Suppose that one of the following holds:

(a) 0 € sri(dom g — L(dom f)) (see Proposition 6.19 for special cases).

(b) K is finite-dimensional, g is polyhedral, and dom g Nri L(dom f) # &.

(¢) H and K are finite-dimensional, f and g are polyhedral, and dom g N
L(dom f) # 2.

Then the following are equivalent:

(i) Z is a solution to the problem

H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory 381
in Hilbert Spaces, CMS Books in Mathematics, DOI 10.1007/978-1-4419-9467-7 26,
© Springer Science+Business Media, LLC 2011
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migier%ize f(z) 4+ g(Lx). (26.2)

(ii) T € zer(0f + L* o (0g) o L).
(ii) (v € dg(Lx)) —L*v € Of ().
(iv) (v € 9g(Lx))(Vy € H) (z —y | L) + f(T) < f(y).

Moreover, if g is Gateauz differentiable at LT, each of items (i)—(iv) is also
equivalent to each of the following:

(v) =L*(Vg(LT)) € 9f (7).
(vi) (Vy € H) (Z —y | L*(Vg(LT))) + f(7) < f(y)-
(vil) (Vy € Ry4) T = Prox,¢(z — vL*(Vg(LZ)).

Proof. (i)<(ii): It follows from Proposition 26.1 and Theorem 16.37 that
Argmin(f +go L) =zerd(f + go L) = zer(df + L* o (9g) o L).

(i) (iii): & € zer(df + L* o (dg) o L) & 0 € df(z) + L*(9g(Lz)) <
(3v € dg(LT)) —L*v € Of ().

(iii) < (iv): Definition 16.1.

Now assume that g is Gateaux differentiable at Lz.

(ili)«<(v): Proposition 17.26(1).

(iv)<(vi): Proposition 17.26(i).

(v)<(vii): Let v € Ryy. Then (16.30) yields —L*(Vg(Lz)) € 0f(Z) <
(Z —yL*(Vy(LZ))) —z € 0(vf)(Z) & T = Prox,;(Z —vL*(Vg(L))). O

Corollary 26.3 Let f and g be functions in Iy(H), let T € H, and let v €
R, . Suppose that one of the following holds:

(a) 0 € sri(dom g — dom f) (see Proposition 6.19 for special cases).
(b) H is finite-dimensional, g is polyhedral, and dom g Nridom f # &.
(¢c) H is finite-dimensional, f and g are polyhedral, and dom fNdom g # &.

Then the following are equivalent:

(i) Z is a solution to the problem

migé%ize f(z) + g(x). (26.3)

(i) Z € zer(0f + Jg).

(ili) € Prox,4(Fix(2 Prox, s —Id) o (2 Prox,, —1d)).
(iv) Bu € 09(z)) —u € 9f(z).

(v) Bu e dg(@)(vy e H) (z —y|u)+ f(2) < fy).

Moreover, if g is Gateauz differentiable at T, each of items (i)—(v) is also
equivalent to each of the following:

(vi) —=Vg(z) € 9f(2).
(vii) (Vy € H) (z —y | Vg(2)) + f(z) < f(y).
(viil) Z = Prox,¢(T — vVg(Z)).
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Proof. Applying Theorem 26.2 to K = H and L = Id yields all the results,
except the equivalences involving (iii). The equivalence (ii)< (iii) follows from
Theorem 20.40, Proposition 25.1(ii), and Example 23.3. O

Remark 26.4 Condition (v) in Corollary 26.3 is an instance of the varia-
tional inequality featured in Definition 25.12.

26.2 Abstract Constrained Minimization Problems

The problem under consideration in this section is the characterization of the
minimizers of a function f € IH(H) over a closed convex set.

Proposition 26.5 Let C be a closed convex subset of H, let f € T'h(H), let
T € H, and let v € Ry4. Suppose that one of the following holds:

(a) 0 € sri(C — dom f) (see Proposition 6.19 for special cases).

(b) H is finite-dimensional, C is polyhedral, and C Nri(dom f) # &.

(¢) H is finite-dimensional, C is a polyhedral set, f is a polyhedral function,
and C Ndom f # @.

Then the following are equivalent:

(i) T is a solution to the problem

minimize f(z). (26.4)
(ii) T € zer(N¢ + Of).
(iii) 7 € Prox, ;(Fix(2Pc — Id) o (2 Prox, ; —Id)).
(iv) (3u € Neoz) —u € 9f (7).
(v) Qu e df(z)) —u € Nei.
(vi)z € C and Buedf(z)(YyeC) {(z—y|u) <O0.

Moreover, if f is Gdteauz differentiable at T, each of items (i)—(vi) is also
equivalent to each of the following:

(vi) =V f(z) € N¢z.

(vii) ze Cand (Vye C) (z—y | Vf(Z)) <O0.

(vill) Z = Po(Z — vV f(Z)).
Proof. Apply Corollary 26.3 to the functions ¢ and f, and use Example 16.12
and Example 12.25. O

Remark 26.6 Condition (vii) in Proposition 26.5 is an instance of the vari-
ational inequality considered in Example 25.14.
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~<
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Fig. 26.1 Illustration of the equivalence (i)<>(vii) in Proposition 26.5 when H = R2:
Z € C' is a minimizer of f over C if and only if, for every y € C, (y —Z | Vf(Z)) > 0, i.e.,
the vectors y — Z and V f(Z) form an acute angle. Each dashed line represents a level line

lev—g¢ f.

Example 26.7 Let C' be a nonempty closed convex subset of H, let x € H,
let p € H, and set f = (1/2)|-—x||?>. Then Example 2.48 yields Vf: y — y—2
and we deduce from Proposition 26.5 that p = Pox < x —p € Nop. We thus
recover Proposition 6.46.

The following two results have found many uses in the study of partial
differential equations.

Example 26.8 (Stampacchia) Let F': H xH — R be a bilinear form such
that, for some a and g in R4 4,

(Vo e H)(Vy € H) |F(z,y)| < Blallllyll and F(z,2) > allz]? (26.5)

let C' be a nonempty closed convex subset of H, and let £ € B(H,R). Then
the following hold:

(i) There exists a unique point & € H such that

zeC and (VyeC) F(z,y—1z)>{ly—z). (26.6)



26.2 Abstract Constrained Minimization Problems 385

(ii) Suppose that F' is symmetric, let £ € H, and set f: H — R: z
1/2)F(x,x) — £(z). Then the following are equivalent:

(
(a) Z solves (26.6).
(b) Argmine f = {z}.
Proof. (i): By Fact 2.17, there exists v € H such that ¢ = (- | u). Similarly,
for every x € H, F(x,-) € B(H,R) and, therefore, there exists a vector in H,
which we denote by Lz, such that F(x,:) = (- | Lx). We derive from (26.5)
and Example 20.29 that L is a strongly monotone, maximally monotone oper-
ator in B(H), and hence that B: x — Lz — u is likewise. Furthermore, (6.31)
implies that the set of solutions to (26.6) is zer(N¢+ B), while Example 20.41
and Corollary 24.4(i) imply that No+ B is maximally monotone. Thus, since
N¢ + B is strongly monotone, the claim follows from Corollary 23.37(ii).
(ii): It is clear that f € I'o(H) and that dom f = H. Moreover, by Ex-
ample 2.47, Df(x) = F(x,-) — ¢. Hence, the result follows from (i) and the
equivalence (i)« (vii) in Proposition 26.5. O

Example 26.9 (Lax—Milgram) Let F': H x H — R be a bilinear form
such that, for some v and 8 in R4,

(Vo e H)(Vy € H) |F(z,y)l < Bllallllyll and F(z,2) > allz]? (26.7)

and let ¢ € B(H,R). Then the following hold:

(i) There exists a unique point z € H such that
(Vy e M) F(z,y) =Ly) (26.8)

(ii) Suppose that F' is symmetric, let £ € H, and set f: H — R: z —
1/2)F(x,x) — ¢(x). Then the following are equivalent:

(
(a) Z solves (26.8).

(b) Argmin f = {z}.

Proof. Set C'="H in Example 26.8. O

Proposition 26.10 Let f € I'o(H) be such that int dom f # &, and let C be
a nonempty conver subset of intdom f. Suppose that [ is Gateaux differen-
tiable on C, and that © and y belong to Argming f. Then V f(x) = V f(y).

Proof. By the implication (i)=(vii) in Proposition 26.5, (z —y | Vf(z)) <0
and (y —x | Vf(y)) <0.Hence, (x —y | Vf(z) — Vf(y)) <0 and, by Propo-
sition 17.10(iii), (z —y | Vf(x) — Vf(y)) = 0. In turn, by Example 22.3(i)
and Proposition 17.26(i), f is paramonotone. Thus, V f(x) = V f(y). O
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26.3 Affine Constraints

We first revisit the setting of Proposition 19.19 in the light of Theorem 26.2.

Proposition 26.11 Let f € Ih(H), let L € B(H,K), let & € H, and suppose
that

r € sri L(dom f). (26.9)

Consider the problem
inimi . 26.10
mlllafllerlelZG f(z) ( )

Then T is a solution to (26.10) if and only if
Lz=r and (3v€K) —L*ve€df(z), (26.11)

in which case v is a Lagrange multiplier associated with T, and T solves the
problem
mini%ize flx)+ (x| L*D). (26.12)
xTE

Moreover, if f is Gateaux differentiable at T, (26.11) becomes
Lz=r and (3ve€Kk) Vf(z)=-L"0. (26.13)

Proof. Set g = t,3. Then Problem (26.10) is a special case of (26.2). More-
over, (26.9) implies that condition (a) in Theorem 26.2 is satisfied. Hence,
the characterization (26.11) follows from the equivalence (i)<>(iii) in The-
orem 26.2, from which we deduce the characterization (26.13) via Proposi-
tion 17.26(i). Finally, it follows from Proposition 19.19(v), Theorem 15.23,
and Remark 19.20 that v is a Lagrange multiplier associated with z, and that
T solves (26.12). O

In the next corollary, we revisit the setting of Corollary 19.21 using the
tools of Proposition 26.11.

Corollary 26.12 Let f € Ih(H), let m be a strictly positive integer, set
I=A{1,...,m}, let (u;)ic;r € H™, and suppose that

(pi)ier € 1i{((z | ui))ier ’ z € dom f}. (26.14)
Consider the problem

minimize f(x), (26.15)

zeH
(zlur)=p1,....(z|um)=pm

and let T € H. Then T is a solution to (26.15) if and only if

Viel) (z|u)=pi and (3(7)ict €ER™) =) vu; € 0f (), (26.16)
i€l
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in which case (7;)ier are Lagrange multipliers associated with T, and T solves
the problem

migigl{ize flz)+ ; Ui (x| u;) . (26.17)

Moreover, if [ is Gadteaux differentiable at T, (26.16) becomes

(V’L S I) <.f | u1> = pi and (3 (Di)iel S Rm) Vf(.f) = — ZDiui.
icl
(26.18)
Proof. Set K = R™, L: H — K: z — ((x| ui))ier, and r = (p;)icr. Then
(26.15) appears as a special case of (26.10), L*: (1;)icr = ;e Miti, and it
follows from Fact 6.14(i) that (26.14) coincides with (26.9). Altogether, the
results follow from Proposition 26.11. O

Next, we consider a more geometrical formulation by revisiting Proposi-
tion 26.5 in the case when C is a closed affine subspace.

Proposition 26.13 Let f € IH(H), let V be a closed linear subspace of H,
let z € H, and let T € H. Suppose that

V + cone(z — dom f) s a closed linear subspace, (26.19)

and consider the problem
inimi . 26.20
e /@ (26:20)

Then T is a solution to (26.20) if and only if
T—z€V and (Buedf(z)) ulV. (26.21)
Moreover, if f is Gateaux differentiable at T, (26.21) becomes
T—z€eV and Vf(z)LV. (26.22)
Proof. Set C' = z+V. We have C—dom f = V+(z—dom f). Hence, it follows
from Proposition 6.19(iii) that 0 € sri(V + (z — dom f)) = sri(C' — dom f).
Thus, (26.19) implies that (a) in Proposition 26.5 is satisfied. Therefore, the

characterizations (26.21) and (26.22) follow from Example 6.42 and, respec-
tively, from the equivalences (i)<(v) and (i)<(vi) in Proposition 26.5. O

26.4 Cone Constraints

We consider the problem of minimizing a convex function over the inverse
linear image of a convex cone.
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Proposition 26.14 Let f € IH(H), let K be a closed convex cone in K, let
L € B(H,K), and let T € H. Suppose that one of the following holds:

(a) K — cone L(dom f) is a closed linear subspace.

(b) K is finite-dimensional, K is polyhedral, and K NriL(dom f) # @.

(¢) H and K are finite-dimensional, [ is a polyhedral function, K is poly-
hedral, and K N L(dom f) # &.

Consider the problem
minimize f(z). (26.23)

LxeK
Then T is a solution to (26.23) if and only if

—L*v € 9f(2),

@ 19) =0 (26.24)

Lz e K and (HﬁeKe) {

i which case v is a Lagrange multiplier associated with T, and T solves the
problem

mini%ize flx)+ (x| L*0). (26.25)
TE

Moreover, if [ is Gateauz differentiable at T, then (26.24) becomes

Vf(z) =—L*v,

(T | L*v) = 0. (26.26)

Lz e K and (HEEKG) {

Proof. Set g = tx. Then Problem (26.23) is a special case of (26.2). Us-
ing Proposition 6.19(iii) for (a), we note that conditions (a)—(c) imply their
counterparts in Theorem 26.2. In turn, we derive from Example 16.12 and
Example 6.39 that the characterization (26.24) follows from the equiva-
lence (i)« (iii) in Theorem 26.2, from which we deduce the characterization
(26.26) via Proposition 17.26(i). Finally, it follows from Proposition 26.1 that
—L*v € 0f(x) = 0€ d(f+(- | L*1))(Z) = T solves (26.25). Hence, if Z solves
(26.23), we derive from (26.24), Proposition 19.23(v), and Remark 19.24 that
v is a Lagrange multiplier associated with Z. O
Example 26.15 Let M and N be strictly positive integers, let A € RM>N
let f € I(RY), and let z € RY. Suppose that RY NriA(dom f) # @ and

consider the problem

minimize f(z). (26.27)
AzeRY

Then z is a solution to (26.27) if and only if

—ATv € 0f(7),

(7] ATB) =0, (26.28)

Az e RY and (39 € RM) {

in which case v is a Lagrange multiplier associated with z, and z solves the
problem
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minimize f(z)+ (z|AT9). (26.29)

zeRY

Proof Suppose that H = RV, K = R]‘f, and L = A. Then K is a closed
convex polyhedral cone and condition (b) in Proposition 26.14 is satisfied.
Hence, the result follows from Proposition 26.14. O

Corollary 26.16 Let K be a closed convex cone in H, let [ € Ih(H), and
let T € H. Suppose that one of the following holds:

(a) K — cone(dom f) is a closed linear subspace.
(b) H is finite-dimensional, K is polyhedral, and K Nridom f # .
(c) H is finite-dimensional, f is a polyhedral function, K is polyhedral, and
Kndom f # @.
Consider the problem
minimize f(z). (26.30)

zeK
Then T is a solution to (26.30) if and only if
teK and (3ueK¥Nof(z)) (z|u)=0. (26.31)

Proof. Apply Proposition 26.14 to = H and L = Id. O

26.5 Convex Inequality Constraints

In this section, we turn our attention to the minimization of a convex function
subject to convex inequality constraints. The following result will be required.

Lemma 26.17 Let g: H — ]|—o0,+00] be a convex function such that
levegg # @, set C =lev<oyg, and let x € C. Then

Nex = Ndomg x U cone 69(33)7 Zf g(x) = 0; (2632)
Ndomg Zz, if g(x) <0.
Proof. Clearly, C' C dom g. Hence,
(Vu € H) u € Ngomgz < sup(domg—z |u) <0
=sup(C—z|u) <0
< u € New. (26.33)
Thus,
Naomg C Neu. (26.34)

We consider two cases.
(a) g(z) < 0: Take u € Nex and fix y € dom g. Then sup (C' — z | u) <O0.
Moreover, for a € ]0, 1] sufficiently small, g((1 — @)z + ay) < (1 — a)g(z) +



390 26 Fermat’s Rule in Convex Optimization

ag(y) < 0 and therefore a(y — 2 | u) = (1 — @)z + ay) — z | u) < 0. Thus
(y — x| u) <0 and it follows that u € Ngom ¢ 2. In view of (26.34), we obtain
Ncx = Ngomg .
(b) g(z) =0: Set
K = cone (levegg — ). (26.35)

Then K is a nonempty convex cone and, using Proposition 6.23(iii) and
Corollary 9.11, we deduce that

Nez = (C —2)° = (C—2)° = (levegg — 2)° = (leveg g — 2)° = K©.
(26.36)
We claim that
K={yeHt|d(zy) <0} (26.37)

Let y € H. If y € K, then y = a(z — z), for some z € lev.gg and some
a € Ry Hence, g'(z;y) = ¢'(z;0(2 — 7)) = ag'(z;2—2) < a(g(z) —g(z)) =
ag(z) < 0 by Proposition 17.2(iii)&(iv). Conversely, if ¢'(x;y) < 0 then, for
some « € 0, 1] sufficiently small, we have (g(z + ay) — g(x))/a = g(z +
ay)/a < 0 and hence y = ((z + ay) — z)/a € K. This verifies (26.37). We
now set

h =g (z;"). (26.38)

Then h is sublinear and h(0) = 0 by Proposition 17.2(iv). Moreover, h* =
Lag(x) by Proposition 17.18. We consider two cases.

(b.1) € dom dg : Then dom h* = dg(x) # @ and hence Proposition 13.39
implies that h** = h. Corollary 9.11 thus yields

K =lev_gh =lev<g h= leveg h™* =lev<g ng(m) =lev<o 0yg(z) = (8g(x))e.
(26.39)
In view of (26.36), Proposition 6.23(iii), and Proposition 6.32, we deduce that

Nex = K© =K = (9g(x))°° = conedg(x). (26.40)

On the other hand, dg(z) is nonempty by assumption, and closed and con-
vex by Proposition 16.3(iii). Moreover, since levegg # @ and g(x) = 0 by
assumption, z ¢ Argmin g and Theorem 16.2 yields 0 ¢ dg(z). Consequently,
Corollary 6.52 implies that cone dg(z) = (cone dg(x)) U (rec dg(x)). However,
using successively Proposition 16.4, Theorem 21.2, Proposition 21.14, Corol-
lary 16.29, and Proposition 13.40(i), we obtain recdg(xz) = recdg**(z) =
NMag**x = ng**x = ngx = Ndom g2. Altogether,

Nex = conedg(z) = (conedg(z)) U Naom ¢, (26.41)

as announced in (26.32).

(b.2) 2 ¢ domdg: If h is proper, then so is (h)* = h* by Proposi-
tion 13.14(iv) and Theorem 13.32. Hence, since h* = 1p4(;) = tg = +00
is not proper, neither is h. In view of Proposition 9.6, h therefore takes on
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only the values —oo and +oo. Using Proposition 9.8(iv), we thus see that
lev<0h = domh = domh. On the other hand, domh = cone(dom g — x)
by Proposition 17.2(v) and hence dom h = cone (dom g — x). It follows from
(26.37), (26.38), and Corollary 9.11 that

—leveo h = lev<o h = dom h = cone (dom g — z). (26.42)
Therefore, using (26.36) and Proposition 6.23(iii), we conclude that
Nez = K© = (cone (dom g — 90))e = (dom g — 7)® = Ngom g7.  (26.43)

The entire lemma is proven. a

The minimization of a convex function under convex inequality constraints
was already examined in Corollary 19.28. We investigate it here in a new light,
and provide in particular a sufficient condition for the existence of Lagrange
multipliers.

Proposition 26.18 Let f € IH(H), let m be a strictly positive integer, set
I = {1,...,m}, suppose that (g;)ic1 are functions in I'y(H) such that the
Slater condition

(Viel) lev<gg; C intdomg;, (26.44)
dom f N(V,crleveo gi # 9, ’
is satisfied, and let T € H. Consider the problem
minimize f(z). (26.45)
g1(2)<0,...,gm (z)<0
Then T is a solution to (26.45) if and only if
(3@ier € BY) (3 (uidier € X 09:())
il
i < 07
- Zﬂiui € df(z) and (Viel) 9:(7) < (26.46)
iel Vigi( ) = 03

in which case (7;);ier are Lagrange multipliers associated with T, and T solves
the problem

mlnlmlze fz)+ Z v;gi(x (26.47)
i€l

Moreover, if the functions f and (g;)ic1 are Gateauz differentiable at T, then
(26.46) becomes
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V@) = =i 7V 9i(T),

(3 (i)ier €RTY) , 9i(z) <0, (26.48)
(Viel) 777
vig:(z) = 0.
Proof. Set
C=()Ci, where (Viel) C;=lev<ogi (26.49)

iel
Corollary 8.30(ii) states that (Vi € I) int dom g; = cont g;. Hence, it follows
from (26.44) and Corollary 8.38(i) that int C' = (,c;int C; = [;c;leveo gi
and that 0 € int(C — dom f) C sri(C' — dom f). Therefore, Proposition 26.5
asserts that

Z € Argming f <  (Ju € NeZ) —u € If(T). (26.50)
Now suppose that £ € C'. To determine N¢Z, set
I ={iel|g(@ =0} and I_={icl]|g(z)<0}. (26.51)
As seen above,

m intdom o, = ﬂ int C; = m levegg; # 9. (26.52)
il il il
On the other hand, (26.44) yields z € [,.; int domg;, which implies, by
Proposition 6.43(ii), that
(Vi €I) Ndomg, T ={0}. (26.53)

Hence, Example 16.12, (26.49), (26.52), Corollary 16.39(iv), and Lemma 26.17
yield

= Z N¢,© + Z N¢, 7

iely iel_

=Y U wog@). (26.54)

i€l vieRy 4
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Thus, N¢T consists of all vectors of the form Zi61+ viu;, where (Vi € I4) v; €
R4 and u; € dg;(x). Therefore, (26.50) implies (26.46) and, in turn, (26.48)
via Proposition 17.26(i). This provides the announced characterizations.
Next, suppose that Z solves (26.45). Then we derive from (26.46), (26.44),
(26.52), and Corollary 16.39(iv) that there exist (7;);cr € R} such that

0€df(z)+ ) mdgi(x) = a(f +Y° l/igi> (2). (26.55)

i€l i€l

In view of Theorem 16.2, this shows that Z solves (26.47). In turn, we derive
from (26.46), from Proposition 19.23(v) applied to K = R™, K = R™, and
R: x+ (gi(x))icr, and from Remark 19.24 that (7;),cr are Lagrange multi-
pliers associated with Z. O

Remark 26.19 The characterization (26.46) is often referred to as the
Karush-Kuhn—Tucker conditions.

26.6 Regularization of Minimization Problems

Let f € I'y(H) and suppose that Argmin f # &, i.e., the minimization prob-
lem
inimize 26.56
minimize f(2) (26.56)
has at least one solution. In order to obtain a specific minimizer, one can
introduce, for every € € ]0, 1|, the regularized problem

minigjn{ize f(z) +eg(x), (26.57)

where g € I'h(H). The objective is to choose the regularization function g
such that (26.57) admits a unique solution . and such that the net (z.)-¢jo,1
converges to a specific point in Argmin f. For instance, when g = (1/2)]| - ||?,
we obtain the classical Tykhonov regularization framework. In this case, it
follows from Proposition 26.5 that (26.57) is equivalent to

find z. € H such that 0 € df(z:) + exe, (26.58)

which is a special case of (23.35). In turn, if we denote by xy the minimum
norm minimizer of f, Theorem 23.44(i) asserts that . — x¢ as ¢ | 0. The
next theorem explores the asymptotic behavior of the curve (z.).cjo,1| for
more general choices of the regularization function g.

Theorem 26.20 Let [ and g be in IH(H). Suppose that Argmin fNdom g #
& and that g is coercive and strictly convex. Then g admits a unique mini-
mizer xg over Argmin f and, for every e € ]0,1[, the regularized problem
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migie%ize flz) +eg(x) (26.59)

admits a unique solution x.. Moreover, the following hold:

(i) zc =z ase ] 0.
(ii) g(ze) = g(zo) as e ] 0.
(iii) Suppose that g is uniformly convexr on every closed ball in H. Then
Te = xp as €} 0.

Proof. Set S = Argmin f. Let € € ]0, 1] and set h. = f+eg. Then h. € I'h(H)
and h. is strictly convex. Moreover, since inf f(H) > —oo, existence and
uniqueness of xy and x. follow from Corollary 11.15(ii) and Corollary 11.8.
Now fix z € SNdomyg, let (g,)nen be an arbitrary sequence in |0, 1[ such
that €, | 0, and set

(Vn eN) y, =z, . (26.60)
(i): We have
(Vn €N) f(yn) + eng(yn) = inf (f + eng) (H)
< f(2) +eng(z) (26.61)
< f(yn) +eng(2). (26.62)
Therefore
(Vn € N) g(yn) < g(2) < +o0. (26.63)

Accordingly, (yn)nen lies in lev<,(.) g and it follows from Proposition 11.11
that (yn)nen is bounded. Furthermore, inf g(#) > —oo. Thus, (26.61) implies
that

(Vn € N)  f(yn) <inf f(H) +en(9(2) — 9(yn))
<inf f(H) +en(g(z) — inf g(H)). (26.64)

Thus, since g, | 0, we get
lim f(y,) < inf f(H). (26.65)

Now, let = be a weak sequential cluster point of (y,)nen, say yg, — . Since,
by Theorem 9.1, f is weakly lower semicontinuous, (26.65) yields

inf f(H) < f(2) < lim f(yk,) < Tm f(yx,) < inf f(H). (26.66)

Consequently, f(z) = inf f(H), i.e., z € S. Furthermore, it follows from
(26.63) and the weak lower semicontinuity of g that g(z) < limg(yg,) <
inf g(5). In turn, since z € S, we obtain g(x) = inf g(5), i.e., z = xy. Alto-
gether, (yn)nen is bounded and has xo as its unique weak sequential cluster
point. We therefore deduce from Lemma 2.38 that y, — x¢. Finally, since

(€n)nen was chosen arbitrarily in ]0, 1[, we conclude that x. — xg as € | 0.
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(ii): Since g is weakly lower semicontinuous, (i) implies that g(zg) <
limg(y,) < limg(y,). However, (26.63) yields limg(y,) < g(wo). Hence
9(yn) — g(w0) and, in turn, g(z.) — g(o).

(iii): Since (yn)nen is bounded, there exists an increasing function
¢: Ry — R, that vanishes only at 0 such that

1 9(yn) + g(o) Yn + To
n - < - . .
(¥n € N) 6 (llyn — zoll) < 5 g( 5 ) (26.67)
Consequently, it follows from (ii) that
L 7= 9(m) +9(x0) .. (Yn + Z0
7 T 6y — woll) < Ty FEZ 0 — iy g (22222 )
. n +x
= g(xo) — h_mg(y 5 0). (26.68)

However, since (yn +x0)/2—x0 by (ii), g(zo) < lim g((yn+z0)/2). Altogether
lim ¢ (||yn — o0]]) < 0; hence y,, — zo. We conclude that . — zg ase [ 0. O

Example 26.21 Let L € B(#,K) be such that ran L is closed. Then the
generalized inverse of L (see Definition 3.26) satisfies

(vy € K) Lly=lim (L"L+ eld) ' L*y. (26.69)
Proof. Let y € K and let € € R4 . The solution to
minimize lHLgc —yl? + E||xH2 (26.70)
zen 2 vty '

is z. = (L*L+¢eld)~! L*y. However, by applying Theorem 26.20(iii) to f: =
(1/2)||Lx — y||? and the strongly convex function g = (1/2)]| - ||?, we deduce
that z. — x¢ as e | 0, where ¢ is the minimum norm minimizer of  + || La—
y||?/2. On the other hand, it follows from Definition 3.26 and Proposition 3.25
that 2o = Liy. Altogether, (L*L + eId)~'L*y — LTy as ¢ | 0. O

Exercises

Exercise 26.1 Let f: H — ]—00,+00] be proper and convex. Show that
Argmin f C 9f*(0) and that Argmin f # 0f*(0) may occur. Compare to
Proposition 26.1.

Exercise 26.2 Provide two functions f and ¢ in IH(H) such that dom f N
dom g # @ and for which the conclusion of Corollary 26.3 fails.
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Exercise 26.3 Let F': HxH — R be a symmetric bilinear form that satisfies
(26.5) for some « and S in Ri4. Derive the conclusions of the Stampacchia
theorem (Example 26.8) from Theorem 3.14.

Exercise 26.4 Let C' and D be closed convex subsets of H such that 0 €
sri(C' — D). Show that

C N D = Pp(Fix(2Pc — 1d) o (2Pp — 1d)). (26.71)

Exercise 26.5 Let F be as in Example 26.8. Show that there exists a unique
operator L € B(H) such that (Vo € H)(Vy € H) F(z,y) = (y | Lz). More-
over, show that ||L|| < 3, that L is invertible, and that ||[L7!]| < a~!.

Exercise 26.6 Let C' and D be closed convex subsets of H such that CND #
. Use Proposition 26.5 to obtain the identity

CND=FixPsoPp. (26.72)

Exercise 26.7 Let u € 7~ {0}, let n € R, set C = {x € H | (x| u) =1},
and let g: H — R be lower semicontinuous, strictly convex, and Gateaux dif-
ferentiable on H. Suppose that dom dg* = int dom g* and that Argmin, g #
@. Show that there exists a unique v € R such that (Vg*(vu) | u) = n and
that the unique element in Argming g is Vg*(vu).

Exercise 26.8 Let f € IH(H) and let L € B(H,K) be such that ran L is
closed. Suppose that 0 € sri(L(dom f)). Consider the problem

minimize f(z), (26.73)
and let T € H. Derive from Proposition 26.11 that Z is a solution to (26.73)
if and only if

Lz=0 and (3ve€ek) —L'0e€df(z). (26.74)

Exercise 26.9 Let u € 7~ {0}, let n € R, set C = {z € H | (x| u) =1},
and let z € H. Use Corollary 26.12 to show that

n—{(z|w)

Poz=2+ ———F—u.
[l

(26.75)

Exercise 26.10 Suppose that H = R and let f: H — R be convex and
Gateaux differentiable on H. Set K = Rf and let © € H. Show that x €
Argming f if and only if z € K, Vf(z) € K, and L Vf(x).

Exercise 26.11 Provide an example of a proper and convex function
g: H — ]|—00,+00] such that levegg = @ and Nex # Naom g U cone dg(x),
where C' = lev<g g and € C. Compare to Lemma 26.17.
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Exercise 26.12 Let (y,)nen be the sequence defined in the proof of Theo-
rem 26.20. Show that (y,)nen is @ minimizing sequence of f.






Chapter 27
Proximal Minimization

As seen in Chapter 26, the solutions to variational problems can be character-
ized by fixed point equations involving proximity operators. Since proximity
operators are firmly nonexpansive, they can be used to devise efficient al-
gorithms to solve minimization problems. Such algorithms, called proximal
algorithms, are investigated in this chapter.

Throughout this chapter, K is a real Hilbert space.

27.1 The Proximal-Point Algorithm

As seen in Proposition 26.1, minimizing a function f € I'p(#H) amounts to
finding a zero of its subdifferential operator Jf, which is a maximally mono-
tone operator with resolvent Jpy = Proxy. Thus, a minimizer of f can be
obtained via the proximal-point algorithm (23.31). In this vein, our first re-
sult is a refinement of Theorem 23.41 that features a more relaxed condition
on the parameter sequence (Vs )nen-

Theorem 27.1 (proximal-point algorithm) Let f € I[(H) be such that
Argmin f # @, let (Yn)nen be a sequence in Ry such that ), Vo = +00,
and let xog € H. Set

(VneN) z,41 =Prox,, s z,. (27.1)

Then the following hold:

(i) (zn)nen is a minimizing sequence of f; more precisely, f(x,) | inf f(H).
(ii) (2 )nen converges weakly to a point in Argmin f.
(iii) Suppose that [ is uniformly conver on every nonempty bounded sub-
set of domdf. Then (xy)nen converges strongly to the unique point in
Argmin f.

Proof. (i): Let z € Argmin f. It follows from (27.1) and (16.30) that
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(Vn eN) x, — xpi1 € Y0f(Tny1). (27.2)

In turn, we derive from (16.1) that

(VneN) (2= 2ns1 | Tn — Tpg1) /7 < f(2) = [(@n41) (27.3)

and

(Vn € N) 0 <(xn —Tpt1 | Tn — Tnt1) /Y0 < f(@n) — f(Tns1)- (27.4)
Hence, for every n € N, (27.3) yields

|Zn+1 — ZH2 = ||lzn — 2”2 +2(Tn — 2 | Tnt1 — Tp) + [|Tng1 — $n||2
= [lzn = 21 = [|2n41 — 2a]® + 2 (@41 — 2 | Tpg1 — zn)
< lwn = 2] = 29 (f (@ns1) — inf f(H)). (27.5)

This shows that (z,)nen is Fejér monotone with respect to Argmin f and
that 3> Yn(f(Zns1) —inf f(H)) < +oo. Hence, since ) 7o = 400, we
have lim f(z,) = inf f(H) and it follows from (27.4) that f(zy) | inf f(H).

(ii): Let = be a weak sequential cluster point of (z,)nen. It follows from
(i) and Proposition 11.20 that € Argmin f. Now apply Theorem 5.5.

(iii): It follows from (ii) and Theorem 16.2 that there exists € Argmin f C
dom df such that x, — z, and from (27.5) and (27.2) that (zp41)nen is a
bounded sequence in domdf. Hence, {z} U {Zp+1}nen is a bounded subset
of dom df and we derive from (10.2) that there exists an increasing function
¢: Ry — [0, 4+00] vanishing only at 0 such that

(€N~ (0D go(len —al) < LI p (22 o)

By (i), we have f(z,) | f(x). In addition, since, by Proposition 10.23, f is
weakly sequentially lower semicontinuous and since (z,, + x)/2 — x, we have

f(@) <lim f((2n +2)/2) <Tim f((2n +2)/2) < Tm(f (2) + f(2))/2 = f(2).

Altogether, ¢(||x, — z||) = 0 and we conclude that z,, — x. O

27.2 Douglas—Rachford Algorithm

In this section we apply the results of Theorem 25.6 on the Douglas—Rachford
splitting algorithm to the minimization of the sum of two functions in Iy (H).
For this purpose, the following proposition will be useful.

Proposition 27.2 Let f and g be functions in I'hv(H) such that one of the
following holds:
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(i) Argmin(f + g) # @ (see Corollary 11.15 for sufficient conditions) and
0 € sri(dom f — dom g) (see Proposition 6.19 for sufficient conditions).
(ii) Argmin(f + g) C Argmin f N Argming # @.
(i) f = 1o and g = tp, where C and D are closed convex subsets of H such
that CND # @.

Then Argmin(f + g) = zer(0f + 9g) # @.

Proof. Let € H. Using Theorem 16.2 and Proposition 16.5(ii), we have
x € Argmin f N Argming < 0 € df(z) N dg(z) = 0 € Of(x) + dg(x) =
0€d(f+g)(x) < x € Argmin(f + g). Hence,

Argmin fNArgming C zer(9f +0g) C zer O(f +g) = Argmin(f +g). (27.7)

(i): By Corollary 16.38(i), O(f +g) = 0f + 9g. In view of (27.7), we obtain
zer(0f + 0g) = Argmin(f + g).

(ii): Clear from (27.7).

(iii)=(ii): Argmin(tc + tp) = CN D = Argmincc N Argminip. O

Remark 27.3 It follows from Example 16.40 that the implication (iii)=-(i)
fails.

Corollary 27.4 (Douglas—Rachford algorithm) Let f and g be func-
tions in I'y(H) such that (see Proposition 27.2 for sufficient conditions)

zer (Of + 0g) # @, (27.8)

let (An)nen be a sequence in [0,2] such that
vy €Ryy, and let xg € H. Set

neN An(2 = An) = +oo, let

Yn = Proxyg zp,
(Vn € N) Zn, = Proxy£(2yn — xn), (27.9)
Tpyl = Tp + )\n(zn - yn)

Then there exists x € H such that the following hold:

(i) Proxyy « € Argmin(f + g).

(ii) (Yn — 2n)nen converges strongly to 0.

(iil) (zn)nen converges weakly to x.

(iv) (Yn)nen and (zn)nen converge weakly to Proxyg .
)

i
i
(v) Suppose that one of the following holds:

S
(a) f is uniformly convex on every nonempty bounded subset of dlomOf .
(b) g is uniformly convex on every nonempty bounded subset of dom dg.

Then (Yn)nen and (zn)nen converge strongly to Proxyg x, which is the
unique minimizer of f + g.
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Proof. Set A = 0f and B = Jg. Then, by Theorem 20.40, A and B are
maximally monotone. In addition, we deduce from Proposition 16.5(ii) that

zer(A+ B) C zer O(f 4+ g) = Argmin(f + g). The results therefore follow from
Example 23.3, Example 22.4, and Theorem 25.6(1)—(v)& (vii). O

Corollary 27.5 Let f € I'v(H) and L € B(H,K). Suppose that LL* = pld
for some p € Ry, that

r € sri L(dom f), (27.10)

and that the problem
inimi 27.11
m%lgi{lllze f(z) (27.11)

has at least one solution. Let (Ap)nen be a sequence in [0,2] such that
Y onen (2 —=Ay) = +oo, let vy € Ry, and let xo € H. Set

DPn = Tn + MflL*(T - an)v

Yn = Proxy s oy,

Gn = Yn + /u'ilL*(T - Lyn)7
Tpt1 = Tn + Ap (2(]71 — Pn — yn)

(Vn € N) (27.12)

Then (pn)nen converges weakly to a solution to (27.11).

Proof. Set C = {:c eH | Lz = 7‘}, A = N¢g, and B = 9f. It follows from
Example 20.41 and Theorem 20.40 that A and B are maximally monotone.
Moreover, since ran LL* = ran uld = K, we derive from Fact 2.19 that ran L*
is closed. In turn, Example 6.42 and Fact 2.18(iv) yield

(ker L)* =ranL*, if Lz =r;

. (27.13)
a, if Lz #r.

(Ve € H) Nex = {

Next, we note that the set of solutions to (27.11) is Argmin, f. However, it
follows from (27.10), Proposition 26.11, and (27.13) that

Argming f ={z € C | (3veK) — L*v e 0f ()} =zer(A+ B). (27.14)

On the other hand, we derive from Example 23.4 and Proposition 23.32 that

Jya =Pc=Prox, or =ld—p 'L*o(Id— Py)o L=1d—p 'L*o(L—r).

(27.15)

Therefore, since J,p = Prox,¢ by Example 23.3 and since J,4 = Pc is affine
by Corollary 3.20(ii), we derive from (27.12) that

Pn = J’yAxna

Yn = JyBTn,
Vn € N v 27.16
( " ) qn = J'yAyn7 ( )

Tn+l = Tn + )\n (J'yA(2yn - IL’n) - yn)
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Thus, we recover (25.9), and the result follows from Theorem 25.6(vi). O

Example 27.6 Let m be an integer such that m > 2, set I = {1,...,m},
let (f:)ier be functions in I'H(H), let r € H, and suppose that the problem

inimi i 27.17
i, 3 Al T
2ier =T el

has at least one solution and that

r € sri {Zx,

icl

(VielI) x; € dom f,} . (27.18)

Let (An)nen be a sequence in [0,2] such that Y _An(2 — Ap) = 400, let
ve€R,, and let (2;0)icr € H™. Set

1
= o (1 )
jel
Pin = Tin + Un,
Yin = Proxyy, &in, (27.19)

Up = %(T - Zyjm)a

jel

(Viel) {
(Vn e N)

_(VZ € I) Tin+l = Tin + An (y'i,n —Tin + 2vy, — un)

Then, for every i € I, (pin)nen converges weakly to a point p; € H, and
(pi)ier is a solution to (27.17).

Proof. Set H = @;c;H, f = @i, fi, K = H,and L: H — K:x
> icr Ti, where x = (z;)ie; denotes a generic element in #. Then (27.17)
becomes

minir;l{ize f(x). (27.20)

S
Lx=r

Moreover, the assumptions imply that this problem admits at least one so-
lution and that r € sri L(dom f). On the other hand, L*: IC — H: z —
(x,...,x) and Proposition 23.30 yields

Prox,s: H — H: @ — (Prox,y, z;) (27.21)

el’

Hence upon setting p = m and, for every n € N, @, = (zin)icr, P, =
(Pin)iel> Y = Win)icr, and q,, = (Yin + Vn)icr, We can rewrite (27.19) as
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p, =, +p 1L*(r — Lz,),

Y, = Prox, s ,,

9y =Y, + N’ilL*(r - Lyn)v
Tp+1 = Ty + An (Qqn —Pp — yn)v

(Vn €N) (27.22)

which is precisely (27.12). Since Corollary 27.5 asserts that (p,,)nen converges
weakly to a solution to (27.11), we obtain the announced result. O

The next result focuses on the finite-dimensional setting.

Corollary 27.7 Suppose that H is finite-dimensional, let f and g be func-
tions in I'o(H), let (An)nen be a sequence in [0,2] such that ), g An(2 —
An) = +o0, let v € Ry, and let xg € H. Suppose that Argmin(f + g) # &
and that one of the following holds:

(a) (ridom f) N (ridomg) # @.

(b) g is polyhedral and dom g Nridom f # &.

(¢c) f and g are polyhedral, and dom f N dom g # @.
Set

Yn = Proxyg zp,
(Vn € N) Zn = Proxy ¢ (2yn — 2n), (27.23)
Tp+1 = Tn + )\n(zn - yn)
Then there exists x € H such that the following hold:
(i) Prox,yx € Argmin(f + g).

(ii) (@n)nen converges to x.
(il1) (Yn)nen and (zn)nen converge to Prox,q x.

Proof. Set A = 0f and B = J¢g. Theorem 20.40 asserts that A and B are
maximally monotone. Moreover, by the equivalence (i)<(ii) in Corollary 26.3,
Argmin(f 4 g) = zer(A+ B). The results therefore follow from Example 23.3
and Theorem 25.6(1)& (iii)—(v). O

We now describe a parallel splitting algorithm for minimizing a finite sum
of functions in I'y(H).

Proposition 27.8 (parallel splitting algorithm)  Let m be an integer
such that m > 2, set I = {1,...,m}, and let (f;)ic1 be functions in IH(H).
Suppose that the problem

minimize Zfl(x) (27.24)
el
has at least one solution and that one of the following holds:
(i) 0 € Ny sri (dom f; — ﬂ;;ll dom f;).

(ii) dom f1 N (-, int dom f; # &.
(iii) H s finite-dimensional and (., ridom f; # @.
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Let (An)nen be a sequence in [0,2] such that ) . An(2 — An) = 400, let
v € R4y, and let (zi0)icr € H™. Set

1

Pn = _Z Lin,
m el

(Vi €I) yipn =Prox,ys, Tin,

(Vn € N) ) " e n (27.25)

qn = _Z Yin,
miEI

_(VZ S I) Tin+l = Tin + )\n (2% — Pn — yz,n)

Then (pp)nen converges weakly to a solution to (27.24).

Proof. Set (Vi € I) A; = Jf; in Proposition 25.7. Then it follows from Exam-
ple 23.3 that (p,)nen converges weakly to a point in zer ), ; df;. However,
Corollary 16.39 and Theorem 16.2 yield zer) ;. 0f; = zer (D ,c; fi) =

Argmin}_,; fi. O

27.3 Forward—Backward Algorithm

To minimize the sum of two functions in I'o(H) when one of them is smooth,
we can use the following version of the forward—backward algorithm (25.26).
This method is sometimes called the proximal-gradient algorithm.

Corollary 27.9 (forward—backward algorithm) Let f € Ih(H), let
g: H — R be convex and differentiable with a 1/8-Lipschitz continuous gradi-
ent for some 8 € Ry, lety €10,208], and set § = min{1, 8/v}+1/2. Further-
more, let (An)nen be a sequence in [0, 0] such that ), .y An(6 — Ay) = 400,
and let xo € H. Suppose that Argmin(f + g) # & and set

Yn = Tpn — YVg(xy),

Then the following hold:

(i) (zp)nen converges weakly to a point in Argmin(f + g).
(ii) Suppose that infpen A, > 0 and let * € Argmin(f + g). Then
(Vg(zn))nen converges strongly to Vg(z).
(iii) Suppose that inf,ey Ay, > 0 and that one of the following holds:

(a) f is uniformly convex on every nonempty bounded subset of domdf.
(b) g is uniformly convex on every nonempty bounded subset of H.

Then (2 )nen converges strongly to the unique minimizer of f + g.

Proof. Set A =0f and B = Vg. Then A and B are maximally monotone by
Theorem 20.40 and, since dom g = H, Corollary 26.3 yields Argmin(f +g) =
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zer(A + B). On the other hand, by Corollary 18.16, B is [-cocoercive. In
view of Example 23.3 and Example 22.4, the claims therefore follow from
Theorem 25.8. O

A special case of the proximal-gradient algorithm (27.26) is the projection-
gradient algorithm described next.

Corollary 27.10 (projection-gradient algorithm) Let C be a nonempty
closed convex subset of H, let f: H — R be convex and differentiable with a
1/B-Lipschitz continuous gradient for some € Ry, let v € 10,28, and set
d =min{1, 8/v}+1/2. Furthermore, let (An)nen be a sequence in [0, 6] such
that Y, cny An(0 — Ap) = 400, and let xo € H. Suppose that Argming f # @
and set

(Vn €N) Zpi1 =y + Ay (Pc (.Z‘n — 'ny(xn)) — xn). (27.27)

Then the following hold:

(1) (zn)nen converges weakly to a point in Argming f.
(i) Suppose that infpen Ay, > 0 and let x € Argming f. Then (Vf(xn))nen
converges strongly to V f(z).
(iii) Suppose that inf,cy A, > 0 and that [ is uniformly convex on every
nonempty bounded subset of H. Then (x,)nen converges strongly to the
unique minimizer of f over C.

Proof. Apply Corollary 27.9 to tc and f, and use Example 12.25 and Exam-
ple 22.4. m]

The next result concerns the alternating projection method.

Example 27.11 Let C' and D be nonempty closed convex subsets of H, let
(An)nen be a sequence in [0,3/2] such that ) .y Au(3 —2X,) = +oo, and
let xg € ‘H. Suppose that C or D is bounded and set

(VYneN) z,11 =2, + M (PCPDacn - xn) (27.28)

Then (x,,)nen converges weakly to a point € C that is at minimal distance
from D.

Proof. Set f = (1/2)d%,. Then f is coercive if D is bounded, and we therefore
deduce from Proposition 11.14 that Argmin, f # @. Next, it follows from
Corollary 12.30 and Corollary 4.10 that V f = Id— Pp is nonexpansive. Hence,
the result is an application of Corollary 27.10(i) with =1 and y=1. O

We now consider an example of linear convergence.
Example 27.12 Let f € IH(H) be a-strongly convex for some a € Ry,

let g: H — R be convex and differentiable with a 1/8-Lipschitz continuous
gradient for some 8 € Ry, and let v € ]0,28[. Let xp € H and set
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Yn = Tn — 'Yv.g(xn)v
(Vn € N) an+1 — Prox. yn. (27.29)

Then (z,)nen converges linearly to the unique point in Argmin(f + g).

Proof. Set A =0f and B = Vg. Then Corollary 26.3 yields Argmin(f + g) =
zer(A + B). We also note that A is maximally monotone by Theorem 20.40
and a-strongly monotone by Example 22.3(iv). Furthermore, we derive from
Corollary 18.16 that B is [-cocoercive. In view of Example 23.3, the claim
therefore follows from Proposition 25.9(i). O

27.4 Tseng’s Splitting Algorithm

We study the convergence of a variant of (27.26) under more relaxed hy-
potheses on the functions f and g than those imposed in Corollary 27.9.

Proposition 27.13 (Tseng’s algorithm) Let D be a nonempty subset of
H, let f € Iv(H) be such that domdf C D, and let g € ITH(H) be Gateaux
differentiable on D. Suppose that C' is a closed convex subset of D such that
C'NArgmin(f + g) # &, and that Vg is 1/8-Lipschitz continuous relative to
CUdomdf, for some B € Ryy. Let xg € C, let v €10, 8], and set

Yn = T —YVG(2n),

Zn = Proxy ¢ yn,

Tn = 2Zn — 'VVQ(Zn)v

Tp4+1 = PC(xn — Un +rn)

(Vn € N) (27.30)

Then the following hold:

(i) (n, — 2n)nen converges strongly to 0.
(ii) (zn)nen and (zn)nen converge weakly to a point in C N Argmin(f + g).
(iil) Suppose that f or g is uniformly convex on every nonempty bounded
subset of domdf. Then (xn)nen and (zn)nen converge strongly to the
unique point in C N Argmin(f + g).

Proof. Set A = 0f and B = dg. Then A and B are maximally monotone
by Theorem 20.40. Moreover, it follows from Proposition 17.26(i) that B
is single-valued on D, where it coincides with Vg. Furthermore, Proposi-
tion 17.41 and Proposition 16.21 imply that domdf C D C intdomg =
int dom d¢g and hence, by Corollary 24.4(ii), A+ B = 0f + dg is maximally
monotone. In turn, it follows from Corollary 16.38(ii) that d(f +g¢) = 9f + g
and hence from Proposition 26.1 that Argmin(f+g) = zer(A+B). Altogether,
the results follow from Theorem 25.10, Example 23.3, and Example 22.4. O

As an example, we obtain the following variant of the projection-gradient
algorithm.
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Example 27.14 Let C' be a nonempty closed convex subset of H, let
B € Ryy, and g € IH(H) be differentiable with a 1/8-Lipschitz continu-
ous gradient relative to C'. Suppose that Argmin. g # @, let 9 € C, let
v €10, 8], and set

Yn = T —YVg(20),
Zn = PCyn>

(meN) |2l (27.31)
Tn+1 = PC (xn — Yn + Tn)-

Then the following hold:

(i) (zn, — 2n)nen converges strongly to 0.
(ii) (zn)nen and (2, )nen converge weakly to a point in Argming g.
(iii) Suppose that g is uniformly convex on every nonempty bounded subset
of C. Then (z,,)nen and (25, )nen converge strongly to the unique point
in Argmin, g.

Proof. This is a special case of Proposition 27.13 applied to D = C and
f=tc. O

27.5 A Primal-Dual Algorithm

In this section we revisit the duality framework investigated in Section 19.1
and provide an algorithm to solve both the primal and the dual problems in
the setting of Proposition 19.4.

Proposition 27.15 (primal-dual algorithm) Let ¢ € Ih(H), let ¢ €
Io(K), let z € H, let r € K, and suppose that L € B(H,K) satisfies L # 0
and r € sri(L(dom ¢) — dom)). Consider the (primal) problem

minie%ize o(x) +(Le —r) + %Hx — 2%, (27.32)

together with the (dual) problem

minierlrclize Yo" ) (L v+ 2) + ¢ (—v) — (v | 7). (27.33)
Let v € 10,2||L||72[, set 6 = min{1,y|L|| 72} + 1/2, let (An)nen be a
sequence in |0, 0[ such that inf,,en A\ > 0 and sup,,cy An < 0, and let vy € K.
Set

xn = Prox, (L v, + 2),

UnJrl = Un — )\n ( PI‘OX,wa (’Y(an _ /,1) _ ,Un) + vn), (2734)

(Vn € N) {

and let T be the unique solution to (27.32). Then the following hold:
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(1) (Un)nen converges weakly to a solution v to the dual problem (27.33)
and T = Prox,(L*v + 2).
(ii) (@n)nen converges strongly to T.

Proof. Set h: H — ]—o0,+o0]: & — ¢(x) + (1/2)]|lz — 2]|? and j: £ —
]—00, +00] : y = ¢ (y — r). Then (27.32) can be rewritten as
minimize h(x) +j(Lx). (27.35)

rEH

Moreover, the assumptions imply that h € I'h(H), j € [H(K), and 0 €
sri(L(dom b) — domj). Hence, it follows from Theorem 15.23 that the dual of
(27.35), namely

migiellrclize h*(L*v) +i*(—v), (27.36)

has a least one solution. We derive from Proposition 14.1 and Proposi-
tion 13.20(iii) that b*: u — *(¢*)(u + 2) — (1/2)]]2]|? and i*: v + p(v) +
(v | ). Therefore, (27.36) coincides with (27.33) up to an additive constant.
We have thus shown that (27.33) is the dual of (27.32) (up to an additive
constant), and that it has at least one solution. Now let us define two func-
tions f and g on K by f: v *(—v) — (v | r) and g: v = '(¢*)(L*v + 2).
Then (27.33) amounts to minimizing f+ ¢ on K. By Corollary 13.33, f and g
are in I'o(K) and, as just observed, Argmin(f 4 g) # @. Moreover, it follows
from Proposition 12.29 and (14.6) that g is differentiable on K with gradient

Vg: v L(Prox,(L* v+ 2)). (27.37)

Hence, Proposition 12.27 yields

(Vo € K)(Vw € K)  [[Vg(v) = Vg(w)]|
<||L|| || Prox,(L*v 4 2) — Prox, (L w + z)||
< ILIIL e = L]
< LI flo = wll- (27.38)
The reciprocal of the Lipschitz constant of Vg is therefore ||L||=2. On the

other hand, we derive from (27.34), (27.37), and Proposition 23.29(v)& (i)
that, for every n € N,

Unt1 = U — A ( Proxyye (Y(Lay, — 1) —v,) + vp)
= vn = A (Proxyye (Y(Vg(va) = 1) = vn) +vn)
= U, + An (Proxyyev (v — yVg(vn) +97) — vp)
(
(

= Up + A ( PTOXy v _ () ( ’ng(vn)) — vn)
= Uy 4 An (Proxy s (v, —YVg(vn)) — vn). (27.39)

We thus recover the proximal-gradient iteration (27.26).
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(i): In view of the above, this follows from Corollary 27.9 and Proposi-
tion 19.4.

(ii): As seen in (i), v, — U, where 7 is a solution to (27.33), and = =
Prox,(L*v + z). Now set p = sup,cy ||vn — ¥||. Then Lemma 2.38 yields
p < 4oo. Hence, using Proposition 12.27 and (27.37) we obtain, for every
n €N,

|zn — Z||* = || Prox, (L*v, + 2) — Prox,(L*o + 2)||?
< (L*vp, — L*0 | Prox,(L*v, + z) — Prox, (L0 + 2))
= (vn — 0 | L(Proxy, (L v, + 2)) — L(Prox,(L*0 + 2)))
= (vn — v [ Vg(vn) — Vg(v))
< IV g(wn) - Vg (@) (27.40)

However, Corollary 27.9(ii) yields ||Vg(v,) — Vg(9)]| — 0. Hence, we derive
from (27.40) that z,, — Z. 0

As an illustration, we revisit Example 19.7 and Example 19.9.

Example 27.16 Let K be a closed convex cone in H, let » € IH(K) be
positively homogeneous, set D = 99(0), let z € H, let r € K, and suppose
that 0 # L € B(H, K) satisfies r € sri(L(K) —dom1). Consider the (primal)
problem

migierlr%ize w(Le —r) 4+ %Haﬁ —2|)? (27.41)

together with the (dual) problem

minimize sd2e(L*v+2)— (v ] 7). (27.42)
Let v € ]0,2[|L]|72[, set § = min{1,7[|[L]|72} + 1/2, let A € ]0,6], and let
vy € KC. Set

Xn = Pr(L*v, + 2),

Un+1 = Un — )\(PD (’y(an — rp) _ Un) 4 Un), (2743)

(Vn € N) {

and let Z be the unique solution to (27.41). Then the following hold:
(1) (vn)nen converges weakly to a solution ¥ to (27.42) and T = Pk (L*0+2).
(ii) (2 )nen converges strongly to Z.
Proof. In view of Example 19.7, this is an application of Proposition 27.15
with ¢ = 1, and A\, = . O
Example 27.17 Let C' and D be closed convex subsets of H, let z € H, and

suppose that 0 # L € B(H, K) satisfies 0 € sri(D — L(C')). Consider the best
approximation (primal) problem

minimize ||z — z||, (27.44)
zeC
LxeD
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together with the (dual) problem

minir}rclize %HL*’U +z||* - %d%(L*v +z) + op(—v). (27.45)
ve

Let v € ]0,2||L||72[, set § = min{1,7[|[L]| 72} + 1/2, let A € ]0, 4], and let
vy € K. Set

xn = Po(L*v, + 2),

(¥n € N) L}nﬂ = vy + YA(Pp(Lxy — v~ vy) — Lan),

(27.46)

and let Z be the unique solution to (27.44). Then the following hold:

(1) (vn)nen converges weakly to a solution o to (27.45) and T = Po(L*0+2).
(ii) (zn)nen converges strongly to Z.

Proof. In view of Example 19.9, this is an application of Proposition 27.15
with o = 1o, ¥ = tp,r = 0, and \,, = A, where we have used Theorem 14.3(ii)
to derive (27.46) from (27.34). O

Example 27.18 Let C be a closed convex subset of H, let z € H, let r € IC,
and suppose that L € B(H,K) satisfies |[L]] = 1 and that r € sriL(C).
Consider the best approximation (primal) problem

minimize ||z — z||, (27.47)
zeC
Lx=r

together with the (dual) problem

minir’%ize %HL*’U T %d%(L*v +z)—(v]|r). (27.48)
ve

Let vg € K, set
rn = Po(L*vn + 2),

27.4
Upt1 = Up + 1 — Ly, ( ! 9)

(Vn € N) {

and let  be the unique solution to (27.47). Then the following hold:

(i) (vn)nen converges weakly to a solution @ to (27.48) and & = Pe(L*0+2).
(ii) (zn)nen converges strongly to Z.

Proof. Apply Example 27.17 with D = {r}, vy =1, and A = 1. O

Exercises

Exercise 27.1 Let C' and D be closed convex subsets of H such that CND #
@, and let z¢g € H. Set

(VneN) a1 =x,+ Po(2Ppay, — ) — Poxy. (27.50)
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Show that (z,)nen converges weakly to a point € H and that Ppx,—Ppx €
CnD.

Exercise 27.2 Derive Corollary 27.7 from Corollary 27.4.

Exercise 27.3 Let ¢ € IH(H), let ¢ € Ih(H), let z € H, and suppose that
0 € sri(dom — dom). Consider the problem of constructing Proxy 2,
i.e., of finding the solution to the problem

minier%ize olx) +(z) + %Hx — 2|2 (27.51)

Use the following results to solve (27.51) (in each case provide an explicit
algorithm and a strong convergence result):

(i) Corollary 27.4 and Theorem 25.6(vii).
(ii) Proposition 27.15.

Exercise 27.4 In Corollary 27.10, suppose that C' is a compact set and that
SUp, ey An < 1. Show that the sequence (z,)nen produced by the projection-
gradient algorithm (27.27) converges strongly to a minimizer of f over C.

Exercise 27.5 Let m be a strictly positive integer, set I = {1,...,m}, and
let C' and (C;);er be nonempty closed convex subsets of H, at least one of
which is bounded. Consider the problem

L 1 2
minimize %ch(m) (27.52)

e N
i€l

(i) Show that (27.52) has at least one solution.

(ii) Use the projection-gradient algorithm to solve (27.52). Carefully check
that all the assumptions in Corollary 27.10 are satisfied; provide an
algorithm and a weak convergence result.

Exercise 27.6 Suppose that (ey)ren is an orthonormal basis of H and let
(¢r ) ken be a family of functions in IH(R) such that (Vk € N) ¢p, > ¢5(0) = 0.
Moreover, let L be a nonzero operator in B(H,K), let » € K, and assume
that the problem

L 1 2
minimize ;N(bk( (z|er))+ §||L.Z‘ —rl (27.53)

admits at least one solution.

(i) Use the Douglas-Rachford algorithm to solve (27.53). Carefully check
that all the assumptions in Corollary 27.4 are satisfied; provide an al-
gorithm and a weak convergence result.

(ii) Use the forward-backward algorithm to solve (27.53). Carefully check
that all the assumptions in Corollary 27.9 are satisfied; provide an al-
gorithm and a weak convergence result.
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Exercise 27.7 Suppose that (eg)ren is an orthonormal basis of H and let
(¢r ) ken be a family of functions in IH(R) such that (Vk € N) ¢p, > ¢5(0) = 0.
Moreover, let L be a nonzero operator in B(H,K), let ¢ € I[H(K), suppose
that r € sri L(dom ¢), and consider the problem

minimize ) (¢k(<x len)) + [z | ek>\2). (27.54)

keN

(i) Show that (27.54) admits exactly one solution.

(ii) Use the primal-dual algorithm (27.34) to solve (27.54). Carefully check
that all the assumptions in Proposition 27.15 are satisfied; provide an
algorithm and a strong convergence result.






Chapter 28
Projection Operators

Let C' be a nonempty closed convex subset of H. The projection Pcx of a
point & € H onto C is characterized by (see Theorem 3.14)

PecxeC and (VyeC) (y—Pex|xz—Peox)<0 (28.1)

or, equivalently, by (see Proposition 6.46) © — Pcx € Neo(Pox). In this chap-
ter, we investigate further the properties of projectors and provide a variety
of examples.

28.1 Basic Properties

As a special case of proximity operator, projectors inherit their properties.
Here are some examples.

Proposition 28.1 Let C be a nonempty closed convex subset of H and let
x € H. Then the following hold:

(i) Set D = z+ C, where z € H. Then Ppx = z + Po(z — 2).
(ii) Set D = pC, where p € R~ {0}. Then Ppx = pPc(p~'x).
(iii) Set D = —C. Then Ppx = —Pc(—x).

Proof. These properties are obtained by setting f = (¢ in the following re-
sults:

(i): Proposition 23.29(ii) (see also Proposition 3.17).

(ii): Proposition 23.29(iv).

(iii): Proposition 23.29(v) or set p = —1 in (ii). O

Proposition 28.2 Let K be a real Hilbert space, let C' be a nonempty closed
convex subset of K, let L € B(H,K), let x € H, and set D = L=(C). Then
the following hold:

H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory 415
in Hilbert Spaces, CMS Books in Mathematics, DOI 10.1007/978-1-4419-9467-7 28,
© Springer Science+Business Media, LLC 2011
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1) Suppose that = or some € . en Ppx = x +
i) S hat LL* ~Id ¥ Ryy. Then P,

v YL*(Po(Lz) — Lx).
(ii) Suppose that L is invertible, with L=' = L*. Then Ppx = L~'Pc(Lx).

Proof. (i): Set f = t¢ in Proposition 23.32.
(ii): This follows from (i). O

Proposition 28.3 Let (H;)icr be a totally ordered finite family of real
Hilbert spaces, set H = @,c; Hi, and, for every i € I, let C; be a nonempty
closed convexr subset of H; and x; € H;. Set @ = (x;)ie; and C = Xier Ci-
Then PC xr = (PC,;xi)iEI-

Proof. Tt is clear that C' is a nonempty closed convex subset of . The result
therefore follows from Proposition 23.30, where (Vi € I) f; = tc;. O

Proposition 28.4 Let (C;)icr be a totally ordered family of closed inter-
vals of R containing 0, suppose that H = (*(I), set C = X,er Ci, and

let @ = (&)ier € H. Then P is weakly sequentially continuous and
Pox = (Pc,&i)icr-
Proof. Apply Proposition 23.31 with (Vi € I) ¢; = ¢, O

Proposition 28.5 Let C and D be nonempty closed convex subsets of H, let
r € H, and suppose that Pcx € D. Then Ponpxr = Pox.

Proof. On the one hand, Pcx € C' N D. On the other hand, for every y €
CND C C,(28.1) yields (y — Pox | x — Pox) < 0. Altogether, Theorem 3.14
yields Pocapx = Pox. O

Proposition 28.6 Let C and D be nonempty closed convex subsets of H
such that C' 1. D. Then C'+ D is closed and convex, and Poyp = Pp+ Pco o
(Id — Pp).

Proof. Tt is clear that ran(Pp + Pc o (Id — Pp)) C C+ D. Now let = € H, let
y € C, and let z € D. Then, by (28.1),

((z+v) — (Ppz + Po(x — Ppx)) | * — (Ppx + Pc(x — Ppx)))
=(z— Ppx | x — Ppz) — (2| Po(x — Ppx)) + (Ppx | Po(x — Ppx))
+ (y — Po(x — Ppx) | (x — Ppz) — Po(x — Ppa))
<0,
(28.2)

which yields the result. m]

Next, we discuss some simple asymptotic properties.

Proposition 28.7 Let (C))nen be a sequence of nonempty closed convex

subsets of H such that (Vn € N) C,, C Chy1. Set C = |J C,, and let
x € H. Then Pc,x — Pcx.

neN
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Proof. Tt follows from Proposition 3.36(i) that C'is a nonempty closed convex
set. By assumption, there exists a sequence (y,, )nen in H such that y,, — Pox
and (Vn € N) y,, € Cy. In turn, (Vn € N) |[z—Pox|| < ||e—Pe, x| < ||lz—yn]-
Hence,

||z — Pe, z|| = ||z — Pox||. (28.3)

Therefore, every weak sequential cluster point z of (Pg,2)nen lies in C' by
Theorem 3.32 and since, by Lemma 2.35 and (28.3), ||z — Poz| < ||z —
z|| < lim ||@ — Pg, x|, it satisfies ||z — z|| = || — Poz||. It follows that Pox
is the only weak sequential cluster point of (Pg, )neny and, in turn, that
x — Po,x = x — Pox by Lemma 2.38. In view of (28.3) and Corollary 2.42,
we conclude that © — Po,x — = — Pox. O

Proposition 28.8 Let (C))nen be a sequence of nonempty closed convex
subsets of H such that C =, .y Cn # @ and (Vn € N) Cpy1 C C,,, and let
x € H. Then Po,x — Pox.

Proof. Set (¥n € N) p, = Pc,x. Then (Vn € N) |z — pp|| < |z — ppt1]| <
||z — Pox||. Hence, (pn)nen is bounded and (|2 — px||)nen is convergent. For
every m and n in N such that m < n, since (pm+pn)/2 € Cy,, Lemma 2.11(iv)
yields

lpn = pnll? = 2l — 21* + llpm — @l1?) = 411 +pm) /2 — 2]
< 2(llpn — 2] = |pm — ]1?)
—0 as m,n — +oo. (28.4)

Hence, (p)nen is a Cauchy sequence and, in turn, p, — p for some p € H.
For every n € N, (pg)g>n lies in C), and hence p € C,, since C, is closed.
Thus, p € C and therefore ||x — Pox| < ||z —p|| = lim || — p,|| < ||lo — Pox|.
Since C' is a Chebyshev set, we deduce that p = Pox. O

Remark 28.9 As seen in Proposition 3.18, the condition (1, .y Cr # @ in
Proposition 28.8 holds if Cj is bounded.

The proof of the following result is left as Exercise 28.5.

Proposition 28.10 Let C' be a nonempty closed convex subset of H, let € €
Ryy, let x € H, and set D = C + B(0;¢). Then D is a nonempty closed
convex subset of H and

z, if llo— Poz| <&

Ppx = xz — Pox

28.5
PC{E +e ( )

T Poa] otherwise.
xr— tcx

28.2 Projections onto Affine Subspaces

The following result complements Corollary 3.20.
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Proposition 28.11 Let C be a closed affine subspace of H. Then the follow-
ing hold:

(i) Pe is a weakly continuous affine operator.
(ii) Ve e H)(Vy € C)(Vz € C) (x— Pex|y—z)=0.
(iii) (Vz € H)(Vy € C) ||z — Poz||®* = (x —y | z — Pcx).

Proof. (i): This is a consequence of Proposition 4.8, Corollary 3.20(ii), and
Lemma 2.34.

(ii): This follows from Corollary 3.20(i).

(iii): Let € H and y € C. Then (ii) implies that ||z — Pox|® =
(x —Pex | (x—y)+ (y— Pox)) = (x — Pex | x — ). 0

Proposition 28.12 Let {e;}icr be a countable orthonormal subset of H and
set C =span{e;}icr. Then

(Ve eH) Pox= Z (x| ei)e;. (28.6)

el

Proof. If T is finite, then C' = span{e; };c; and hence Example 3.8 yields the
result. If I is countably infinite, we combine the finite case with Proposi-
tion 28.7 to obtain the conclusion. O

Proposition 28.13 Let I be a totally ordered finite set, let (w;)ier be real
numbers in 0, 1] such that ), ;w; = 1, and let H be the real Hilbert space
obtained by endowing the Cartesian product X, ;H with the usual vector
space structure and with the scalar product (x,y) = >,y wi (i | yi), where
x = (2;)icr and y = (yi)ics lie in H. Set D = {(1’)i€[ | T € 7-[}, let x € H,
and set p =), ;wir;. Then Ppx = (p)icr-

Proof. Set p = (p)icr, let y € H, and set y = (y);es. It is clear that p € D,
that y € D, and that D is a closed linear subspace of #. Furthermore,
(—ply) =2 wilei—ply) = (e wizi —p | y) = 0. Hence, we de-
rive from Corollary 3.22(i) that p = Ppx. O

Below, we provide a couple of examples of projectors onto affine subspaces.

Example 28.14 Let K be a real Hilbert space, let L € B(H,K) be such
that ran L is closed, let y € ran L, set C' = {x cH | Lx = y}, and let x € H.
Then the following hold:

(i) (V2 € C) Pox =2 — L*L*T(x — 2).
(ii) Pox = x — L*L*T(z — LTy).
(iii) Suppose that LL* is invertible. Then Pox = 2 — L*(LL*)"'(Lx — v).

Proof. (i): Take z € C'. Then C' = z+ker L and it follows from Proposition 3.17
and Proposition 3.28(iii) that Pox =  — L*L*T(x — 2).

(ii): Set z = LTy in (i).

(iii): By (ii) and Example 3.27, Pox = x — L*(LL*)"'L(z — Liy) = 2 —
L*(LL*)"Y(Lx — y). O
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Example 28.15 Suppose that u is a nonzero vector in H, let n € R, and set
C={xeM| (x|u)=n} Then

n—{z|u)

Ve eH) Pex=uz+ Tull?

(28.7)

Proof. Set ¢ = 14,y in Corollary 23.33, or set L = (-|u) and y = 7 in
Example 28.14(iii), or see Example 3.21. O

28.3 Projections onto Special Polyhedra

In the next two examples, we provide closed-form expressions for the projec-
tors onto a half-space and onto a hyperslab, respectively.

Example 28.16 Let u € H, let n € R, and set C = {m eEH | (x| u) < n}.
Then exactly one of the following holds:

(i) u =0 and n > 0, in which case C' = H and Pc = Id.

(ii) v = 0 and 1 < 0, in which case C' = @.
(iii) w # 0, in which case C' # @ and

z, it (2| u) <n;
Ve eH) Pex= — 28.8
( ) Po x—i—Lwau, it (x]u)>n. (28.8)
[l
Proof. (1)&(ii): Clear.
(iii): Set ¢ = 1]_s0, in Corollary 23.33. O

Example 28.17 Let u € H, let n; and 12 be in R, and set
C’z{xGH‘mS(m\wgng}. (28.9)

Then exactly one of the following holds:

(i) u =0 and 71 < 0 <19, in which case C' = H and Pr = Id.
(i) u=0and [ >0 or ny <0 ], in which case C = @.

(iii) w # 0 and 1, > 79, in which case C' = .

(iv) u # 0 and n; < 12, in which case C' # @ and

x—i—%u, if (x| u) <mng;
[l
(Ve € H) Pex =<7, if m < (@] uw) <o (28.10)
x—i—w it (x| u) > ne.

u
ful>
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Proof. (1)—(iii): Clear.
(iv): Set ¢ = t[, ) in Corollary 23.33. O

Next, we investigate the projector onto the intersection of two half-spaces
with parallel boundaries.

Proposition 28.18 Let ui and ug be in H, and let n1 and 12 be in R. Sup-
pose that ||u1|2|luz|® = [(uy | u2)|?, i-e., {u1,us} is linearly dependent, and
set

C’z{xe’;‘—[}<x|u1)§n1}ﬂ{xe7{’(x\uz>§ng}. (28.11)

Then exactly one of the following cases occurs:

(i) up = uz = 0 and 0 < min{ny, n2}. Then C = H and Pc = 1d.
(ii) u1 = u2 = 0 and min{ny,n2} < 0. Then C = &.
(iii) u1 #0, uz =0, and 0 < . Then C = {z € H ‘ (x| u) <m} and

z, if (x| ur) <mj;
+wu1, if (@]u1)>m.
[l
(iv)up #0, ug =0, and n2 < 0. Then C' = @.
(V) ur =0, ug #0, and 0 < 7. ThenC:{xGH ‘ (:E|uz>§772} and

z, if (x| u2) <mo;
T+ WU% if (x| ua) > ne.
[zl
(vi)us =0, ug #0, and 1 <0. Then C = @.
(vii) uy # 0, uz # 0, and (uy | uz) > 0. Then C = {z € H | (x| u) <n},
where u = [Juz||uy and n = min{n |luzl, n2|u1ll}, and

€, if <l‘ ‘ u> <
VeeH) Pox= — (28.14
( ) x—I—LIqu, if (x| u)>n. )
[l
(viil) ug # 0, ug # 0, (u1 | u2) <0, and ny||us|| + n2l|u1]] < 0. Then C = @.
(ix) up # 0, ug # 0, (uy | uz) < 0, and ny||uz|| + n2l|us]| > 0. Then C =
{zeH | Y1 < (x| u) <2} # @, where

u= [lugllur, m=—mellusll, and 52 =mluzl, (28.15)

and
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_ ey -—m

(Vz € H) Pex =<, if 11 < (u|x) <o
x| u)— .
x—% . if (x]u) > .

(28.16)

Proof. Let x € H.

(1), (i), (iv), & (vi): Clear.

(iil)&(v): This follows from Example 28.16(iii).

(vii): Since u; and wg are linearly dependent and (uj |uz) > 0, we
have |Jug||ur = |luiljuz. Now set u = ||uz||ui. We have (x| u1) < n1 <
[ug|| (z | u1) < mlluzll < (@ [u) < mllugl| and, similarly, (z|ug) < 72 <
(x| u) < n2|lui]. Altogether, x € C' < (x| u) < n and the formula for Pc
follows from Example 28.16(iii).

(viil)&(ix): Set u = [[uzllur = —[[u1([uz, y1 = —mn2flurl], and v2 = mufjuzl].
Then (z | u1) < m & Juall (& [ u1) < milluzll & (& | u) < 7, and (z | u) <
i & (@ [z} < mpllurl] & —mallurll < (@ | —Jurll ) & 9 < (@ | ).
Altogether, z € C < v < (x| u) < 72, and the results follow from Exam-
ple 28.17(iii)& (iv). 0

Proposition 28.19 Let uy and us be in H, and let 1 and 12 be in R. Sup-
pose that |Juy||?|lug||® > [(u1 | ug)|?, i.e., {uy,us} is linearly independent, set

C={ozcH|@|lw)<m}n{zeH | (&|u)<n}, (28.17)
and let x € H. Then C # & and
Pox = x — viuy — vaus, (28.18)

where exactly one of the following holds:

(i) (x| u1) <m and (x| uz) < n2. Then vy = vp = 0.
(if) [luzll*({x | w1) =m) > (ur [ u2) ((z | u2) —n2) and [Jui||*((z | uz) —n2) >
(ug | u2) ({(x | u1) —m). Then

yy = Nl () —m) = Gur Jua) (G Jwa) =) o g 1)

2
[[un][? [Jual? = [{us [ ug)|

and

_ P (e | uz) —m2) — (ua | ug) (@] wa) —m)

2
[l luz]l? = |(ur | u2)]

Vs >0.  (28.20)

(i) (z [uz) > n2 and [luz]*((z [ ua) —m) < (ur [ ug) (2 [ uz) —n2). Then

v =0 and vy = W# > 0. (28.21)
U2
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(iv) (2 | ur) >m and [wn]*((z [ uz) —n2) < (ur | u2) ((@ | u1) —m). Then
>0 and vy =0. (28.22)
Proof. Set L: H — R?: y+— ({y | u1), (y | uz)) and

] (ur | ug)
G = . 28.23
(ur | ug) [us? (28.23)

Since, by assumption, det G # 0, G is invertible. Hence, ran L = ran LL* =
ran G = R? and, therefore, C' # @. Proposition 26.18 applied to the objective
function (1/2)| - —z||? asserts the existence of 11 and v5 in Ry such that

Pox = x — viuy — vous, (28.24)

and such that the feasibility conditions

(@ [ ur) = viflual® = vo (uz | Ulg <, (28.25)
(@ [ u2) — v {ur | uz) — val[usgl]® < n2,
hold, as well as the complementary slackness conditions
vi( (| ug) — villui)|® = va (ug | ug) — m)=0 (28.26)
and
va ({z | uz) — 11 (ug | ug) — vo|luz||® — n2) = 0. (28.27)

The linear independence of {uj,us} guarantees the uniqueness of (vq,vs).
This leads to four conceivable cases.

(a) 1 = v = 0: Then (28.24) yields Pcx = z, i.e.,, x € C. This verifies
().

(b) 1 > 0 and v > 0: In view of (28.23), (28.26) and (28.27) force
G [Vl u2]T =Lz — [771 ng]T, which yields (ii).

(¢) v1 = 0 and v > 0: Condition (28.27) forces (x | uz) — vallus||? =
72, which yields the formula for 15 as well as the equivalence vy > 0 <
(x| uzg) > m2. In turn, (28.25) reduces to (x| u1) — n1 < v (uy | uz), which
yields [luz||*((@ | u1) — m) < (ur | uz) ((z [ uz) —12), and (z [ uz) — 12 =
Vo|luz||?. This verifies (iii).

(d) v1 > 0 and v, = 0: This is analogous to (c) and yields (iv). O

The following notation will be convenient.

Definition 28.20 Set
H:'H2—>2H:(x,y)r—>{z€7-l}(z—y\m—y>§0} (28.28)

and
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Q: H®—>H
z, if p=0and y > 0;

(,y,2) = $+<1+%>(z—y), it p> 0 and xv > p;

y+%(x(x—y)+u(2_y))’ if p>0and xv < p,

x=(&—-yly—=2),

T
where p=llz y||2, (28.29)
v=|ly—z|%
p=pv—x>
Corollary 28.21 (Haugazeau) Let (z,y,2) € H3 and set
C = H(z,y) N H(y,z2). (28.30)

Moreover, set x = (v —y|y—2), p = llz —y|>, v = |ly - 2|?, and p =
uv — x2. Then exactly one of the following holds:

(i) p=0 and x <0, in which case C' = &.

(i) [p =0 and x > 0] or p > 0, in which case C # & and

Pox = Q(z,y, 2). (28.31)

Proof. We first observe that, by Cauchy—Schwarz, p > 0. Now set u; =
x—y,uz = y—2z,m = (ylu), and n2 = (2| uz). Then H(z,y)
{ceM | (clu)<m},and H(y,z) ={ceH | (c|uz) <m}.

(i): We have [Juy||2||uz]|®> = (u1 | ug)® and (u; | ug) < 0. Hence, [ug|ju; =
—||uq||uz and, therefore,

m lluz|| + nallud|
= |z —y) luall + (2 [y — 2) ||lus]
=y lw)lluall + (z=yly—2)+ Y ly—2))ull
y | ua) fluzll + (= lluall® + (y | u2) ) Ju|
y | fusllur + Juflug) = [lua]] [luz]?
= (y 1 0) — [Jua | [|uzl?
<. (28.32)

=
=

We therefore deduce from Proposition 28.18(viii) that C' = @.

(ii): We verify the formula in each of the following three cases:

(a) p=0and x > 0: In view of (28.29), we must show that Pcx = z. We
consider four subcases.

(a.1) 2 =y = z: Then C = H and therefore Pcx = = = 2.
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(a.2) © # y = z: Then C = H(z,y) and it follows from (28.1) that

(a.3) = y # z: Then C = H(y,z) and it follows from (28.1) that
Pox = Poy = 2.

(ad) x # y and y # z: Then {uj,us} is linearly dependent and
X = (u1 |uz2) > 0. Hence, x > 0. Now set u = ||ua|jur = |ui]uz and
1 = min{n: [[uzl], n2[|u1[|}. We have

(@ =z u) = (ur | u) + (uz | u) = Ju]* [Jual| + JJua | uz]® > 0. (28.33)

On the other hand, mllus|| — melluall = (y[u1) Juzll = (z|u2) lual| =
(y =z | u) = (uz | u) = [lua]| [luz]* > 0. Thus, n = n2fus|l = (2 | uz) ||| =
(z | u), and (28.33) yields (z|u) > (z|u) = n. Hence, by Proposi-
tion 28.18(vii) and (28.33),

P — a4 1210
Ju]
Pt LY
]
[ [|* wz |l + Jlua || [[uz]]?
=x— (|21 [z
REE

[[ur || wz + [[us| e
[z
=T — Ul — U
= 2. (28.34)

(b) p > 0 and xv > p: In view of (28.29), we must show that Pox =
o+ (1+x/v)(z —y). We have (uy | us) [[us||* > [[ua]|?|uz||* = (w1 | uz)* >0,
ie.,

(ur | uz) (luz|l® + (ur [us) ) > [lur|*[lus]® > (ur | uz)®. (28.35)
Since x = (u1 | ug) > 0, we have

(@ |u2) —me = (v — 2| u2)

= (u1 +uz | uz)

= (uy | ug) + [Juz? (28.36)
> 0. (28.37)

On the other hand, using (28.36) and (28.35), we obtain

(uy [ug) (@] uz) —n2) = (ur [ u2) ((ur [ ug) + [|uz)?)
> [|uy || |uz]?
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= Jluz|? ({2 | u1) —m). (28.38)
Altogether, (28.37), (28.38), Proposition 28.19(iii), and (28.36) yield

(o] uz) —ms
uz]?
ual|* + (uy | us)

=z+ (—u2)

[Jug |2
=z+ (14 x/v)(z—vy). (28.39)

Perx=x — Uo

() p> 0 and xv < p: In view of (28.29), we must show that Pocx =
y+ (v/p)(x(z —y) + u(z —y)). We have

uall® (G | ux) = m) = ]| s
=p+x* (28.40)
> x(v +X)
= (u1 | u2) (w1 + uz2 | u2)
= (uy | ug) (x — z | ug)
= (u1 | ug) ((x | uz) —n2). (28.41)
Next, by (28.36),

lull® (@ | uz) = n2) = [lual|* ((ur | ua) + uz?)
> [lun? (ur | us)
= (& | ur) —m) (ur | u2). (28.42)

Altogether, it follows from (28.40), (28.41), (28.42), and Proposition 28.19(ii)
that

Por =2~ (1- %)@=y - Liy-2)

—y+ %(X(x —y) +p(z— ), (28.43)

which concludes the proof. O

28.4 Projections Involving Convex Cones

Projections onto convex cones were discussed in Proposition 6.27 and in The-
orem 6.29. Here are further properties.

Proposition 28.22 Let K be a nonempty closed convex cone in H, let x €
H, and let p € Ry. Then Pk (px) = pPka.
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Proof. See Exercise 28.6. O

Example 28.23 Let I be a totally ordered set, suppose that H = ¢?(I), and
set K = ﬁ_([ ). Then Pk is weakly sequentially continuous and, for every
z = (§&)ier € H, Pra = (max{;,0})ier.

Proof. This is a consequence of Proposition 28.4 (see also Example 6.28). O
Example 28.24 Suppose that u is a nonzero vector in H and set K = R u.

Then
(@[ u)

u,
(Ve e H) Pxx=1 |ul?
0, otherwise.

if (@]u) 20; (28.44)

Proof. Since K® = {z €M | (z|u) <0}, the result follows from Theo-
rem 6.29(i) and Example 28.16(iii). O

Example 28.25 Suppose that H = SV, let K = Sf be the closed convex
cone of symmetric positive semidefinite matrices, and let X € H. Then there
exist a diagonal matrix A € RV*N and an orthogonal matrix U € RN*N
such that X = UAUT and Pk X = UA,U', where A is the diagonal
matrix obtained from A by setting the negative entries equal to 0.

Proof. Set X, =UA,U" and A_ =A—A,. Then X, € K and X — X, =
UA_UT € —K = K© by Example 6.25. Furthermore, (X | X — X;) =
tr (X+(X — X+)) = tr (UA+UTUA_UT) = tr (UA+A_UT) = tr (A+/1_) =
0. Altogether, the result follows from Proposition 6.27. O

In the remainder of this section, we focus on the problem of projecting
onto the intersection of a cone and a hyperplane.

Proposition 28.26 Let K be a nonempty closed convexr cone in H, suppose
that u € K satisfies |lul| =1, letn € Ry, set C = KN{x € H | (x | u) =n},
and let x € H. Then C # @ and

Pox = Pg(vu+ x), (28.45)

where 7 € R is a solution to the equation (Px(Du+ x) | u) = 1.

Proof. The problem of finding Pox is a special case of the primal problem
(27.47) in Example 27.18, in which £ = R, L = (- | u), and r = 7. Since
n € int (K | u), we derive from Example 27.18 that the dual problem (27.48),
which becomes, via Theorem 6.29(iii),

minier]%ize ¢(v), where ¢:v— %d%e (vu+x) — v, (28.46)

has at least one solution . Furthermore, 7 is characterized by ¢'(7) = 0, i.e.,
using Proposition 12.31, by (P (7u + z) | u) =7, and the primal solution is
Pox = Px(vu + x). O

Here is an application of Proposition 28.26 to the probability simplex.
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Example 28.27 Let N be a strictly positive integer, suppose that H = RY,

let B € Ryy,set I ={1,...,N}, set C = {(&)ier €RY | X, & = B}, let
x = (&)ier € H, and set

¢: R —>R:t— Y max{& +1t,0}. (28.47)
i€l

Then ¢ is continuous and increasing, and there exists s € R such that ¢(s) =
B. Furthermore, s is unique, Pocx = (max {& + s,0});er, and s € |-, 8 — ¢,
where £ = max;es &. (Thus, s may be found easily by the bisection method.)

Proof. Set K =RY, u=(1,...,1)/v/N € R¥,and n = 8/v/N. Then |lul| = 1
and C = KNn{xeH | (x|u)=n}. For every i € I, the function ¢ —
max {& + ¢,0} is increasing. Using Example 28.23, we deduce that ¢: R —
R:t — Y, max{§ +t,0} = VN(Pk(z + VNtu) | u) is increasing, and,
by Proposition 28.26, that the equation ¢(7/v/N) = 8 has a solution. Thus,
there exists s € R such that ¢(s) = 3. Since 3 > 0, there exists j € I such
that £;+s > 0. Hence, t — max {{; +¢,0} is strictly increasing on some open
interval U containing s, which implies that ¢ is strictly increasing on U as
well. This shows the uniqueness of s. Finally, ¢(—¢§) = >, ; max{& —¢,0} =

Zie]ozo<5§Zi€1max{§i_§+ﬂao}:¢(_€+ﬂ)~ a

28.5 Projections onto Epigraphs and Lower Level Sets

Proposition 28.28 Let f: H — R be convex and continuous, set C' = epi f,
and let (z,¢) € (H xR)~ C. Then the inclusion z € x + (f(z) — )0 f(x) has
a unique solution, say T, and Po(z,¢) = (Z, f(Z)).

Proof. Set (z,£) = Po(z,¢). Then (Z,§) is the unique solution to the problem

e 1 2 1 2
1y, + =€ = ¢|?. 28.48
f(@)+(=1)€<0

In view of Proposition 26.18, (z,&) is characterized by f(z) < £ and the
existence of 7 € Ry such that v(f(z)—¢€) =0, 2—7 € vOf(z), and (—& = —7.
If 7 = 0, then (7,€) = (2,¢) € C, which is impossible. Hence 7 > 0. We
conclude that £ = f(z) and therefore that 7 = f(z) — (. O

Example 28.29 Let N be a strictly positive integer, suppose that H =
RN, set I = {1,...,N}, set f: H — R: (&)ier — (1/2) 3c; il&|?, where
(avi)icr € RY . Suppose that (2,¢) € (1 x R) \ (epi f) and set z = ({;)icr.
By Proposition 28.28, the system of equations & = ¢; — (f () — {)«;&;, where
i € I, has a unique solution z = (&;)ic7. Now set 7 = f(z). Then
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Gi

Weh S =dar

(28.49)

and hence
1 > (7@ )2 (28.50)
= — Oéi . .
TR = Qa1

This one-dimensional equation can be solved numerically for 7, and T can
then be recovered from (28.49).

Proposition 28.30 Let f: H — R be convexr and continuous, and let z € H.
Suppose that ¢ € Jinf f(H), f(2)] and set C =lev<c f. Then, in terms of the
real variable v, the equation f(Prox, s z) = (¢ has at least one solution in Ry
and, if v is such a solution, then Pocz = Proxgsf 2.

Proof. The vector Pcz is the unique solution to the convex optimization
problem
minimize %Hm — 2|2 (28.51)
TEH
f@)<¢

In view of Proposition 26.18, there exists 7 € R, such that f(Pcz) < ¢,
v(f(Pcz) — () =0, and z — Poz € v0f(Pcz). Since z ¢ C, we must have
v > 0. Hence, f(Pcz) = ¢ and the result follows from (16.30). O

Example 28.31 Let C' be a nonempty bounded closed convex subset of
H and recall that C® denotes the polar set of C (see (7.6)). Suppose
that 2 € H ~ C®. Then, in terms of the real variable v, the equation
v = (2 —vPc(z/v) | vPco(z/v)) has a unique solution 7 € R4 . Moreover,
Peoz=2z—0Pc(z/P) and U = (Pgoz | 2z — Pooz).

Proof. Recall that C® = lev<; o¢ = lev<; ¢, and that our assumptions imply
that oc(0) = 0 < 1 < o¢(z). By Proposition 28.30, there exists v € Ry
such that

Pcoz =Proxp: 2 and (o(Pooz)=1. (28.52)

It follows from Theorem 14.3(ii) and Example 12.25 that Proxm*c z = z—
VPc(z/v), which provides the projection formula. In turn, we derive from
(28.52) and Theorem 14.3(iii) that

1 =15 (Proxp,y, 2) + to(Po(2/7))
= (Proxp.:, z | Po(z/7))
= (Pgoz | z— Pgoz) /7, (28.53)
which yields 7 = (Pgoz | 2 — Pooz). O

Example 28.32 Suppose that H = RV, let A € R¥*Y be symmetric and
positive semidefinite, and let u € RV. Set f: RY — R: z +— (1/2) (z | Az) +
(z | u), let z € RN, suppose that ¢ € Jinf f(H), f(2)[, and set C = lev<, f.
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Then & = Pcz is the unique solution to the system of equations f(z) = ¢
and z = (Id + 7A) "1 (2 — vu), where 7 € Ry 4.

Proof. This follows from Proposition 28.30. O

Exercises

Exercise 28.1 Suppose that H = H x R, where H is a real Hilbert space, let
pE€R,, and @ € Ry, and set C; = B(0;p) X R and Co = H x [—a, +a].
Provide formulas for the projection operators P, and Pc,, and check that the
projection onto the cylinder Chy NCy is given by Poync, = Po, Pc, = Po, Poy -

Exercise 28.2 Show that Proposition 28.2(ii) fails if L* # L™!.
Exercise 28.3 Prove Proposition 28.4 using (28.1).

Exercise 28.4 Given finite families of (w;)ier in H ~ {0} and (8;)ier in
R, set C = {w € H | (| u;) < Bi}. Let V be a closed linear subspace of
Nic{ui}™ and set D = C'NV+. Show that D is a polyhedron in V+ and
that PC:P\/-FPDOPVL.

Exercise 28.5 Prove Proposition 28.10.
Exercise 28.6 Check Proposition 28.22.
Exercise 28.7 Prove Example 28.24 using (28.1).

Exercise 28.8 Let a € Ry and set K, = {(z,p) e H xR | |z| < ap}.
Use Exercise 6.4 to show that KS = — K/ and that

(2, p), it |2 < ap;
(V(I,p) € H x R) PKQ (1’7/)) = (070)3 if Oz||$|| < —p;
aflzll +p

(ai, 1), otherwise.
[l
(28.54)
Exercise 28.9 Let z € H and let v € [0, 1]. Suppose that ||z|| = 1 and set

a?+1

K.n={zeMN|vlz|—(z]z) <0} (28.55)

Use Exercise 28.8 to check that Kzeﬂ = Kﬂwﬂ and that

z, ifzekK,,;

(VzeM) Pk x=40, ifrecK;

oy, otherwise,

(28.56)

where y = vz + /1 —~2(x — (x| 2) 2)/||lx — (x| 2) z|| and § = (= | y).
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Exercise 28.10 Consider Exercise 28.9 and its notation. Let ¢ € Ry, and
let w € H be such that [|w|| = 1 and (Vo € K. /24¢)) (x| w) > 0. Prove
that |Jw — z|| < e/2.

Exercise 28.11 Let N be a strictly positive integer, let 5 € Ry, and set
I={1,...,N}. Using Example 28.27, show that the problem

minimize  ||y|| (28.57)
y=(ni)ic1 ERY
Eiel ni=p

has a unique solution, namely (8/N);e;.

Exercise 28.12 Suppose that H = R, set f: H — H:z +— 22 and C =
epi f, and let (z,t) € R? ~ (epi f). Then Pc( 1) = ( z,7?%), where 7 € R is
the unique solution to the cubic equation 223 + (1 — 2t)z — 2z = 0.

Exercise 28.13 Let N be a strictly positive integer, suppose that H = RY,
set I ={1,...,N}, let t € Ry, and let (o;)ier € RY. Set f: RN - R: 2 —
(1/2) >, @il&i|? and let z € RY be such that f(z) > t. Set C' = lev<, f and
x = Pcz. Show that, for every i € T, & = (;/(1 + Aay;), where

_Z (HMZ)Q —t (28.58)




Chapter 29
Best Approximation Algorithms

Best approximation algorithms were already discussed in Corollary 5.28, in
Example 27.17, and in Example 27.18. In this chapter we provide further ap-
proaches for computing the projection onto the intersection of finitely many
closed convex sets, employing the individual projectors, namely, Dykstra’s
algorithm and Haugazeau’s algorithm. Applications of the latter to solving
monotone inclusion and minimization problems with strongly convergent al-
gorithms are given.

29.1 Dykstra’s Algorithm

Corollary 5.23 features a weakly convergent periodic projection algorithm
for finding a common point of closed convex sets. We saw in Corollary 5.28
that, when all the sets are closed affine subspaces, the iterates produced by
this algorithm actually converge to the projection of the initial point zy onto
the intersection of the sets. As shown in Figure 29.1, this is however not
true in general. In this section, we describe a strongly convergent projection
algorithm for finding the projection of a point onto the intersection of closed
convex sets. The following technical result will be required.

Lemma 29.1 Let (pp)nen € (3 (N), let m € N, and set (Vn € N) o, =
ZZ:O Pk- Then h_IHO'n(Un - O_nfm—l) =0.

Proof. Since, by Cauchy—Schwarz,

for every integer n > m, it suffices to show that lim v/n + 1(c,, — 0 —m—1) = 0.
We shall prove this by contradiction: assume that there exist ¢ € R4 and an

H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory 431
in Hilbert Spaces, CMS Books in Mathematics, DOI 10.1007/978-1-4419-9467-7 29,
© Springer Science+Business Media, LLC 2011
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Fig. 29.1 The method of alternating projections z, 11 = Pc, Pc,©n converges (in one
iteration) to zoo and fails to produce the best approximation p to zg from C1 N Ca.

integer ng > m such that, for every integer n > ng, 0, —0p—m—1 > €/vV/n+1
which, by Cauchy—-Schwarz, implies that

2
€ 2
nt 1 < (pnfm + +pn) < (m+ 1)(p%7m + +,0721)- (29.2)
Summing (29.2) over all integers n > ng yields a contradiction. O

The periodic projection algorithm described next was first studied by Dyk-
stra in the case of closed convex cones.

Theorem 29.2 (Dykstra’s algorithm) Let m be a strictly positive inte-
ger, set I ={1,...,m}, let (C;)icr be a family of closed convexr subsets of H
such that C' = (\,c; Ci # @, and let xo € H. Set

i:N—=T:n—1+rem(n—1,m), (29.3)
where rem(-,m) is the remainder function of the division by m. For every

strictly positive integer n, set P, = Pc, , where Cp, = Cypy if n > m. More-
over, set q—(m—-1) = " =(4-1=4qo = 0 and

Tp = Pn(l'nfl + anm%
(Vn e N {0}) L]n I (29.4)
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Then x,, — Poxg.
Proof. Tt follows from Theorem 3.14 that
(Vne N~ {0}) =z,€C, and My e Cy) (zn—y|aqn) >0. (29.5)
Moreover, for every integer n > 1, (29.4) yields
Tl — Tn = Gn — Qn—m (29.6)

and, therefore,
n

To — Ty = Z Q.- (29.7)

k=n—m+1
Let z € C,let n € N, and let x_(,,,_1),...,2_1 be arbitrary vectors in H. We
derive from (29.6) that
l2n — 2|
= znt1 = 21 + |20 = Tt [P + 2 (Tnt1 — 2 | 20 — Tnt)
= [|@pt1 — ZH2 + llzn — xn+1||2 +2(Tnt1 — 2 [ Gnt1 — Gnt1-m)
= [[Tpt1 — ZH2 + llzn — xn+1||2 +2(Tnt1 — 2| gnt1)
+2(@ntr1-m = Tnt1 | Gnri-m) = 2(Tn-m+1 — 2 | Gn—m+1) - (29.8)

Now let [ € N be such that n > [. Using (29.8) and induction, we obtain

n
lzr = 21” = llzn = 217+ > (lox — 2x—1 | + 2 (@hom — 2k | ghom))

k=I+1
n l
+2 Z (xp—z | q) — 2 Z (g — 2| qe). (29.9)
k=n—m-+1 k=l—(m—1)

In particular, when [ = 0, we see that

n

lzo — 2117 = llzn — 20 + > (lew — @r-1ll® + 2 {@x-m — @k | @o-m))
k=1
n

+20 ) (wk—zla). (29.10)
k=n—m-+1

Since all the summands on the right-hand side of (29.10) lie in R, it follows
that (2 )gen is bounded and

D k-1 — @kl|* < +oo. (29.11)
keN
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Using (29.7) and (29.5), we get

n

—zplzo—z)= D G-zla)+ D, (ov—za|a)
n—m-+1
n

k= k=n—m+1

IN

> (wk—wa @) (29.12)

k=n—m+1
On the other hand, for every k € {n —m+1,...,n — 1}, the identities
& =qr — 0

= 4k — qi(k)—m
= (qk — Qk—m) + (@—m — Qe—2m) + - + (Gk) = Gk)—m) (29.13)

and (29.6) result in

n—1 n—1 n—1
S llarl €0 Mgk = aremll =Y lan—1 — axll- (29.14)
k=n—m-+1 k=1 k=1

Hence, using the triangle inequality, we obtain

n—1 n—1
Yo Hme—mala)l s Y o —zallllaxl
k=n—m-+1 k=n—m+1
n n—1
< > mea—ml o D el
l=n—m-+42 k=n—m-+1
n n—1
< Y Nmea =l Y ek — . (29.15)
l=n—m-+2 k=1

In view of (29.11) and Lemma 29.1, we deduce that

n

im > [wk—2n | @) =0. (29.16)
k=n—m-+1

Let (xp, )nen be a subsequence of (x,,),en such that

Pn

lim Y ok~ ap, | k)] =0, (29.17)
k=pn—m+1

such that (zp,)nen converges weakly, say z,, — « € H, and such that
lim ||zp, || exists. In view of the definition of i, we also assume that there
exists j € I such that (Vn € N) i(p,) = j. By construction, (zp, )nen lies in
Cj, which is weakly closed by Theorem 3.32. Hence x € C;. Furthermore,
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since x,, — Tp41 — 0 by (29.11) and since, for every n € N~ {0}, z,, € Cp,
zeC. (29.18)
Combining (29.12) and (29.17) yields
lim (z — z,, | mg — 2, ) < 0. (29.19)
Hence, for every z € C, it follows from Lemma 2.35 that

(z = |20 — ) = [l2* = (2| 2) = (& | wo) + (z | x0)
<lim (|lzp, [|* = (2| 2p,) — (@p, | 20) + (2] z0))

o) + (2 | 20))

< (Jap, I — (= | 25,) — (2,
:E(z — Tp, ‘ Ty — xpn>

<0. (29.20)
In view of (29.18) and (29.20), we derive from (3.6) that
x = Poxy. (29.21)

Using (29.20), with z = z, yields [|zp,
from Corollary 2.42 that

— ||| Since x,, — z, we deduce

Tp, — . (29.22)
In turn, by (29.12) and (29.17),

0+« <x_73pn |$O_xpn>

Pn Pn
= D fe-mla)+ Y (en—ap, la)
k=pn—m+1 k=pp—m+1
p’!l
k=pn—m+1
- 0. (29.23)
This implies that
P
lim Y (@ |q) =0 (29.24)
k=pnp—m-+1

We now show by contradiction that the entire sequence (z,,)nen converges
to x. To this end, let us assume that there exist ¢ € R4 and a subsequence
(21, )nen Of (zn)nen such that (Yn € N) ||z, — x| > e. After passing to a
subsequence of (x, Jnen and relabeling if necessary, we assume furthermore
that (¥n € N) I,, > p,. Then (29.9), (29.5), and (29.24) yield

0 ¢ [z, — |
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L
= e, —21P+ > (loe —ze-1 ) +2 (@kom — 25 | geom))

k=pn+1
ln Pn
+2 Z (g —x | qr) —2 Z (xp — x| qr)
k=l,—m+1 k=pp,—m-+1
Pn
> o, —al®+2 Y (o -z |
k=pn—m+1
Pn
>2 Y (w—ak|a)
k=pp—m+1
— 0. (29.25)
It follows that x;, — x, which is impossible. O

Theorem 29.2 allows for a different proof of Corollary 5.28; we leave the
verification of the details as Exercise 29.1.

29.2 Haugazeau’s Algorithm

In this section we consider the problem of finding the best approximation to a
point z from the set of common fixed points of firmly nonexpansive operators.

Theorem 29.3 Let (T;)icr be a finite family of firmly nonexpansive oper-
ators from H to H such that C = (,c; FixT; # &, and let xo € H. Let
i: N —= I be such that there exists a strictly positive integer m for which

(Vie I)(VneN) ie{i(n),...,iln+m—1)}, (29.26)
and set
(VneN) ap41 = Q(mmxn,ﬂ(n)xn), (29.27)
where Q is defined in (28.29). Then x, — Pcxy.

Proof. Throughout, the notation (28.28) will be used. We first observe that
Corollary 4.15 implies that C' is a nonempty closed convex set. Also, for every
nonempty closed convex subset D of H, (28.1) implies that

(VeeH) PpreD and D C H(x,Ppzx). (29.28)

In view of Corollary 28.21, to check that the sequence (2, )nen is well defined,
we must show that (Vn € N) H(xo,2,) N H (2, Tin)rn) # 9. To this end,
it is sufficient to show that C' C (", o H(z0, 2n) N H (2, Tin)xn), i.e., since
(29.26) and Corollary 4.16 yield

neN
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C = (FixTi) € () H(@n, Tignyzn), (29.29)
neN neN
that C' C (,,en H(z0, 7). For n = 0, it is clear that C' C H(xo,z,) = H.

Furthermore, for every n € N, it follows from (29.29), (29.28), and Corol-
lary 28.21 that

Cc H(x07xn) = CC H(ico,fn) N H(xnaTl(n)xn)
=CC H($07Q($07$n7ﬂ(n)xn))
< C C H(Io,l‘n+1), (2930)

which establishes the assertion by induction. Now let n € N. We observe that
Corollary 28.21 yields

Tni1 € H(xo,2n) N H(xn, Ti(n)mn). (29.31)

Hence, since z,, is the projection of zy onto H(zg,z,) and since x, 11 =

Q(x0, T, Tinyrn) € H(x0,7,), we have |9 — 2, < [|20 — Zpy1]]. On the

other hand, since Poxg € C' C H(zg, 2, ), we have ||xg — 2, || < |20 — Poxol|-
Altogether, (||zo — zn]|)nen converges and

lim ||zg — 2| < |20 — Poxo||. (29.32)

For every n € N, the inclusion z,,+1 € H(zg, z,) implies that

l|zo — xn+1H2 — [|wo — mn||2 = |lznt1 — anZ +2(Tnt1 — Tn | T — 20)

> ||#nt1 — 2al?, (29.33)
and it follows from the convergence of (||zo — zp||)nen that
Tpt1 — Ty — 0. (29.34)

In turn since, for every n € N, the inclusion 2,1 € H(z,, Tin)2,) implies
that

||=Tn+1 - xn||2 = ||33n+1 - Ti(n):EnH2 +2 <mn+1 - Ti(n)xn | T1(n)$n - $n>

+ [|zn — Tinyznll?
> ||@ns1 = Tinyzall® + 20 — Tiynll?, (29.35)
we obtain
Ty — Ti(n)l'n — 0. (29.36)

Now let ¢ € I, and let 2 be a weak sequential cluster point of (zy)nen. In
view of (29.26), there exist sequences (kn)nen and (pn)nen in N such that
Tk, — x and
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kn< n<kn 71<kn < pn ,
(fneN) {FnSPn=tntm 1= Pt (29.37)
i =1i(pn).
Moreover, it follows from (29.34) that
kp+m—2
||mpn - ‘,I:kn H S Z ||xl+1 - le
l=kn

< -1 _
S, B, e
-0, (29.38)

and, in turn, that z;,,, — x. Hence, since xp, — Tizp, = xp, — Ti(p,)Tp, — 0
by (29.36), we deduce from Corollary 4.18 that x € FixT; and, since i was
arbitrarily chosen in I, that x € C. Bringing into play Lemma 2.35 and
(29.32), we obtain

|z — Powo|| < [lwo — 2| < lim [|zo — @k, || < [lzo — Powol|.  (29.39)

Hence, since C' is a Chebyshev set, x = Poxg is the unique weak sequential
cluster point of (z,,)nen and it follows from Lemma 2.38 that x,, — Poxo.
Thus, appealing to Lemma 2.35 and (29.32), we obtain

lzo — Poxol| < lim ||zg — 2, || = lim ||xo — z,|| < ||zo — Poxol] (29.40)

and, therefore, ||zg — x| — ||xo — Peowol|. Since zg — x, — x9 — Poxg, it
follows from Corollary 2.42 that zg — x, — xo — Poxg. |

Our first application yields a strongly convergent proximal-point algorithm
that finds the zero of a maximally monotone operator at minimal distance
from the starting point.

Corollary 29.4 Let A: H — 2" be mazimally monotone and such that 0 €
ran A, and let xg € H. Set (Vn € N) z,11 = Q(zo,xpn, Jaxy,), where Q is
defined in (28.29). Then x, — Pera Xo.

Proof. Set Ty = J4. Then T is firmly nonexpansive by Corollary 23.8, and
Proposition 23.38 asserts that FixT} = zer A # @. Thus, the result is an
application of Theorem 29.3 with I = {1}, m =1, and i: n — 1. O

The next result provides a strongly convergent forward-backward algo-
rithm.

Corollary 29.5 Let A: H — 2™ be mazximally monotone, let B € Ry, let
B: H — H be B-cocoercive, and let v € |0,20[. Suppose that zer(A+ B) # &,
let xo € H, and set
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Yn = Tpn — YBx,,
(VR eN) |z, = (1/2)(zn + Jyayn), (29.41)

Tyl = Q(mo,xn,zn),
where Q is defined in (28.29). Then x, — Per(a+B) To-
Proof. Set T'= (1/2)(Id 4+ Jya o (Id — vB)) and note that (29.41) yields
(VneN) x,41 = Q(J;o,mn,Txn). (29.42)

By Corollary 23.10(i), J,4 is nonexpansive. Moreover, by Proposition 4.33
and Remark 4.24(i), Id — vB is nonexpansive. Thus, J, 4 o (Id —vB) is non-
expansive and, appealing to Proposition 4.2, we deduce that T is firmly non-
expansive. Altogether, since Fix T = Fix(2T — Id) = zer(A + B) by Proposi-
tion 25.1(iv), the result follows from Theorem 29.3 with I = {1}, m = 1, and
irn— 1. ad

Using Remark 25.16, we can apply Corollary 29.5 to variational inequali-
ties. Here is another application.

Example 29.6 Let f € IH(H), let g: H — R be convex and differentiable
with a 1/-Lipschitz continuous gradient for some 8 € R, and let v €
10, 23[. Furthermore, suppose that Argmin(f + g) # &, let 29 € H, and set

Yn = Tp — ’ng(xn),
(Vn € N) |z = (1/2) (@0 + Prox, s yn), (29.43)

Tn+1 = Q(HCO, L, Zn)7
where @ is defined in (28.29). Then x, = Pargmin(f+g) 0-

Proof. This is an application of Corollary 29.5 to A = df and B = Vg, using
Corollary 18.16. Indeed, A and B are maximally monotone by Theorem 20.40
and, since dom g = H, Corollary 26.3 yields Argmin(f+g) = zer(A+ B). O

Remark 29.7 The principle employed in the proof of Corollary 29.5 extends
as follows. Let (R;);er be a finite family of nonexpansive operators from H
to H such that (,.; FixR; # @ and set (Vi € I) T; = (1/2)(R; + 1d).
Then ,c; FixT; = (,c; Fix R;, and it follows from Proposition 4.2 that the
operators (T;);er are firmly nonexpansive. Thus, Theorem 29.3 can be used
to find the best approximation to a point zo € H from [,c; Fix R;.

Our last result describes an alternative to Dykstra’s algorithm of Theo-
rem 29.2 for finding the projection onto the intersection of closed convex sets
using the projectors onto the individual sets periodically.

Corollary 29.8 (Haugazeau’s algorithm) Let m be a strictly positive
integer, set I = {1,...,m}, let (Ci)icsr be a family of closed conver subsets
of " such that C = (,c; Cs # @, and let xo € H. For every i € I, denote by
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P; the projector onto C;. Let rem(-,m) be the remainder function of division
by m, and set

(vn € N) Tnt+1 = Q(x(b L, P1+rem(n71,m)xn)7 (2944)
where Q 1is defined in (28.29). Then x, — Pcxg.

Proof. In view of Proposition 4.8, this is an application of Theorem 29.3 with
(Ty)ier = (Pi)ier and i: n+— 1 4+rem(n — 1,m). O

Exercises

Exercise 29.1 Use Theorem 29.2 to derive Corollary 5.28.

Exercise 29.2 Consider the application of Dykstra’s algorithm (29.4) to
m = 2 intersecting closed convex subsets C' and D of H.

(i) Show that the algorithm can be cast in the following form:

Yp = Pc(xn +pn)7
P+l = Tp + Pn — Yn,
=go=0 and (VneN 29.45
Po = 4o ( ) Tpt1 = PD(yn + Qn), ( )
Gn+1 = Yn + Gn — Tn41-

(ii) Suppose that H = R?, zo = (2,2), C = {(&,&) € H | & <0}, and
D = {(51,52) ceH ’ S+ &< O}. Compute the values of z, for n €
{0,...,5} and draw a picture showing the progression of the iterates
toward Ponpxo.

Exercise 29.3 Let T: H — H be nonexpansive and such that FixT # &.
Devise a strongly convergent algorithm to find the minimal norm fixed point
of T

Exercise 29.4 Let (T;);er be a finite family of nonexpansive operators from
H to H such that C' = (o, FixT; # @, let o € H, let (w;)icr be real
numbers in ]0, 1] such that »°, ;w; = 1, and suppose that (a;)ics are real
numbers in ]0, 1] such that, for every i € I, T; is ai;-averaged. Devise a strongly
convergent algorithm involving (a;);es to find Poxy.
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Symbols and Notation

Real line:

R The set of real numbers

x>0 p- 4 The real number z is positive

x>0 p- 4 The real number x is strictly positive
z<0 p- 4 The real number x is negative

x <0 p- 4 The real number z is strictly negative
Ry p. 5 The set of positive real numbers [0, +o00[
Ry, p-5 The set of strictly positive real numbers ]0, +o00[
R_ p. 5 The set of negative real numbers |—oo, 0]
R__ p-5 The set of strictly negative real numbers |—o0, 0]
Q The set of rational numbers

4 The set of integers

N p- 4 The set of positive integers {0, 1,...}
inf, min p-5 Infimum and minimum

sup, max p- 5 Supremum and maximum

lim &, p-5 Limit superior of a net (£,)aca

limé&, p-5 Limit inferior of a net (§,)aca

at max{a, 0}

alp a is in |u, +o00[ and converges to fi.
rem(n, m) Remainder of division of n by m
Sets:

2% p-2 Power set of a set X

CxD Cartesian product of the sets C' and D

C+D p.- 1 Minkowski sum of the sets C and D
C—-D p.- 1 Minkowski difference of the sets C' and D
AC p.- 1 Scaling of a set C' by a real number A
AC p. 1 AC = Uycp AC, where A C R
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Az
z+C
C—z
span C
span C
aff ¢
aff C
A(C)
diam(C)
C

int C'
bdry C
core C'
sriC
qriC
riC
conv C'
conv C'
Pc

Q(.’L‘, Y, Z)
cone C'
cone C'
CL

oC)

c®

co

N¢

Tc
rec C
bar C'
spts C'
spts C
oc

1le

Lo

dc

me
H(z,y)
[z, Y], ]2, y],
[,y J=,y

Topology:

V(z)

Ty — X

S B B i e B S — A~ I~ B~ B B B A A s A A A A~

TTTYTY

T e

EN RN R B R T e e e e

423
87
87
27
96
96
110
101
100
103
103
107
107
109

12
16
120
422

-~

Symbols and Notation

Az:{)\z ’ )\EA},whereAC]R
Translation of a set C by a vector z
Translation of a set C by a vector —z
Linear span of a set C'

Closed linear span of a set C

Affine hull of a set C

Closed affine hull of a set C'

Image of a set C' by an operator A
Diameter of a set C'

Closure of a set C'

Interior of a set C'

Boundary of a set C'

Core of a set C

Strong relative interior of a set C
Quasirelative interior of a set C'

Relative interior of a set C

Convex hull of a set C

Closed convex hull of a set C'

Projector onto a nonempty closed convex set C'
Projector arising in Haugazeau’s algorithm
Conical hull of a set C'

Closed conical hull of a set C'

Orthogonal complement of a set C'

Polar cone of a set C'

Dual cone of a set C'

Polar set of a set C

Normal cone operator of a set C'

Tangent cone operator of a set C
Recession cone of a set C

Barrier cone of a set C

Set of support points of a set C'

Closure of the set of support points of a set C'
Support function of a set C'

Characteristic function of a set C'
Indicator function of a set C

Distance function to a set C

Minkowski gauge of a set C

Half-space arising in Haugazeau’s algorithm
Line segments between x and y

Family of all neighborhoods of x
The net (x,)qeca converges to x
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C

int C'
bdry C
B(x;p)

Functions:

Proxy

f**

rec f
pav (f,g)
of

Vf

V2 f

Df

D2f

g

PSRN EEN RN |

p
p
p-
p

TTYT TV TT YD

TETYY

TPV TTT YT TTY

. 129

. 132

.28

w

156
156
167
167
178

178

173
175
181
181
152
199
223
38
38
37
38
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Closure of a set C'

Interior of a set C'

Boundary of a set C'

Closed ball of center z and radius p

Set of lower semicontinuous convex functions from
H to [—o0, +00]

Set of proper lower semicontinuous convex func-
tions from H to |—o0, +00]

Separable sum of functions

Translation of a function f by a vector y
Reversal of a function f

Restriction of a function f to a set C'

Domain of a function f

Closure of the domain of a function f

Epigraph of a function f

Epigraph of a function f

Closure of the epigraph of a function f

Lower level set of a function f

Strict lower level set of a function f

Domain of continuity of a function f

Lower semicontinuous envelope of a function f
Lower semicontinuous convex envelope of a func-
tion f

Set of global minimizers of a function f
Argmin(f + tc)

Infimal convolution of the functions f and g
Exact infimal convolution of the functions f and g
Infimal postcomposition of an operator L and a
function f

Exact infimal postcomposition of an operator L
and a function f

Moreau envelope of index « of a function f
Proximity operator of a function f

Conjugate of a function f

Biconjugate of a function f

Recession function of a function f

Proximal average of the functions f and g
Subdifferential of a function f

Gradient operator of a function f

Hessian operator of a function f

Gateaux derivative of a function f

Second Gateaux derivative of a function f



446

le

Lo

de
diam(C)
oc

mc

T

Set-valued

A X —2Y
gra A
dom A
dom A
ran A
Tran A
zer A
Afl
AA
A+ B
AoB
Ty A
Av

Fy

Ja
Ra
A

OAx

Symbols and Notation

Characteristic function of a set C'

p. 12 Indicator function of a set C'

p- 16 Distance function to a set C'

p. 16 Diameter of a set C'

p- 109 Support function of a set C'

p- 120 Minkowski gauge of a set C'

p- 190 Transposition of the bivariate function F'

operators:

p- 2 A is a set-valued operator from X to )

p- 2 Graph of an operator A

p. 2 Domain of an operator A

p- 2 Closure of the domain of an operator A

p- 2 Range of an operator A

p- 2 Closure of the range of an operator A

p- 2 Set of zeros of an operator A

p. 2 Inverse of an operator A

p-3 Scaling of the operator A by A € R

p-3 Sum of the operators A and B

p- 2 Composition of the operators A and B

p-3 Translation of an operator A by y

p-3 Reversal of an operator A

p- 304 Fitzpatrick function of an operator A

p- 333 Resolvent of an operator A

p. 336 Reflected resolvent of an operator A

p- 333 Yosida approximation of an operator A of index
vEeR4y

p. 346 The element of minimal norm in Ax

Single-valued operators:

T:-X =Y

T\/
FixT
DT
DT
Tl
T4(C)
ker L
1Ll

P.

TeTT

TP T YD

2

3

20
37
38

31
31
31
50

T is an operator from X to ) defined everywhere
on X

Reversal of an operator T’

Set of fixed points of an operator T: X — )
Gateaux derivative of an operator T

Second Gateaux derivative of an operator T
Restriction of an operator T' to a set C'

Inverse image of a set C' by an operator T'

Kernel of a linear operator L

Norm of a linear operator L

Adjoint of a bounded linear operator L
Generalized inverse of a bounded linear operator L
Transpose of a matrix A
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Banach spaces:

M, K
(1)
-

d

—

Id
B(H, K)

i

i

SRR

TPV TTTT

27
27
27
27
33
33
27
31

31

. 28
.33

28

28
29
29
29
28

.29

.29

.29

.29

.28

. 89

. 89

.28
. 426
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Real Hilbert spaces

Scalar product

Norm

Distance

Strong convergence in a Hilbert space
Weak convergence in a Hilbert space
Identity operator

Space of bounded linear operators from H
to K with domain H

Space of bounded linear operators from H
to H with domain H

Hilbert direct sum

A real Hilbert space endowed with the weak
topology

The standard N-dimensional FEuclidean
space

The positive orthant in RY

The negative orthant in RY

Measure space

Probability space

Expected value of a random variable X
Time derivative of a function z: [0,7] — H
Measurable functions x: 2 — H such that
|z}, is p-integrable

Measurable functions «: [0,7] — R such
that |x|? is Lebesgue integrable
Measurable functions x: [0,7] — H such
that ||z||% is Lebesgue integrable

Functions = € L2([0,T];H) such that 2’ €
L2([0, T; H)

Measurable functions x: 2 — R such that
|z|P is Lebesgue integrable

Space of sequences (&, )nen in R such that
2 nen [€nlP < 4oc.

Hilbert space of square-summable functions
from I to R

Set of square-summable functions from I to
R

Set of square-summable functions from I to
R_

Space of real N x N symmetric matrices
Set of real N x N symmetric positive
semidefinite matrices
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positive operator, 60

positive orthant, 5, 426
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positive real number, 4

positive semidefinite matrix, 426

positively homogeneous function,
143, 201, 229, 278

positively homogeneous operator,
3

power set, 2

primal optimal value, 214

primal problem, 212, 214, 275, 279,
408

primal solution, 275, 279

primal-dual algorithm, 408

probability simplex, 426

probability space, 29, 139

product topology, 7

projection algorithm, 431, 439

projection onto a ball, 47

projection onto a convex cone, 97,
98, 425

projection onto a half-space, 419

projection onto a hyperplane, 48,
419

projection onto a hyperslab, 419

projection onto a linear subspace,
49

projection onto a lower level set,
427

projection onto a polar set, 428

projection onto a ray, 426

projection onto a set, 44

projection onto an affine subspace,
48, 77, 417

projection onto an epigraph, 133,
427

projection operator, 44, 61, 62,
175, 177, 334, 360, 361, 415

projection theorem, 46, 238

projection-gradient algorithm, 406

projector, 44, 61

proper function, 6, 132

proximal average, 199, 205, 271,
307

proximal mapping, 175

proximal minimization, 399

Index

proximal-gradient algorithm, 405,
439

proximal-point algorithm, 345,
399, 438

proximinal set, 44—46

proximity operator, 175, 198, 199,
233, 243, 244, 271, 334, 339,
342-344, 375, 381, 382, 401,
402, 404, 405, 415, 428

pseudocontractive operator, 294

pseudononexpansive operator, 294

quadratic function, 251

quasiconvex function, 148, 157,
160, 165

quasinonexpansive operator, 59,
62, 71, 75

quasirelative interior, 91

random variable, 29, 135, 139, 194

range of a set-valued operator, 2

range of a sum of operators, 357,
358

recession cone, 103

recession function, 152

recovery of primal solutions, 275,
408

reflected resolvent, 336, 363, 366

regularization, 393

regularized minimization problem,
393

relative interior, 90, 96, 123, 210,
216, 234

resolvent, 333, 335, 336, 366, 370,
373

reversal of a function, 186, 236,
342

reversal of an operator, 3, 340

Riesz—Fréchet representation, 31

right-shift operator, 330, 356

Radstrom’s cancellation, 58

saddle point, 280282

scalar product, 27

second Fréchet derivative, 38
second Gateaux derivative, 38



Index

second-order derivative, 245, 246

selection of a set-valued operator,
2

self-conjugacy, 183, 185

self-dual cone, 96, 186

self-polar cone, 186

separable Hilbert space, 27, 194

separated sets, 55

separation, 55

sequential cluster point, 7, 15, 33

sequential topological space, 16, 23

sequentially closed, 15, 16, 53, 231,
300, 301

sequentially compact, 15, 16, 36

sequentially continuous, 15, 16

sequentially lower semicontinuous,
15, 129

set-valued operator, 2

shadow sequence, 76

sigma-finite measure space, 194

Slater condition, 391

slope, 168

soft thresholder, 61, 199

solid cone, 88, 105

span of a set, 1

splitting algorithm, 375, 401, 402,
404, 405

Stampacchia’s theorem, 384, 395

standard unit vectors, 28, 89, 92

steepest descent direction, 249

strict contraction, 64

strict epigraph, 180

strictly convex function, 114, 144,
161, 267, 324

strictly convex on a set, 114

strictly convex set, 157

strictly decreasing function, 5

strictly increasing function, 5

strictly monotone operator, 323,
344

strictly negative real number, 4

strictly nonexpansive operator,
325

strictly positive operator, 246

strictly positive orthant, 5
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strictly positive real number, 4
strictly quasiconvex function, 149,

157

strictly quasinonexpansive opera-
tor, 59, 71

string-averaged relaxed projec-
tions, 82

strong convergence, 33, 37

strong relative interior, 90, 95, 96,
209, 210, 212, 215, 217, 234,
236, 381

strong separation, 55

strong topology, 33

strongly convex function, 144, 159,
188, 197, 270, 276, 324, 406

strongly monotone operator, 323,
325, 336, 344, 372

subadditive function, 143

subdifferentiable function, 223,
247

subdifferential, 223, 294, 304, 312,
324, 326, 354, 359, 381, 383

subdifferential of a maximum, 264

subgradient, 223

sublinear function, 143, 153, 156,
241

subnet, 4, 8, 22

sum of linear subspaces, 33

sum of monotone operators, 351

sum rule for subdifferentials, 234

summable family, 27

supercoercive function, 158, 159,
172, 203, 210, 229

support function, 109, 156, 183,
195, 201, 229, 240

support point, 107, 109, 164

supporting hyperplane, 107, 109

supremum, 5, 129, 188

supremum of a function, 6

surjective monotone operator, 318,
320, 325, 358

tangent cone, 100
time-derivative operator, 295, 312,
334
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Toland—Singer duality, 205

topological space, 7

topology, 7

totally ordered set, 3

trace of a matrix, 28

translation of an operator, 3

Tseng’s splitting algorithm, 373,
378, 407

Tykhonov regularization, 393

unbounded net, 314

uniform boundedness principle, 31

uniformly convex function, 144,
147, 324, 394, 399

uniformly convex on a set, 144,
147, 324, 407

uniformly convex set, 164, 165

uniformly monotone on a set, 324

uniformly monotone on bounded
sets, 346, 367, 373, 376, 378,
408

uniformly monotone operator,
323, 325, 344, 354, 358, 367,
373, 376, 378, 408

uniformly quasiconvex function,
149, 163

upper bound, 3

upper semicontinuous function,
11, 124, 281

value function, 279, 289

variational inequality, 375-378,
383

Volterra integration operator, 308

von Neumann’s minimax theorem,
218

von Neumann-Halperin theorem,

85

weak closure, 53

weak convergence, 33, 36, 79-81
weak sequential closure, 53
weak topology, 33

weakly closed, 33-35, 45, 53
weakly compact, 33-35
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weakly continuous operator, 33,
35, 62, 418

weakly lower semicontinuous, 35,
129

weakly lower semicontinuous func-
tion, 33

weakly open, 33

weakly sequentially closed, 33-35,
53

weakly sequentially compact, 33,
35

weakly sequentially continuous op-
erator, 343, 426

weakly sequentially lower semicon-
tinuous, 129

Weierstrass theorem, 13

Yosida approximation, 333, 334,
336, 339, 345, 347, 348

zero of a monotone operator, 344,
345, 347, 381, 438

zero of a set-valued operator, 2

zero of a sum of operators, 363,
366, 369, 375
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