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Foreword

This self-contained book offers a modern unifying presentation of three ba-
sic areas of nonlinear analysis, namely convex analysis, monotone operator
theory, and the fixed point theory of nonexpansive mappings.

This turns out to be a judicious choice. Showing the rich connections
and interplay between these topics gives a strong coherence to the book.
Moreover, these particular topics are at the core of modern optimization and
its applications.

Choosing to work in Hilbert spaces offers a wide range of applications,
while keeping the mathematics accessible to a large audience. Each topic is
developed in a self-contained fashion, and the presentation often draws on
recent advances.

The organization of the book makes it accessible to a large audience. Each
chapter is illustrated by several exercises, which makes the monograph an
excellent textbook. In addition, it offers deep insights into algorithmic aspects
of optimization, especially splitting algorithms, which are important in theory
and applications.

Let us point out the high quality of the writing and presentation. The au-
thors combine an uncompromising demand for rigorous mathematical state-
ments and a deep concern for applications, which makes this book remarkably
accomplished.

Montpellier (France), October 2010 Hédy Attouch
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Preface

Three important areas of nonlinear analysis emerged in the early 1960s: con-
vex analysis, monotone operator theory, and the theory of nonexpansive map-
pings. Over the past four decades, these areas have reached a high level of
maturity, and an increasing number of connections have been identified be-
tween them. At the same time, they have found applications in a wide ar-
ray of disciplines, including mechanics, economics, partial differential equa-
tions, information theory, approximation theory, signal and image process-
ing, game theory, optimal transport theory, probability and statistics, and
machine learning.

The purpose of this book is to present a largely self-contained account
of the main results of convex analysis, monotone operator theory, and the
theory of nonexpansive operators in the context of Hilbert spaces. Authori-
tative monographs are already available on each of these topics individually.
A novelty of this book, and indeed, its central theme, is the tight interplay
among the key notions of convexity, monotonicity, and nonexpansiveness. We
aim at making the presentation accessible to a broad audience, and to reach
out in particular to the applied sciences and engineering communities, where
these tools have become indispensable. We chose to cast our exposition in the
Hilbert space setting. This allows us to cover many applications of interest
to practitioners in infinite-dimensional spaces and yet to avoid the technical
difficulties pertaining to general Banach space theory that would exclude a
large portion of our intended audience. We have also made an attempt to
draw on recent developments and modern tools to simplify the proofs of key
results, exploiting for instance heavily the concept of a Fitzpatrick function
in our exposition of monotone operators, the notion of Fejér monotonicity to
unify the convergence proofs of several algorithms, and that of a proximity
operator throughout the second half of the book.

The book in organized in 29 chapters. Chapters 1 and 2 provide back-
ground material. Chapters 3 to 7 cover set convexity and nonexpansive op-
erators. Various aspects of the theory of convex functions are discussed in
Chapters 8 to 19. Chapters 20 to 25 are dedicated to monotone operator the-
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x Preface

ory. In addition to these basic building blocks, we also address certain themes
from different angles in several places. Thus, optimization theory is discussed
in Chapters 11, 19, 26, and 27. Best approximation problems are discussed
in Chapters 3, 19, 27, 28, and 29. Algorithms are also present in various
parts of the book: fixed point and convex feasibility algorithms in Chap-
ter 5, proximal-point algorithms in Chapter 23, monotone operator splitting
algorithms in Chapter 25, optimization algorithms in Chapter 27, and best
approximation algorithms in Chapters 27 and 29. More than 400 exercises
are distributed throughout the book, at the end of each chapter.

Preliminary drafts of this book have been used in courses in our institu-
tions and we have benefited from the input of postdoctoral fellows and many
students. To all of them, many thanks. In particular, HHB thanks Liangjin
Yao for his helpful comments. We are grateful to Hédy Attouch, Jon Borwein,
Stephen Simons, Jon Vanderwerff, Shawn Wang, and Isao Yamada for helpful
discussions and pertinent comments. PLC also thanks Oscar Wesler. Finally,
we thank the Natural Sciences and Engineering Research Council of Canada,
the Canada Research Chair Program, and France’s Agence Nationale de la
Recherche for their support.

Kelowna (Canada) Heinz H. Bauschke
Paris (France) Patrick L. Combettes
October 2010
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Chapter 1

Background

This chapter reviews basic definitions, facts, and notation from set-valued
analysis, topology, and metric spaces that will be used throughout the book.

1.1 Sets in Vector Spaces

Let X be a real vector space, let C and D be subsets of X , and let z ∈ X .
Then C + D =

{
x+ y

∣∣ x ∈ C, y ∈ D
}
, C − D =

{
x− y

∣∣ x ∈ C, y ∈ D
}
,

z+C = {z}+C, C−z = C−{z}, and, for every λ ∈ R, λC =
{
λx
∣∣ x ∈ C

}
.

If Λ is a nonempty subset of R, then ΛC =
⋃
λ∈Λ λC and Λz = Λ{z} ={

λz
∣∣ λ ∈ Λ

}
. In particular, C is a cone if

C = R++C, (1.1)

where R++ =
{
λ ∈ R

∣∣ λ > 0
}
. Moreover, C is an affine subspace if

C 6= ∅ and (∀λ ∈ R) C = λC + (1− λ)C. (1.2)

Suppose that C 6= ∅. The intersection of all the linear subspaces of X con-
taining C, i.e., the smallest linear subspace of X containing C, is denoted by
spanC; its closure is the smallest closed linear subspace of X containing C
and it is denoted by spanC. Likewise, the intersection of all the affine sub-
spaces of X containing C, i.e., the smallest affine subspace of X containing C,
is denoted by aff C and called the affine hull of C. If C is an affine subspace,
then V = C−C is the linear subspace parallel to C and (∀x ∈ C) C = x+V .

The four types of line segments between two points x and y in X are

[x, y] =
{
(1− α)x+ αy

∣∣ 0 ≤ α ≤ 1
}
, (1.3)

]x, y[ =
{
(1− α)x + αy

∣∣ 0 < α < 1
}
, [x, y[ =

{
(1− α)x + αy

∣∣ 0 ≤ α < 1
}
,

and ]x, y] = [y, x[.
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1.2 Operators

Let X , Y, and Z be nonempty sets, and let 2Y be the power set of Y, i.e., the
family of all subsets of Y. The notation T : X → Y means that the operator
(also called mapping) T maps every point x in X to a point Tx in Y. Thus,
the notation A : X → 2Y means that A is a set-valued operator from X to Y,
i.e., A maps every point x ∈ X to a set Ax ⊂ Y. Let A : X → 2Y . Then A is
characterized by its graph

graA =
{
(x, u) ∈ X × Y

∣∣ u ∈ Ax
}
. (1.4)

If C is a subset of X , then A(C) = ⋃x∈C Ax. Given B : Y → 2Z , the compo-
sition B ◦A is

B ◦A : X → 2Z : x 7→ B(Ax) =
⋃

y∈Ax

By. (1.5)

The domain and the range of A are

domA =
{
x ∈ X

∣∣ Ax 6= ∅
}

and ranA = A(X ), (1.6)

respectively. If X is a topological space, the closure of domA is denoted by
domA; likewise, if Y is a topological space, the closure of ranA is denoted
by ranA. The inverse of A, denoted by A−1, is defined through its graph

graA−1 =
{
(u, x) ∈ Y × X

∣∣ (x, u) ∈ graA
}
. (1.7)

Thus, for every (x, u) ∈ X × Y, u ∈ Ax ⇔ x ∈ A−1u. Moreover, domA−1 =
ranA and ranA−1 = domA. If Y is a vector space, the set of zeros of A is

zerA = A−10 =
{
x ∈ X

∣∣ 0 ∈ Ax
}
. (1.8)

When, for every x ∈ domA, Ax is a singleton, say Ax = {Tx}, then A is
said to be at most single-valued from X to Y and it can be identified with an
operator T : domA→ Y. Conversely, if D ⊂ X , an operator T : D → Y can
be identified with an at most single-valued operator from X to Y , namely

A : X → 2Y : Ax =

{
{Tx}, if x ∈ D;

∅, otherwise.
(1.9)

A selection of a set-valued operator A : X → 2Y is an operator T : domA→
Y such that (∀x ∈ domA) Tx ∈ Ax. Now let T : X → Y, let C ⊂ X , and let
D ⊂ Y. Then T (C) =

{
Tx

∣∣ x ∈ C
}
and T−1(D) =

{
x ∈ X

∣∣ Tx ∈ D
}
.

Suppose that Y is a real vector space, let A : X → 2Y , let B : X → 2Y ,
and let λ ∈ R. Then
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A+ λB : X → 2Y : x 7→ Ax+ λBx. (1.10)

Thus, gra
(
A + λB

)
=
{
(x, u+ λv)

∣∣ (x, u) ∈ graA, (x, v) ∈ graB
}

and

dom
(
A+ λB

)
= domA∩ domB. Now suppose that X is a real vector space

and let T : X → Y. Then T is positively homogeneous if

(∀x ∈ X )(∀λ ∈ R++) T
(
λx
)
= λTx, (1.11)

and T is affine if

(∀x ∈ X )(∀y ∈ X )(∀λ ∈ R) T
(
λx+ (1− λ)y

)
= λTx+ (1− λ)Ty. (1.12)

Note that T is affine if and only if x 7→ Tx− T 0 is linear.
Finally, suppose that X is a real vector space and let A : X → 2Y . Then

the translation of A by y ∈ X is τyA : x 7→ A(x − y) and the reversal of A
is A∨ : x 7→ A(−x).

1.3 Order

Let A be a nonempty set and let 4 be a binary relation on A×A. Consider
the following statements:

➀ (∀a ∈ A) a 4 a.
➁ (∀a ∈ A)(∀b ∈ A)(∀c ∈ A) [ a 4 b and b 4 c ] ⇒ a 4 c.
➂ (∀a ∈ A)(∀b ∈ A)(∃ c ∈ A) a 4 c and b 4 c.
➃ (∀a ∈ A)(∀b ∈ A) [ a 4 b and b 4 a ] ⇒ a = b.
➄ (∀a ∈ A)(∀b ∈ A) a 4 b or b 4 a.

If ➀, ➁, and ➂ are satisfied, then (A,4) is a directed set . If ➀, ➁, and ➃
hold, then (A,4) is a partially ordered set . If (A,4) is a partially ordered
set such that ➄ holds, then (A,4) is a totally ordered set . Unless mentioned
otherwise, nonempty subsets of R will be totally ordered and directed by ≤.
A totally ordered subset of a partially ordered set is often called a chain. Let
(A,4) be a partially ordered set and let B ⊂ A. Then a ∈ A is an upper
bound of B if (∀b ∈ B) b 4 a, and a lower bound of B if (∀b ∈ B) a 4 b.
Furthermore, b ∈ B is the least element of B if (∀c ∈ B) b 4 c. Finally, a ∈ A
is a maximal element of A if (∀c ∈ A) a 4 c ⇒ c = a.

Fact 1.1 (Zorn’s lemma) Let A be a partially ordered set such that every
chain in A has an upper bound. Then A contains a maximal element.
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1.4 Nets

Let (A,4) be a directed set. For a and b in A, the notation b < ameans a 4 b.
Let X be a nonempty set. A net (or generalized sequence) in X indexed by A
is an operator from A to X and it is denoted by (xa)a∈A. Let N = {0, 1, . . .}.
Since (N,≤) is a directed set, every sequence is a net; (a)a∈]0,1[ is an example
of a net that is not a sequence.

Let (xa)a∈A be a net in X and let Y ⊂ X . Then (xa)a∈A is eventually in
Y if

(∃ c ∈ A)(∀a ∈ A) a < c ⇒ xa ∈ Y, (1.13)

and it is frequently in Y if

(∀c ∈ A)(∃ a ∈ A) a < c and xa ∈ Y. (1.14)

A net (yb)b∈B is a subnet of (xa)a∈A via k : B → A if

(∀b ∈ B) yb = xk(b) (1.15)

and
(∀a ∈ A)(∃ d ∈ B)(∀b ∈ B) b < d ⇒ k(b) < a. (1.16)

The notations (xk(b))b∈B and (xkb)b∈B will also be used for subnets. Thus,
(yb)b∈B is a subsequence of (xa)a∈A when A = B = N and (yb)b∈B is a subnet
of (xa)a∈A via some strictly increasing function k : N→ N.

Remark 1.2 A subnet of a sequence (xn)n∈N need not be a subsequence.
For instance, let B be a nonempty subset of R that is unbounded above
and suppose that the function k : B → N satisfies k(b) → +∞ as b → +∞.
Then (xk(b))b∈B is a subnet of (xn)n∈N. However, if B is uncountable, then
(xk(b))b∈B is not a subsequence. Likewise, if B = N and k is not strictly

increasing, e.g., k : b 7→ b(2 + (−1)b), then (xk(b))b∈B is not a subsequence.

1.5 The Extended Real Line

One obtains the extended real line [−∞,+∞] = R ∪ {−∞} ∪ {+∞} by ad-
joining the elements −∞ and +∞ to the real line R and extending the order
via (∀ξ ∈ R) −∞ < ξ < +∞. Arithmetic rules are extended to elements
of [−∞,+∞] in the usual fashion, leaving expressions such as +∞+ (−∞),
0 · (+∞), and +∞/+∞ undefined, unless mentioned otherwise. Given ξ ∈ R,
]ξ,+∞] = ]ξ,+∞[∪{+∞}; the other extended intervals are defined similarly.

Remark 1.3 Throughout this book, we use the following terminology.

(i) For extended real numbers, positive means ≥ 0, strictly positive means
> 0, negative means ≤ 0, and strictly negative means < 0. Moreover,
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R+ = [0,+∞[ =
{
ξ ∈ R

∣∣ ξ ≥ 0
}
and R++ = ]0,+∞[ =

{
ξ ∈ R

∣∣ ξ > 0
}
.

Likewise, if N is a strictly positive integer, the positive orthant is RN+ =

[0,+∞[
N

and the strictly positive orthant is RN++ = ]0,+∞[
N
. The sets

R− and R−−, as well as the negative orthants, RN− and RN−−, are defined
similarly.

(ii) Let D ⊂ R. Then a function f : D → [−∞,+∞] is increasing if, for
every ξ and η in D such that ξ < η, we have f(ξ) ≤ f(η) (strictly
increasing if f(ξ) < f (η)). Applying these definitions to −f yields the
notions of a decreasing and of a strictly decreasing function, respectively.

Let S ⊂ [−∞,+∞]. A number γ ∈ [−∞,+∞] is the (necessarily unique)
infimum (or the greatest lower bound) of S if it is a lower bound of S and
if, for every lower bound δ of S, we have δ ≤ γ. This number is denoted by
inf S, and by minS when inf S ∈ S. The supremum (least upper bound) of
S is supS = − inf

{
−α

∣∣ α ∈ S
}
. This number is denoted by maxS when

supS ∈ S. The set S always admits an infimum and a supremum. Note that
inf ∅ = +∞ and sup∅ = −∞.

The limit inferior of a net (ξa)a∈A in [−∞,+∞] is

lim ξa = sup
a∈A

inf
b∈A
a4b

ξb (1.17)

and its limit superior is

lim ξa = inf
a∈A

sup
b∈A
a4b

ξb. (1.18)

It is clear that lim ξa ≤ lim ξa.

1.6 Functions

Let X be a nonempty set.

Definition 1.4 Let f : X → [−∞,+∞]. The domain of f is

dom f =
{
x ∈ X

∣∣ f(x) < +∞
}
, (1.19)

the graph of f is

gra f =
{
(x, ξ) ∈ X × R

∣∣ f(x) = ξ
}
, (1.20)

the epigraph of f is

epi f =
{
(x, ξ) ∈ X × R

∣∣ f(x) ≤ ξ
}
, (1.21)

the lower level set of f at height ξ ∈ R is
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lev≤ξ f =
{
x ∈ X | f(x) ≤ ξ

}
, (1.22)

and the strict lower level set of f at height ξ ∈ R is

lev<ξ f =
{
x ∈ X | f(x) < ξ

}
. (1.23)

The function f is proper if −∞ /∈ f(X ) and dom f 6= ∅. In addition, the
closures of dom f and epi f are respectively denoted by dom f and epif .

Remark 1.5

(i) Strictly speaking, dom f in (1.19) does not correspond to the domain
of f : X → [−∞,+∞] viewed as an operator (which is X in this case in
light of our conventions) and it is sometimes called the effective domain.
However, it is customary in convex analysis to call it simply the domain
of f and to denote it still by dom f .

(ii) Let f : X → [−∞,+∞] and g : X → [−∞,+∞]. Then the sum f +
g : X → [−∞,+∞] is defined pointwise using the convention +∞ +
(−∞) = +∞, which yields dom(f + g) = dom f ∩ dom g.

Lemma 1.6 Let (fi)i∈I be a family of functions from X to [−∞,+∞]. Then
the following hold:

(i) epi
(
supi∈I fi

)
=
⋂
i∈I epi fi.

(ii) If I is finite, then epi
(
mini∈I fi

)
=
⋃
i∈I epi fi.

Proof. Take (x, ξ) ∈ X × R.
(i): (x, ξ) ∈ epi

(
supi∈I fi

)
⇔ supi∈I fi(x) ≤ ξ ⇔ (∀i ∈ I) fi(x) ≤ ξ ⇔

(∀i ∈ I) (x, ξ) ∈ epi fi ⇔ (x, ξ) ∈
⋂
i∈I epi fi.

(ii): (x, ξ) ∈ epi
(
mini∈I fi

)
⇔ mini∈I fi(x) ≤ ξ ⇔ (∃ i ∈ I) fi(x) ≤ ξ ⇔

(∃ i ∈ I) (x, ξ) ∈ epi fi ⇔ (x, ξ) ∈ ⋃i∈I epi fi. ⊓⊔

Definition 1.7 Let f : X → [−∞,+∞] and let C ⊂ X . The infimum of f
over C is inf f(C); it is also denoted by infx∈C f(x). Moreover, f achieves
its infimum over C if there exists y ∈ C such that f(y) = inf f(C). In this
case, we write f(y) = min f(C) or f(y) = minx∈C f(x) and call min f(C)
the minimum of f over C. Likewise, the supremum of f over C is sup f(C);
it is also denoted by supy∈C f(y). Moreover, f achieves its supremum over
C if there exists x ∈ C such that f(x) = sup f(C). In this case, we write
f(x) = max f(C) or f(x) = maxy∈C f(y) and call max f(C) the maximum
of f over C.

Definition 1.8 Let f : X → [−∞,+∞] and let (xn)n∈N be a sequence in
dom f . Then (xn)n∈N is a minimizing sequence of f if f(xn)→ inf f(X ).
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1.7 Topological Spaces

Let X be a set and let T be a family of subsets of X that contains X , ∅, as
well as all arbitrary unions and finite intersections of its elements. Then T is
a topology and (X ,T)—or simply X if a topology is assumed—is a topological
space. The elements of T are called open sets and their complements in X
closed sets. A neighborhood of x ∈ X is a subset V of X such that x ∈ U ⊂ V
for some U ∈ T. The family of all neighborhoods of x is denoted by V(x). A
subfamily B of T is a base of T if, for every x ∈ X and every V ∈ V(x), there
exists a set B ∈ B such that x ∈ B ⊂ V . If B is a base of T, then every set in T

can be written as a union of elements in B. Now let C be a subset of X . Then
the interior of C is the largest open set that is contained in C; it is denoted
by intC. A point x ∈ X belongs to intC if and only if (∃V ∈ V(x)) V ⊂ C.
The closure of C is the smallest closed set that contains C; it is denoted by
C. If C = X , then C is dense in X . A point x ∈ X belongs to C if and only
if (∀V ∈ V(x)) V ∩C 6= ∅. The boundary of C is bdryC = Cr (intC). If X1

and X2 are topological spaces with respective bases B1 and B2, the Cartesian
product X1 ×X2 will be considered as a topological space equipped with the
product topology, i.e., the topology that admits

B =
{
B1 ×B2

∣∣ B1 ∈ B1 and B2 ∈ B2

}
(1.24)

as a base.
The topological space X is a Hausdorff space if, for any two distinct points

x1 and x2 in X , there exist V1 ∈ V(x1) and V2 ∈ V(x2) such that V1∩V2 = ∅.
Let X be a Hausdorff space. A subset C of X is compact if, whenever C is
contained in the union of a family of open sets, it is also contained in the union
of a finite subfamily from that family. Now let (xa)a∈A be a net in X . Then
(xa)a∈A converges to a (necessarily unique) limit point x ∈ X , in symbols,
xa → x or lim xa = x, if (xa)a∈A lies eventually in every neighborhood of x,
i.e.,

(∀V ∈ V(x))(∃ b ∈ A)(∀a ∈ A) a < b ⇒ xa ∈ V. (1.25)

Fact 1.9 Let (xa)a∈A be a net in a Hausdorff space X that converges to a
point x ∈ X and let (xk(b))b∈B be a subnet of (xa)a∈A. Then xk(b) → x.

A point x ∈ X is a cluster point of (xa)a∈A if (xa)a∈A lies frequently in
every neighborhood of x, i.e.,

(∀V ∈ V(x))(∀b ∈ A)(∃ a ∈ A) a < b and xa ∈ V. (1.26)

Alternatively, x is a cluster point of (xa)a∈A if (xa)a∈A possesses a subnet
that converges to x. If a sequence (xn)n∈N in X possesses a subsequence that
converges to a point x ∈ X , then x is a sequential cluster point of (xn)n∈N.

Topological notions can be conveniently characterized using nets.
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Lemma 1.10 Let C be a subset of a Hausdorff space X and let x ∈ X . Then
x ∈ C if and only if there exists a net in C that converges to x.

Proof. First, suppose that x ∈ C and direct A = V(x) via (∀a ∈ A)(∀b ∈ A)
a 4 b ⇔ a ⊃ b. For every a ∈ V(x), there exists xa ∈ C ∩ a. The net (xa)a∈A
lies in C and, by (1.25), it converges to x. Conversely, let (xa)a∈A be a net
in C such that xa → x and let V ∈ V(x). Then (xa)a∈A is eventually in V
and therefore C ∩ V 6= ∅. Thus, x ∈ C. ⊓⊔

Let C be a subset of X . It follows from Lemma 1.10 that C is closed if and
only if the limit of every convergent net that lies in C belongs to C. Likewise,
C is open if and only if, for every point x ∈ C, every net in X that converges
to x is eventually in C.

Fact 1.11 Let C be a subset of a Hausdorff space X . Then the following are
equivalent:

(i) C is compact.
(ii) C ∩

⋂
j∈J Cj 6= ∅ for every family (Cj)j∈J of closed subsets of X such

that, for every finite subset I of J , C ∩
⋂
i∈I Ci 6= ∅.

(iii) Every net in C has a cluster point in C.
(iv) Every net in C has a subnet that converges to a point in C.

Lemma 1.12 Let C be a compact subset of a Hausdorff space X . Then C is
closed, and every closed subset of C is compact.

Proof. Let (xa)a∈A be a net in C that converges to a point x ∈ X . By
Fact 1.11, there exists a subnet (xk(b))b∈B of (xa)a∈A that converges to a
point y ∈ C. Therefore x = y ∈ C and C is closed. Now let D be a closed
subset of C and let (xa)a∈A be a net in D. Then (xa)a∈A lies in C and, as
above, there exists a subnet (xk(b))b∈B of (xa)a∈A that converges to a point
y ∈ C. However, since D is closed, y ∈ D. We conclude that D is compact.

⊓⊔

Remark 1.13 Let C be a compact subset of a Hausdorff space X and let
(xn)n∈N be a sequence in C. By Fact 1.11, (xn)n∈N possesses a convergent
subnet. However, it may happen that no subsequence of (xn)n∈N converges
(see [101, Chapter 13] for an example).

Lemma 1.14 Let C be a compact subset of a Hausdorff space X and suppose
that (xa)a∈A is a net in C that admits a unique cluster point x ∈ X . Then
xa → x.

Proof. Suppose that xa 6→ x. Then it follows from (1.25) that there exist a
subnet (xk(a))a∈A of (xa)a∈A and an open set V ∈ V(x) such that (xk(a))a∈A
lies in C r V . Since C r V is compact by Lemma 1.12, (xk(a))a∈A possesses
a cluster point y ∈ C r V . Hence, y 6= x ∈ V and y is a cluster point of
(xa)a∈A, which contradicts the assumption that x is the unique cluster point
of (xa)a∈A. ⊓⊔
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1.8 Two–Point Compactification of the Real Line

Unless stated otherwise, the real line R will always be equipped with the
usual topology, a base of which is the family of open intervals. With this
topology, R is a Hausdorff space that is not compact. The extended real line
[−∞,+∞] equipped with the topology that admits as a base the open real
intervals and the intervals of the form [−∞, ξ[ and ]ξ,+∞], where ξ ∈ R, is
a compact space.

Fact 1.15 Let (ξa)a∈A be a net in [−∞,+∞]. Then the following hold:

(i) The nets
(
infb∈A

a4b
ξb

)

a∈A
and

(
supb∈A

a4b
ξb

)

a∈A
converge to lim ξa and

lim ξa, respectively.
(ii) The net (ξa)a∈A possesses subnets that converge to lim ξa and lim ξa,

respectively.
(iii) The net (ξa)a∈A converges if and only if lim ξa = lim ξa, in which case

lim ξa = lim ξa = lim ξa.

Moreover, if (ξa)a∈A is a sequence, then (ii) remains true if subnets are re-
placed by subsequences.

Lemma 1.16 Let (ξa)a∈A and (ηa)a∈A be nets in [−∞,+∞] such that
lim ξa > −∞ and lim ηa > −∞. Then lim ξa + lim ηa ≤ lim(ξa + ηa).

Proof. Let a ∈ A. Clearly,

(∀c ∈ A) a 4 c ⇒ inf
b∈A
a4b

ξb + inf
b∈A
a4b

ηb ≤ ξc + ηc. (1.27)

Hence
inf
b∈A
a4b

ξb + inf
b∈A
a4b

ηb ≤ inf
c∈A
a4c

(ξc + ηc). (1.28)

In view of Fact 1.15(i), the result follows by taking limits over a in (1.28). ⊓⊔

1.9 Continuity

Definition 1.17 Let (X ,TX ) and (Y,TY) be topological spaces and let
T : X → Y. Then T is continuous at x ∈ X if

(∀W ∈ V(Tx))(∃V ∈ V(x)) T (V ) ⊂ W. (1.29)

Moreover, T is continuous if it is continuous at every point in X .
Fact 1.18 Let (X ,TX ) and (Y ,TY) be topological spaces, let T : X → Y,
and suppose that BY is a base of TY . Then T is continuous if and only if
(∀B ∈ BY ) T

−1(B) ∈ TX .
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Fact 1.19 Let X and Y be Hausdorff spaces, let T : X → Y, and let x ∈ X .
Then T is continuous at x if and only if Txa → Tx for every net (xa)a∈A in
X that converges to x.

Lemma 1.20 Let X and Y be Hausdorff spaces, let T : X → Y be continu-
ous, and let C ⊂ X be compact. Then T (C) is compact.

Proof. Let (ya)a∈A be a net in T (C). Then there exists a net (xa)a∈A in C
such that (∀a ∈ A) ya = Txa. By Fact 1.11, we can find a subnet (xk(b))b∈B
of (xa)a∈A that converges to a point x ∈ C. Fact 1.19 implies that Txk(b) →
Tx ∈ T (C). Therefore, the claim follows from Fact 1.11. ⊓⊔

1.10 Lower Semicontinuity

x

︸ ︷︷ ︸

V

f(x)

ξ

R

X

f(V )





Fig. 1.1 The function f is lower semicontinuous at x: for every ξ ∈ ]−∞, f(x)[ , we can

find a neighborhood V of x such that f(V ) ⊂ ]ξ,+∞].

Definition 1.21 Let X be a Hausdorff space, let f : X → [−∞,+∞], and
let x ∈ X . Then f is lower semicontinuous at x if, for every net (xa)a∈A in
X ,
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xa → x ⇒ f(x) ≤ lim f(xa) (1.30)

or, equivalently, if (see Figure 1.1)

(∀ ξ ∈ ]−∞, f (x)[ )(∃V ∈ V(x)) f(V ) ⊂ ]ξ,+∞] . (1.31)

Upper semicontinuity of f at x ∈ X holds if −f is lower semicontinuous at
x, i.e., if xa → x ⇒ lim f(xa) ≤ f(x) for every net (xa)a∈A in X ; if f is
lower and upper semicontinuous at x, it is continuous at x, i.e., xa → x ⇒
f(xa) → f(x) for every net (xa)a∈A in X . Finally, the domain of continuity
of f is the set

cont f =
{
x ∈ X

∣∣ f(x) ∈ R and f is continuous at x
}
. (1.32)

Note that cont f ⊂ int dom f , since f cannot be both continuous and real-
valued on the boundary of its domain. Let us also observe that a continuous
function may take on the values −∞ and +∞.

Example 1.22 Let X = R and set

f : R→ [−∞,+∞] : x 7→
{
1/x, if x > 0;

+∞, otherwise.
(1.33)

Then f is continuous on R and cont f = R++ is a proper open subset of X .
Let X be a Hausdorff space, let f : X → [−∞,+∞], and let x ∈ X . Then

lim
y→x

f(y) = sup
V ∈V(x)

inf f(V ). (1.34)

Lemma 1.23 Let X be a Hausdorff space, let f : X → [−∞,+∞], let x ∈ X ,
and let N(x) be the set of all nets in X that converge to x. Then

lim
y→x

f(y) = min
(xa)a∈A∈N(x)

lim f(xa). (1.35)

Proof. Let (xa)a∈A ∈ N(x) and set (∀a ∈ A) µa = inf
{
f(xb)

∣∣ a 4 b
}
. By

Fact 1.15(i), limµa = lim f(xa). For every V ∈ V(x), there exists aV ∈ A
such that a < aV ⇒ xa ∈ V . Thus

(∀a < aV ) µa = inf
{
f(xb)

∣∣ a 4 b
}
≥ inf f(V ). (1.36)

Hence for every V ∈ V(x), lim f(xa) = limµa = lima<aV µa ≥ inf f(V ),
which implies that

inf
{
lim f(xa)

∣∣ xa → x
}
≥ sup
V ∈V(x)

inf f(V ). (1.37)

Set B =
{
(y, V )

∣∣ y ∈ V ∈ V(x)
}
and direct B via (y, V ) 4 (z,W )⇔W ⊂ V .

For every b = (y, V ) ∈ B, set xb = y. Then xb → x and
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lim f(xb) = sup
b∈B

inf
{
f(xc)

∣∣ b 4 c
}

= sup
y∈V∈V(x)

inf
{
f(z)

∣∣ z ∈ V
}

= sup
V ∈V(x)

inf f(V ). (1.38)

Altogether, (1.34), (1.37), and (1.38) yield (1.35). ⊓⊔

Lemma 1.24 Let X be a Hausdorff space and let f : X → [−∞,+∞]. Then
the following are equivalent:

(i) f is lower semicontinuous, i.e., f is lower semicontinuous at every point
in X .

(ii) epi f is closed in X × R.
(iii) For every ξ ∈ R, lev≤ξ f is closed in X .

Proof. (i)⇒(ii): Let (xa, ξa)a∈A be a net in epi f that converges to (x, ξ) in
X × R. Then f(x) ≤ lim f(xa) ≤ lim ξa = ξ and, hence, (x, ξ) ∈ epi f .

(ii)⇒(iii): Fix ξ ∈ R and assume that (xa)a∈A is a net in lev≤ξ f that
converges to x. Then the net (xa, ξ)a∈A lies in epi f and converges to (x, ξ).
Since epi f is closed, we deduce that (x, ξ) ∈ epi f and, hence, that x ∈
lev≤ξ f .

(iii)⇒(i): Fix x ∈ X , let (xa)a∈A be a net in X that converges to x, and set
µ = lim f(xa). Then it suffices to show that f(x) ≤ µ. When µ = +∞, the
inequality is clear and we therefore assume that µ < +∞. By Fact 1.15(ii),
there exists a subnet (xk(b))b∈B of (xa)a∈A such that f(xk(b)) → µ. Now fix
ξ ∈ ]µ,+∞[. Then (f(xk(b)))b∈B is eventually in [−∞, ξ] and, therefore, there
exists c ∈ B such that

{
xk(b)

∣∣ c 4 b ∈ B
}
⊂ lev≤ξ f . Since xk(b) → x and

since lev≤ξ f is closed, we deduce that x ∈ lev≤ξ f , i.e., f(x) ≤ ξ. Letting
ξ ↓ µ, we conclude that f(x) ≤ µ. ⊓⊔

Example 1.25 The indicator function of a set C ⊂ X , i.e., the function

ιC : X → [−∞,+∞] : x 7→
{
0, if x ∈ C;
+∞, otherwise,

(1.39)

is lower semicontinuous if and only if C is closed.

Proof. Take ξ ∈ R. Then lev≤ξ ιC = ∅ if ξ < 0, and lev≤ξ ιC = C otherwise.
Hence, the result follows from Lemma 1.24. ⊓⊔

Lemma 1.26 Let X be a Hausdorff space and let (fi)i∈I be a family of lower
semicontinuous functions from X to [−∞,+∞]. Then supi∈I fi is lower semi-
continuous. If I is finite, then mini∈I fi is lower semicontinuous.

Proof. A direct consequence of Lemma 1.6 and Lemma 1.24. ⊓⊔
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Lemma 1.27 Let X be a Hausdorff space, let (fi)i∈I be a finite family of
lower semicontinuous functions from X to ]−∞,+∞], and let (αi)i∈I be in
R++. Then

∑
i∈I αifi is lower semicontinuous.

Proof. It is clear that, for every i ∈ I, αifi is lower semicontinuous. Let f and
g be lower semicontinuous functions from X to ]−∞,+∞], and let (xa)a∈A
be a net that converges to some point x ∈ X . By Lemma 1.16,

(f + g)(x) = f(x) + g(x) ≤ lim f(xa) + lim g(xa)

≤ lim
(
f(xa) + g(xa)

)

= lim(f + g)(xa), (1.40)

which yields the result when I contains two elements. The general case follows
by induction on the number of elements in I. ⊓⊔

The classical Weierstrass theorem states that a continuous function de-
fined on a compact set achieves its minimum and its maximum on that set.
The following refinement is a fundamental tool in proving the existence of
solutions to minimization problems.

Theorem 1.28 (Weierstrass) Let X be a Hausdorff space, let f : X →
[−∞,+∞] be lower semicontinuous, and let C be a compact subset of X .
Suppose that C ∩ dom f 6= ∅. Then f achieves its infimum over C.

Proof. By definition of inf f(C), there exists a minimizing sequence of f + ιC .
By Fact 1.11 and the compactness of C, we can extract a subnet (xk(b))b∈B
that converges to a point x ∈ C. Therefore f(xk(b)) → inf f(C) ≤ f(x).
On the other hand, by lower semicontinuity, we get f(x) ≤ lim f(xk(b)) =
lim f(xk(b)) = inf f(C). Altogether, f(x) = inf f(C). ⊓⊔

Lemma 1.29 Let X be a Hausdorff space, let C be a compact Hausdorff
space, and let ϕ : X × C → [−∞,+∞] be lower semicontinuous. Then the
marginal function

f : X → [−∞,+∞] : x 7→ inf ϕ(x,C) (1.41)

is lower semicontinuous and (∀x ∈ X ) f(x) = min ϕ(x,C).

Proof. First let us note that, for every x ∈ X , {x} ×C is compact and hence
Theorem 1.28 implies that f(x) = minϕ(x,C). Now fix ξ ∈ R and let (xa)a∈A
be a net in lev≤ξ f that converges to some point x ∈ X . Then there exists a
net (ya)a∈A in C such that (∀a ∈ A) f(xa) = ϕ(xa, ya). Since C is compact,
Fact 1.11 yields the existence of a subnet (yk(b))b∈B that converges to a point
y ∈ C. It follows that (xk(b), yk(b))→ (x, y) and, by lower semicontinuity of ϕ,
that f(x) ≤ ϕ(x, y) ≤ limϕ(xk(b), yk(b)) = lim f(xk(b)) ≤ ξ. Thus x ∈ lev≤ξ f
and f is therefore lower semicontinuous by Lemma 1.24. ⊓⊔
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Definition 1.30 Let X be a Hausdorff space. The lower semicontinuous
envelope of f : X → [−∞,+∞] is

f̄ = sup
{
g : X → [−∞,+∞]

∣∣ g ≤ f and g is lower semicontinuous
}
.

(1.42)

Lemma 1.31 Let X be a Hausdorff space and let f : X → [−∞,+∞]. Then
the following hold:

(i) f̄ is the largest lower semicontinuous function majorized by f .
(ii) epi f̄ is closed.
(iii) dom f ⊂ dom f̄ ⊂ dom f .
(iv) (∀x ∈ X ) f̄(x) = limy→x f(y).

(v) Let x ∈ X . Then f is lower semicontinuous at x if and only if f̄(x) =
f(x).

(vi) epi f̄ = epif .

Proof. (i): This follows from (1.42) and Lemma 1.26.
(ii): Since f̄ is lower semicontinuous by (i), the closedness of epi f̄ follows

from Lemma 1.24.
(iii): Since f̄ ≤ f , we have dom f ⊂ dom f̄ . Now set

g : X → [−∞,+∞] : x 7→
{
f̄(x), if x ∈ dom f ;

+∞, if x /∈ dom f.
(1.43)

It follows from (ii) that epi g = epi f̄ ∩ (dom f ×R) is closed and hence from
Lemma 1.24 that g is lower semicontinuous. On the other hand, for every x ∈
X , g(x) = f̄(x) ≤ f(x) if x ∈ dom f , and g(x) = f(x) = +∞ if x /∈ dom f .
Hence, g ≤ f and thus g = ḡ ≤ f̄ . We conclude that dom f̄ ⊂ dom g ⊂ dom f .

(iv): Set f̃ : x 7→ limy→x f(y) and let x ∈ X . We first show that f̃ is lower

semicontinuous. To this end, suppose that f̃(x) > −∞ and fix ξ ∈]−∞, f̃(x)[.
In view of (1.34), there exists V ∈ V(x) such that ξ < inf f(V ). Now let U
be an open set such that x ∈ U ⊂ V . Then ξ < inf f(U ) and (∀y ∈ U)

U ∈ V(y). Hence, (∀y ∈ U) ξ < supW∈V(y) inf f(W ) = f̃(y) and therefore

f̃(U) ⊂ ]ξ,+∞]. It follows from (1.31) that f̃ is lower semicontinuous at x.

Thus, since (1.34) yields f̃ ≤ f , we derive from (i) that f̃ ≤ f̄ . Next, let
g : X → [−∞,+∞] be a lower semicontinuous function such that g ≤ f .

Then, in view of (1.42), it remains to show that g ≤ f̃ to prove that f̄ ≤ f̃ ,

and hence conclude that f̄ = f̃ . To this end, suppose that g(x) > −∞ and let
η ∈ ]−∞, g(x)[. By (1.31), there exists V ∈ V(x) such that g(V ) ⊂ ]η,+∞].
Hence, (1.34) yields η ≤ inf g(V ) ≤ limy→x g(y). Letting η ↑ g(x), we obtain
g(x) ≤ limy→x g(y). Thus,

g(x) ≤ lim
y→x

g(y) = sup
W∈V(x)

inf g(W ) ≤ sup
W∈V(x)

inf f(W ) = f̃(x). (1.44)
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(v): Suppose that f is lower semicontinuous at x. Then it follows from (iv)
that f̄(x) ≤ f(x) ≤ limy→x f(y) = f̄(x). Therefore, f̄(x) = f(x). Conversely,

suppose that f̄(x) = f(x). Then f(x) = limy→x f(y) by (iv) and therefore f
is lower semicontinuous at x.

(vi): Since f̄ ≤ f , epi f ⊂ epi f̄ , and therefore (ii) yields epif ⊂ epi f̄ =
epi f̄ . Conversely, let (x, ξ) ∈ epi f̄ and fix a neighborhood of (x, ξ) of the
form W = V × [ξ − ε, ξ + ε], where V ∈ V(x) and ε ∈ R++. To show that
(x, ξ) ∈ epif , it is enough to show that W ∩ epi f 6= ∅. To this end, note that
(1.34) and (iv) imply that f̄(x) ≥ inf f(V ). Hence, there exists y ∈ V such
that f(y) ≤ f̄(x) + ε ≤ ξ + ε and therefore (y, ξ + ε) ∈W ∩ epi f . ⊓⊔

1.11 Sequential Topological Notions

Let X be a Hausdorff space and let C be a subset of X . Then C is sequentially
closed if the limit of every convergent sequence (xn)n∈N that lies in C is
also in C. A closed set is sequentially closed, but the converse is false (see
Example 3.31), which shows that, in general, sequences are not adequate to
describe topological notions.

Definition 1.32 A subset C of a Hausdorff space X is sequentially compact
if every sequence in C has a sequential cluster point in C, i.e., if every sequence
in C has a subsequence that converges to a point in C.

The notions of sequential continuity and sequential lower (upper) semicon-
tinuity are obtained by replacing nets by sequences in Fact 1.19 and Defini-
tion 1.21, respectively. Thus, by replacing nets by sequences and subnets by
subsequences in the proofs of Lemma 1.12, Lemma 1.14, and Lemma 1.24,
we obtain the following sequential versions.

Lemma 1.33 Let C be a sequentially compact subset of a Hausdorff space
X . Then C is sequentially closed, and every sequentially closed subset of C
is sequentially compact.

Lemma 1.34 Let C be a sequentially compact subset of a Hausdorff space X
and suppose that (xn)n∈N is a sequence in C that admits a unique sequential
cluster point x. Then xn → x.

Lemma 1.35 Let X be a Hausdorff space and let f : X → [−∞,+∞]. Then
the following are equivalent:

(i) f is sequentially lower semicontinuous, i.e., f is sequentially lower semi-
continuous at every point in X .

(ii) epi f is sequentially closed in X × R.
(iii) For every ξ ∈ R, lev≤ξ f is sequentially closed in X .
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Remark 1.36 Let X be a topological space. Then X is called sequential if
every sequentially closed subset of X is closed, i.e., if the notions of closed-
ness and sequential closedness coincide. It follows that in sequential spaces
the notions of lower semicontinuity and sequential lower semicontinuity are
equivalent. Alternatively, X is sequential if, for every topological space Y and
every operator T : X → Y, the notions of continuity and sequential continuity
coincide. Note, however, that in Hausdorff sequential spaces, the notions of
compactness and sequential compactness need not coincide (see [243, Coun-
terexample 43]).

1.12 Metric Spaces

Let X be a metric space with distance (ormetric) d. The diameter of a subset
C of X is diamC = sup(x,y)∈C×C d(x, y). The distance to a set C ⊂ X is the
function

dC : X → [0,+∞] : x 7→ inf d(x,C). (1.45)

Note that if C = ∅ then dC ≡ +∞. The closed and open balls of center x ∈ X
and radius ρ ∈ R++ in X are defined as B(x; ρ) =

{
y ∈ X

∣∣ d(x, y) ≤ ρ
}
and{

y ∈ X
∣∣ d(x, y) < ρ

}
, respectively. The metric topology of X is the topology

that admits the family of all open balls as a base. A topological space is
metrizable if its topology coincides with a metric topology.

A sequence (xn)n∈N in X converges to a point x ∈ X if d(xn, x) → 0.
Moreover, X is a sequential Hausdorff space and thus, as seen in Remark 1.36,
the notions of closedness, continuity, and lower semicontinuity are equivalent
to their sequential counterparts.

Fact 1.37 Let X be a metric space, let Y be a Hausdorff space, and let
T : X → Y. Then T is continuous if and only if it is sequentially continuous.

In addition, in metric spaces, the notions of compactness and sequential
compactness are equivalent.

Fact 1.38 Let C be a subset of a metric space X . Then C is compact if and
only if it is sequentially compact.

Lemma 1.39 Let C be a subset of a metric space X such that (∀n ∈ N)
C ∩B(0;n) is closed. Then C is closed.

Proof. Let (xn)n∈N be a sequence in C that converges to a point x. Since
(xn)n∈N is bounded, there existsm ∈ N such that (xn)n∈N lies in C∩B(0;m).
The hypothesis implies that x ∈ C ∩B(0;m) and hence that x ∈ C. ⊓⊔

Lemma 1.40 Let C be a compact subset of a metric space X . Then C is
closed and bounded.
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Proof. Closedness follows from Lemma 1.12. Now suppose that C is not
bounded. Then it contains a sequence (xn)n∈N such that d(x0, xn) → +∞.
Clearly, (xn)n∈N has no convergent subsequence and C is therefore not se-
quentially compact. In view of Fact 1.38, C is not compact. ⊓⊔

Lemma 1.41 Let X be a metric space, let f : X → [−∞,+∞], let x ∈ X ,
and let S(x) be the set of all sequences in X that converge to x. Then

lim
y→x

f(y) = min
(xn)n∈N∈S(x)

lim f(xn). (1.46)

Proof. Let (εn)n∈N be a strictly decreasing sequence in R++ such that εn ↓ 0,
and set (∀n ∈ N) Vn =

{
y ∈ X

∣∣ d(x, y) < εn
}
and σ = supn∈N inf f(Vn). By

Lemma 1.23,

inf

{
lim
n∈N

f(xn)
∣∣∣ xn → x

}
≥ lim
y→x

f(y) = sup
V ∈V(x)

inf f(V ) = σ. (1.47)

Since inf f(Vn) ↑ σ, it suffices to provide a sequence (xn)n∈N in X such that
xn → x and lim f(xn) ≤ σ.

If σ = +∞, then (1.47) implies that f(xn)→ σ for every sequence (xn)n∈N

that converges to x.
Now assume that σ ∈ R and that (xn)n∈N is a sequence such that (∀n ∈ N)

xn ∈ Vn and f(xn) ≤ εn + inf f(Vn). Then lim f(xn) ≤ lim f(xn) ≤ lim εn +
lim inf f(Vn) = σ.

Finally, assume that σ = −∞. Then, for every n ∈ N, inf f(Vn) = −∞,
and we take xn ∈ Vn such that f(xn) ≤ −n. Then lim f(xn) = −∞ = σ, and
the proof is complete. ⊓⊔

A sequence (xn)n∈N in X is a Cauchy sequence if d(xm, xn)→ 0 asm,n→
+∞. The metric space X is complete if every Cauchy sequence in X converges
to a point in X .

Lemma 1.42 (Cantor) Let X be a complete metric space and let (Cn)n∈N

be a sequence of nonempty closed sets in X such that (∀n ∈ N) Cn ⊃ Cn+1

and diam Cn → 0. Then
⋂
n∈N

Cn is a singleton.

Proof. Set C =
⋂
n∈N

Cn. For every n ∈ N, fix xn ∈ Cn and set An =
{xm}m≥n ⊂ Cn. Then diam An → 0, i.e., (xn)n∈N is a Cauchy sequence.
By completeness, there exists x ∈ X such that xn → x. Hence, for every
n ∈ N, Cn ∋ xn+p → x as p→ +∞ and, by closedness of Cn, we get x ∈ Cn.
Thus, x ∈ C and diam C ≤ diam Cn → 0. Altogether, C = {x}. ⊓⊔

Lemma 1.43 (Ursescu) Let X be a complete metric space. Then the fol-
lowing hold:

(i) Suppose that (Cn)n∈N is a sequence of closed subsets of X . Then⋃
n∈N

intCn = int
⋃
n∈N

Cn.
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(ii) Suppose that (Cn)n∈N is a sequence of open subsets of X . Then
int

⋂
n∈N

Cn = int
⋂
n∈N

Cn.

Proof. For any subset C of X , one has X rC = int(X rC) and X r intC =
X r C. This and De Morgan’s laws imply that (i) and (ii) are equivalent.

(ii): The inclusion int
⋂
n∈N

Cn ⊂ int
⋂
n∈N

Cn is clear. To show the reverse
inclusion, let us fix

z ∈ int
⋂

n∈N

Cn and ε ∈ R++. (1.48)

Using strong (also known as complete) induction, we shall construct se-
quences (xn)n∈N in X and (εn)n∈N in R++ such that x0 = z and, for every
n ∈ N,

B(xn+1; εn+1) ⊂ B(xn; εn) ∩ Cn with εn ∈ ]0, ε/2n[ . (1.49)

For every n ∈ N, let us denote by Un the open ball of center xn and radius
εn. First, set x0 = z and let ε0 ∈ ]0, ε[ be such that

B(x0; ε0) ⊂
⋂

n∈N

Cn. (1.50)

Since x0 ∈ C0, the set U0 ∩ C0 is nonempty and open. Thus, there exist
x1 ∈ X and ε1 ∈ ]0, ε/2[ such that

B(x1; ε1) ⊂ U0 ∩ C0 ⊂ B(x0; ε0) ∩ C0. (1.51)

Now assume that (xk)0≤k≤n and (εk)0≤k≤n are already constructed. Then,
using (1.50), we obtain

xn ∈ Un ⊂ B(xn; εn) ⊂ B(x0; ε0) ⊂ Cn. (1.52)

Hence, there exists xn+1 ∈ Cn such that d(xn, xn+1) < εn/2. Moreover, xn+1

belongs to the open set Un ∩Cn. As required, there exists εn+1 ∈ ]0, εn/2[ ⊂]
0, ε/2n+1

[
such that

B(xn+1; εn+1) ⊂ Un ∩ Cn ⊂ B(xn; εn) ∩ Cn. (1.53)

Since the sequence
(
B(xn; εn)

)
n∈N

is decreasing and εn → 0, we have

diamB(xn; εn) = 2εn → 0. Therefore, Lemma 1.42 yields a point zε ∈ X
such that ⋂

n∈N

B(xn; εn) = {zε}. (1.54)

Combining (1.49) and (1.54), we deduce that zε ∈ B(z; ε)∩
⋂
n∈N

Cn. Letting

ε ↓ 0, we conclude that z ∈ ⋂n∈N
Cn. ⊓⊔
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A countable intersection of open sets in a Hausdorff space is called a Gδ
set.

Corollary 1.44 Let X be a complete metric space, and let (Cn)n∈N be a
sequence of dense open subsets of X . Then

⋂
n∈N

Cn is a dense Gδ subset of
X .

Proof. It is clear that C =
⋂
n∈N

Cn is a Gδ. Using Lemma 1.43(ii), we obtain

X = int
⋂
n∈N

Cn = int
⋂
n∈N

Cn = intC ⊂ C ⊂ X . Hence C = X . ⊓⊔

Theorem 1.45 (Ekeland) Let (X , d) be a complete metric space, let
f : X → ]−∞,+∞] be proper, lower semicontinuous, and bounded below,
let α ∈ R++, let β ∈ R++, and suppose that y ∈ dom f satisfies f(y) ≤
α+ inf f(X ). Then there exists z ∈ X such that the following hold:

(i) f(z) + (α/β)d(y, z) ≤ f(y).
(ii) d(y, z) ≤ β.
(iii) (∀x ∈ X r {z}) f(z) < f(x) + (α/β)d(x, z).

Proof. We fix x0 ∈ X and define inductively sequences (xn)n∈N and (Cn)n∈N

as follows. Given xn ∈ X , where n ∈ N, set

Cn =
{
x ∈ X

∣∣ f(x) + (α/β)d(xn, x) ≤ f(xn)
}

(1.55)

and take xn+1 ∈ X such that

xn+1 ∈ Cn and f(xn+1) ≤ 1
2
f(xn) +

1
2
inf f(Cn). (1.56)

Since xn+1 ∈ Cn, we have (α/β)d(xn, xn+1) ≤ f(xn) − f(xn+1). Thus,

(
f(xn)

)
n∈N

is decreasing and bounded below, hence convergent, (1.57)

and

(∀n ∈ N)(∀m ∈ N) n ≤ m ⇒ (α/β)d(xn, xm) ≤ f(xn) − f(xm). (1.58)

Combining (1.57) and (1.58), we see that (xn)n∈N is a Cauchy sequence. Set
z = limxn. Since f is lower semicontinuous at z, it follows from (1.57) that

f(z) ≤ lim f(xn). (1.59)

Letting m→ +∞ in (1.58), we deduce that

(∀n ∈ N) (α/β)d(xn, z) ≤ f(xn)− f(z). (1.60)

Recalling that x0 = y and setting n = 0 in (1.60), we obtain (i). In turn, (i)
implies that f(z)+ (α/β)d(y, z) ≤ f(y) ≤ α+ inf f(X ) ≤ α+ f(z). Thus (ii)
holds. Now assume that (iii) is false. Then there exists x ∈ X r{z} such that
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f(x) ≤ f(z)− (α/β)d(x, z) < f(z). (1.61)

In view of (1.60), we get

(∀n ∈ N) f(x) ≤ f(z)− (α/β)d(x, z)

≤ f(xn)− (α/β)
(
d(x, z) + d(xn, z)

)

≤ f(xn)− (α/β)d(x, xn). (1.62)

Thus x ∈ ⋂
n∈N

Cn. Using (1.56), we deduce that (∀n ∈ N) 2f(xn+1) −
f(xn) ≤ f(x). Hence lim f(xn) ≤ f(x). This, (1.61), and (1.59) imply that
lim f(xn) ≤ f(x) < f(z) ≤ lim f(xn), which is impossible. Therefore, (iii)
holds. ⊓⊔

Definition 1.46 Let (X1, d1) and (X2, d2) be metric spaces, let T : X1 → X2,
and let C be a subset of X1. Then T is Lipschitz continuous with constant
β ∈ R+ if

(∀x ∈ X1)(∀y ∈ X1) d2(Tx, T y) ≤ βd1(x, y), (1.63)

locally Lipschitz continuous near a point x ∈ X1 if there exists ρ ∈ R++

such that the operator T |B(x;ρ) is Lipschitz continuous, and locally Lipschitz
continuous on C if it is locally Lipschitz continuous near every point in C.
Finally, T is Lipschitz continuous relative to C with constant β ∈ R+ if

(∀x ∈ C)(∀y ∈ C) d2(Tx, T y) ≤ βd1(x, y). (1.64)

Example 1.47 Let C be a nonempty subset of a metric space (X , d). Then

(∀x ∈ X )(∀y ∈ X ) |dC(x)− dC(y)| ≤ d(x, y). (1.65)

Proof. Take x and y in X . Then (∀z ∈ X ) d(x, z) ≤ d(x, y) + d(y, z). Taking
the infimum over z ∈ C yields dC(x) ≤ d(x, y)+dC(y), hence dC(x)−dC(y) ≤
d(x, y). Interchanging x and y, we obtain dC(y)−dC(x) ≤ d(x, y). Altogether,
|dC(x) − dC(y)| ≤ d(x, y). ⊓⊔

The following result is known as the Banach–Picard fixed point theorem.
The set of fixed points of an operator T : X → X is denoted by Fix T , i.e.,

FixT =
{
x ∈ X

∣∣ Tx = x
}
. (1.66)

Theorem 1.48 (Banach–Picard) Let (X , d) be a complete metric space
and let T : X → X be Lipschitz continuous with constant β ∈ [0, 1[. Given
x0 ∈ X , set

(∀n ∈ N) xn+1 = Txn. (1.67)

Then there exists x ∈ X such that the following hold:

(i) x is the unique fixed point of T .
(ii) (∀n ∈ N) d(xn+1, x) ≤ βd(xn, x).
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(iii) (∀n ∈ N) d(xn, x) ≤ βnd(x0, x) (hence (xn)n∈N converges linearly to x).
(iv) A priori error estimate: (∀n ∈ N) d(xn, x) ≤ βnd(x0, x1)/(1− β).
(v) A posteriori error estimate: (∀n ∈ N) d(xn, x) ≤ d(xn, xn+1)/(1− β).
(vi) d(x0, x1)/(1 + β) ≤ d(x0, x) ≤ d(x0, x1)/(1 − β).

Proof. The triangle inequality and (1.67) yield

(∀m ∈ N)(∀n ∈ N) d(xn, xn+m) ≤ d(xn, xn+1) + · · ·+ d(xn+m−1, xn+m)

≤ (1 + β + · · ·+ βm−1)d(xn, xn+1)

=
1− βm
1− β d(xn, xn+1) (1.68)

≤ βn

1− β d(x0, x1). (1.69)

It follows that (xn)n∈N is a Cauchy sequence in X and therefore that it con-
verges to some point x ∈ X . In turn, since T is continuous, Tx = T (limxn) =
limTxn = limxn+1 = x and thus x ∈ FixT . Now let y ∈ FixT . Then
d(x, y) = d(Tx, T y) ≤ βd(x, y) and hence y = x. This establishes (i).

(ii): Observe that (∀n ∈ N) d(xn+1, x) = d(Txn, T x) ≤ βd(xn, x).
(ii)⇒(iii): Clear.
(iv)&(v): Let m→ +∞ in (1.69) and (1.68), respectively.
(vi): Since d(x0, x1) ≤ d(x0, x) + d(x, x1) ≤ (1 + β)d(x0, x), the first in-

equality holds. The second inequality follows from (iv) or (v). ⊓⊔
We close this chapter with a variant of the Banach–Picard theorem.

Theorem 1.49 Let (X , d) be a complete metric space and let T : X → X be
such that there exists a summable sequence (βn)n∈N in R+ such that

(∀x ∈ X )(∀y ∈ X )(∀n ∈ N) d(T nx, T ny) ≤ βnd(x, y), (1.70)

where T n denotes the n-fold composition of T if n > 0, and T 0 = Id. Let
x0 ∈ X and set

(∀n ∈ N) xn+1 = Txn and αn =
+∞∑

k=n

βk. (1.71)

Then there exists x ∈ X such that the following hold:

(i) x is the unique fixed point of T .
(ii) xn → x.
(iii) (∀n ∈ N) d(xn, x) ≤ αnd(x0, x1).

Proof. We deduce from (1.71) that

(∀m ∈ N)(∀n ∈ N) d(xn, xn+m) ≤
n+m−1∑

k=n

d(xk, xk+1)
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=

n+m−1∑

k=n

d(T kx0, T
kx1)

≤
n+m−1∑

k=n

βkd(x0, x1)

≤ αnd(x0, x1). (1.72)

(i)&(ii): Since (βn)n∈N is summable, we have αn → 0. Thus, (1.72) implies
that (xn)n∈N is a Cauchy sequence. Thus, it converges to some point x ∈ X . It
follows from the continuity of T that Tx = T (limxn) = limTxn = limxn+1 =
x and therefore that x ∈ FixT . Now let y ∈ FixT . Then (1.70) yields
(∀n ∈ N) d(x, y) = d(T nx, T ny) ≤ βnd(x, y). Since βn → 0, we conclude
that y = x.

(iii): Let m→ +∞ in (1.72). ⊓⊔

Exercises

Exercise 1.1 Let X and Y be two nonempty sets and let T : X → Y.
(i) Let C ⊂ X and D ⊂ Y. Show that C ⊂ T−1(T (C)) and T (T−1(D)) ⊂

D. Provide an example of strict inclusion in both cases.
(ii) Let D ⊂ Y and let (Di)i∈I be a family of subsets of Y. Show the

following:

(a) T−1(Y rD) = X r T−1(D).
(b) T−1(

⋂
i∈I Di) =

⋂
i∈I T

−1(Di).
(c) T−1(

⋃
i∈I Di) =

⋃
i∈I T

−1(Di).

(iii) Prove Fact 1.18.

Exercise 1.2 Let C and D be two arbitrary subsets of a topological space
X . Show the following:

(i) X r intC = X r C and X r C = int(X r C).
(ii) int(C ∩D) = (intC) ∩ (intD) and C ∪D = C ∪D.
(iii) int(C ∪D) 6= (intC) ∪ (intD) and C ∩D 6= C ∩D.

Exercise 1.3 Let A = Z be directed by ≤ and define a net (xa)a∈A in R by

(∀a ∈ A) xa =

{
a, if a ≤ 0;

1/a, if a > 0.
(1.73)

Show that (xa)a∈A is unbounded and that it converges.

Exercise 1.4 In this exercise, N designates the unordered and undirected set
of positive integers. Let A = N be directed by ≤, and let B = N be directed
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by the relation 4 that coincides with ≤ on {2n}n∈N and on {2n+1}n∈N, and
satisfies (∀m ∈ N)(∀n ∈ N) 2m+ 1 4 2n. Now let (xa)a∈A be a sequence in
R.

(i) Show that (∀a ∈ A)(∀b ∈ B) b < 2a ⇒ 3b ≥ a.
(ii) Show that (x3b)b∈B is a subnet, but not a subsequence, of (xa)a∈A.
(iii) Set (∀a ∈ A) xa = (1 − (−1)a)a/2. Show that the subnet (x3b)b∈B

converges to 0 but that the subsequence (x3a)a∈A does not converge.

Exercise 1.5 Let X be a nonempty set and let f : X → R. Equip X with a
topology T and R with the usual topology. Provide a general condition for f
to be continuous in the following cases:

(i) T = {∅,X}.
(ii) T = 2X .

Exercise 1.6 Let f : R→ [−∞,+∞] and set

(∀z ∈ R) fz : R→ [−∞,+∞] : x 7→
{
f(z), if x = z;

+∞, otherwise.
(1.74)

Show that the functions (fz)z∈R are lower semicontinuous and conclude that
the infimum of an infinite family of lower semicontinuous functions need not
be lower semicontinuous (compare with Lemma 1.26).

Exercise 1.7 Let f1 and f2 be functions from R to R. Show the following:

(i) If f1 is lower semicontinuous and f2 is continuous, then f1 ◦ f2 is lower
semicontinuous.

(ii) If f1 is continuous and f2 is lower semicontinuous, then f1 ◦ f2 may fail
to be lower semicontinuous.

Exercise 1.8 Let X be a Hausdorff space, let f : X → [−∞,+∞], and let
g : X → R be continuous. Show that f + g = f̄ + g.

Exercise 1.9 Let X be a topological space. Then X is first countable if, for
every x ∈ X , there exists a countable base of neighborhoods, i.e., a family
{Vn}n∈N ⊂ V(x) such that (∀V ∈ V(x))(∃n ∈ N) Vn ⊂ V .

(i) Show that, without loss of generality, the sequence of sets (Vn)n∈N can
be taken to be decreasing in the above definition.

(ii) Show that if X is metrizable, then it is first countable.
(iii) The space X is a Fréchet space if, for every subset C of X and every

x ∈ C, there exists a sequence (xn)n∈N in C such that xn → x. Show
the following:

(a) If X is first countable, then it is Fréchet.
(b) If X is Fréchet, then it is sequential.
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(iv) Conclude that the following relations hold: metrizable⇒ first countable
⇒ Fréchet ⇒ sequential.

Exercise 1.10 Let C be a subset of a metric space X . Show the following:

(i) C =
{
x ∈ X

∣∣ dC(x) = 0
}
.

(ii) C is a Gδ.

Exercise 1.11 A subset of a Hausdorff space X is an Fσ if it is a countable
union of closed sets. Show the following:

(i) The complement of an Fσ is a Gδ.
(ii) If X is a metric space, every open set in X is an Fσ .

Exercise 1.12 Let (xn)n∈N be a sequence in a Hausdorff space X that con-
verges to some point x ∈ X . Show that the set {xn}n∈N ∪ {x} is compact.

Exercise 1.13 In the compact metric space X = [0, 1], direct the set

A =
{
a ∈ ]0, 1[

∣∣ a is a rational number
}

(1.75)

by ≤ and define (∀a ∈ A) xa = a. Show that the net (xa)a∈A converges to 1,
while the set {xa}a∈A ∪ {1} is not closed. Compare with Exercise 1.12.

Exercise 1.14 Find a metric space (X , d) such that (∀x ∈ X ) intB(x; 1) 6={
y ∈ X

∣∣ d(x, y) < 1
}
.

Exercise 1.15 Let (xn)n∈N be a Cauchy sequence in a metric space X . Show
that (xn)n∈N is bounded and that, if it possesses a sequential cluster point,
it converges to that point.

Exercise 1.16 Let (xn)n∈N be a sequence in a complete metric space (X , d)
such that

∑
n∈N

d(xn, xn+1) < +∞. Show that (xn)n∈N converges and that
this is no longer true if we merely assume that

∑
n∈N

d2(xn, xn+1) < +∞.

Exercise 1.17 Show that if in Lemma 1.43 the sequence (Cn)n∈N is replaced
by an arbitrary family (Ca)a∈A, then the conclusion fails.

Exercise 1.18 Provide an example of a function f from R to R such that f
is locally Lipschitz continuous on R but f is not Lipschitz continuous.

Exercise 1.19 Let (X , d) be a metric space and let (xn)n∈N be a Cauchy
sequence in X . Show that for every x ∈ X , (d(x, xn))n∈N converges, that
f : X → R : x 7→ lim d(x, xn) is Lipschitz continuous with constant 1, and
that f(xn)→ 0.

Exercise 1.20 Let (X , d) be a metric space. Use Theorem 1.45 and Ex-
ercise 1.19 to show that X is complete if and only if, for every Lipschitz
continuous function f : X → R+ and for every ε ∈ ]0, 1[, there exists z ∈ X
such that (∀x ∈ X ) f(z) ≤ f(x) + εd(x, z).
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Exercise 1.21 (Hausdorff) Let (X , d) be a metric space and let C be the
class of nonempty bounded closed subsets of X . Define the Hausdorff distance
by

H : C× C→ R+ : (C,D) 7→ max

{
sup
x∈C

dD(x), sup
x∈D

dC(x)

}
. (1.76)

The purpose of this exercise is to show that H is indeed a distance on C.

(i) Let x ∈ X and y ∈ Y. Compute H({x}, {y}).
(ii) Show that (∀C ∈ C)(∀D ∈ C) H(C,D) = H(D,C).
(iii) Show that (∀C ∈ C)(∀D ∈ C) H(C,D) = 0 ⇔ C = D.
(iv) Show that (∀C ∈ C)(∀D ∈ C)(∀x ∈ X ) dD(x) ≤ dC(x) +H(C,D).
(v) Show that (C, H) is a metric space.

Exercise 1.22 Use Theorem 1.45 to prove Theorem 1.48(i).

Exercise 1.23 Let X be a complete metric space, suppose that (Ci)i∈I is a
family of subsets of X that are open and dense in X , and set C =

⋂
i∈I Ci.

Show the following:

(i) If I is finite, then C is open and dense in X .
(ii) If I is countably infinite, then C is dense (hence nonempty), but C may

fail to be open.
(iii) If I is uncountable, then C may be empty.





Chapter 2

Hilbert Spaces

Throughout this book,H is a real Hilbert space with scalar (or inner) product
〈· | ·〉. The associated norm is denoted by ‖ · ‖ and the associated distance by
d, i.e.,

(∀x ∈ H)(∀y ∈ H) ‖x‖ =
√
〈x | x〉 and d(x, y) = ‖x− y‖. (2.1)

The identity operator on H is denoted by Id.
In this chapter, we derive useful identities and inequalities, and we review

examples and basic results from linear and nonlinear analysis in a Hilbert
space setting.

2.1 Notation and Examples

The orthogonal complement of a subset C of H is denoted by C⊥, i.e.,

C⊥ =
{
u ∈ H

∣∣ (∀x ∈ C) 〈x | u〉 = 0
}
. (2.2)

An orthonormal set C ⊂ H is an orthonormal basis of H if spanC = H. The
space H is separable if it possesses a countable orthonormal basis. Now let
(xi)i∈I be a family of vectors in H and let I be the class of nonempty finite
subsets of I, directed by ⊂. Then (xi)i∈I is summable if there exists x ∈ H
such that the net (

∑
i∈J xi)J∈I converges to x, i.e., by (1.25),

(∀ε ∈ R++)(∃K ∈ I)(∀J ∈ I) J ⊃ K ⇒
∥∥∥∥∥x−

∑

i∈J

xi

∥∥∥∥∥ ≤ ε. (2.3)

In this case we write x =
∑

i∈I xi. For a family (αi)i∈I in [0,+∞], we have
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∑

i∈I

αi = sup
J∈I

∑

i∈J

αi. (2.4)

Here are specific real Hilbert spaces that will be used in this book.

Example 2.1 The Hilbert direct sum of a totally ordered family of real
Hilbert spaces (Hi, ‖ · ‖i)i∈I is the real Hilbert space

⊕

i∈I

Hi =
{
x = (xi)i∈I ∈×

i∈I

Hi
∣∣∣∣
∑

i∈I

‖xi‖2i < +∞
}

(2.5)

equipped with the addition (x,y) 7→ (xi + yi)i∈I , the scalar multiplication
(α,x) 7→ (αxi)i∈I , and the scalar product

(x,y) 7→
∑

i∈I

〈xi | yi〉i (2.6)

(when I is finite, we shall sometimes adopt a common abuse of notation
and write×i∈IHi instead of

⊕
i∈I Hi). Now suppose that, for every i ∈ I,

fi : Hi → ]−∞,+∞], and that if I is infinite, infi∈I fi ≥ 0. Then

⊕

i∈I

fi :
⊕

i∈I

Hi → ]−∞,+∞] : (xi)i∈I 7→
∑

i∈I

fi(xi). (2.7)

Example 2.2 If each Hi is the Euclidean line R in Example 2.1, we ob-
tain ℓ2(I) =

⊕
i∈I R, which is equipped with the scalar product (x, y) =

((ξi)i∈I , (ηi)i∈I ) 7→
∑
i∈I ξiηi. The standard unit vectors (ei)i∈I of ℓ2(I) are

defined by

(∀i ∈ I) ei : I → R : j 7→
{
1, if j = i;

0, otherwise.
(2.8)

Example 2.3 If I = {1, . . . , N} in Example 2.2, we obtain the standard
Euclidean space RN .

Example 2.4 The space of real N × N symmetric matrices is denoted by
SN . It is a real Hilbert space with scalar product (A,B) 7→ tr (AB), where
tr is the trace function.

Example 2.5 Let (Ω,F, µ) be a (positive) measure space, let (H, 〈· | ·〉
H
) be

a real Hilbert space, and let p ∈ [1,+∞[. Denote by Lp((Ω,F, µ);H) the
space of (equivalence classes of) Borel measurable functions x : Ω → H such
that

∫
Ω
‖x(ω)‖p

H
µ(dω) < +∞. Then L2((Ω,F, µ);H) is a real Hilbert space

with scalar product (x, y) 7→
∫
Ω
〈x(ω) | y(ω)〉

H
µ(dω).

Example 2.6 In Example 2.5, let H = R. Then we obtain the real Ba-
nach space Lp(Ω,F, µ) = Lp((Ω,F, µ);R) and, for p = 2, the real Hilbert
space L2(Ω,F, µ), which is equipped with the scalar product (x, y) 7→∫
Ω
x(ω)y(ω)µ(dω).
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Example 2.7 In Example 2.5, let T ∈ R++, set Ω = [0, T ], and let µ be the
Lebesgue measure. Then we obtain the Hilbert space L2([0, T ];H), which is

equipped with the scalar product (x, y) 7→
∫ T
0
〈x(t) | y(t)〉

H
dt. In particular,

when H = R, we obtain the classical Lebesgue space L2([0, T ]) = L2([0, T ];R).

Example 2.8 Let (Ω,F,P) be a probability space, i.e., a measure space such
that P(Ω) = 1. A property that holds P-almost everywhere on Ω is said to
hold almost surely (a.s.). A random variable (r.v.) is a measurable function
X : Ω → R, and its expected value is EX =

∫
Ω
X(ω)P(dω), provided that

the integral exists. In this context, Example 2.6 yields the Hilbert space

L2(Ω,F,P) =
{
X r.v. on (Ω,F)

∣∣ E|X |2 < +∞
}

(2.9)

of random variables with finite second absolute moment, which is equipped
with the scalar product (X,Y ) 7→ E(XY ).

Example 2.9 Let T ∈ R++ and let (H, 〈· | ·〉
H
) be a real Hilbert space.

For every y ∈ L2([0, T ];H), the function x : [0, T ] → H : t 7→
∫ t
0
y(s)ds is

differentiable almost everywhere (a.e.) on ]0, T [ with x′(t) = y(t) a.e. on
]0, T [. We say that x : [0, T ] → H belongs to W 1,2([0, T ];H) if there exists
y ∈ L2([0, T ];H) such that

(∀t ∈ [0, T ]) x(t) = x(0) +

∫ t

0

y(s)ds. (2.10)

Alternatively,

W 1,2([0, T ];H) =
{
x ∈ L2([0, T ];H)

∣∣ x′ ∈ L2([0, T ];H)
}
. (2.11)

The scalar product of this real Hilbert space is (x, y) 7→
∫ T
0
〈x(t) | y(t)〉

H
dt+∫ T

0 〈x′(t) | y′(t)〉H dt.

2.2 Basic Identities and Inequalities

Fact 2.10 (Cauchy–Schwarz) Let x and y be in H. Then

|〈x | y〉| ≤ ‖x‖ ‖y‖. (2.12)

Moreover, 〈x | y〉 = ‖x‖ ‖y‖ ⇔ (∃α ∈ R+) x = αy or y = αx.

Lemma 2.11 Let x, y, and z be in H. Then the following hold:

(i) ‖x+ y‖2 = ‖x‖2 + 2 〈x | y〉+ ‖y‖2.
(ii) Parallelogram identity: ‖x+ y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2.
(iii) Polarization identity: 4 〈x | y〉 = ‖x+ y‖2 − ‖x− y‖2.
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(iv) Apollonius’s identity: ‖x−y‖2 = 2‖z−x‖2+2‖z−y‖2−4‖z−(x+y)/2‖2.

Proof. (i): A simple expansion.
(ii)&(iii): It follows from (i) that

‖x− y‖2 = ‖x‖2 − 2 〈x | y〉+ ‖y‖2. (2.13)

Adding this identity to (i) yields (ii), and subtracting it from (i) yields (iii).
(iv): Apply (ii) to the points (z − x)/2 and (z − y)/2. ⊓⊔

Lemma 2.12 Let x and y be in H. Then the following hold:

(i) 〈x | y〉 ≤ 0 ⇔ (∀α ∈ R+)‖x‖ ≤ ‖x−αy‖ ⇔ (∀α ∈ [0, 1])‖x‖ ≤ ‖x−αy‖.
(ii) x ⊥ y ⇔ (∀α ∈ R) ‖x‖ ≤ ‖x− αy‖ ⇔ (∀α ∈ [−1, 1]) ‖x‖ ≤ ‖x− αy‖.

Proof. (i): Observe that

(∀α ∈ R) ‖x− αy‖2 − ‖x‖2 = α
(
α‖y‖2 − 2 〈x | y〉

)
. (2.14)

Hence, the forward implications follow immediately. Conversely, if for every
α ∈ ]0, 1], ‖x‖ ≤ ‖x − αy‖, then (2.14) implies that 〈x | y〉 ≤ α‖y‖2/2. As
α ↓ 0, we obtain 〈x | y〉 ≤ 0.

(ii): A consequence of (i), since x ⊥ y ⇔ [〈x | y〉 ≤ 0 and 〈x | −y〉 ≤ 0]. ⊓⊔

Lemma 2.13 Let (xi)i∈I and (ui)i∈I be finite families in H and let (αi)i∈I
be a family in R such that

∑
i∈I αi = 1. Then the following hold:

(i)
〈∑

i∈I αixi |
∑

j∈I αjuj
〉
+
∑
i∈I

∑
j∈I αiαj 〈xi − xj | ui − uj〉 /2

=
∑
i∈I αi 〈xi | ui〉.

(ii)
∥∥∑

i∈I αixi
∥∥2 +

∑
i∈I

∑
j∈I αiαj‖xi − xj‖2/2 =

∑
i∈I αi‖xi‖2.

Proof. (i): We have

2

〈∑

i∈I

αixi

∣∣∣∣
∑

j∈I

αjuj

〉

=
∑

i∈I

∑

j∈I

αiαj
(
〈xi | uj〉+ 〈xj | ui〉

)

=
∑

i∈I

∑

j∈I

αiαj
(
〈xi | ui〉+ 〈xj | uj〉 − 〈xi − xj | ui − uj〉

)

= 2
∑

i∈I

αi 〈xi | ui〉 −
∑

i∈I

∑

j∈I

αiαj 〈xi − xj | ui − uj〉 . (2.15)

(ii): This follows from (i) when (ui)i∈I = (xi)i∈I . ⊓⊔

Corollary 2.14 Let x ∈ H, let y ∈ H, and let α ∈ R. Then

‖αx+ (1− α)y‖2 + α(1 − α)‖x− y‖2 = α‖x‖2 + (1− α)‖y‖2. (2.16)
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2.3 Linear Operators and Functionals

Let X and Y be real normed vector spaces. We set

B(X ,Y) =
{
T : X → Y

∣∣ T is linear and continuous
}

(2.17)

and B(X ) = B(X ,X ). Equipped with the norm

(∀T ∈ B(X ,Y)) ‖T‖ = sup
∥∥T (B(0; 1))

∥∥ = sup
x∈X
‖x‖≤1

‖Tx‖, (2.18)

B(X ,Y) is a normed vector space, and it is a Banach space if Y is a Banach
space.

Fact 2.15 Let X and Y be real normed vector spaces and let T : X → Y be
linear. Then T is continuous at a point in X if and only if it is Lipschitz
continuous.

The following result is also known as the Banach–Steinhaus theorem.

Lemma 2.16 (uniform boundedness) Let X be a real Banach space, let
Y be a real normed vector space, and let (Ti)i∈I be a family of operators in
B(X ,Y) that is pointwise bounded, i.e.,

(∀x ∈ X ) sup
i∈I
‖Tix‖ < +∞. (2.19)

Then supi∈I ‖Ti‖ < +∞.

Proof. Apply Lemma 1.43(i) to
({
x ∈ X

∣∣ supi∈I ‖Tix‖ ≤ n
})
n∈N

. ⊓⊔
The Riesz–Fréchet representation theorem states that every continuous

linear functional on the real Hilbert space H can be identified with a vector
in H.

Fact 2.17 (Riesz–Fréchet representation) Let f ∈ B(H,R). Then there
exists a unique vector u ∈ H such that (∀x ∈ H) f(x) = 〈x | u〉. Moreover,
‖f‖ = ‖u‖.

If K is a real Hilbert space and T ∈ B(H,K), the adjoint of T is the unique
operator T ∗ ∈ B(K,H) that satisfies

(∀x ∈ H)(∀y ∈ K) 〈Tx | y〉 = 〈x | T ∗y〉 . (2.20)

Fact 2.18 Let K be a real Hilbert space, let T ∈ B(H,K), and let kerT ={
x ∈ H

∣∣ Tx = 0
}
be the kernel of T . Then the following hold:

(i) T ∗∗ = T .
(ii) ‖T ∗‖ = ‖T‖ =

√
‖T ∗T‖.
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(iii) (kerT )⊥ = ranT ∗.
(iv) (ranT )⊥ = kerT ∗.
(v) kerT ∗T = kerT and ranTT ∗ = ranT .

Fact 2.19 Let K be a real Hilbert space and let T ∈ B(H,K). Then ranT
is closed ⇔ ranT ∗ is closed ⇔ ranTT ∗ is closed ⇔ ranT ∗T is closed ⇔
(∃α ∈ R++)(∀x ∈ (kerT )⊥) ‖Tx‖ ≥ α‖x‖.

Suppose that u ∈ H r {0} and let η ∈ R. A closed hyperplane in H is a
set of the form {

x ∈ H
∣∣ 〈x | u〉 = η

}
; (2.21)

a closed half-space with outer normal u is a set of the form

{
x ∈ H

∣∣ 〈x | u〉 ≤ η
}
; (2.22)

and an open half-space with outer normal u is a set of the form

{
x ∈ H

∣∣ 〈x | u〉 < η
}
. (2.23)

The distance function to C =
{
x ∈ H

∣∣ 〈x | u〉 = η
}
is (see (1.45))

dC : H → R+ : x 7→ |〈x | u〉 − η|‖u‖ . (2.24)

We conclude this section with an example of a discontinuous linear func-
tional.

Example 2.20 Assume that H is infinite-dimensional and let H be a
Hamel basis of H, i.e., a maximally linearly independent subset. Then H
is uncountable. Indeed, if H =

⋃
n∈N

span{hk}0≤k≤n for some Hamel basis
H = {hn}n∈N, then Lemma 1.43(i) implies that some finite-dimensional lin-
ear subspace span{hk}0≤k≤n has nonempty interior, which is absurd. The
Gram–Schmidt orthonormalization procedure thus guarantees the existence
of an orthonormal set B = {en}n∈N and an uncountable set C = {ca}a∈A
such that B ∪ C is a Hamel basis of H. Thus, every point in H is a (finite)
linear combination of elements in B ∪ C and, therefore, the function

f : H → R : x =
∑

n∈N

ξnen +
∑

a∈A

ηaca 7→
∑

n∈N

ξn (2.25)

is well defined and linear. Now take (αn)n∈N ∈ ℓ2(N)r ℓ1(N) (e.g., (∀n ∈ N)
αn = 1/(n+ 1)) and set

(∀n ∈ N) xn =
n∑

k=0

αkek. (2.26)

Then (xn)n∈N converges strongly to some point z ∈ H and f(xn) → +∞.
This proves that f is discontinuous at z and hence discontinuous everywhere
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by Fact 2.15. Now set (∀n ∈ N) yn = (xn − f(xn)e0)/max{f(xn), 1}. Then
(yn)n∈N lies in C =

{
x ∈ H

∣∣ f(x) = 0
}
and yn → −e0. On the other hand,

−e0 /∈ C, since f(−e0) = −1. As a result, the hyperplane C is not closed. In
fact, as will be proved in Example 8.33, C is dense in H.

2.4 Strong and Weak Topologies

The metric topology of (H, d) is called the strong topology (or norm topology)
ofH. Thus, a net (xa)a∈A inH converges strongly to a point x if ‖xa−x‖ → 0;
in symbols, xa → x. When used without modifiers, topological notions in H
(closedness, openness, neighborhood, continuity, compactness, convergence,
etc.) will always be understood with respect to the strong topology.

Fact 2.21 Let U and V be closed linear subspaces of H such that V has finite
dimension or finite codimension. Then U + V is a closed linear subspace.

In addition to the strong topology, a very important alternative topology
can be introduced.

Definition 2.22 The family of all finite intersections of open half-spaces of
H forms the base of the weak topology of H; Hweak denotes the resulting
topological space.

Lemma 2.23 Hweak is a Hausdorff space.

Proof. Let x and y be distinct points in H. Set u = x− y and w = (x+ y)/2.
Then

{
z ∈ H

∣∣ 〈z − w | u〉 > 0
}
and

{
z ∈ H

∣∣ 〈z − w | u〉 < 0
}
are disjoint

weak neighborhoods of x and y, respectively. ⊓⊔
A subset of H is weakly open if it is a union of finite intersections of open

half-spaces. If H is infinite-dimensional, nonempty intersections of finitely
many open half-spaces are unbounded and, therefore, nonempty weakly open
sets are unbounded. A net (xa)a∈A in H converges weakly to a point x ∈ H
if, for every u ∈ H, 〈xa | u〉 → 〈x | u〉; in symbols, xa ⇀ x. Moreover (see
Section 1.7), a subset C ofH is weakly closed if the weak limit of every weakly
convergent net in C is also in C, and weakly compact if every net in C has a
weak cluster point in C. Likewise (see Section 1.11), a subset C of H is weakly
sequentially closed if the weak limit of every weakly convergent sequence in C
is also in C, and weakly sequentially compact if every sequence in C has a weak
sequential cluster point in C. Finally, let D be a nonempty subset of H, let K
be a real Hilbert space, let T : D → K, and let f : H → [−∞,+∞]. Then T is
weakly continuous if it is continuous with respect to to the weak topologies
on H and K, i.e., if, for every net (xa)a∈A in D such that xa ⇀ x ∈ D, we
have Txa⇀Tx. Likewise, f is weakly lower semicontinuous at x ∈ H if, for
every net (xa)a∈A in H such that xa⇀x, we have f(x) ≤ lim f(xa).
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Remark 2.24 Strong and weak convergence of a net (xa)a∈A in H to a
point x in H can be interpreted in geometrical terms: xa → x means that
d{x}(xa) → 0 whereas, by (2.24), xa ⇀ x means that dC(xa) → 0 for every
closed hyperplane C containing x.

Example 2.25 Suppose that H is infinite-dimensional, let (xn)n∈N be an
orthonormal sequence in H, and let u be a point in H. Bessel’s inequality
yields

∑
n∈N
|〈xn | u〉|2 ≤ ‖u‖2, hence 〈xn | u〉 → 0. Thus xn ⇀ 0. How-

ever, ‖xn‖ ≡ 1 and therefore xn 6→ 0. Actually, (xn)n∈N has no Cauchy
subsequence since, for any two distinct positive integers n and m, we have
‖xn − xm‖2 = ‖xn‖2 + ‖xm‖2 = 2. This also shows that the unit sphere{
x ∈ H

∣∣ ‖x‖ = 1
}
is closed but not weakly sequentially closed.

Suppose that H is infinite-dimensional. As seen in Example 2.25, an or-
thonormal sequence in H has no strongly convergent subsequence. Hence, it
follows from Fact 1.38 that the closed unit ball of H is not compact. This
property characterizes infinite-dimensional Hilbert spaces.

Fact 2.26 The following are equivalent:

(i) H is finite-dimensional.
(ii) The closed unit ball B(0; 1) of H is compact.
(iii) The weak topology of H coincides with its strong topology.
(iv) The weak topology of H is metrizable.

In striking contrast, compactness of closed balls always holds in the weak
topology. This fundamental and deep result is known as the Banach–Alaoglu
theorem.

Fact 2.27 (Banach–Alaoglu) The closed unit ball B(0; 1) of H is weakly
compact.

Fact 2.28 The weak topology of the closed unit ball B(0; 1) of H is metrizable
if and only if H is separable.

Lemma 2.29 Let C be a subset of H. Then C is weakly compact if and only
if it is weakly closed and bounded.

Proof. First, suppose that C is weakly compact. Then Lemma 1.12 and
Lemma 2.23 assert that C is weakly closed. Now set C = {〈x | ·〉}x∈C ⊂
B(H,R) and take u ∈ H. Then 〈· | u〉 is weakly continuous. By Lemma 1.20,
{〈x | u〉}x∈C is a compact subset of R, and it is therefore bounded by
Lemma 1.40. Hence, C is pointwise bounded, and Lemma 2.16 implies that
supx∈C ‖x‖ < +∞, i.e., that C is bounded. Conversely, suppose that C is
weakly closed and bounded, say C ⊂ B(0; ρ) for some ρ ∈ R++. By Fact 2.27,
B(0; ρ) is weakly compact. Using Lemma 1.12 in Hweak, we deduce that C is
weakly compact. ⊓⊔

The following important fact states that weak compactness and weak se-
quential compactness coincide.
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Fact 2.30 (Eberlein–Šmulian) Let C be a subset of H. Then C is weakly
compact if and only if it is weakly sequentially compact.

Corollary 2.31 Let C be a subset of H. Then the following are equivalent:

(i) C is weakly compact.
(ii) C is weakly sequentially compact.
(iii) C is weakly closed and bounded.

Proof. Combine Lemma 2.29 and Fact 2.30. ⊓⊔
Lemma 2.32 Let C be a bounded subset of H. Then C is weakly closed if
and only if it is weakly sequentially closed.

Proof. If C is weakly closed, it is weakly sequentially closed. Conversely,
suppose that C is weakly sequentially closed. By assumption, there exists
ρ ∈ R++ such that C ⊂ B(0; ρ). Since B(0; ρ) is weakly sequentially compact
by Fact 2.27 and Fact 2.30, it follows from Lemma 2.23 and Lemma 1.33 that
C is weakly sequentially compact. In turn, appealing once more to Fact 2.30,
we obtain the weak compactness of C and therefore its weak closedness by
applying Lemma 1.12 in Hweak. ⊓⊔
Remark 2.33 As will be seen in Example 3.31, weakly sequentially closed
sets need not be weakly closed.

Lemma 2.34 Let T : H → K be a continuous affine operator. Then T is
weakly continuous.

Proof. Set L : x 7→ Tx − T0, let x ∈ H, let y ∈ K, and let (xa)a∈A be a
net in H such that xa ⇀ x. Then L ∈ B(H,K) and 〈xa | L∗y〉 → 〈x | L∗y〉.
Hence, 〈Lxa | y〉 → 〈Lx | y〉, i.e., Lxa⇀Lx. We conclude that Txa = T0 +
Lxa⇀T 0 + Lx = Tx. ⊓⊔
Lemma 2.35 The norm of H is weakly lower semicontinuous, i.e., for every
net (xa)a∈A in H and every x in H, we have

xa⇀x ⇒ ‖x‖ ≤ lim ‖xa‖. (2.27)

Proof. Take a net (xa)a∈A in H and a point x in H such that xa⇀x. Then,
by Cauchy–Schwarz, ‖x‖2 = lim |〈xa | x〉| ≤ lim ‖xa‖ ‖x‖. ⊓⊔
Lemma 2.36 Let (xa)a∈A and (ua)a∈A be nets in H, and let x and u be
points in H. Suppose that (xa)a∈A is bounded, that xa⇀x, and that ua → u.
Then 〈xa | ua〉 → 〈x | u〉.
Proof. We have supa∈A ‖xa‖ < +∞, 〈xa − x | u〉 → 0, and ‖ua − u‖ → 0.
Since, for every a ∈ A,

|〈xa | ua〉 − 〈x | u〉| = |〈xa | ua − u〉 + 〈xa − x | u〉|

≤
(
sup
b∈A
‖xb‖

)
‖ua − u‖+ |〈xa − x | u〉| , (2.28)

we obtain 〈xa | ua〉 − 〈x | u〉 → 0. ⊓⊔
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2.5 Weak Convergence of Sequences

Lemma 2.37 Let (xn)n∈N be a bounded sequence in H. Then (xn)n∈N pos-
sesses a weakly convergent subsequence.

Proof. First, recall from Lemma 2.23 that Hweak is a Hausdorff space. Now
set ρ = supn∈N ‖xn‖ and C = B(0; ρ). Fact 2.27 and Fact 2.30 imply that
C is weakly sequentially compact. Since (xn)n∈N lies in C, the claim follows
from Definition 1.32. ⊓⊔

Lemma 2.38 Let (xn)n∈N be a sequence in H. Then (xn)n∈N converges
weakly if and only if it is bounded and possesses at most one weak sequential
cluster point.

Proof. Suppose that xn ⇀ x ∈ H. Then it follows from Lemma 2.23 and
Fact 1.9 that x is the unique weak sequential cluster point of (xn)n∈N. More-
over, for every u ∈ H, 〈xn | u〉 → 〈x | u〉 and therefore supn∈N

|〈xn | u〉| <
+∞. Upon applying Lemma 2.16 to the sequence of continuous linear func-
tionals (〈xn | ·〉)n∈N, we obtain the boundedness of (‖xn‖)n∈N. Conversely,
suppose that (xn)n∈N is bounded and possesses at most one weak sequential
cluster point. Then Lemma 2.37 asserts that it possesses exactly one weak
sequential cluster point. Moreover, it follows from Fact 2.27 and Fact 2.30
that (xn)n∈N lies in a weakly sequentially compact set. Therefore, appealing
to Lemma 2.23, we apply Lemma 1.34 in Hweak to obtain the desired conclu-
sion. ⊓⊔

Lemma 2.39 Let (xn)n∈N be a sequence in H and let C be a nonempty
subset of H. Suppose that, for every x ∈ C, (‖xn−x‖)n∈N converges and that
every weak sequential cluster point of (xn)n∈N belongs to C. Then (xn)n∈N

converges weakly to a point in C.

Proof. By assumption, (xn)n∈N is bounded. Therefore, in view of Lemma 2.38,
it is enough to show that (xn)n∈N cannot have two distinct weak sequential
cluster points in C. To this end, let x and y be weak sequential cluster points
of (xn)n∈N in C, say xkn ⇀ x and xln ⇀ y. Since x and y belong to C, the
sequences (‖xn − x‖)n∈N and (‖xn − y‖)n∈N converge. In turn, since

(∀n ∈ N) 2 〈xn | x− y〉 = ‖xn − y‖2 − ‖xn − x‖2 + ‖x‖2 − ‖y‖2, (2.29)

(〈xn | x− y〉)n∈N converges as well, say 〈xn | x− y〉 → ℓ. Passing to the limit
along (xkn)n∈N and along (xln)n∈N yields, respectively, ℓ = 〈x | x− y〉 =
〈y | x− y〉. Therefore, ‖x− y‖2 = 0 and hence x = y. ⊓⊔

Proposition 2.40 Let (ei)i∈I be a totally ordered family in H such that
span {ei}i∈I = H, let (xn)n∈N be a sequence in H, and let x be a point in H.
Then the following are equivalent:

(i) xn⇀x.
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(ii) (xn)n∈N is bounded and (∀i ∈ I) 〈xn | ei〉 → 〈x | ei〉 as n→ +∞.

Proof. (i)⇒(ii): Lemma 2.38. (ii)⇒(i): Set (yn)n∈N = (xn−x)n∈N. Lemma 2.37
asserts that (yn)n∈N possesses a weak sequential cluster point y, say ykn ⇀y.
In view of Lemma 2.38, it suffices to show that y = 0. For this purpose, fix ε ∈
R++. Then there exists a finite subset J of I such that ‖y−z‖ supn∈N ‖ykn‖ ≤
ε, where z =

∑
j∈J 〈y | ej〉 ej. Thus, by Cauchy–Schwarz,

(∀n ∈ N) |〈ykn | y〉| ≤ |〈ykn | y − z〉|+ |〈ykn | z〉|
≤ ε+

∑

j∈J

|〈y | ej〉| |〈ykn | ej〉| . (2.30)

Hence lim |〈ykn | y〉| ≤ ε. Letting ε ↓ 0 yields ‖y‖2 = lim 〈ykn | y〉 = 0. ⊓⊔

Lemma 2.41 Let (xn)n∈N and (un)n∈N be sequences in H, and let x and u
be points in H. Then the following hold:

(i)
[
xn⇀x and lim ‖xn‖ ≤ ‖x‖

]
⇔ xn → x.

(ii) Suppose that H is finite-dimensional. Then xn⇀x ⇔ xn → x.
(iii) Suppose that xn⇀x and un → u. Then 〈xn | un〉 → 〈x | u〉.

Proof. (i): Suppose that xn ⇀ x and that lim ‖xn‖ ≤ ‖x‖. Then it follows
from Lemma 2.35 that ‖x‖ ≤ lim ‖xn‖ ≤ lim ‖xn‖ ≤ ‖x‖, hence ‖xn‖ → ‖x‖.
In turn, ‖xn − x‖2 = ‖xn‖2 − 2 〈xn | x〉 + ‖x‖2 → 0. Conversely, suppose
that xn → x. Then ‖xn‖ → ‖x‖ by continuity of the norm. On the other
hand, xn ⇀ x since for every n ∈ N and every u ∈ H, the Cauchy–Schwarz
inequality yields 0 ≤ |〈xn − x | u〉| ≤ ‖xn − x‖ ‖u‖.

(ii): Set dimH = m and let (ek)1≤k≤m be an orthonormal basis of H. Now
assume that xn⇀x. Then ‖xn − x‖2 =

∑m
k=1 |〈xn − x | ek〉|

2 → 0.
(iii): Combine Lemma 2.36 and Lemma 2.38. ⊓⊔
The combination of Lemma 2.35 and Lemma 2.41(i) yields the following

characterization of strong convergence.

Corollary 2.42 Let (xn)n∈N be a sequence in H and let x be in H. Then
xn → x ⇔

[
xn⇀x and ‖xn‖ → ‖x‖

]
.

2.6 Differentiability

In this section, K is a real Banach space.

Definition 2.43 Let C be a subset of H, let T : C → K, and let x ∈ C
be such that (∀y ∈ H)(∃α ∈ R++) [x, x + αy] ⊂ C. Then T is Gâteaux
differentiable at x if there exists an operator DT (x) ∈ B(H,K), called the
Gâteaux derivative of T at x, such that
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(∀y ∈ H) DT (x)y = lim
α↓0

T (x+ αy)− T (x)
α

. (2.31)

Higher-order Gâteaux derivatives are defined inductively. Thus, the second
Gâteaux derivative of T at x is the operator D

2T (x) ∈ B(H,B(H,K)) that
satisfies

(∀y ∈ H) D
2T (x)y = lim

α↓0

DT (x+ αy)− DT (x)

α
. (2.32)

The Gâteaux derivative DT (x) in Definition 2.43 is unique whenever it
exists (Exercise 2.9). Moreover, since DT (x) is linear, for every y ∈ H, we
have DT (x)y = −DT (x)(−y), and we can therefore replace (2.31) by

(∀y ∈ H) DT (x)y = lim
0 6=α→0

T (x+ αy) − T (x)
α

. (2.33)

If the convergence in (2.33) is uniform with respect to y on bounded sets,
then x ∈ intC and we obtain the following notion.

Remark 2.44 Let C be a subset of H, let f : C → R, and suppose that f
is Gâteaux differentiable at x ∈ C. Then, by Fact 2.17, there exists a unique
vector ∇f(x) ∈ H such that

(∀y ∈ H) Df(x)y = 〈y | ∇f(x)〉 . (2.34)

We call ∇f(x) the Gâteaux gradient of f at x. If f is Gâteaux differentiable
on C, the gradient operator is ∇f : C → H : x 7→ ∇f(x). Likewise, if f is
twice Gâteaux differentiable at x, we can identify D

2f(x) with an operator
∇2f(x) ∈ B(H) in the sense that

(∀y ∈ H)(∀z ∈ H) (D2f(x)y)z =
〈
z | ∇2f(x)y

〉
. (2.35)

We call ∇2f(x) the (Gâteaux) Hessian of f at x.

Definition 2.45 Let x ∈ H, let C ∈ V(x), and let T : C → K. Then T is
Fréchet differentiable at x if there exists an operator DT (x) ∈ B(H,K), called
the Fréchet derivative of T at x, such that

lim
06=‖y‖→0

‖T (x+ y)− Tx− DT (x)y‖
‖y‖ = 0. (2.36)

Higher-order Fréchet derivatives are defined inductively. Thus, the second
Fréchet derivative of T at x is the operator D

2T (x) ∈ B
(
H,B(H,K)

)
that

satisfies

lim
0 6=‖y‖→0

‖DT (x+ y)− DTx− D
2T (x)y‖

‖y‖ = 0. (2.37)

The Fréchet gradient of a function f : C → R at x ∈ C is defined as in
Remark 2.44. Here are some examples.
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Example 2.46 Let L ∈ B(H), let u ∈ H, let x ∈ H, and set f : H →
R : y 7→ 〈Ly | y〉 − 〈y | u〉. Then f is twice Fréchet differentiable on H with
∇f(x) = (L+ L∗)x − u and ∇2f(x) = L+ L∗.

Proof. Take y ∈ H. Since

f(x+ y)− f(x) = 〈Lx | y〉+ 〈Ly | x〉+ 〈Ly | y〉 − 〈y | u〉
= 〈y | (L + L∗)x〉 − 〈y | u〉+ 〈Ly | y〉 , (2.38)

we have

∣∣f(x+ y)− f(x)− 〈y | (L + L∗)x − u〉
∣∣ = |〈Ly | y〉| ≤ ‖L‖ ‖y‖2. (2.39)

In view of (2.36), f is Fréchet differentiable at x with ∇f(x) = (L+L∗)x−u.
In turn, (2.37) yields ∇2f(x) = L+ L∗. ⊓⊔

Example 2.47 Let F : H×H → R be a symmetric bilinear form such that,
for some β ∈ R+,

(∀x ∈ H)(∀y ∈ H) |F (x, y)| ≤ β‖x‖ ‖y‖, (2.40)

let ℓ ∈ B(H,R), let x ∈ H, and set f : H → R : y 7→ (1/2)F (y, y)−ℓ(y). Then
f is Fréchet differentiable on H with Df(x) = F (x, ·)− ℓ.

Proof. Take y ∈ H. Then,

f(x+ y)− f(x) = 1
2
F (x+ y, x+ y)− ℓ(x+ y)− 1

2
F (x, x) + ℓ(x)

= 1
2
F (y, y) + F (x, y)− ℓ(y). (2.41)

Consequently, (2.40) yields

2
∣∣f(x+ y)− f(x) −

(
F (x, y)− ℓ(y)

)∣∣ = |F (y, y)| ≤ β‖y‖2, (2.42)

and we infer from (2.36) and (2.40) that Df(x)y = F (x, y) − ℓ(y). ⊓⊔

Example 2.48 Let K be a real Hilbert space, let L ∈ B(H,K), let r ∈ K,
let x ∈ H, and set f : H → R : y 7→ ‖Ly − r‖2. Then f is twice Fréchet
differentiable on H with ∇f(x) = 2L∗(Lx− r) and ∇2f(x) = 2L∗L.

Proof. Set F : H × H → R : (y, z) 7→ (1/2) 〈L∗Ly | z〉, ℓ : H → R : y 7→
〈y | L∗r〉, and α = (1/2)‖r‖2. Then (∀y ∈ H) f(y) = 2(F (y, y) − ℓ(y) + α).
Hence we derive from Example 2.47 that ∇f(x) = 2L∗(Lx − r), and from
(2.37) that ∇2f(x) = 2L∗L. ⊓⊔

Lemma 2.49 Let x ∈ H, let C ∈ V(x), and let T : C → K. Suppose that T
is Fréchet differentiable at x. Then the following hold:

(i) T is Gâteaux differentiable at x and the two derivatives coincide.
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(ii) T is continuous at x.

Proof. Denote the Fréchet derivative of T at x by Lx.
(i): Let α ∈ R++ and y ∈ H r {0}. Then
∥∥∥∥
T (x+ αy)− Tx

α
− Lxy

∥∥∥∥ = ‖y‖‖T (x+ αy)− Tx− Lx(αy)‖
‖αy‖ (2.43)

converges to 0 as α ↓ 0.
(ii): Fix ε ∈ R++. By (2.36), we can find δ ∈ ]0, ε/(ε+ ‖Lx‖)] such that

(∀y ∈ B(0; δ)) ‖T (x+y)−Tx−Lxy‖ ≤ ε‖y‖. Thus (∀y ∈ B(0; δ)) ‖T (x+y)−
Tx‖ ≤ ‖T (x+y)−Tx−Lxy‖+‖Lxy‖ ≤ ε‖y‖+‖Lx‖ ‖y‖ ≤ δ(ε+‖Lx‖) ≤ ε.
It follows that T is continuous at x. ⊓⊔

Fact 2.50 Let T : H → K and let x ∈ H. Suppose that the Gâteaux derivative
of T exists on a neighborhood of x and that DT is continuous at x. Then T
is Fréchet differentiable at x.

Fact 2.51 Let x ∈ H, let U be a neighborhood of x, let G be a real Banach
space, let T : U → G, let V be a neighborhood of Tx, and let R : V → K.
Suppose that T is Fréchet differentiable at x and that R is Gâteaux differen-
tiable at Tx. Then R ◦ T is Gâteaux differentiable at x and D(R ◦ T )(x) =
(DR(Tx)) ◦ DT (x). If R is Fréchet differentiable at x, then so is R ◦ T .

Example 2.52 Let f : H → R : x 7→ ‖x‖. Then f =
√
‖ · ‖2 and, since

Example 2.48 asserts that ‖·‖2 is Fréchet differentiable with gradient operator
∇‖ · ‖2 = 2Id, it follows from Fact 2.51 that f is Fréchet differentiable on
H r {0} with (∀x ∈ H r {0}) ∇f(x) = x/‖x‖. On the other hand, f is not
Gâteaux differentiable at x = 0, since although the limit in (2.31) exists, it
is not linear with respect to y: (∀y ∈ H) limα↓0 (‖0 + αy‖ − ‖0‖)/α = ‖y‖.

Fact 2.53 Let x ∈ H, let U be a neighborhood of x, let K be a real Banach
space, and let T : U → K. Suppose that T is twice Fréchet differentiable at x.
Then (∀(y, z) ∈ H×H) (D2T (x)y)z = (D2T (x)z)y.

Example 2.54 Let x ∈ H, let U be a neighborhood of x, and let f : U → R.
Suppose that f is twice Fréchet differentiable at x. Then, in view of Fact 2.53
and (2.35), ∇2f(x) is self-adjoint.

Exercises

Exercise 2.1 Let x and y be points in H, and let α and β be real numbers
in R+. Show that 4 〈αx − βy | y − x〉 ≤ α‖y‖2 + β‖x‖2.

Exercise 2.2 Let x and y be in H and let α and β be in R. Show that



Exercises 41

α(1− α)‖βx+ (1− β)y‖2 + β(1 − β)‖αx− (1− α)y‖2

= (α+ β − 2αβ)
(
αβ‖x‖2 + (1− α)(1 − β)‖y‖2

)
. (2.44)

Exercise 2.3 Suppose that H is infinite-dimensional. Show that every
weakly compact set has an empty weak interior.

Exercise 2.4 Provide an unbounded convergent net in R (compare with
Lemma 2.38).

Exercise 2.5 Construct a sequence in H that converges weakly and pos-
sesses a strong sequential cluster point, but that does not converge strongly.

Exercise 2.6 Let C be a subset of H such that (∀n ∈ N) C ∩ B(0;n) is
weakly sequentially closed. Show that C is weakly sequentially closed and
compare with Lemma 1.39.

Exercise 2.7 Show that the conclusion of Lemma 2.41(iii) fails if the strong
convergence of (un)n∈N is replaced by weak convergence.

Exercise 2.8 (Opial’s condition) Let (xn)n∈N be a weakly convergent
sequence in H and let x ∈ H. Show that xn⇀x if and only if

(∀y ∈ H) lim ‖xn − y‖2 = ‖x− y‖2 + lim ‖xn − x‖2. (2.45)

In particular, if xn ⇀ x and y 6= x, then lim ‖xn − y‖ > lim ‖xn − x‖. This
implication is known as Opial’s condition.

Exercise 2.9 Show that if the derivative DT (x) exists in Definition 2.43, it
is unique.

Exercise 2.10 Let D be a nonempty open interval in R, let f : D → R, and
let x ∈ D. Show that the notions of Gâteaux and Fréchet differentiability
of f at x coincide with classical differentiability, and that the Gâteaux and
Fréchet derivatives coincide with the classical derivative

f ′(x) = lim
0 6=h→0

f(x+ h)− f(x)
h

. (2.46)

Exercise 2.11 Consider the function

f : R2 → R : (ξ1, ξ2) 7→






ξ21ξ
4
2

ξ41 + ξ82
, if (ξ1, ξ2) 6= (0, 0);

0, if (ξ1, ξ2) = (0, 0).

(2.47)

Show that f is Gâteaux differentiable, but not continuous, at (0, 0).

Exercise 2.12 Consider the function
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f : R2 → R : x = (ξ1, ξ2) 7→





ξ1ξ
4
2

ξ21 + ξ42
, if (ξ1, ξ2) 6= (0, 0);

0, if (ξ1, ξ2) = (0, 0).

(2.48)

Show that f is Fréchet differentiable at (0, 0) and that ∇f is not continuous
at (0, 0). Conclude that the converse of Fact 2.50 does not hold.

Exercise 2.13 Consider the function

f : R2 → R : (ξ1, ξ2) 7→





ξ1ξ
3
2

ξ21 + ξ42
, if (ξ1, ξ2) 6= (0, 0);

0, if (ξ1, ξ2) = (0, 0).

(2.49)

Show that, at (0, 0), f is continuous and Gâteaux differentiable, but not
Fréchet differentiable.

Exercise 2.14 Consider the function

f : R2 → R : (ξ1, ξ2) 7→






ξ1ξ
2
2

ξ21 + ξ22
, if (ξ1, ξ2) 6= (0, 0);

0, if (ξ1, ξ2) = (0, 0).

(2.50)

Show that f is continuous, and that at x = (0, 0) the limit on the right-hand
side of (2.31) exists, but it is not linear as a function of y = (η1, η2). Conclude
that f is not Gâteaux differentiable at (0, 0).



Chapter 3

Convex Sets

In this chapter we introduce the fundamental notion of the convexity of a
set and establish various properties of convex sets. The key result is The-
orem 3.14, which asserts that every nonempty closed convex subset C of
H is a Chebyshev set, i.e., that every point in H possesses a unique best
approximation from C, and which provides a characterization of this best
approximation.

3.1 Definition and Examples

Definition 3.1 A subset C ofH is convex if (∀α ∈ ]0, 1[) αC+(1−α)C = C
or, equivalently, if

(∀x ∈ C)(∀y ∈ C) ]x, y[ ⊂ C. (3.1)

In particular, H and ∅ are convex.

Example 3.2 In each of the following cases, C is a convex subset of H.
(i) C is a ball.
(ii) C is an affine subspace.
(iii) C is a half-space.
(iv) C =

⋂
i∈I Ci, where (Ci)i∈I is a family of convex subsets of H.

The intersection property (iv) above justifies the following definition.

Definition 3.3 Let C ⊂ H. The convex hull of C is the intersection of all
the convex subsets of H containing C, i.e., the smallest convex subset of H
containing C. It is denoted by convC. The closed convex hull of C is the
smallest closed convex subset of H containing C. It is denoted by convC.

The proof of the following simple fact is left as Exercise 3.1.
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Proposition 3.4 Let C ⊂ H and let D be the set of all convex combinations
of points in C, i.e.,

D =

{
∑

i∈I

αixi

∣∣∣ I finite, {xi}i∈I ⊂ C, {αi}i∈I ⊂ ]0, 1] ,
∑

i∈I

αi = 1

}
. (3.2)

Then D = convC.

Proposition 3.5 Let K be a real Hilbert space, let T : H → K be an affine
operator, and let C and D be convex subsets of H and K, respectively. Then
T (C) and T−1(D) are convex subsets of K and H, respectively.

Proof. It follows from (1.12) that (∀x ∈ H)(∀y ∈ H) T (]x, y[) = ]Tx, T y[.
Now take two points in T (C), say Tx and Ty, where x and y are in C.
By convexity, ]x, y[ ⊂ C and, therefore, ]Tx, T y[ = T (]x, y[) ⊂ T (C). Thus,
T (C) is convex. Finally, let x and y be two points in T−1(D). Then Tx
and Ty are in D and, by convexity, T (]x, y[) = ]Tx, T y[ ⊂ D. Therefore
]x, y[ ⊂ T−1(T (]x, y[)) ⊂ T−1(D), which proves the convexity of T−1(D). ⊓⊔

Proposition 3.6 Let (Ci)i∈I be a totally ordered finite family of m convex
subsets of H. Then the following hold:

(i)×
i∈I

Ci is convex.

(ii) (∀(αi)i∈I ∈ Rm)
∑
i∈I αiCi is convex.

Proof. (i): Straightforward.
(ii): This is a consequence of (i) and Proposition 3.5 since

∑
i∈I αiCi =

L
(×i∈ICi), where L : Hm → H : (xi)i∈I 7→

∑
i∈I αixi is linear. ⊓⊔

3.2 Best Approximation Properties

Definition 3.7 Let C be a subset of H, let x ∈ H, and let p ∈ C. Then p is
a best approximation to x from C (or a projection of x onto C) if ‖x− p‖ =
dC(x). If every point in H has at least one projection onto C, then C is
proximinal . If every point in H has exactly one projection onto C, then C
is a Chebyshev set . In this case, the projector (or projection operator) onto
C is the operator, denoted by PC , that maps every point in H to its unique
projection onto C.

Example 3.8 Let {ei}i∈I be a finite orthonormal set in H, let V =
span{ei}i∈I , and let x ∈ H. Then V is a Chebyshev set,

PV x =
∑

i∈I

〈x | ei〉 ei, and dV (x) =

√
‖x‖2 −

∑

i∈I

|〈x | ei〉|2. (3.3)
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Proof. For every family (αi)i∈I in R, we have

∥∥∥∥x−
∑

i∈I

αiei

∥∥∥∥
2

= ‖x‖2 − 2

〈
x

∣∣∣∣
∑

i∈I

αiei

〉
+

∥∥∥∥
∑

i∈I

αiei

∥∥∥∥
2

= ‖x‖2 − 2
∑

i∈I

αi 〈x | ei〉+
∑

i∈I

|αi|2

= ‖x‖2 −
∑

i∈I

|〈x | ei〉|2 +
∑

i∈I

|αi − 〈x | ei〉|2. (3.4)

Therefore, the function (αi)i∈I 7→ ‖x−
∑
i∈I αiei‖2 admits (〈x | ei〉)i∈I as its

unique minimizer, and its minimum value is ‖x‖2 −∑i∈I |〈x | ei〉|
2
. ⊓⊔

Remark 3.9 Let C be a nonempty subset of H.
(i) Since C =

{
x ∈ H

∣∣ dC(x) = 0
}
, no point in C r C has a projection

onto C. A proximinal set (in particular a Chebyshev set) must therefore
be closed.

(ii) If C is a finite-dimensional linear subspace of H, then it is a Chebyshev
set and hence closed by (i). This follows from Example 3.8, since C
possesses a finite orthonormal basis by Gram–Schmidt.

Proposition 3.10 Suppose that H is finite-dimensional and let C be a
Chebyshev subset of H. Then PC is continuous.

Proof. Let x ∈ H and let (xn)n∈N be a sequence in H such that xn → x. By
Example 1.47, dC is continuous and thus

‖xn − PCxn‖ = dC(xn)→ dC(x) = ‖x− PCx‖. (3.5)

Hence, (PCxn)n∈N is bounded. Now let y be a cluster point of (PCxn)n∈N,
say PCxkn → y. Then Remark 3.9(i) asserts that y ∈ C, and (3.5) implies
that ‖xkn − PCxkn‖ → ‖x− y‖ = dC(x). It follows that y = PCx is the only
cluster point of the bounded sequence (PCxn)n∈N. Therefore, PCxn → PCx.

⊓⊔
In connection with Remark 3.9(i), the next example shows that closedness

is not sufficient to guarantee proximinality.

Example 3.11 Suppose that H is infinite-dimensional, let (en)n∈N be an
orthonormal sequence in H, and let (αn)n∈N be a sequence in ]1,+∞[ such
that αn ↓ 1. Set (∀n ∈ N) xn = αnen and C = {xn}n∈N. Then, for any two
distinct points xn and xm in C, we have ‖xn − xm‖2 = ‖xn‖2 + ‖xm‖2 >
‖en‖2 + ‖em‖2 = 2. Therefore, every convergent sequence in C is eventually
constant and C is thus closed. However, 0 has no projection onto C, since
(∀n ∈ N) dC(0) = 1 < αn = ‖0− xn‖.

Proposition 3.12 Let C be a nonempty weakly closed subset of H. Then C
is proximinal.
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Proof. Let x ∈ H and z ∈ C, and set D = C ∩ B(x; ‖x − z‖) and f : H →
R : y 7→ ‖x− y‖. It is enough to show that f admits a minimizer over D, for
it will be a projection of x onto C. Since C is weakly closed and B(x; ‖x−z‖)
is weakly compact by Fact 2.27, it follows from Lemma 1.12 and Lemma 2.23
that D is weakly compact and, by construction, nonempty. Hence, since f
is weakly lower semicontinuous by Lemma 2.35, applying Theorem 1.28 in
Hweak yields the existence of a minimizer of f over D. ⊓⊔

Corollary 3.13 Suppose that H is finite-dimensional. Let C be a nonempty
subset of H. Then C is proximinal if and only if it is closed.

Proof. An immediate consequence of Remark 3.9(i), Proposition 3.12, and
Fact 2.26. ⊓⊔

Every Chebyshev set is a proximinal set. However, a proximinal set may
not be a Chebyshev set: for instance, in H = R, the projections of 0 onto
C = {−1, 1} are 1 and −1. A fundamental result is that nonempty closed
convex sets are Chebyshev sets.

Theorem 3.14 Let C be a nonempty closed convex subset of H. Then C is
a Chebyshev set and, for every x and p in H,

p = PCx ⇔
[
p ∈ C and (∀y ∈ C) 〈y − p | x− p〉 ≤ 0

]
. (3.6)

Proof. Let x ∈ H. Then it is enough to show that x admits a unique projection
onto C, and that this projection is characterized by (3.6). By definition of
dC (see (1.45)), there exists a sequence (yn)n∈N in C such that dC(x) =
lim ‖yn − x‖. Now take m and n in N. Since C is convex, (yn + ym)/2 ∈ C
and therefore ‖x−(yn+ym)/2‖ ≥ dC(x). It follows from Apollonius’s identity
(Lemma 2.11(iv)) that

‖yn − ym‖2 = 2‖yn − x‖2 + 2‖ym − x‖2 − 4‖x− (yn + ym)/2‖2

≤ 2‖yn − x‖2 + 2‖ym − x‖2 − 4d2C(x). (3.7)

Letting m and n go to +∞, we obtain that (yn)n∈N is a Cauchy sequence.
It therefore converges to some point p ∈ C, since C is complete as a closed
subset of H. The continuity of ‖ · −x‖ then yields lim ‖yn − x‖ = ‖p − x‖,
hence dC(x) = ‖p − x‖. This shows the existence of p. Now suppose that
q ∈ C satisfies dC(x) = ‖q − x‖. Then (p + q)/2 ∈ C and, by Apollonius’s
identity, ‖p− q‖2 = 2‖p− x‖2 + 2‖q − x‖2 − 4‖x− (p + q)/2‖2 = 4d2C(x) −
4‖x− (p+q)/2‖2 ≤ 0. This implies that p = q and shows uniqueness. Finally,
for every y ∈ C and α ∈ [0, 1], set yα = αy + (1 − α)p, which belongs to C
by convexity. Lemma 2.12(i) yields

‖x− p‖ = dC(x)⇔ (∀y ∈ C)(∀α ∈ [0, 1]) ‖x− p‖ ≤ ‖x− yα‖
⇔ (∀y ∈ C)(∀α ∈ [0, 1]) ‖x− p‖ ≤ ‖x− p− α(y − p)‖
⇔ (∀y ∈ C) 〈y − p | x− p〉 ≤ 0, (3.8)
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which establishes the characterization. ⊓⊔

•

•

•

C

x

y

p

Fig. 3.1 Projection onto a nonempty closed convex set C in the Euclidean plane. The

characterization (3.6) states that p ∈ C is the projection of x onto C if and only if the
vectors x− p and y − p form a right or obtuse angle for every y ∈ C.

Remark 3.15 Theorem 3.14 states that every nonempty closed convex set
is a Chebyshev set. Conversely, as seen above, a Chebyshev set must be
nonempty and closed. The famous Chebyshev problem asks whether every
Chebyshev set must indeed be convex. The answer is affirmative if H is finite-
dimensional (see Corollary 21.13), but remains an open problem otherwise.
For a discussion, see [100].

The following example is obtained by checking (3.6) (further examples will
be provided in Chapter 28).

Example 3.16 Let C = B(0; 1). Then

(∀x ∈ H) PCx =
1

max{‖x‖, 1} x. (3.9)

Proposition 3.17 Let C be a nonempty closed convex subset of H, and let
x and y be in H. Then Py+Cx = y + PC(x− y).
Proof. It is clear that y+PC(x− y) ∈ y+C. Using Theorem 3.14, we obtain

(∀z ∈ C) 〈(y + z)− (y + PC(x− y)) | x− (y + PC(x− y)〉
= 〈z − PC(x− y) | (x− y)− PC(x − y)〉
≤ 0,
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and we conclude that Py+Cx = y + PC(x− y). ⊓⊔
A decreasing sequence of nonempty closed convex sets can have an empty

intersection (consider the sequence ([n,+∞[)n∈N in H = R). Next, we show
that the boundedness of the sets prevents such a situation.

Proposition 3.18 Let (Cn)n∈N be a sequence of nonempty bounded closed
convex subsets of H such that (∀n ∈ N) Cn+1 ⊂ Cn. Then

⋂
n∈N

Cn 6= ∅.

Proof. Using Theorem 3.14, we define (∀n ∈ N) pn = PCn
0. The assumptions

imply that (‖pn‖)n∈N is increasing and bounded, hence convergent. For every
m and n in N such that m ≤ n, since (pn + pm)/2 ∈ Cm, Lemma 2.11 yields
‖pn− pm‖2 = 2(‖pn‖2 + ‖pm‖2)− 4‖(pn+ pm)/2‖2 ≤ 2(‖pn‖2− ‖pm‖2)→ 0
as m,n → +∞. Hence, (pn)n∈N is a Cauchy sequence and, in turn, pn → p
for some p ∈ H. For every n ∈ N, (pk)k≥n lies in Cn and hence p ∈ Cn since
Cn is closed. Therefore, p ∈ ⋂n∈N

Cn. ⊓⊔

Proposition 3.19 Let C be a nonempty closed convex subset of H and let
x ∈ H. Then (∀λ ∈ R+) PC(PCx+ λ(x− PCx)) = PCx.

Proof. Let λ ∈ R+ and y ∈ C. We derive from Theorem 3.14 that
〈y − PCx | (PCx+ λ(x− PCx)) − PCx〉 = λ 〈y − PCx | x− PCx〉 ≤ 0 and
in turn that PC(PCx+ λ(x− PCx)) = PCx. ⊓⊔

Projectors onto affine subspaces have additional properties.

Corollary 3.20 Let C be a closed affine subspace of H. Then the following
hold:

(i) Let x and p be in H. Then p = PCx if and only if

p ∈ C and (∀y ∈ C)(∀z ∈ C) 〈y − z | x− p〉 = 0. (3.10)

(ii) PC is an affine operator.

Proof. Let x ∈ H.
(i): Let y ∈ C and z ∈ C. By (1.2), 2PCx− y = 2PCx+ (1− 2)y ∈ C and

(3.6) therefore yields 〈y − PCx | x− PCx〉 ≤ 0 and − 〈y − PCx | x− PCx〉 =
〈(2PCx− y)− PCx | x− PCx〉 ≤ 0. Altogether, 〈y − PCx | x− PCx〉 = 0.
Likewise, 〈z − PCx | x− PCx〉 = 0. By subtraction, 〈y − z | x− PCx〉 = 0.
Conversely, it is clear that (3.10) implies the right-hand side of (3.6).

(ii): Let y ∈ H and α ∈ R, and set z = αx + (1 − α)y and p = αPCx +
(1− α)PCy. We derive from (i) and (1.2) that p ∈ C. Now fix u and v in C.
Then we also derive from (i) that 〈u− v | z − p〉 = α 〈u− v | x− PCx〉+(1−
α) 〈u− v | y − PCy〉 = 0. Altogether, it follows from (i) that p = PCz. ⊓⊔

Example 3.21 Suppose that u is a nonzero vector in H, let η ∈ R, and set
C =

{
x ∈ H

∣∣ 〈x | u〉 = η
}
. Then
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(∀x ∈ H) PCx = x+
η − 〈x | u〉
‖u‖2 u, (3.11)

and therefore dC(x) = |〈x | u〉 − η|/‖u‖.

Proof. Check that (3.10) is satisfied to get (3.11). ⊓⊔
Next, we collect basic facts about projections onto linear subspaces.

Corollary 3.22 Let V be a closed linear subspace of H and let x ∈ H. Then
the following hold:

(i) PV x is characterized by PV x ∈ V and x− PV x ⊥ V .
(ii) ‖PV x‖2 = 〈PV x | x〉.
(iii) PV ∈ B(H), ‖PV ‖ = 1 if V 6= {0}, and ‖PV ‖ = 0 if V = {0}.
(iv) V ⊥⊥ = V .
(v) PV ⊥ = Id− PV .
(vi) P ∗

V = PV .
(vii) ‖x‖2 = ‖PV x‖2 + ‖PV ⊥x‖2 = d2V (x) + d2V ⊥(x).

Proof. (i): A special case of Corollary 3.20(i).
(ii): We deduce from (i) that 〈x− PV x | PV x〉 = 0.
(iii): Let y ∈ H and α ∈ R, and set z = αx + y and p = αPV x + PV y.

Then (i) yields p ∈ V , x − PV x ∈ V ⊥, and y − PV y ∈ V ⊥; hence z − p =
α(x−PV x)+ (y−PV y) ∈ V ⊥. Altogether (i) yields p = PV z. This shows the
linearity of PV . The other assertions follow from (2.18), (ii), and Cauchy–
Schwarz.

(iv): The inclusion V ⊂ V ⊥⊥ is clear. Conversely, suppose that x ∈ V ⊥⊥.
It follows from (i) that 〈PV x | x− PV x〉 = 0. Likewise, since x ∈ V ⊥⊥ and
x − PV x ∈ V ⊥ by (i), we have 〈x | x− PV x〉 = 0. Thus, ‖x − PV x‖2 =
〈x− PV x | x− PV x〉 = 0, i.e., x = PV x ∈ V . We conclude that V ⊥⊥ ⊂ V .

(v): By (i), (Id−PV )x lies in the closed linear subspace V ⊥. On the other
hand, PV x ∈ V ⇒ (∀v ∈ V ⊥) 〈x− (Id − PV )x | v〉 = 〈PV x | v〉 = 0 ⇒
x − (Id − PV )x ⊥ V ⊥. Altogether, in view of (i), we conclude that PV ⊥x =
(Id − PV )x.

(vi): Take y ∈ H. Then (v) yields 〈PV x | y〉 = 〈PV x | PV y + PV⊥y〉 =
〈PV x | PV y〉 = 〈PV x+ PV ⊥x | PV y〉 = 〈x | PV y〉.

(vii): By (i) and (v), ‖x‖2 = ‖(x−PV x)+PV x‖2 = ‖x−PV x‖2+‖PV x‖2 =
‖PV ⊥x‖2 + ‖PV x‖2 = ‖x− PV x‖2 + ‖x− PV ⊥x‖2 = d2V (x) + d2

V ⊥(x). ⊓⊔

Proposition 3.23 Let C be a nonempty subset of H, let V = spanC, and
let

ΠC : H → 2C : x 7→
{
p ∈ C

∣∣ ‖x− p‖ = dC(x)
}

(3.12)

be the set-valued projector onto C. Then ΠC = ΠC ◦PV . Consequently, C is
a proximinal subset of H if and only if C is a proximinal subset of V .
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Proof. Let x ∈ H and p ∈ C. In view of Corollary 3.22(vii)&(iii),

(∀z ∈ C) ‖x− z‖2 = ‖PV x− z‖2 + ‖PV⊥x‖2. (3.13)

Therefore p ∈ ΠCx⇔ (∀z ∈ C) ‖x−p‖2 ≤ ‖x−z‖2⇔ (∀z ∈ C) ‖PV x−p‖2+
‖PV⊥x‖2 ≤ ‖PV x− z‖2 + ‖PV ⊥x‖2 ⇔ (∀z ∈ C) ‖PV x− p‖2 ≤ ‖PV x − z‖2
⇔ p ∈ ΠC(PV x). ⊓⊔

An important application of Corollary 3.22 is the notion of least-squares
solutions to linear equations.

Definition 3.24 Let K be a real Hilbert space, let T ∈ B(H,K), let y ∈ K,
and let x ∈ H. Then x is a least-squares solution to the equation Tz = y if

‖Tx− y‖ = min
z∈H
‖Tz − y‖. (3.14)

Proposition 3.25 Let K be a real Hilbert space, let T ∈ B(H,K) be such that
ranT is closed, and let y ∈ K. Then the equation Tz = y has at least one least-
squares solution. Moreover, for every x ∈ H, the following are equivalent:

(i) x is a least-squares solution.
(ii) Tx = Pran T y.
(iii) T ∗Tx = T ∗y (normal equation).

Proof. (i)⇔(ii): Since ranT is a closed linear subspace, Theorem 3.14 asserts
that PranT y is a well-defined point in ranT . Now fix x ∈ H. Then

(∀z ∈ H) ‖Tx− y‖ ≤ ‖Tz − y‖ ⇔ (∀r ∈ ranT ) ‖Tx− y‖ ≤ ‖r − y‖
⇔ Tx = Pran T y. (3.15)

Hence, the set of solutions to (3.14) is the nonempty set T−1({Pran T y}).
(ii)⇔(iii): We derive from Corollary 3.22(i) that

Tx = PranT y ⇔ (∀r ∈ ranT ) 〈r | Tx− y〉 = 0

⇔ (∀z ∈ H) 〈Tz | Tx− y〉 = 0

⇔ (∀z ∈ H) 〈z | T ∗(Tx− y)〉 = 0

⇔ T ∗Tx = T ∗y, (3.16)

which completes the proof. ⊓⊔
The set of least-squares solutions

{
x ∈ H

∣∣ T ∗Tx = T ∗y
}

in Proposi-
tion 3.25 is a closed affine subspace. Hence, by Theorem 3.14, it possesses
a unique minimal norm element, which will be denoted by T †y.

Definition 3.26 Let K be a real Hilbert space, let T ∈ B(H,K) be such
that ranT is closed, and, for every y ∈ K, set Cy =

{
x ∈ H

∣∣ T ∗Tx = T ∗y
}
.

The generalized (or Moore–Penrose) inverse of T is T † : K → H : y 7→ PCy
0.
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Example 3.27 Let K be a real Hilbert space and let T ∈ B(H,K) be such
that T ∗T is invertible. Then T † = (T ∗T )−1T ∗.

Proposition 3.28 Let K be a real Hilbert space and let T ∈ B(H,K) be such
that ranT is closed. Then the following hold:

(i) (∀y ∈ K)
{
x ∈ H

∣∣ T ∗Tx = T ∗y
}
∩ (kerT )⊥ = {T †y}.

(ii) PranT = TT †.
(iii) PkerT = Id − T ∗T ∗†.
(iv) T † ∈ B(K,H).
(v) ranT † = ranT ∗.
(vi) PranT † = T †T .

Proof. (i): Fix y ∈ K and z ∈ Cy. Then it follows from Fact 2.18(v) that Cy ={
x ∈ H

∣∣ T ∗Tx = T ∗Tz
}
=
{
x ∈ H

∣∣ x− z ∈ kerT ∗T = kerT
}
= z + kerT .

Hence, since Cy is a closed affine subspace, it follows from (3.6) and (3.10)
that

z = T †y ⇔ z = PCy
0

⇔ (∀x ∈ Cy) 〈x− z | 0− z〉 = 0

⇔ (∀x ∈ z + kerT ) 〈x− z | z〉 = 0

⇔ z ⊥ kerT. (3.17)

(ii): Fix y ∈ K. Since T †y is a least-squares solution, Proposition 3.25(ii)
yields T (T †y) = Pran T y.

(iii): It follows from Corollary 3.22(v), Fact 2.18(iii), Fact 2.19, and (ii)
that PkerT = Id− P(kerT )⊥ = Id− Pran T∗ = Id− PranT∗ = Id− T ∗T ∗†.

(iv): Fix y1 and y2 in K, fix α ∈ R, and set x = αT †y1+T
†y2. To establish

the linearity of T †, we must show that x = T †(αy1 + y2), i.e., by (i), that
T ∗Tx = T ∗(αy1 + y2) and that x ⊥ kerT . Since, by (i), T ∗TT †y1 = T ∗y1
and T ∗TT †y2 = T ∗y2, it follows immediately from the linearity of T ∗T that
T ∗Tx = αT ∗TT †y1 + T ∗TT †y2 = αT ∗y1 + T ∗y2. On the other hand, since
(i) also implies that T †y1 and T †y2 lie in the linear subspace (kerT )⊥, so
does their linear combination x. This shows the linearity of T †. It remains to
show that T † is bounded. It follows from (i) that (∀y ∈ K) T †y ∈ (kerT )⊥.
Hence, Fact 2.19 asserts that there exists α ∈ R++ such that (∀y ∈ K)
‖TT †y‖ ≥ α‖T †y‖. Consequently, we derive from (ii) and Corollary 3.22(iii)
that

(∀y ∈ K) α‖T †y‖ ≤ ‖TT †y‖ = ‖PranT y‖ ≤ ‖y‖, (3.18)

which establishes the boundedness of T †.
(v): Fact 2.18(iii) and Fact 2.19 yield (kerT )⊥ = ranT ∗ = ranT ∗. Hence

(i) implies that ranT † ⊂ ranT ∗. Conversely, take x ∈ ranT ∗ and set y = Tx.
Then T ∗y = T ∗Tx ∈ ranT ∗ = (kerT )⊥ and (i) yields x = T †y ∈ ranT †.

(vi): By (ii) and (v), TT †T = Pran TT = T = T (PkerT + P(kerT )⊥) =

TPranT∗ = TPranT † . Hence T (T †T −Pran T †) = 0, i.e., ran(T †T −Pran T †) ⊂
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kerT . On the other hand, ran(T †T − Pran T †) ⊂ ranT † = ranT ∗ = (kerT )⊥.
Altogether, ran(T †T − Pran T †) ⊂ kerT ∩ (kerT )⊥ = {0}, which implies that
T †T = Pran T † . ⊓⊔
Proposition 3.29 (Moore–Desoer–Whalen) Let K be a real Hilbert

space, let T ∈ B(H,K) be such that ranT is closed, and let T̃ ∈ B(K,H)
be such that ran T̃ is closed. Then the following are equivalent:

(i) T̃ = T †.

(ii) T T̃ = PranT and T̃ T = Pran T̃ .

(iii) T̃ T |(kerT )⊥ = Id and T̃ |(ranT )⊥ = 0.

Proof. (i)⇒(ii): See Proposition 3.28(ii)&(vi).

(ii)⇒(iii): Since T = PranTT = (T T̃ )T , we have T (Id− T̃ T ) = 0 and thus

ran(Id − T̃ T ) ⊂ kerT . Hence, for every x ∈ (kerT )⊥, ‖x‖2 ≥ ‖Pran T̃x‖2 =

‖T̃ Tx‖2 = ‖T̃Tx − x‖2 + ‖x‖2 and therefore T̃ Tx = x. Furthermore, T̃ =

Pran T̃ T̃ = (T̃ T )T̃ = T̃ (T T̃ ) = T̃Pran T , which implies that T̃ |(ran T )⊥ = 0.
(iii)⇒(i): Take y ∈ K, and set y1 = Pran T y and y2 = P(ranT )⊥y. Then

there exists x1 ∈ (kerT )⊥ such that y1 = Tx1. Hence

T̃ y = T̃ y1 + T̃ y2 = T̃ y1 = T̃ Tx1 = x1. (3.19)

It follows that T T̃y = Tx1 = y1 = Pran T y and Proposition 3.25 yields
T ∗T T̃y = T ∗y. Since (3.19) asserts that T̃ y = x1 ∈ (kerT )⊥, we deduce from

Proposition 3.28(i) that T̃ y = T †y. ⊓⊔
Corollary 3.30 Let K be a real Hilbert space and let T ∈ B(H,K) be such
that ranT is closed. Then the following hold:

(i) T †† = T .
(ii) T †∗ = T ∗†.

Proof. (i): Proposition 3.28(v) asserts that ranT ∗ = ranT † is closed. Hence,
it follows from Proposition 3.29 that

TT † = Pran T and T †T = PranT † . (3.20)

Combining Proposition 3.29 applied to T † with (3.20) yields T = T ††.
(ii): It follows from (3.20), Corollary 3.22(vi), and Proposition 3.28(v) that

T †∗T ∗ = P ∗
ranT = Pran T = Pran(T∗∗) = Pran(T∗†) and that T ∗T †∗ = Pran T † =

PranT∗ . Therefore, by Proposition 3.29, T ∗† = T †∗. ⊓⊔

3.3 Topological Properties

Since a Hilbert space is a metric space, the notions of closedness and se-
quential closedness coincide for the strong topology (see Section 1.12). The
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following example illustrates the fact that more care is required for the weak
topology.

Example 3.31 Suppose that H is infinite-dimensional, let (en)n∈N be an
orthonormal sequence in H, and set C = {αnen}n∈N, where (αn)n∈N is a
sequence in [1,+∞[ such that

∑
n∈N

1/α2
n = +∞ and αn ↑ +∞ (e.g., (∀n ∈

N) αn =
√
n+ 1 ). Then C is closed and weakly sequentially closed, but not

weakly closed. In fact, 0 belongs to the weak closure of C but not to C.

Proof. Since the distance between two distinct points in C is at least
√
2,

every Cauchy sequence in C is eventually constant and C is therefore closed.
It follows from Lemma 2.38 that every weakly convergent sequence in C is
bounded and hence, since αn ↑ +∞, eventually constant. Thus, C is weakly
sequentially closed. Now let V be a weak neighborhood of 0. Then there exist
ε ∈ R++ and a finite family (ui)i∈I in H such that

U =
{
x ∈ H

∣∣ (∀i ∈ I) |〈x | ui〉| < ε
}
⊂ V. (3.21)

Set (∀n ∈ N) ζn =
∑

i∈I |〈ui | en〉|. We have (∀i ∈ I) (|〈ui | en〉|)n∈N ∈ ℓ2(N).
Consequently, the sequence (ζn)n∈N belongs to the vector space ℓ2(N). Hence∑
n∈N

ζ2n < +∞ =
∑

n∈N
1/α2

n, and the set M =
{
n ∈ N

∣∣ ζn < ε/αn
}
there-

fore contains infinitely many elements. Since (∀i ∈ I)(∀n ∈M) |〈ui | αnen〉| =
αn |〈ui | en〉| ≤ αnζn < ε, we deduce that

{αnen}n∈M ⊂ U ⊂ V. (3.22)

Thus, every weak neighborhood of 0 contains elements from C. Therefore, 0
belongs to the weak closure of C. Finally, it is clear that 0 /∈ C. ⊓⊔

Next, we show that the distinctions illustrated in Example 3.31 among the
various types of closure disappear for convex sets.

Theorem 3.32 Let C be a convex subset of H. Then the following are equiv-
alent:

(i) C is weakly sequentially closed.
(ii) C is sequentially closed.
(iii) C is closed.
(iv) C is weakly closed.

Proof. Suppose that C is nonempty (otherwise the conclusion is clear).
(i)⇒(ii): This follows from Corollary 2.42.
(ii)⇔(iii): Since H is a metric space, see Section 1.12.
(iii)⇒(iv): Take a net (xa)a∈A in C that converges weakly to some point

x ∈ H. Then (3.6) yields

(∀a ∈ A) 〈xa − PCx | x− PCx〉 ≤ 0. (3.23)
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Since xa ⇀ x, passing to the limit in (3.23) yields ‖x − PCx‖2 ≤ 0, hence
x ∈ C.

(iv)⇒(i): Clear. ⊓⊔

Theorem 3.33 Let C be a bounded closed convex subset of H. Then C is
weakly compact and weakly sequentially compact.

Proof. Theorem 3.32 asserts that C is weakly closed. In turn, it follows from
Lemma 2.29 that C is weakly compact. Therefore, by Fact 2.30, C is weakly
sequentially compact. ⊓⊔

In infinite-dimensional Hilbert spaces, the sum of two closed linear sub-
spaces may fail to be closed.

Example 3.34 Suppose that H is infinite-dimensional and let (en)n∈N be
an orthonormal sequence in H. Set

C = span {e2n}n∈N and D = span {cos(θn)e2n + sin(θn)e2n+1}n∈N, (3.24)

where (θn)n∈N is a sequence in ]0, π/2] such that
∑

n∈N
sin2(θn) < +∞. Then

C ∩D = {0} and C +D is a linear subspace of H that is not closed.

Proof. It follows from (3.24) that the elements of C and D are of the form∑
n∈N

γne2n and
∑

n∈N
δn(cos(θn)e2n + sin(θn)e2n+1), respectively, where

(γn)n∈N ∈ ℓ2(N) and (δn)n∈N ∈ ℓ2(N). It is straightforward that C∩D = {0}.
Now let

x =
∑

n∈N

sin(θn)e2n+1 (3.25)

and observe that x ∈ C +D. Assume that x ∈ C + D. Then there exist
sequences (γn)n∈N and (δn)n∈N in ℓ2(N) such that

(∀n ∈ N) 0 = γn + δn cos(θn) and sin(θn) = δn sin(θn). (3.26)

Thus δn ≡ 1 and γn = − cos(θn)→ −1, which is impossible since (γn)n∈N ∈
ℓ2(N). ⊓⊔

Proposition 3.35 Let C be a convex subset of H. Then

(∀x ∈ intC)(∀y ∈ C) [x, y[ ⊂ intC. (3.27)

Proof. Fix x ∈ intC and y ∈ C. If x = y, the conclusion is trivial. Now
assume that x 6= y and fix z ∈ [x, y[, say z = αx+ (1− α)y, where α ∈ ]0, 1].
Since x ∈ intC, there exists ε ∈ R++ such that B(x; ε(2−α)/α) ⊂ C. On the
other hand, since y ∈ C, we have y ∈ C +B(0; ε). Therefore, by convexity,

B(z; ε) = αx + (1− α)y +B(0; ε)

⊂ αx + (1− α)
(
C +B(0; ε)

)
+B(0; ε)

= αB(x; ε(2 − α)/α) + (1− α)C



3.4 Separation 55

⊂ αC + (1− α)C
= C. (3.28)

Hence z ∈ intC. ⊓⊔

Proposition 3.36 Let C be a convex subset of H. Then the following hold:

(i) C is convex.
(ii) intC is convex.
(iii) Suppose that intC 6= ∅. Then intC = intC and C = intC.

Proof. (i): Take x and y in C, and α ∈ ]0, 1[. Then there exist sequences
(xn)n∈N and (yn)n∈N in C such that xn → x and yn → y. By convexity,
C ∋ αxn + (1− α)yn → αx + (1− α)y and, therefore, αx + (1− α)y ∈ C.

(ii): Take x and y in intC. Then, since y ∈ C , Proposition 3.35 implies
that ]x, y[ ⊂ [x, y[ ⊂ intC.

(iii): It is clear that intC ⊂ intC. Conversely, let y ∈ intC. Then we can
find ε ∈ R++ such that B(y; ε) ⊂ C. Now take x ∈ intC and α ∈ R++ such
that x 6= y and y + α(y − x) ∈ B(y; ε). Then Proposition 3.35 implies that
y ∈ [x, y+α(y−x)[⊂ intC and we deduce that intC ⊂ intC. Thus, intC =
intC. It is also clear that intC ⊂ C. Now take x ∈ intC, y ∈ C, and define
(∀α ∈ ]0, 1]) yα = αx+(1−α)y. Proposition 3.35 implies that (yα)α∈]0,1] lies

in [x, y[⊂ intC. Hence y = limα↓0 yα ∈ intC. Therefore C ⊂ intC, and we
conclude that C = intC. ⊓⊔

3.4 Separation

Definition 3.37 Let C and D be subsets of H. Then C and D are separated
if (see Figure 3.2)

(∃ u ∈ H r {0}) sup 〈C | u〉 ≤ inf 〈D | u〉 , (3.29)

and strongly separated if the above inequality is strict. Moreover, a point
x ∈ H is separated from D if the sets {x} and D are separated; likewise, x is
strongly separated from D if {x} and D are strongly separated.

Theorem 3.38 Let C be a nonempty closed convex subset of H and let x ∈
Hr C. Then x is strongly separated from C.

Proof. Set u = x − PCx and fix y ∈ C. Then u 6= 0 and (3.6) yields
〈y − x+ u | u〉 ≤ 0, i.e., 〈y − x | u〉 ≤ −‖u‖2. Hence sup 〈C − x | u〉 ≤
−‖u‖2 < 0. ⊓⊔

Corollary 3.39 Let C and D be nonempty subsets of H such that C∩D = ∅

and C −D is closed and convex. Then C and D are strongly separated.
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C

D

u

H−

H+

Fig. 3.2 The sets C and D are separated: by (3.29), there exist u ∈ H r {0} and η ∈ R

such that C is contained in the half-space H− =
{
x ∈ H

∣
∣ 〈x | u〉 ≤ η

}
and D is contained

in the half-space H+ =
{
x ∈ H

∣
∣ 〈x | u〉 ≥ η

}
.

Proof. Since 0 /∈ C −D, Theorem 3.38 asserts that the vector 0 is strongly
separated from C−D. However, it follows from Definition 3.37 that C and D
are strongly separated if and only if 0 is strongly separated from C −D. ⊓⊔
Corollary 3.40 Let C and D be nonempty closed convex subsets of H such
that C ∩D = ∅ and D is bounded. Then C and D are strongly separated.

Proof. In view of Corollary 3.39, it is enough to show that C − D is closed
and convex. The convexity of C−D follows from Proposition 3.6(ii). To show
that C −D is closed, take a convergent sequence in C −D, say xn− yn → z,
where (xn)n∈N lies in C, (yn)n∈N lies in D, and z ∈ H. Since D is weakly
sequentially compact by Theorem 3.33, there exists a subsequence (ykn)n∈N

converging weakly to a point y ∈ D. Therefore xkn ⇀ z + y. However, since
C is weakly sequentially closed by Theorem 3.32, we have z + y ∈ C and, in
turn, z ∈ C −D. ⊓⊔

We conclude this section by pointing out that separation of nonintersecting
closed convex sets may not be achievable.

Example 3.41 Suppose that H is infinite-dimensional. Then there exist two
closed affine subspaces that do not intersect and that are not separated.
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Proof. Let C and D be as in Example 3.34 and fix z ∈ C +D r (C + D).
Define two closed affine subspaces by U = C+(C+D)⊥ and V = z+D. Then
U ∩V = ∅ and, since Corollary 3.22(v) implies that C +D+(C+D)⊥ = H,
U−V = (C+D)−z+(C+D)⊥ is dense inH. Now suppose that u ∈ H satisfies
inf 〈U | u〉 ≥ sup 〈V | u〉. Then inf 〈U − V | u〉 ≥ 0, and hence inf 〈H | u〉 ≥ 0.
This implies that u = 0 and therefore that the separation of U and V is
impossible. ⊓⊔

Exercises

Exercise 3.1 Prove Proposition 3.4.

Exercise 3.2 Let I be a totally ordered finite index set and, for every i ∈ I,
let Ci be a subset of a real Hilbert space Hi. Show that conv(×i∈ICi) =

×i∈I conv(Ci).

Exercise 3.3 Let C be a nonempty convex subset of H and let α and β be
two positive real numbers. Show that αC + βC = (α + β)C and that this
property fails if C is not convex.

Exercise 3.4 Let (Cn)n∈N be a sequence of convex subsets of H such that
(∀n ∈ N) Cn ⊂ Cn+1, and set C =

⋃
n∈N

Cn.

(i) Show that C is convex.
(ii) Find an example in which the sets (Cn)n∈N are closed and C is not

closed.

Exercise 3.5 A subset C of H is midpoint convex if

(∀x ∈ C)(∀y ∈ C) x+ y

2
∈ C. (3.30)

(i) Suppose that H = R and let C be the set of rational numbers. Show
that C is midpoint convex but not convex.

(ii) Suppose that C is closed and midpoint convex. Show that C is convex.

Exercise 3.6 Let C a subset of H. Show that convC = convC.

Exercise 3.7 Consider the setting of Proposition 3.5 and suppose that, in
addition, T is continuous and C and D are closed. Show that T−1(D) is
closed and find an example in which T (C) is not closed.

Exercise 3.8 Consider the setting of Proposition 3.6 and suppose that, in
addition, each Ci is closed. Show that the set×mi=1Ci in item (i) is closed
and find an example in which the set

∑m
i=1 αiCi in item (ii) is not closed.
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Exercise 3.9 Let (en)n∈N be an orthonormal sequence in H, let V =
span {en}n∈N, and let x ∈ H. Show that PV x =

∑
n∈N
〈x | en〉 en and that

dV (x) =
√
‖x‖2 −

∑
n∈N
|〈x | en〉|2.

Exercise 3.10 Let V be a closed linear subspace of H. Show that P †
V = PV .

Exercise 3.11 (Penrose) Let K be a real Hilbert space and let T ∈
B(H,K) be such that ranT is closed. Show the following: TT † = (TT †)∗,
T †T = (T †T )∗, TT †T = T , and T †TT † = T †.

Exercise 3.12 Let K be a real Hilbert space and let T ∈ B(H,K) be such
that ranT is closed. Show that kerT † = kerT ∗.

Exercise 3.13 Let K be a real Hilbert space and let T ∈ B(H,K) be such
that ranT is closed. Show that T † = Pran T∗ ◦T−1◦PranT , where all operators
are understood in the set-valued sense.

Exercise 3.14 Let C be a nonempty subset of H consisting of vectors of
equal norm, let x ∈ H and p ∈ C. Prove that p is a projection of x onto C if
and only if 〈x | p〉 = sup 〈x | C〉.
Exercise 3.15 Provide a subset C of H that is not weakly closed and such
that, for every n ∈ N, C∩B(0;n) is weakly closed. Compare with Lemma 1.39
and with Exercise 2.6.

Exercise 3.16 Let C be a convex subset ofH such that (∀n ∈ N) C∩B(0;n)
is weakly closed. Show that C is weakly closed. Compare with Exercise 3.15.

Exercise 3.17 Show that the closed convex hull of a weakly compact subset
of H is weakly compact. In contrast, provide an example of a compact subset
of H the convex hull of which is not closed.

Exercise 3.18 Suppose that H is finite-dimensional, let x0 ∈ H, and let ρ ∈
R++. Show that there exists a finite family (yi)i∈I in H such that B(x0; ρ) ⊂
conv{yi}i∈I .
Exercise 3.19 Let (xn)n∈N be a sequence in H and let C be a nonempty
subset of H. Suppose that, for every y ∈ C, (‖xn − y‖)n∈N converges. Show
that this property remains true for every y ∈ convC. Use this result to obtain
an extension of Lemma 2.39.

Exercise 3.20 (R̊adström’s cancellation) Let C, D, and E be subsets
ofH. Suppose that D is nonempty and bounded, that E is closed and convex,
and that C +D ⊂ E +D. Show that C ⊂ E and that this inclusion fails if
E is not convex.

Exercise 3.21 Find a nonempty compact subset C ofH and a point x ∈ Hr

C that cannot be strongly separated from C. Compare with Corollary 3.39.

Exercise 3.22 Find two nonempty closed convex subsets C andD ofH such
that C ∩ D = ∅, and C and D are not strongly separated. Compare with
Corollary 3.40.



Chapter 4

Convexity and Nonexpansiveness

Nonexpansive operators are Lipschitz continuous operators with Lipschitz
constant 1. They play a central role in applied mathematics, because many
problems in nonlinear analysis reduce to finding fixed points of nonexpansive
operators. In this chapter, we discuss nonexpansiveness and several variants.
The properties of the fixed point sets of nonexpansive operators are investi-
gated, in particular in terms of convexity.

4.1 Nonexpansive Operators

Definition 4.1 Let D be a nonempty subset of H and let T : D→ H. Then
T is

(i) firmly nonexpansive if

(∀x ∈ D)(∀y ∈ D) ‖Tx−Ty‖2+ ‖(Id−T )x− (Id−T )y‖2 ≤ ‖x− y‖2;
(4.1)

(ii) nonexpansive if it is Lipschitz continuous with constant 1, i.e.,

(∀x ∈ D)(∀y ∈ D) ‖Tx− Ty‖ ≤ ‖x− y‖; (4.2)

(iii) quasinonexpansive if

(∀x ∈ D)(∀y ∈ FixT ) ‖Tx− y‖ ≤ ‖x− y‖; (4.3)

(iv) and strictly quasinonexpansive if

(∀x ∈ D r FixT )(∀y ∈ FixT ) ‖Tx− y‖ < ‖x− y‖. (4.4)

It is clear that firm nonexpansiveness implies nonexpansiveness, which it-
self implies quasinonexpansiveness (as will be seen in Example 4.9, these im-
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plications are strict). In addition, firm nonexpansiveness implies strict quasi
nonexpansiveness, which implies quasinonexpansiveness.

Proposition 4.2 Let D be a nonempty subset of H and let T : D → H. Then
the following are equivalent:

(i) T is firmly nonexpansive.
(ii) Id− T is firmly nonexpansive.
(iii) 2T − Id is nonexpansive.
(iv) (∀x ∈ D)(∀y ∈ D) ‖Tx− Ty‖2 ≤ 〈x− y | Tx− Ty〉.
(v) (∀x ∈ D)(∀y ∈ D) 0 ≤ 〈Tx− Ty | (Id− T )x− (Id − T )y〉.
(vi) (∀x ∈ D)(∀y ∈ D)(∀α ∈ [0, 1]) ‖Tx− Ty‖ ≤ ‖α(x− y) + (1− α)(Tx−

Ty)‖.

Proof. (i)⇔(ii): See (4.1).
(i)⇔(iii): Fix x and y in D, and define R = 2T − Id, µ = ‖Tx− Ty‖2 +

‖(Id − T )x − (Id − T )y‖2 − ‖x − y‖2, and ν = ‖Rx − Ry‖2 − ‖x − y‖2.
Corollary 2.14 implies that ‖Rx−Ry‖2 = ‖2(Tx− Ty) + (1− 2)(x− y)‖2 =
2‖Tx− Ty‖2 − ‖x− y‖2 + 2‖(Id − T )x− (Id − T )y‖2; hence ν = 2µ. Thus,
R is nonexpansive ⇔ ν ≤ 0 ⇔ µ ≤ 0 ⇔ T is firmly nonexpansive.

(i)⇔(iv): Write ‖(Id − T )x − (Id − T )y‖2 = ‖x − y‖2 + ‖Tx − Ty‖2 −
2 〈x− y | Tx− Ty〉 in (4.1).

(iv)⇔(v): Clear.
(v)⇔(vi): Use Lemma 2.12(i). ⊓⊔

Corollary 4.3 Let T ∈ B(H). Then the following are equivalent:

(i) T is firmly nonexpansive.
(ii) ‖2T − Id‖ ≤ 1.
(iii) (∀x ∈ H) ‖Tx‖2 ≤ 〈x | Tx〉.
(iv) T ∗ is firmly nonexpansive.
(v) T + T ∗ − 2T ∗T is positive.

Proof. (i)⇔(ii)⇔(iii): This follows from the equivalences (i)⇔(iii)⇔(iv) in
Proposition 4.2.

(i)⇔(iv): Since ‖2T ∗ − Id‖ = ‖(2T − Id)∗‖ = ‖2T − Id‖, this follows from
the equivalence (i)⇔(ii).

(iii)⇔(v): Indeed, (iii) ⇔ (∀x ∈ H) 〈x | (T − T ∗T )x〉 ≥ 0 ⇔ (∀x ∈ H)
〈x | (T − T ∗T )x+ (T − T ∗T )∗x〉 ≥ 0 ⇔ (∀x ∈ H) 〈x | (T + T ∗ − 2T ∗T )x〉 ≥
0 ⇔ (v). ⊓⊔

Definition 4.4 Let D be a nonempty subset of H, let T : D → H, and let
β ∈ R++. Then T is β-cocoercive (or β-inverse strongly monotone) if βT is
firmly nonexpansive, i.e.,

(∀x ∈ D)(∀y ∈ D) 〈x− y | Tx− Ty〉 ≥ β‖Tx− Ty‖2. (4.5)
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Proposition 4.5 Let K be a real Hilbert space, let β ∈ R++, let T : K → K
be β-cocoercive, let L ∈ B(H,K) be such that L 6= 0, and set γ = β/‖L‖2.
Then L∗TL is γ-cocoercive.

Proof. Let x and y be in H. Then it follows from (4.5) and Fact 2.18(ii) that
〈x− y | L∗TLx− L∗TLy〉 = 〈Lx− Ly | TLx− TLy〉 ≥ β‖TLx − TLy‖2 ≥
γ‖L∗TLx− L∗TLy‖2. ⊓⊔

Corollary 4.6 Let K be a real Hilbert space, let T : K → K be firmly non-
expansive, and let L ∈ B(H,K) be such that ‖L‖ ≤ 1. Then L∗TL is firmly
nonexpansive.

Proof. We assume that L 6= 0, and we set β = 1 in Proposition 4.5. ⊓⊔

Example 4.7 Let T : H → H be firmly nonexpansive and let V be a closed
linear subspace of H. Then it follows from Corollary 3.22(iii)&(vi) and Corol-
lary 4.6 that PV TPV is firmly nonexpansive.

4.2 Projectors onto Convex Sets

Proposition 4.8 Let C be a nonempty closed convex subset of H. Then the
projector PC is firmly nonexpansive.

Proof. Fix x and y inH. Theorem 3.14 asserts that 〈PCy − PCx | x− PCx〉 ≤
0 and that 〈PCx− PCy | y − PCy〉 ≤ 0. Adding these two inequalities yields
‖PCx − PCy‖2 ≤ 〈x− y | PCx− PCy〉. The claim therefore follows from
Proposition 4.2. ⊓⊔

Example 4.9 Suppose that H 6= {0} and let α ∈ ]0, 1]. Let T1 and T2 be
respectively the soft and hard thresholders defined for every x ∈ H by

T1x =

{(
1− 1/‖x‖

)
x, if ‖x‖ > 1;

0, if ‖x‖ ≤ 1,
and T2x =

{
αx, if ‖x‖ > 1;

0, if ‖x‖ ≤ 1.

(4.6)
Then T1 is firmly nonexpansive. Moreover, for α < 1, T2 is quasinonexpansive
but not nonexpansive and, for α = 1, T2 is not quasinonexpansive. Finally,
the operator T3 defined for every x ∈ H by

T3x =

{(
1− 2/‖x‖

)
x, if ‖x‖ > 1;

−x, if ‖x‖ ≤ 1,
(4.7)

is nonexpansive but not firmly nonexpansive.

Proof. In view of Example 3.16, T1 = Id − PB(0;1). Hence, it follows from
Proposition 4.8 and Proposition 4.2(ii) that T1 is firmly nonexpansive. Now
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suppose that α < 1. Then 0 is the unique fixed point of T2 and (∀x ∈ H)
‖T2x‖ ≤ ‖x‖. Thus, T2 is quasinonexpansive but not nonexpansive, since it
is not continuous. Now suppose that α = 1, take x ∈ B(0; 1) r {0}, and set
y = 2x/‖x‖. Then y ∈ FixT2 but ‖T2x− y‖ = 2 > 2− ‖x‖ = ‖x− y‖. Thus,
T2 is not quasinonexpansive. Next, we derive from Proposition 4.2(iii) that
T3 = 2T1 − Id is nonexpansive. Finally, take x ∈ H such that ‖x‖ = 1 and
set y = −x. Then the inequality in (4.1) fails, and therefore T is not firmly
nonexpansive. ⊓⊔

Corollary 4.10 Let C be a nonempty closed convex subset of H. Then Id−
PC is firmly nonexpansive and 2PC − Id is nonexpansive.

Proof. A consequence of Proposition 4.8 and Proposition 4.2. ⊓⊔
Proposition 4.8 implies that projectors are continuous. In the affine case,

weak continuity also holds.

Proposition 4.11 Let C be a closed affine subspace of H. Then the following
hold:

(i) PC is weakly continuous.
(ii) (∀x ∈ H)(∀y ∈ H) ‖PCx− PCy‖2 = 〈x− y | PCx− PCy〉.

Proof. (i): Combine Lemma 2.34 and Corollary 3.20(ii).
(ii): Use Corollary 3.20(i) instead of Theorem 3.14 in the proof of Propo-

sition 4.8. ⊓⊔
Let us stress that weak continuity of projectors may fail.

Example 4.12 Suppose that H is infinite-dimensional and let C = B(0; 1).
Then PC is not weakly continuous.

Proof. Let (en)n∈N be an orthonormal sequence and set (∀n ∈ N) xn =
e1 + e2n. Then, as seen in Example 2.25, xn ⇀ e1. However, it follows from
Example 3.16 that PCxn = xn/

√
2⇀e1/

√
2 6= e1 = PCe1. ⊓⊔

4.3 Fixed Points of Nonexpansive Operators

The projection operator PC onto a nonempty closed convex subset C of H is
(firmly) nonexpansive by Proposition 4.8 with

FixPC = C, (4.8)

which is closed and convex. The following results extend this observation.

Proposition 4.13 Let D be a nonempty convex subset of H and let T : D →
H be quasinonexpansive. Then FixT is convex.
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Proof. Let x and y be in FixT , let α ∈ ]0, 1[, and set z = αx+(1−α)y. Then
z ∈ D and, by Corollary 2.14,

‖Tz − z‖2 = ‖α(Tz − x) + (1− α)(Tz − y)‖2

= α‖Tz − x‖2 + (1− α)‖Tz − y‖2 − α(1 − α)‖x− y‖2

≤ α‖z − x‖2 + (1− α)‖z − y‖2 − α(1 − α)‖x− y‖2

= ‖α(z − x) + (1− α)(z − y)‖2

= 0. (4.9)

Therefore z ∈ FixT . ⊓⊔

Proposition 4.14 Let D be a nonempty closed subset of H and let T : D →
H be continuous. Then FixT is closed.

Proof. Let (xn)n∈N be a sequence in FixT that converges to a point x ∈ H.
Then x ∈ D by closedness of D, while Txn → Tx by continuity of T . On the
other hand, since (xn)n∈N lies in FixT , Txn → x. Altogether, Tx = x. ⊓⊔

Corollary 4.15 Let D be a nonempty closed convex subset of H and let
T : D→ H be nonexpansive. Then FixT is closed and convex.

Corollary 4.16 Let D be a nonempty closed convex subset of H and let
T : D→ H be firmly nonexpansive. Then

FixT =
⋂

x∈D

{
y ∈ D

∣∣ 〈y − Tx | x− Tx〉 ≤ 0
}
. (4.10)

Proof. Set C =
⋂
x∈D

{
y ∈ D

∣∣ 〈y − Tx | x− Tx〉 ≤ 0
}
. For every x ∈ D

and every y ∈ FixT , Proposition 4.2(v) yields 0 ≤ 〈Tx− y | x− Tx〉. Hence,
FixT ⊂ C. Conversely, let x ∈ C. Then x ∈

{
y ∈ D

∣∣ 〈y − Tx | x− Tx〉 ≤ 0
}

and therefore −‖x − Tx‖2 = 〈x− Tx | x− Tx〉 ≤ 0, i.e., x = Tx. Thus,
C ⊂ FixT . ⊓⊔

Theorem 4.17 (demiclosedness principle) Let D be a nonempty weakly
sequentially closed subset of H, let T : D → H be a nonexpansive operator,
let (xn)n∈N be a sequence in D, and let x and u be points in H. Suppose that
xn⇀x and that xn − Txn → u. Then x− Tx = u.

Proof. Since D ∋ xn ⇀ x, we have x ∈ D, and Tx is therefore well defined.
For every n ∈ N, it follows from the nonexpansiveness of T that

‖x− Tx− u‖2 = ‖xn − Tx− u‖2 − ‖xn − x‖2 − 2 〈xn − x | x− Tx− u〉
= ‖xn − Txn − u‖2 + 2 〈xn − Txn − u | Txn − Tx〉

+ ‖Txn − Tx‖2 − ‖xn − x‖2 − 2 〈xn − x | x− Tx− u〉
≤ ‖xn − Txn − u‖2 + 2 〈xn − Txn − u | Txn − Tx〉
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− 2 〈xn − x | x− Tx− u〉 . (4.11)

However, by assumption, xn − Txn − u → 0, xn − x ⇀ 0, and hence Txn −
Tx⇀ x − Tx − u. Taking the limit as n → +∞ in (4.11) and appealing to
Lemma 2.41(iii), we obtain x− Tx = u. ⊓⊔

Corollary 4.18 Let D be a nonempty closed and convex subset of H, let
T : D → H be nonexpansive, let (xn)n∈N be a sequence in D, and let x be a
point in H. Suppose that xn⇀x and that xn − Txn → 0. Then x ∈ FixT .

Proof. Since Theorem 3.32 asserts that D is weakly sequentially closed, the
result follows from Theorem 4.17. ⊓⊔

The set of fixed points of a nonexpansive operator may be empty (consider
a translation by a nonzero vector). The following theorem gives a condition
that guarantees the existence of fixed points.

Theorem 4.19 (Browder–Göhde–Kirk) Let D be a nonempty bounded
closed convex subset of H and let T : D → D be a nonexpansive operator.
Then FixT 6= ∅.

Proof. It follows from Theorem 3.32 that D is weakly sequentially closed, and
from Theorem 3.33 that it is weakly sequentially compact. Now fix x0 ∈ D
and a sequence (αn)n∈N in ]0, 1] such that α0 = 1 and αn ↓ 0. For every n ∈ N,
the operator Tn : D → D : x 7→ αnx0 + (1 − αn)Tx is a strict contraction
with constant 1 − αn, and it therefore possesses a fixed point xn ∈ D by
Theorem 1.48. Moreover, for every n ∈ N, ‖xn − Txn‖ = ‖Tnxn − Txn‖ =
αn‖x0 − Txn‖ ≤ αn diam(D). Hence xn − Txn → 0. On the other hand,
since (xn)n∈N lies in D, by weak sequential compactness we can extract a
weakly convergent subsequence, say xkn ⇀ x ∈ D. Since xkn − Txkn → 0,
Corollary 4.18 asserts that x ∈ FixT . ⊓⊔

The proof of Theorem 4.19 rests on Lipschitz continuous operators and
their unique fixed points. These fixed points determine a curve, which we
investigate in more detail in the next result.

Proposition 4.20 (approximating curve) Let D be a nonempty closed
convex subset of H and let T : D → D be a nonexpansive operator. Then, for
every ε ∈ ]0, 1[ and every x ∈ D, there exists a unique point xε ∈ D such that

xε = εx+ (1− ε)Txε. (4.12)

Set, for every ε ∈ ]0, 1[, Tε : D → D : x 7→ xε, and let x ∈ D. Then the
following hold:

(i) (∀ε ∈ ]0, 1[) Tε = εId + (1− ε)TTε = (Id− (1− ε)T )−1 ◦ εId.
(ii) (∀ε ∈ ]0, 1[) Tε is firmly nonexpansive.
(iii) (∀ε ∈ ]0, 1[) FixTε = FixT .
(iv) (∀ε ∈ ]0, 1[) ε(x− Txε) = xε − Txε = (1− ε)−1ε(x− xε).
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(v) Suppose that FixT = ∅. Then limε↓0 ‖xε‖ = +∞.
(vi) (∀ε ∈ ]0, 1[)(∀y ∈ FixT ) ‖x− xε‖2 + ‖xε − y‖2 ≤ ‖x− y‖2.
(vii) Suppose that FixT 6= ∅. Then limε↓0 xε = PFixT x.
(viii) (∀ε ∈ ]0, 1[)(∀δ ∈ ]0, 1[)

(
ε− δ
1− ε

)2

‖xε − x‖2 + δ(2− δ)‖xδ − xε‖2 ≤ 2
ε− δ
1− ε 〈xε − x | xδ − xε〉 .

(ix) (∀ε ∈ ]0, 1[)(∀δ ∈ ]0, ε[) ‖x− xε‖2 + ‖xε − xδ‖2 ≤ ‖x− xδ‖2.
(x) The function ]0, 1[→ R+ : ε 7→ ‖x− xε‖ is decreasing.
(xi) The curve ]0, 1[→ H : ε 7→ xε is continuous.
(xii) If x ∈ FixT , then xε ≡ x is constant; otherwise, (xε)ε∈]0,1[ is an

injective curve.

Proof. Let ε ∈ ]0, 1[. By Theorem 1.48, the operator D → D : z 7→ εx+ (1−
ε)Tz has a unique fixed point. Hence, xε is unique, and Tε is therefore well
defined.

(i): The first identity is clear from (4.12). Furthermore, εId = Tε − (1 −
ε)TTε = (Id− (1− ε)T )Tε, and therefore, since Id− (1− ε)T is injective, we
obtain Tε = (Id− (1− ε)T )−1 ◦ εId.

(ii): Let y ∈ D. Then

x− y = ε−1
(
(xε − (1− ε)Txε)− (yε − (1− ε)Tyε)

)

= ε−1
(
(xε − yε)− (1− ε)(Txε − Tyε)

)
. (4.13)

Using (4.12), (4.13), and Cauchy–Schwarz, we deduce that

〈Tεx− Tεy | (Id− Tε)x− (Id− Tε)y〉
= 〈xε − yε | (1− ε)(x− Txε)− (1− ε)(y − Tyε)〉
= (1− ε) 〈xε − yε | (x− y)− (Txε − Tyε)〉
= (1− ε)ε−1 〈xε − yε | (xε − yε)− (Txε − Tyε)〉
≥ (ε−1 − 1)

(
‖xε − yε‖2 − ‖xε − yε‖ ‖Txε − Tyε‖

)

= (ε−1 − 1)‖xε − yε‖
(
‖xε − yε‖ − ‖Txε − Tyε‖

)

≥ 0. (4.14)

Hence, by Proposition 4.2, Tε is firmly nonexpansive.
(iii): Let x ∈ D. Suppose first that x ∈ FixT . Then x = εx + (1 − ε)Tx

and hence x = xε by uniqueness of xε. It follows that Tεx = x and therefore
that x ∈ FixTε. Conversely, assume that x ∈ FixTε. Then x = xε = εx +
(1− ε)Txε = x+ (1− ε)(Tx− x) and thus x = Tx, i.e., x ∈ FixT .

(iv): This follows from (4.12).
(v): Suppose that there exists a sequence (εn)n∈N in ]0, 1[ such that εn ↓ 0

and (xεn)n∈N is bounded. By (iv) and Corollary 4.18, every weak sequential
cluster point of (xεn )n∈N lies in FixT .
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(vi): Assume that y ∈ FixT . By (iii), y = Tεy = yε. Since Tε is firmly
nonexpansive by (ii), we have

‖x−y‖2 ≥ ‖xε−yε‖2+‖(x−xε)−(y−yε)‖2 = ‖xε−y‖2+‖x−xε‖2. (4.15)

(vii): Let (εn)n∈N be a sequence in ]0, 1[ such that εn ↓ 0, and set (∀n ∈ N)
zn = xεn . By (vi), (zn)n∈N is bounded. Thus, using (iv), we see that zn −
Tzn → 0. Let z be a weak sequential cluster point of (zn)n∈N, say zkn ⇀ z.
Theorem 4.17 implies that z ∈ FixT . In view of (vi), we obtain lim ‖x −
zkn‖2 ≤ ‖x−z‖2. Since x−zkn⇀x−z, Lemma 2.41(i) yields x−zkn → x−z.
Thus zkn → z. Again, using (vi), we see that (∀n ∈ N) ‖x− zkn‖2 + ‖zkn −
y‖2 ≤ ‖x − y‖2. Taking the limit as n → +∞, we deduce that ‖x − z‖2 +
‖z − y‖2 ≤ ‖x− y‖2. Hence (∀y ∈ FixT ) 〈y − z | x− z〉 ≤ 0. It now follows
from Theorem 3.14 that z = PFixTx. Therefore, zn → PFixTx and hence
xε → PFixT x as ε ↓ 0.

(viii): Let δ ∈ ]0, 1[ and set yε = xε − x and yδ = xδ − x. Since yδ =
yε + xδ − xε, using (4.12), we obtain

‖xδ − xε‖2 ≥ ‖Txδ − Txε‖2

=

∥∥∥∥
xδ − δx
1− δ −

xε − εx
1− ε

∥∥∥∥
2

=

∥∥∥∥
yδ

1− δ −
yε

1− ε

∥∥∥∥
2

=
1

(1− δ)2
∥∥∥∥
δ − ε
1− εyε + xδ − xε

∥∥∥∥
2

=
1

(1− δ)2
((

δ − ε
1− ε

)2

‖yε‖2 + 2
δ − ε
1− ε 〈yε | xδ − xε〉

+ ‖xδ − xε‖2
)
. (4.16)

Therefore,

(
ε− δ
1− ε

)2

‖yε‖2 + δ(2− δ)‖xδ − xε‖2 ≤ 2
ε− δ
1− ε 〈yε | xδ − xε〉 , (4.17)

which is the desired inequality.
(viii)⇒(ix): Let δ ∈ ]0, ε[. Then 〈xε − x | xδ − xε〉 ≥ 0. In turn, ‖xδ−x‖2 =

‖xδ − xε‖2 + 2 〈xδ − xε | xε − x〉+ ‖xε − x‖2 ≥ ‖xδ − xε‖2 + ‖xε − x‖2.
(ix)⇒(x): Clear.
(xi): We derive from (viii) and Cauchy–Schwarz that

(∀δ ∈ ]0, ε[) ‖xδ − xε‖ ≤
2(ε− δ)

δ(2− δ)(1− ε)‖xε − x‖. (4.18)
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Hence, ‖xδ − xε‖ ↓ 0 as δ ↑ ε, and therefore the curve ]0, 1[→ H : ε 7→ xε is
left-continuous. Likewise, we have

(∀δ ∈ ]ε, 1[) ‖xδ − xε‖ ≤
2(δ − ε)

δ(2− δ)(1− ε)‖xε − x‖, (4.19)

so that ‖xδ − xε‖ ↓ 0 as δ ↓ ε. Thus, the curve ]0, 1[ → H : ε 7→ xε is
right-continuous.

(xii): If x ∈ FixT , then x ∈ FixTε by (iii) and hence x = Tεx = xε.
Now assume that x /∈ FixT . If δ ∈ ]0, ε[ and xε = xδ, then (viii) yields
Tεx = xε = x and hence x ∈ FixTε, which is impossible in view of (iii).
Hence the curve (xε)ε∈]0,1[ is injective in that case. ⊓⊔

Proposition 4.21 Let T1 : H → H and T2 : H → H be firmly nonexpansive
and set T = T1(2T2 − Id) + Id− T2. Then the following hold:

(i) 2T − Id = (2T1 − Id)(2T2 − Id).
(ii) T is firmly nonexpansive.
(iii) FixT = Fix(2T1 − Id)(2T2 − Id).
(iv) Suppose that T1 is the projector onto a closed affine subspace. Then

FixT =
{
x ∈ H

∣∣ T1x = T2x
}
.

Proof. (i): Expand.
(ii): Proposition 4.2 asserts that 2T1 − Id and 2T1 − Id are nonexpansive.

Therefore, (2T1 − Id)(2T2 − Id) is nonexpansive and so is 2T − Id by (i). In
turn, T is firmly nonexpansive.

(iii): By (i), FixT = Fix(2T − Id) = Fix(2T1 − Id)(2T2 − Id).
(iv): Suppose that T1 = PC , where C is a closed affine subspace of H, and

let x ∈ H. It follows from Proposition 4.8 that T1 is firmly nonexpansive and
from Corollary 3.20(ii) that x ∈ FixT ⇔ x = PC (2T2x+(1−2)x)+x−T2x⇔
T2x = 2PC(T2x)+(1−2)PCx ∈ C⇔ PC(T2x) = T2x = 2PC(T2x)+(1−2)PCx
⇔ T2x = PCx. ⊓⊔

Corollary 4.22 Let T1 be the projector onto a linear subspace of H, let
T2 : H → H be firmly nonexpansive, and set T = T1T2 + (Id − T1)(Id − T2).
Then T is firmly nonexpansive and FixT =

{
x ∈ H

∣∣ T1x = T2x
}
.

Proof. Since T = T1(2T2 − Id) + Id − T2, the result follows from Proposi-
tion 4.21. ⊓⊔

4.4 Averaged Nonexpansive Operators

Definition 4.23 Let D be a nonempty subset of H, let T : D → H be
nonexpansive, and let α ∈ ]0, 1[. Then T is averaged with constant α, or
α-averaged , if there exists a nonexpansive operator R : D → H such that
T = (1− α)Id + αR.
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Remark 4.24 Let D be a nonempty subset of H and let T : D→ H.
(i) If T is averaged, then it is nonexpansive.
(ii) If T is nonexpansive, it is not necessarily averaged: consider T =
−Id: H → H when H 6= {0}.

(iii) It follows from Proposition 4.2 that T is firmly nonexpansive if and only
if it is 1/2-averaged.

(iv) Let β ∈ R++. Then it follows from (iii) that T is β-cocoercive if and
only if βT is 1/2-averaged.

Proposition 4.25 Let D be a nonempty subset of H, let T : D → H be
nonexpansive, and let α ∈ ]0, 1[. Then the following are equivalent:

(i) T is α-averaged.
(ii) (1− 1/α)Id + (1/α)T is nonexpansive.

(iii) (∀x ∈ D)(∀y ∈ D) ‖Tx−Ty‖2 ≤ ‖x−y‖2−1− α
α
‖(Id−T )x−(Id−T )y‖2.

(iv) (∀x ∈ D)(∀y ∈ D) ‖Tx − Ty‖2 + (1 − 2α)‖x − y‖2 ≤ 2(1 − α)
〈x− y | Tx− Ty〉.

Proof. Fix x and y in D, set R = (1 − λ)Id + λT , where λ = 1/α, and note
that T = (1− α)Id + αR.

(i)⇔(ii)⇔(iii): Corollary 2.14 yields

‖Rx−Ry‖2 = (1− λ)‖x− y‖2 + λ‖Tx− Ty‖2

− λ(1− λ)‖(Id − T )x− (Id− T )y‖2. (4.20)

In other words,

α
(
‖x− y‖2 − ‖Rx−Ry‖2

)
= ‖x− y‖2 − ‖Tx− Ty‖2

− 1− α
α
‖(Id− T )x− (Id− T )y‖2. (4.21)

Now observe that (i) ⇔ (ii) ⇔ R is nonexpansive ⇔ the left-hand side of
(4.21) is positive ⇔ (iii).

(iii)⇔(iv): Write ‖(Id − T )x − (Id − T )y‖2 = ‖x − y‖2 + ‖Tx − Ty‖2 −
2 〈x− y | Tx− Ty〉 in (iii). ⊓⊔

Remark 4.26 It follows from the implication (i)⇒(iii) in Proposition 4.25
that averaged operators are strictly quasinonexpansive.

Remark 4.27 It follows from Proposition 4.25(iii) that if T : D → H is
α-averaged with α ∈ ]0, 1/2], then T is firmly nonexpansive.

We now describe some operations that preserve averagedness.

Proposition 4.28 Let D be a nonempty subset of H, let T : D → H, let α ∈
]0, 1[, and let λ ∈ ]0, 1/α[. Then T is α-averaged if and only if (1−λ)Id+λT
is λα-averaged.
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Proof. Set R = (1 − α−1)Id + α−1T . Then the conclusion follows from the
identities T = (1− α)Id + αR and (1 − λ)Id + λT = (1− λα)Id + λαR. ⊓⊔

Corollary 4.29 Let D be a nonempty subset of H, let T : D → H, and let
λ ∈ ]0, 2[. Then T is firmly nonexpansive if and only if (1 − λ)Id + λT is
λ/2-averaged.

Proof. Set α = 1/2 in Proposition 4.28 and use Remark 4.24(iii). ⊓⊔

Proposition 4.30 Let D be a nonempty subset of H, let (Ti)i∈I be a finite
family of nonexpansive operators from D to H, let (ωi)i∈I be real numbers in
]0, 1] such that

∑
i∈I ωi = 1, and let (αi)i∈I be real numbers in ]0, 1] such that,

for every i ∈ I, Ti is αi-averaged, and set α = maxi∈I αi. Then
∑

i∈I ωiTi is
α-averaged.

Proof. Set T =
∑
i∈I ωiTi, and fix x and y in D. The implication (i)⇒(iii) in

Proposition 4.25 yields

(∀i ∈ I) ‖Tix−Tiy‖2+
1− αi
αi
‖(Id−Ti)x− (Id−Ti)y‖2 ≤ ‖x−y‖2. (4.22)

Hence, by convexity of ‖ · ‖2, since (1− α)/α = mini∈I(1 − αi)/αi,

‖Tx− Ty‖2 + 1− α
α
‖(Id− T )x− (Id− T )y‖2

=

∥∥∥∥∥
∑

i∈I

ωiTix−
∑

i∈I

ωiTiy

∥∥∥∥∥

2

+
1− α
α

∥∥∥∥∥
∑

i∈I

ωi(Id − Ti)x−
∑

i∈I

ωi(Id − Ti)y
∥∥∥∥∥

2

≤
∑

i∈I

ωi‖Tix− Tiy‖2 +
∑

i∈I

1− αi
αi

ωi‖(Id− Ti)x− (Id − Ti)y‖2

≤ ‖x− y‖2. (4.23)

Using the implication (iii)⇒(i) in Proposition 4.25 completes the proof. ⊓⊔

Example 4.31 Let D be a nonempty subset of H, let (Ti)i∈I be a finite
family of firmly nonexpansive operators from D to H, and let (ωi)i∈I be real
numbers in ]0, 1] such that

∑
i∈I ωi = 1. Then

∑
i∈I ωiTi is firmly nonexpan-

sive.

Proof. In view of Remark 4.24(iii), setting αi ≡ 1/2 in Proposition 4.30 yields
the result. ⊓⊔

Next, we consider compositions of averaged operators.
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Proposition 4.32 Let D be a nonempty subset of H, let m be a strictly
positive integer, set I = {1, . . . ,m}, let (Ti)i∈I be a family of operators from
D to D, let (αi)i∈I be real numbers in ]0, 1[ such that, for every i ∈ I, Ti is
αi-averaged, and set

T = T1 · · ·Tm and α =
m

m− 1 +
1

max
i∈I

αi

. (4.24)

Then T is α-averaged.

Proof. Set (∀i ∈ I) κi = αi/(1− αi), set κ = maxi∈I κi, and let x and y be
in D. We derive from the convexity of ‖ · ‖2 and the equivalence (i)⇔(iii) in
Proposition 4.25 that

‖(Id− T )x− (Id− T )y‖2/m
= ‖(x− y) − (Tmx− Tmy) + (Tmx− Tmy)
− (Tm−1Tmx− Tm−1Tmy) + (Tm−1Tmx− Tm−1Tmy)− · · ·
− (T2 · · ·Tmx− T2 · · ·Tmy) + (T2 · · ·Tmx− T2 · · ·Tmy)
− (T1 · · ·Tmx− T1 · · ·Tmy)‖2/m

= ‖(Id − Tm)x− (Id− Tm)y
+ (Id− Tm−1)Tmx− (Id− Tm−1)Tmy + · · ·
+ (Id− T1)T2 · · · Tmx− (Id− T1)T2 · · ·Tmy‖2/m

≤ ‖(Id − Tm)x− (Id− Tm)y‖2

+ ‖(Id− Tm−1)Tmx− (Id− Tm−1)Tmy‖2 + · · ·
+ ‖(Id− T1)T2 · · ·Tmx− (Id− T1)T2 · · · Tmy‖2

≤ κm
(
‖x− y‖2 − ‖Tmx− Tmy‖2

)

+ κm−1

(
‖Tmx− Tmy‖2 − ‖Tm−1Tmx− Tm−1Tmy‖2

)
+ · · ·

+ κ1
(
‖T2 · · ·Tmx− T2 · · ·Tmy‖2 − ‖T1 · · · Tmx− T1 · · ·Tmy‖2

)

≤ κ
(
‖x− y‖2 − ‖Tx− Ty‖2

)
. (4.25)

Consequently, it follows from Proposition 4.25 and (4.24) that T is averaged,
with constant m/(m+ 1/κ) = α. ⊓⊔

Proposition 4.33 Let D be a nonempty subset of H, let β ∈ R++, let
T : D → H be β-cocoercive, and let γ ∈ ]0, 2β[. Then Id − γT is γ/(2β)-
averaged.

Proof. By Remark 4.24(iv), βT is 1/2-averaged. Hence, there exists a non-
expansive operator R : D → H such that T = (Id + R)/(2β). In turn,
Id− γT = (1− γ/(2β))Id + (γ/(2β))(−R). ⊓⊔
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4.5 Common Fixed Points

The first result concerns the fixed point set of convex combinations of quasi-
nonexpansive operators and the second that of compositions of strictly quasi-
nonexpansive operators.

Proposition 4.34 Let D be a nonempty subset of H, let (Ti)i∈I be a finite
family of quasinonexpansive operators from D to H such that

⋂
i∈I FixTi 6=

∅, let (ωi)i∈I be strictly positive real numbers such that
∑

i∈I ωi = 1. Then
Fix

∑
i∈I ωiTi =

⋂
i∈I FixTi.

Proof. Set T =
∑
i∈I ωiTi. It is clear that

⋂
i∈I FixTi ⊂ FixT . To prove the

reverse inclusion, let y ∈
⋂
i∈I FixTi. Then (4.3) yields

(∀i ∈ I)(∀x ∈ D) 2 〈Tix− x | x− y〉 = ‖Tix− y‖2 − ‖Tix− x‖2 − ‖x− y‖2

≤ −‖Tix− x‖2. (4.26)

Now let x ∈ FixT . Then we derive from (4.26) that

0 = 2 〈Tx− x | x− y〉 = 2
∑

i∈I

ωi 〈Tix− x | x− y〉 ≤ −
∑

i∈I

ωi‖Tix− x‖2.

(4.27)
Therefore

∑
i∈I ωi‖Tix− x‖2 = 0, and we conclude that x ∈

⋂
i∈I FixTi. ⊓⊔

Proposition 4.35 Let D be a nonempty subset of H, and let T1 and T2 be
quasinonexpansive operators from D to D. Suppose that T1 or T2 is strictly
quasinonexpansive, and that FixT1 ∩ FixT2 6= ∅. Then the following hold:

(i) FixT1T2 = Fix T1 ∩ FixT2.
(ii) T1T2 is quasinonexpansive.
(iii) Suppose that T1 and T2 are strictly quasinonexpansive. Then T1T2 is

strictly quasinonexpansive.

Proof. (i): It is clear that FixT1 ∩ FixT2 ⊂ FixT1T2. Now let x ∈ FixT1T2
and let y ∈ FixT1 ∩ FixT2. We consider three cases.
(a) T2x ∈ FixT1. Then T2x = T1T2x = x ∈ FixT1 ∩ FixT2.
(b) x ∈ FixT2. Then T1x = T1T2x = x ∈ FixT1 ∩ FixT2.
(c) T2x /∈ FixT1 and x /∈ FixT2. Since T1 or T2 is strictly quasinonexpansive,
at least one of the inequalities in ‖x−y‖ = ‖T1T2x−y‖ ≤ ‖T2x−y‖ ≤ ‖x−y‖
is strict, which is impossible.

(ii): Let x ∈ D and let y ∈ FixT1T2 = Fix T1∩FixT2. Then ‖T1T2x−y‖ ≤
‖T2x− y‖ ≤ ‖x− y‖, and therefore T1T2 is quasinonexpansive.

(iii): Let x ∈ D r FixT1T2 and let y ∈ FixT1T2 = FixT1 ∩ FixT2. If
x /∈ FixT2, then ‖T1T2x − y‖ ≤ ‖T2x− y‖ < ‖x− y‖. Finally, if x ∈ FixT2,
then x /∈ FixT1 (for otherwise T1x = x ∈ FixT1∩FixT2, which is impossible)
and hence ‖T1T2x− y‖ < ‖x− y‖. ⊓⊔
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Corollary 4.36 Let D be a nonempty subset of H, let m be a strictly positive
integer, set I = {1, . . . ,m}, let (Ti)i∈I be a family of strictly quasinonexpan-
sive operators from D to D such that

⋂
i∈I FixTi 6= ∅, and set T = T1 · · ·Tm.

Then T is strictly quasinonexpansive and FixT =
⋂
i∈I FixTi.

Proof. We proceed by strong induction on m. The result is clear for m = 1
and for m = 2 by Proposition 4.35. Now suppose that m ≥ 2 and that the re-
sult holds for up to m operators. Let (Ti)1≤i≤m+1 be a family of strictly

quasinonexpansive operators from D to D such that
⋂m+1
i=1 FixTi 6= ∅.

Set R1 = T1 · · ·Tm and R2 = Tm+1. Then R2 is strictly quasinonex-
pansive with FixR2 = FixTm+1, and, by the induction hypothesis, R1 is
strictly quasinonexpansive with FixR1 =

⋂m
i=1 FixTi. Therefore, by Propo-

sition 4.35(iii)&(i), R1R2 = T1 · · ·Tm+1 is strictly quasinonexpansive and

FixT1 · · ·Tm+1 = FixR1R2 = FixR1 ∩ FixR2 =
⋂m+1
i=1 FixTi. ⊓⊔

Corollary 4.37 Let D be a nonempty subset of H, let m be a strictly positive
integer, set I = {1, . . . ,m}, let (Ti)i∈I be a family of averaged nonexpansive
operators from D to D such that

⋂
i∈I FixTi 6= ∅, and set T = T1 · · ·Tm.

Then FixT =
⋂
i∈I FixTi.

Proof. In view of Remark 4.26, this follows from Corollary 4.36. ⊓⊔

Exercises

Exercise 4.1 Let U be a nonempty open interval in R, let D be a closed
interval contained in U , and suppose that T̃ : U → R is differentiable on U .
Set T = T̃ |D. Show the following:

(i) T is firmly nonexpansive ⇔ ranT ′ ⊂ [0, 1].
(ii) T is nonexpansive ⇔ ranT ′ ⊂ [−1, 1].

Exercise 4.2 Let D be a nonempty subset of R, and let T : D → R. Show
that T is firmly nonexpansive if and only if T is nonexpansive and increasing.
Provided that ranT ⊂ D, deduce that if T is firmly nonexpansive, then so is
T ◦ T .

Exercise 4.3 Suppose that H 6= {0}. Without using Example 4.9, show
that every firmly nonexpansive operator is nonexpansive, but not vice versa.
Furthermore, show that every nonexpansive operator is quasinonexpansive,
but not vice versa.

Exercise 4.4 Let T ∈ B(H). Show that the following are equivalent:

(i) T is nonexpansive.
(ii) ‖T‖ ≤ 1.
(iii) T is quasinonexpansive.
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Exercise 4.5 Let T ∈ B(H) be such that ‖T‖ ≤ 1.

(i) Suppose that

(∃α ∈ R++)(∀x ∈ H) 〈Tx | x〉 ≥ α‖x‖2. (4.28)

Show that α‖T‖−2T is firmly nonexpansive.
(ii) Suppose that H = R3 and set T : (ξ1, ξ2, ξ3) 7→ (1/2)(ξ1 − ξ2, ξ1 + ξ2, 0).

Show that T does not satisfy (4.28), is not self-adjoint, but firmly non-
expansive.

Exercise 4.6 Let T ∈ B(H) be nonexpansive. Show that FixT = FixT ∗.

Exercise 4.7 Let K be a real Hilbert space, let T : K → K be firmly non-
expansive, let L ∈ B(H,K) be such that ‖L‖ ≤ 1, let x̄ ∈ H, and let z̄ ∈ K.
Show that x 7→ x̄+ L∗T (z̄ + Lx) is firmly nonexpansive.

Exercise 4.8 As seen in Proposition 4.2, if T : H → H is firmly nonexpan-
sive, then so is Id − T . By way of examples, show that if C is a nonempty
closed convex subset of H, then Id− PC may or may not be a projector.

Exercise 4.9 Let C andD be closed linear subspaces of H such that C ⊂ D.
Show that PC = PDPC = PCPD .

Exercise 4.10 Let T : H → H be firmly nonexpansive, let λ ∈ R, and set
Tλ = λT + (1 − λ)Id. Show that Tλ is nonexpansive for λ ∈ [0, 2] and that
this interval is the largest possible with this property.

Exercise 4.11 Let D be a nonempty subset of H, let (Ti)i∈I be a finite
family of operators from D to H, and let (ωi)i∈I be strictly positive real
numbers such that

∑
i∈I ωi = 1. Set T =

∑
i∈I ωiTi.

(i) Suppose that
⋂
i∈I FixTi 6= ∅ and that each Ti is quasinonexpansive.

Show that T is quasinonexpansive.
(ii) Suppose that each Ti is nonexpansive. Show that T is nonexpansive.

Exercise 4.12 LetD be a nonempty subset ofH, and let T1 and T2 be firmly
nonexpansive operators from D to H. Show that T1 − T2 and Id − T1 − T2
are nonexpansive.

Exercise 4.13 Let T , T1, and T2 be operators from H to H.
(i) Show that if T is firmly nonexpansive, then T 2 may fail to be firmly

nonexpansive even when Fix T 6= ∅. Compare with Exercise 4.2.
(ii) Show that if T1 and T2 are both nonexpansive, then so is T2T1.
(iii) Show that if T is quasinonexpansive, then T 2 may fail to be quasinon-

expansive even when H = R and FixT 6= ∅.

Exercise 4.14 Provide an example of two closed linear subspaces U and V
of H such that the composition T = PUPV fails to be firmly nonexpansive.
Conclude, in particular, that T is not a projector.
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Exercise 4.15 Let D be a nonempty compact subset of H and suppose that
T : D→ H is firmly nonexpansive and that Id− T is injective. Show that for
every δ ∈ R++, there exists β ∈ [0, 1[ such that if x and y belong to D and
‖x− y‖ ≥ δ, then ‖Tx− Ty‖ ≤ β‖x− y‖. In addition, provide, for H = R,
a set D and an operator T such that the hypothesis holds and such that for
every β ∈ [0, 1[, T is not Lipschitz continuous with constant β.

Exercise 4.16 Let D be a nonempty closed convex subset of H and let
T : D→ H be nonexpansive. Use Corollary 4.16 to show that FixT is closed
and convex.

Exercise 4.17 Provide a simple proof of Theorem 4.17 for the case when H
is finite-dimensional.

Exercise 4.18 Show that each of the following assumptions on D in Theo-
rem 4.19 is necessary: boundedness, closedness, convexity.

Exercise 4.19 Use items (ix) and (x) of Proposition 4.20 to prove Theo-
rem 4.19 without using Corollary 4.18.

Exercise 4.20 Let D be a nonempty subset of H, and let (Ti)1≤i≤m be
a finite family of quasinonexpansive operators from D to D such that⋂m
i=1 FixTi 6= ∅ and m − 1 of these operators are strictly quasinonexpan-

sive. Then T1 · · ·Tm is quasinonexpansive and FixT1 · · ·Tm =
⋂m
i=1 FixTi.



Chapter 5

Fejér Monotonicity and Fixed Point
Iterations

A sequence is Fejér monotone with respect to a set C if each point in the
sequence is not strictly farther from any point in C than its predecessor. Such
sequences possess very attractive properties that greatly simplify the analy-
sis of their asymptotic behavior. In this chapter, we provide the basic theory
for Fejér monotone sequences and apply it to obtain in a systematic fash-
ion convergence results for various classical iterations involving nonexpansive
operators.

5.1 Fejér Monotone Sequences

The following notion is central in the study of various iterative methods, in
particular in connection with the construction of fixed points of nonexpansive
operators.

Definition 5.1 Let C be a nonempty subset of H and let (xn)n∈N be a
sequence in H. Then (xn)n∈N is Fejér monotone with respect to C if

(∀x ∈ C)(∀n ∈ N) ‖xn+1 − x‖ ≤ ‖xn − x‖. (5.1)

Example 5.2 Let (xn)n∈N be a bounded sequence in R that is increasing
(respectively decreasing). Then (xn)n∈N is Fejér monotone with respect to
[sup{xn}n∈N,+∞[ (respectively ]−∞, inf{xn}n∈N]).

Example 5.3 Let D be a nonempty subset of H, let T : D → D be a
quasinonexpansive—in particular, nonexpansive—operator such that FixT 6=
∅, and let x0 ∈ D. Set (∀n ∈ N) xn+1 = Txn. Then (xn)n∈N is Fejér mono-
tone with respect to FixT .

We start with some basic properties.
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Proposition 5.4 Let (xn)n∈N be a sequence in H and let C be a nonempty
subset of H. Suppose that (xn)n∈N is Fejér monotone with respect to C. Then
the following hold:

(i) (xn)n∈N is bounded.
(ii) For every x ∈ C, (‖xn − x‖)n∈N converges.
(iii) (dC(xn))n∈N is decreasing and converges.

Proof. (i): Let x ∈ C. Then (5.1) implies that (xn)n∈N lies in B(x; ‖x0 − x‖).
(ii): Clear from (5.1).
(iii): Taking the infimum in (5.1) over x ∈ C yields (∀n ∈ N) dC(xn+1) ≤

dC(xn). ⊓⊔
The next result concerns weak convergence.

Theorem 5.5 Let (xn)n∈N be a sequence in H and let C be a nonempty sub-
set of H. Suppose that (xn)n∈N is Fejér monotone with respect to C and that
every weak sequential cluster point of (xn)n∈N belongs to C. Then (xn)n∈N

converges weakly to a point in C.

Proof. The result follows from Proposition 5.4(ii) and Lemma 2.39. ⊓⊔

Example 5.6 Suppose that H is infinite-dimensional and let (xn)n∈N be an
orthonormal sequence in H. Then (xn)n∈N is Fejér monotone with respect to
{0}. As seen in Example 2.25, xn⇀ 0 but xn 6→ 0.

While a Fejér monotone sequence with respect to a closed convex set C
may not converge strongly, its “shadow” on C always does.

Proposition 5.7 Let (xn)n∈N be a sequence in H and let C be a nonempty
closed convex subset of H. Suppose that (xn)n∈N is Fejér monotone with re-
spect to C. Then the shadow sequence (PCxn)n∈N converges strongly to a
point in C.

Proof. It follows from (5.1) and (3.6) that, for every m and n in N,

‖PCxn − PCxn+m‖2 = ‖PCxn − xn+m‖2 + ‖xn+m − PCxn+m‖2

+ 2 〈PCxn − xn+m | xn+m − PCxn+m〉
≤ ‖PCxn − xn‖2 + d2C(xn+m)

+ 2 〈PCxn − PCxn+m | xn+m − PCxn+m〉
+ 2 〈PCxn+m − xn+m | xn+m − PCxn+m〉

≤ d2C(xn) − d2C(xn+m). (5.2)

Consequently, since (dC(xn))n∈N was seen in Proposition 5.4(iii) to converge,
(PCxn)n∈N is a Cauchy sequence in the complete set C. ⊓⊔

Corollary 5.8 Let (xn)n∈N be a sequence in H, let C be a nonempty closed
convex subset of H, and let x ∈ C. Suppose that (xn)n∈N is Fejér monotone
with respect to C and that xn⇀x. Then PCxn → x.
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Proof. By Proposition 5.7, (PCxn)n∈N converges strongly to some point y ∈
C. Hence, since x − PCxn → x − y and xn − PCxn ⇀ x − y, it follows
from Theorem 3.14 and Lemma 2.41(iii) that 0 ≥ 〈x− PCxn | xn − PCxn〉 →
‖x− y‖2. Thus, x = y. ⊓⊔

For sequences that are Fejér monotone with respect to closed affine sub-
spaces, Proposition 5.7 can be strengthened.

Proposition 5.9 Let (xn)n∈N be a sequence in H and let C be a closed affine
subspace of H. Suppose that (xn)n∈N is Fejér monotone with respect to C.
Then the following hold:

(i) (∀n ∈ N) PCxn = PCx0.
(ii) Suppose that every weak sequential cluster point of (xn)n∈N belongs to

C. Then xn⇀PCx0.

Proof. (i): Fix n ∈ N, α ∈ R, and set yα = αPCx0 + (1 − α)PCxn. Since C
is an affine subspace, yα ∈ C, and it therefore follows from Corollary 3.20(i)
and (5.1) that

α2‖PCxn − PCx0‖2 = ‖PCxn − yα‖2

≤ ‖xn − PCxn‖2 + ‖PCxn − yα‖2

= ‖xn − yα‖2

≤ ‖x0 − yα‖2

= ‖x0 − PCx0‖2 + ‖PCx0 − yα‖2

= d2C(x0) + (1− α)2‖PCxn − PCx0‖2. (5.3)

Consequently, (2α − 1)‖PCxn − PCx0‖2 ≤ d2C(x0) and, letting α→ +∞, we
conclude that PCxn = PCx0.

(ii): Combine Theorem 5.5, Corollary 5.8, and (i). ⊓⊔
We now turn our attention to strong convergence properties.

Proposition 5.10 Let (xn)n∈N be a sequence in H and let C be a subset of
H such that intC 6= ∅. Suppose that (xn)n∈N is Fejér monotone with respect
to C. Then (xn)n∈N converges strongly to a point in H.

Proof. Take x ∈ intC and ρ ∈ R++ such that B(x; ρ) ⊂ C. Define a sequence
(zn)n∈N in B(x; ρ) by

(∀n ∈ N) zn =




x, if xn+1 = xn;

x− ρ xn+1 − xn
‖xn+1 − xn‖

, otherwise.
(5.4)

Then (5.1) yields (∀n ∈ N) ‖xn+1− zn‖2 ≤ ‖xn− zn‖2 and, after expanding,
we obtain
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(∀n ∈ N) ‖xn+1 − x‖2 ≤ ‖xn − x‖2 − 2ρ‖xn+1 − xn‖. (5.5)

Thus,
∑

n∈N
‖xn+1−xn‖ ≤ ‖x0−x‖2/(2ρ) and (xn)n∈N is therefore a Cauchy

sequence. ⊓⊔

Theorem 5.11 Let (xn)n∈N be a sequence in H and let C be a nonempty
closed convex subset of H. Suppose that (xn)n∈N is Fejér monotone with re-
spect to C. Then the following are equivalent:

(i) (xn)n∈N converges strongly to a point in C.
(ii) (xn)n∈N possesses a strong sequential cluster point in C.
(iii) lim dC(xn) = 0.

Proof. (i)⇒(ii): Clear.
(ii)⇒(iii): Suppose that xkn → x ∈ C. Then dC(xkn) ≤ ‖xkn − x‖ → 0.
(iii)⇒(i): Proposition 5.4(iii) implies that dC(xn) → 0. Hence, xn −

PCxn → 0 and (i) follows from Proposition 5.7. ⊓⊔
We conclude this section with a linear convergence result.

Theorem 5.12 Let (xn)n∈N be a sequence in H and let C be a nonempty
closed convex subset of H. Suppose that (xn)n∈N is Fejér monotone with re-
spect to C and that for some κ ∈ [0, 1[,

(∀n ∈ N) dC(xn+1) ≤ κdC(xn). (5.6)

Then (xn)n∈N converges linearly to a point x ∈ C; more precisely,

(∀n ∈ N) ‖xn − x‖ ≤ 2κndC(x0). (5.7)

Proof. Theorem 5.11 and (5.6) imply that (xn)n∈N converges strongly to some
point x ∈ C. On the other hand, (5.1) yields

(∀n ∈ N)(∀m ∈ N) ‖xn − xn+m‖ ≤ ‖xn − PCxn‖+ ‖xn+m − PCxn‖
≤ 2dC(xn). (5.8)

Letting m→ +∞ in (5.8), we conclude that ‖xn − x‖ ≤ 2dC(xn). ⊓⊔

5.2 Krasnosel’skĭı–Mann Iteration

Given a nonexpansive operator T , the sequence generated by the Banach–
Picard iteration xn+1 = Txn of (1.67) may fail to produce a fixed point of
T . A simple illustration of this situation is T = −Id and x0 6= 0. In this case,
however, it is clear that the asymptotic regularity property xn − Txn → 0
does not hold. As we shall now see, this property is critical.
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Theorem 5.13 Let D be a nonempty closed convex subset of H, let T : D →
D be a nonexpansive operator such that FixT 6= ∅, and let x0 ∈ D. Set

(∀n ∈ N) xn+1 = Txn (5.9)

and suppose that xn − Txn → 0. Then the following hold:

(i) (xn)n∈N converges weakly to a point in FixT .
(ii) Suppose that D = −D and that T is odd: (∀x ∈ D) T (−x) = −Tx.

Then (xn)n∈N converges strongly to a point in FixT .

Proof. From Example 5.3, (xn)n∈N is Fejér monotone with respect to Fix T .
(i): Let x be a weak sequential cluster point of (xn)n∈N, say xkn ⇀ x.

Since Txkn − xkn → 0, Corollary 4.18 asserts that x ∈ FixT . Appealing to
Theorem 5.5, the assertion is proved.

(ii): Since D = −D is convex, 0 ∈ D and, since T is odd, 0 ∈ FixT .
Therefore, by Fejér monotonicity, (∀n ∈ N) ‖xn+1‖ ≤ ‖xn‖. Thus, there
exists ℓ ∈ R+ such that ‖xn‖ ↓ ℓ. Now let m ∈ N. Then, for every n ∈ N,

‖xn+1+m + xn+1‖ = ‖Txn+m − T (−xn)‖ ≤ ‖xn+m + xn‖, (5.10)

and, by the parallelogram identity,

‖xn+m + xn‖2 = 2
(
‖xn+m‖2 + ‖xm‖2

)
− ‖xn+m − xn‖2. (5.11)

However, since Txn − xn → 0, we have limn ‖xn+m − xn‖ = 0. Therefore,
since ‖xn‖ ↓ ℓ, (5.10) and (5.11) yield ‖xn+m+xn‖ ↓ 2ℓ as n→ +∞. In turn,
we derive from (5.11) that ‖xn+m − xn‖2 ≤ 2(‖xn+m‖2 + ‖xm‖2)− 4ℓ2 → 0
as m,n → +∞. Thus, (xn)n∈N is a Cauchy sequence and xn → x for some
x ∈ D. Since xn+1 → x and xn+1 = Txn → Tx, we have x ∈ FixT . ⊓⊔

We now turn our attention to an alternative iterative method, known as
the Krasnosel’skĭı–Mann algorithm.

Theorem 5.14 (Krasnosel’skĭı–Mann algorithm) Let D be a nonempty
closed convex subset of H, let T : D → D be a nonexpansive operator such that
FixT 6= ∅, let (λn)n∈N be a sequence in [0, 1] such that

∑
n∈N

λn(1− λn) =
+∞, and let x0 ∈ D. Set

(∀n ∈ N) xn+1 = xn + λn
(
Txn − xn

)
. (5.12)

Then the following hold:

(i) (xn)n∈N is Fejér monotone with respect to FixT .
(ii) (Txn − xn)n∈N converges strongly to 0.
(iii) (xn)n∈N converges weakly to a point in FixT .

Proof. Since x0 ∈ D and D is convex, (5.12) produces a well-defined sequence
in D.
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(i): It follows from Corollary 2.14 and the nonexpansiveness of T that, for
every y ∈ FixT and n ∈ N,

‖xn+1 − y‖2 = ‖(1− λn)(xn − y) + λn(Txn − y)‖2

= (1− λn)‖xn − y‖2 + λn‖Txn − Ty‖2

− λn(1− λn)‖Txn − xn‖2

≤ ‖xn − y‖2 − λn(1 − λn)‖Txn − xn‖2. (5.13)

Hence, (xn)n∈N is Fejér monotone with respect to FixT .
(ii): We derive from (5.13) that

∑
n∈N

λn(1−λn)‖Txn−xn‖2 ≤ ‖x0−y‖2.
Since

∑
n∈N

λn(1 − λn) = +∞, we have lim ‖Txn − xn‖ = 0. However, for
every n ∈ N,

‖Txn+1 − xn+1‖ = ‖Txn+1 − Txn + (1− λn)(Txn − xn)‖
≤ ‖xn+1 − xn‖+ (1− λn)‖Txn − xn‖
= ‖Txn − xn‖. (5.14)

Consequently, (‖Txn − xn‖)n∈N converges and we must have Txn − xn → 0.
(iii): Let x be a weak sequential cluster point of (xn)n∈N, say xkn ⇀ x.

Then it follows from Corollary 4.18 that x ∈ FixT . In view of Theorem 5.5,
the proof is complete. ⊓⊔

Proposition 5.15 Let α ∈ ]0, 1[, let T : H → H be an α-averaged oper-
ator such that FixT 6= ∅, let (λn)n∈N be a sequence in [0, 1/α] such that∑

n∈N
λn(1− αλn) = +∞, and let x0 ∈ H. Set

(∀n ∈ N) xn+1 = xn + λn
(
Txn − xn

)
. (5.15)

Then the following hold:

(i) (xn)n∈N is Fejér monotone with respect to FixT .
(ii) (Txn − xn)n∈N converges strongly to 0.
(iii) (xn)n∈N converges weakly to a point in FixT .

Proof. Set R = (1− 1/α)Id+ (1/α)T and (∀n ∈ N) µn = αλn. Then FixR =
FixT and R is nonexpansive by Proposition 4.25. In addition, we rewrite
(5.15) as (∀n ∈ N) xn+1 = xn + µn

(
Rxn − xn

)
. Since (µn)n∈N lies in [0, 1]

and
∑
n∈N

µn(1− µn) = +∞, the results follow from Theorem 5.14. ⊓⊔

Corollary 5.16 Let T : H → H be a firmly nonexpansive operator such that
FixT 6= ∅, let (λn)n∈N be a sequence in [0, 2] such that

∑
n∈N

λn(2− λn) =
+∞, and let x0 ∈ H. Set (∀n ∈ N) xn+1 = xn + λn

(
Txn − xn

)
. Then the

following hold:

(i) (xn)n∈N is Fejér monotone with respect to FixT .
(ii) (Txn − xn)n∈N converges strongly to 0.
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(iii) (xn)n∈N converges weakly to a point in FixT .

Proof. In view of Remark 4.24(iii), apply Proposition 5.15 with α = 1/2. ⊓⊔

Example 5.17 Let T : H → H be a firmly nonexpansive operator such that
FixT 6= ∅, let x0 ∈ H, and set (∀n ∈ N) xn+1 = Txn. Then (xn)n∈N

converges weakly to a point in FixT .

The following type of iterative method involves a mix of compositions and
convex combinations of nonexpansive operators.

Corollary 5.18 Let (Ti)i∈I be a finite family of nonexpansive operators
from H to H such that

⋂
i∈I FixTi 6= ∅, and let (αi)i∈I be real num-

bers in ]0, 1[ such that, for every i ∈ I, Ti is αi-averaged. Let p be a
strictly positive integer, for every k ∈ {1, . . . , p}, let mk be a strictly
positive integer and ωk be a strictly positive real number, and suppose
that i :

{
(k, l)

∣∣ k ∈ {1, . . . , p}, l ∈ {1, . . . ,mk}
}
→ I is surjective and that∑p

k=1 ωk = 1. For every k ∈ {1, . . . , p}, set Ik = {i(k, 1), . . . , i(k,mk)}, and
set

α = max
1≤k≤p

ρk, where (∀k ∈ {1, . . . , p}) ρk =
mk

mk − 1 +
1

max
i∈Ik

αi

, (5.16)

and let (λn)n∈N be a sequence in [0, 1/α] such that
∑

n∈N
λn(1−αλn) = +∞.

Furthermore, let x0 ∈ H and set

(∀n ∈ N) xn+1 = xn + λn

(
p∑

k=1

ωkTi(k,1) · · ·Ti(k,mk)xn − xn
)
. (5.17)

Then (xn)n∈N converges weakly to a point in
⋂
i∈I FixTi.

Proof. Set T =
∑p
k=1 ωkRk, where (∀k ∈ {1, . . . , p}) Rk = Ti(k,1) · · ·Ti(k,mk).

Then (5.17) reduces to (5.15) and, in view of Proposition 5.15, it suffices
to show that T is α-averaged and that FixT =

⋂
i∈I FixTi. For every k ∈

{1, . . . , p}, it follows from Proposition 4.32 and (5.16) that Rk is ρk-averaged
and, from Corollary 4.37 that FixRk =

⋂
i∈Ik

FixTi. In turn, we derive from
Proposition 4.30 and (5.16) that T is α-averaged and, from Proposition 4.34,
that FixT =

⋂p
k=1 FixRk =

⋂p
k=1

⋂
i∈Ik

FixTi =
⋂
i∈I FixTi. ⊓⊔

Remark 5.19 It follows from Remark 4.24(iii) that Corollary 5.18 is appli-
cable to firmly nonexpansive operators and, a fortiori, to projection operators
by Proposition 4.8.

Corollary 5.18 provides an algorithm to solve a convex feasibility problem,
i.e., to find a point in the intersection of a family of closed convex sets. Here
are two more examples.
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Example 5.20 (string-averaged relaxed projections) Let (Ci)i∈I be
a finite family of closed convex sets such that C =

⋂
i∈I Ci 6= ∅. For

every i ∈ I, let βi ∈ ]0, 2[ and set Ti = (1 − βi)Id + βiPCi
. Let p be

a strictly positive integer; for every k ∈ {1, . . . , p}, let mk be a strictly
positive integer and ωk be a strictly positive real number, and suppose
that i :

{
(k, l)

∣∣ k ∈ {1, . . . , p}, l ∈ {1, . . . ,mk}
}
→ I is surjective and that∑p

k=1 ωk = 1. Furthermore, let x0 ∈ H and set

(∀n ∈ N) xn+1 =

p∑

k=1

ωkTi(k,1) · · ·Ti(k,mk)xn. (5.18)

Then (xn)n∈N converges weakly to a point in C.

Proof. For every i ∈ I, set αi = βi/2 ∈ ]0, 1[. Since, for every i ∈ I, Proposi-
tion 4.8 asserts that PCi

is firmly nonexpansive, Corollary 4.29 implies that
Ti is αi-averaged. Borrowing notation from Corollary 5.18, we note that for
every k ∈ {1, . . . , p}, maxi∈Ik αi ∈ ]0, 1[, which implies that ρk ∈ ]0, 1[ and
thus that α ∈ ]0, 1[. Altogether, the result follows from Corollary 5.18 with
λn ≡ 1. ⊓⊔

Example 5.21 (parallel projection algorithm) Let (Ci)i∈I be a finite
family of closed convex subsets of H such that C =

⋂
i∈I Ci 6= ∅, let (λn)n∈N

be a sequence in [0, 2] such that
∑

n∈N
λn(2 − λn) = +∞, let (ωi)i∈I be

strictly positive real numbers such that
∑

i∈I ωi = 1, and let x0 ∈ H. Set

(∀n ∈ N) xn+1 = xn + λn

(∑

i∈I

ωiPixn − xn
)
, (5.19)

where, for every i ∈ I, Pi denotes the projector onto Ci. Then (xn)n∈N

converges weakly to a point in C.

Proof. This is an application of Corollary 5.16(iii) with T =
∑
i∈I ωiPi. In-

deed, since the operators (Pi)i∈I are firmly nonexpansive by Proposition 4.8,
their convex combination T is also firmly nonexpansive by Example 4.31.
Moreover, Proposition 4.34 asserts that Fix T =

⋂
i∈I FixPi =

⋂
i∈I Ci = C.

Alternatively, apply Corollary 5.18. ⊓⊔

5.3 Iterating Compositions of Averaged Operators

Our first result concerns the asymptotic behavior of iterates of a composition
of averaged nonexpansive operators with possibly no common fixed point.

Theorem 5.22 Let D be a nonempty weakly sequentially closed (e.g., closed
and convex) subset of H, let m be a strictly positive integer, set I =
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{1, . . . ,m}, let (Ti)i∈I be a family of nonexpansive operators from D to D
such that Fix(T1 · · ·Tm) 6= ∅, and let (αi)i∈I be real numbers in ]0, 1[ such
that, for every i ∈ I, Ti is αi-averaged. Let x0 ∈ D and set

(∀n ∈ N) xn+1 = T1 · · · Tmxn. (5.20)

Then xn − T1 · · ·Tmxn → 0, and there exist points y1 ∈ FixT1 · · · Tm, y2 ∈
FixT2 · · ·TmT1, . . . , ym ∈ FixTmT1 · · ·Tm−1 such that

xn⇀ y1 = T1y2, (5.21)

Tmxn⇀ ym = Tmy1, (5.22)

Tm−1Tmxn⇀ ym−1 = Tm−1ym, (5.23)

...

T3 · · ·Tmxn⇀ y3 = T3y4, (5.24)

T2 · · ·Tmxn⇀ y2 = T2y3. (5.25)

Proof. Set T = T1 · · ·Tm and (∀i ∈ I) βi = (1− αi)/αi. Now take y ∈ FixT .
The equivalence (i)⇔(iii) in Proposition 4.25 yields

‖xn+1 − y‖2 = ‖Txn − Ty‖2

≤ ‖T2 · · ·Tmxn − T2 · · ·Tmy‖2

− β1‖(Id− T1)T2 · · ·Tmxn − (Id− T1)T2 · · ·Tmy‖2

≤ ‖xn − y‖2 − βm‖(Id− Tm)xn − (Id − Tm)y‖2

− βm−1‖(Id − Tm−1)Tmxn − (Id− Tm−1)Tmy‖2 − · · ·
− β2‖(Id− T2)T3 · · ·Tmxn − (Id− T2)T3 · · ·Tmy‖2

− β1‖(Id− T1)T2 · · ·Tmxn − (T2 · · ·Tmy − y)‖2. (5.26)

Therefore, (xn)n∈N is Fejér monotone with respect to FixT and

(Id− Tm)xn − (Id− Tm)y → 0, (5.27)

(Id − Tm−1)Tmxn − (Id − Tm−1)Tmy → 0, (5.28)

...

(Id− T2)T3 · · ·Tmxn − (Id − T2)T3 · · ·Tmy → 0, (5.29)

(Id− T1)T2 · · ·Tmxn − (T2 · · · Tmy − y)→ 0. (5.30)

Upon adding (5.27)–(5.30), we obtain xn − Txn → 0. Hence, since T is
nonexpansive as a composition of nonexpansive operators, it follows from
Theorem 5.13(i) that (xn)n∈N converges weakly to some point y1 ∈ FixT ,
which provides (5.21). On the other hand, (5.27) yields Tmxn − xn →
Tmy1 − y1. So altogether Tmxn ⇀ Tmy1 = ym, and we obtain (5.22). In
turn, since (5.28) asserts that Tm−1Tmxn − Tmxn → Tm−1ym − ym, we ob-
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tain Tm−1Tmxn ⇀ Tm−1ym = ym−1, hence (5.23). Continuing this process,
we arrive at (5.25). ⊓⊔

As noted in Remark 5.19, results on averaged nonexpansive operators ap-
ply in particular to firmly nonexpansive operators and projectors onto convex
sets. Thus, by specializing Theorem 5.22 to convex projectors, we obtain the
iterative method described in the next corollary, which is known as the POCS
(Projections Onto Convex Sets) algorithm in the signal recovery literature.

Corollary 5.23 (POCS algorithm) Let m be a strictly positive integer,
set I = {1, . . . ,m}, let (Ci)i∈I be a family of nonempty closed convex subsets
of H, let (Pi)i∈I denote their respective projectors, and let x0 ∈ H. Suppose
that Fix(P1 · · ·Pm) 6= ∅ and set

(∀n ∈ N) xn+1 = P1 · · ·Pmxn. (5.31)

Then there exists (y1, . . . , ym) ∈ C1 × · · · × Cm such that xn ⇀ y1 = P1y2,
Pmxn⇀ym = Pmy1, Pm−1Pmxn⇀ym−1 = Pm−1ym, . . ., P3 · · ·Pmxn⇀y3 =
P3y4, and P2 · · ·Pmxn⇀ y2 = P2y3.

Proof. This follows from Proposition 4.8 and Theorem 5.22. ⊓⊔

Remark 5.24 In Corollary 5.23, suppose that, for some j ∈ I, Cj is
bounded. Then Fix(P1 · · ·Pm) 6= ∅. Indeed, consider the circular composition
of the m projectors given by T = Pj · · ·PmP1 · · ·Pj−1. Then Proposition 4.8
asserts that T is a nonexpansive operator that maps the nonempty bounded
closed convex set Cj to itself. Hence, it follows from Theorem 4.19 that there
exists a point x ∈ Cj such that Tx = x.

The next corollary describes a periodic projection method to solve a convex
feasibility problem.

Corollary 5.25 Let m be a strictly positive integer, set I = {1, . . . ,m}, let
(Ci)i∈I be a family of closed convex subsets of H such that C =

⋂
i∈I Ci 6= ∅,

let (Pi)i∈I denote their respective projectors, and let x0 ∈ H. Set (∀n ∈ N)
xn+1 = P1 · · ·Pmxn. Then (xn)n∈N converges weakly to a point in C.

Proof. Using Corollary 5.23, Proposition 4.8, and Corollary 4.37, we obtain
xn ⇀ y1 ∈ Fix(P1 · · ·Pm) =

⋂
i∈I FixPi = C. Alternatively, this is a special

case of Example 5.20. ⊓⊔

Remark 5.26 If, in Corollary 5.25, all the sets are closed affine subspaces,
so is C and we derive from Proposition 5.9(i) that xn⇀PCx0. Corollary 5.28
is classical, and it states that the convergence is actually strong in this case.
In striking contrast, the example constructed in [146] provides a closed hy-
perplane and a closed convex cone in ℓ2(N) for which alternating projections
converge weakly but not strongly.
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The next result will help us obtain a sharper form of Corollary 5.25 for
closed affine subspaces.

Proposition 5.27 Let T ∈ B(H) be nonexpansive and let x0 ∈ H. Set V =
FixT and (∀n ∈ N) xn+1 = Txn. Then xn → PV x0 ⇔ xn − xn+1 → 0.

Proof. If xn → PV x0, then xn − xn+1 → PV x0 − PV x0 = 0. Conversely,
suppose that xn − xn+1 → 0. We derive from Theorem 5.13(ii) that there
exists v ∈ V such that xn → v. In turn, Proposition 5.9(i) yields v = PV x0.

⊓⊔

Corollary 5.28 (von Neumann–Halperin) Let m be a strictly positive
integer, set I = {1, . . . ,m}, let (Ci)i∈I be a family of closed affine subspaces of
H such that C =

⋂
i∈I Ci 6= ∅, let (Pi)i∈I denote their respective projectors,

let x0 ∈ H, and set

(∀n ∈ N) xn+1 = P1 · · ·Pmxn. (5.32)

Then xn → PCx0.

Proof. Set T = P1 · · ·Pm. Then T is nonexpansive, and Fix T = C by Corol-
lary 4.37.

We first assume that each set Ci is a linear subspace. Then T is odd,
and Theorem 5.22 implies that xn − Txn → 0. Thus, by Proposition 5.27,
xn → PCx0.

We now turn our attention to the general affine case. Since C 6= ∅, there
exists y ∈ C such that for every i ∈ I, Ci = y+Vi, i.e., Vi is the closed linear
subspace parallel to Ci, and C = y+V , where V =

⋂
i∈I Vi. Proposition 3.17

implies that, for every x ∈ H, PCx = Py+V x = y + PV (x − y) and (∀i ∈ I)
Pix = Py+Vi

x = y + PVi
(x− y). Using these identities repeatedly, we obtain

(∀n ∈ N) xn+1 − y = (PV1
· · ·PVm

)(xn − y). (5.33)

Invoking the already verified linear case, we get xn − y → PV (x0 − y) and
conclude that xn → y + PV (x0 − y) = PCx0. ⊓⊔

Exercises

Exercise 5.1 Find a nonexpansive operator T : H → H that is not firmly
nonexpansive and such that, for every x0 ∈ H, the sequence (T nx0)n∈N con-
verges weakly but not strongly to a fixed point of T .

Exercise 5.2 Construct a non-Cauchy sequence (xn)n∈N in R that is asymp-
totically regular, i.e., xn − xn+1 → 0.
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Exercise 5.3 Find an alternative proof of Theorem 5.5 based on Corol-
lary 5.8 in the case when C is closed and convex.

Exercise 5.4 Let C be a nonempty subset of H and let (xn)n∈N be a se-
quence in H that is Fejér monotone with respect to C. Show that (xn)n∈N is
Fejér monotone with respect to convC.

Exercise 5.5 Let T : H → H be a nonexpansive operator such that Fix T 6=
∅, and let (xn)n∈N be a sequence in H such that

(i) for every x ∈ FixT , (‖xn − x‖)n∈N converges;
(ii) xn − Txn → 0.

Show that (xn)n∈N converges weakly to a point in FixT .

Exercise 5.6 Find a nonexpansive operator T : H → H that is not firmly
nonexpansive and such that, for every x0 ∈ H, the sequence (T nx0)n∈N con-
verges weakly but not strongly to a fixed point of T .

Exercise 5.7 Let m be a strictly positive integer, set I = {1, . . . ,m}, let
(Ci)i∈I be a family of closed convex subsets ofH such that C =

⋂
i∈I Ci 6= ∅,

and let (Pi)i∈I be their respective projectors. Derive parts (ii) and (iii) from
(i) and Theorem 5.5, and also from Corollary 5.18.

(i) Let i ∈ I, let x ∈ Ci, and let y ∈ H. Show that ‖Piy−x‖2 ≤ ‖y−x‖2−
‖Piy − y‖2.

(ii) Set x0 ∈ H and

(∀n ∈ N) xn+1 =
1

m

(
P1xn + P1P2xn + · · ·+ P1 · · ·Pmxn

)
. (5.34)

(a) Let x ∈ C and n ∈ N. Show that ‖xn+1 − x‖2 ≤ ‖xn − x‖2 −
(1/m)

∑
i∈I ‖Pixn − x‖2.

(b) Let x be a weak sequential cluster point of (xn)n∈N. Show that
x ∈ C.

(c) Show that (xn)n∈N converges weakly to a point in C.

(iii) Set x0 ∈ H and

(∀n ∈ N) xn+1 =
1

m− 1

(
P1P2xn+P2P3xn+· · ·+Pm−1Pmxn

)
. (5.35)

(a) Let x ∈ C and n ∈ N. Show that ‖xn+1 − x‖2 ≤ ‖xn − x‖2 −∑m−1
i=1 (‖Pi+1xn − xn‖2 + ‖PiPi+1xn − Pi+1xn‖2)/(m− 1).

(b) Let x be a weak sequential cluster point of (xn)n∈N. Show that
x ∈ C.

(c) Show that (xn)n∈N converges weakly to a point in C.



Chapter 6

Convex Cones and Generalized
Interiors

The notion of a convex cone, which lies between that of a linear subspace
and that of a convex set, is the main topic of this chapter. It has been very
fruitful in many branches of nonlinear analysis. For instance, closed convex
cones provide decompositions analogous to the well-known orthogonal de-
composition based on closed linear subspaces. They also arise naturally in
convex analysis in the local study of a convex set via the tangent cone and
the normal cone operators, and they are central in the analysis of various
extensions of the notion of an interior that will be required in later chapters.

6.1 Convex Cones

Recall from (1.1) that a subset C of H is a cone if C = R++C. Hence, H is a
cone and the intersection of a family of cones is a cone. The following notions
are therefore well defined.

Definition 6.1 Let C be a subset of H. The conical hull of C is the intersec-
tion of all the cones in H containing C, i.e., the smallest cone in H containing
C. It is denoted by coneC. The closed conical hull of C is the smallest closed
cone in H containing C. It is denoted by coneC.

Proposition 6.2 Let C be a subset of H. Then the following hold:

(i) coneC = R++C.
(ii) coneC = coneC.
(iii) cone(convC) = conv(coneC) is the smallest convex cone containing C.
(iv) cone (convC) = conv (coneC) is the smallest closed convex cone con-

taining C.

Proof. Since the results are clear when C = ∅, we assume that C 6= ∅.
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(i): Let D = R++C. Then D is a cone and C ⊂ D. Therefore coneC ⊂
coneD = D. Conversely, take y ∈ D, say y = λx, where λ ∈ R++ and x ∈ C.
Then x ∈ coneC and therefore y = λx ∈ coneC. Thus, D ⊂ coneC.

(ii): Since coneC is a closed cone and C ⊂ coneC, we have coneC ⊂
cone(coneC) = coneC. Conversely, since the closure of a cone is a cone, we
have coneC ⊂ coneC.

(iii): Take x ∈ cone(convC). Proposition 3.4 and (i) imply the existence
of λ ∈ R++, of a finite family (αi)i∈I in R++, and of a family (xi)i∈I in
C such that

∑
i∈I αi = 1 and x = λ

∑
i∈I αixi. Thus, x =

∑
i∈I αi(λxi) ∈

conv(coneC). Therefore, cone(convC) ⊂ conv(coneC). Conversely, take x ∈
conv(coneC). Proposition 3.4 and (i) imply the existence of finite families
(αi)i∈I in R++, (λi)i∈I in R++, and (xi)i∈I in C such that

∑
i∈I αi = 1

and x =
∑
i∈I αiλixi. Set (∀i ∈ I) βi = αiλi, and λ =

∑
i∈I βi. Then∑

i∈I βiλ
−1xi ∈ convC and hence x = λ

∑
i∈I βiλ

−1xi ∈ cone(convC). Now
let K be the smallest convex cone containing C. Since K is a convex cone
and C ⊂ K, we have conv(coneC) ⊂ conv(coneK) = K . On the other
hand, conv(coneC) = cone(convC) is also a convex cone containing C and,
therefore, K ⊂ conv(coneC).

(iv): It follows from (iii) that cone (convC) = conv (coneC). Denote this
set by D and denote the smallest closed convex cone containing C by K .
Then D is closed and contains C. Exercise 3.6 and (ii) imply that D is a
convex cone. Thus K ⊂ D. On the other hand, (iii) yields cone(convC) =
conv(coneC) ⊂ K . Taking closures, we deduce that D ⊂ K. Altogether,
K = D. ⊓⊔

Convex cones are of particular importance due to their ubiquity in convex
analysis. We record two simple propositions, the proofs of which we leave as
Exercise 6.2 and Exercise 6.3.

Proposition 6.3 Let C be a subset of H. Then the following hold:

(i) Suppose that C is a cone. Then C is convex if and only if C + C ⊂ C.
(ii) Suppose that C is convex and that 0 ∈ C. Then C is a cone if and only

if C + C ⊂ C.

Proposition 6.4 Let C be a nonempty convex subset of H. Then the follow-
ing hold:

(i) spanC = coneC − coneC = coneC + cone(−C).
(ii) Suppose that C = −C. Then spanC = coneC.

Next, we introduce two important properties of convex cones.

Definition 6.5 Let K be a convex cone in H. Then K is pointed if K ∩
(−K) ⊂ {0}, and K is solid if intK 6= ∅.

Note that {0} is the only pointed linear subspace and H is the only solid
linear subspace. The next examples illustrate the fact that various important
cones are pointed or solid.
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Example 6.6 Suppose that u ∈ Hr{0} and set K =
{
x ∈ H

∣∣ 〈x | u〉 ≤ 0
}
.

Then K is a solid convex cone, and it is not pointed if dimH > 1.

Proof. It is straightforward to check that K is a convex cone and that {u}⊥ ⊂
K . Moreover, since Cauchy–Schwarz implies thatB(−u; ‖u‖) ⊂ K ,K is solid.
Finally, take x ∈ {u}⊥ such that x 6= 0. Then {0} 6= span{x} ⊂ K ∩ (−K).
Thus, K is not pointed. ⊓⊔

Example 6.7 Let I be a totally ordered set, suppose that H = ℓ2(I), and
let (ei)i∈I be the standard unit vectors (see (2.8)). Then

ℓ2+(I) =
{
(ξi)i∈I ∈ ℓ2(I)

∣∣ (∀i ∈ I) ξi ≥ 0
}
= cone conv{ei}i∈I (6.1)

is a nonempty closed convex pointed cone, and so is ℓ2−(I) = −ℓ2+(I). Fur-
thermore, ℓ2+(I) is solid if and only if I is finite. In particular, the positive
orthant RN+ is a closed convex cone in RN that is pointed and solid.

Proof. It is clear that ℓ2+(I) =
⋂
i∈I

{
x ∈ ℓ2(I)

∣∣ 〈x | ei〉 ≥ 0
}
is a nonempty

pointed closed convex cone. Hence, since {ei}i∈I ⊂ ℓ2+(I) ⊂ cone conv{ei}i∈I ,
we obtain (6.1). If I is finite, then B((1)i∈I ; 1) ⊂ ℓ2+(I), and hence ℓ2+(I) is
solid. Now assume that I is infinite and that ℓ2+(I) is solid. Then there exist
x = (ξi)i∈I ∈ ℓ2+(I) and ε ∈ R++ such that B(x; 2ε) ⊂ ℓ2+(I). Since I is
infinite, there exists j ∈ I such that ξj ≤ ε. On the one hand, (ηi)i∈I =
x − 2εej ∈ B(x; 2ε) ⊂ ℓ2+(I). On the other hand, ηj = ξj − 2ε ≤ −ε, which
implies that (ηi)i∈I /∈ ℓ2+(I). We therefore arrive at a contradiction. ⊓⊔

Proposition 6.8 Let {xi}i∈I be a nonempty finite subset of H and set

K =
∑

i∈I

R+xi. (6.2)

Then K is the smallest closed convex cone containing {xi}i∈I ∪ {0}.

Proof. We claim that

cone
(
conv

(
{xi}i∈I ∪ {0}

))
= K. (6.3)

Set C = cone
(
conv({xi}i∈I ∪{0})

)
and let x ∈ C. Then there exist λ ∈ R++

and a family (αi)i∈I in R+ such that
∑
i∈I αi = 1 and x = λ

∑
i∈I αixi.

Hence x =
∑
i∈I(λαi)xi ∈

∑
i∈I R+xi and thus C ⊂ K . Conversely, let

x ∈ K. Then there exists a family (αi)i∈I in R+ such that x =
∑
i∈I αixi.

If αi ≡ 0, then x = 0 ∈ C; otherwise, set λ =
∑

i∈I αi and observe that
x = λ

∑
i∈I(αi/λ)xi ∈ C. Therefore, K ⊂ C and (6.3) follows. Using Propo-

sition 6.2(iii), we deduce that K is the smallest convex cone containing
{xi}i∈I ∪ {0}.

In view of (6.3) and Proposition 6.2(iv), it remains to verify that K is
closed. To do so, we consider two alternatives.
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(a) {xi}i∈I is linearly independent: Set V = span{xi}i∈I . Then {xi}i∈I is
a basis of V and K ⊂ V . Now let z ∈ K and let (zn)n∈N be a sequence in
K such that zn → z. Then z ∈ V and hence there exists {αi}i∈I ⊂ R such
that z =

∑
i∈I αixi. However, for every n ∈ N, there exists {αn,i}i∈I ⊂ R+

such that zn =
∑

i∈I αn,ixi. Since (zn)n∈N converges to z in V and {xi}i∈I
is a basis of V , we have (∀i ∈ I) 0 ≤ αn,i → αi. Thus mini∈I αi ≥ 0 and
therefore z ∈ K.

(b) {xi}i∈I is linearly dependent: Then there exists {βi}i∈I ⊂ R such that

∑

i∈I

βixi = 0 and J =
{
i ∈ I

∣∣ βi < 0
}
6= ∅. (6.4)

Fix z ∈ K , say z =
∑

i∈I αixi, where {αi}i∈I ⊂ R+, and set (∀i ∈ I)
δi = αi − γβi, where γ = maxi∈J{αi/βi}. Then γ ≤ 0, {δi}i∈I ⊂ R+, and
z =

∑
i∈I δixi. Moreover, if j ∈ J satisfies αj/βj = γ, then δj = 0 and

therefore z =
∑
i∈Ir{j} δixi. Thus, we obtain the decomposition

K =
⋃

j∈I

Kj , where (∀j ∈ I) Kj =
∑

i∈Ir{j}

R+xi. (6.5)

If the families ({xi}i∈Ir{j})j∈I are linearly independent, it follows from (a)
that the sets (Kj)j∈I are closed and that K is therefore closed. Otherwise,
for every j ∈ I for which {xi}i∈Ir{j} is linearly dependent, we reapply the
decomposition procedure toKj recursively until it can be expressed as a union
of cones of the form

∑
i∈IrI′ R+xi, where {xi}i∈IrI′ is linearly independent.

We thus obtain a decomposition of K as a finite union of closed sets. ⊓⊔

6.2 Generalized Interiors

The interior of a subset C of H can be expressed as

intC =
{
x ∈ C

∣∣ (∃ ρ ∈ R++) B(0; ρ) ⊂ C − x
}
. (6.6)

This formulation suggests several weaker notions of interiority.

Definition 6.9 Let C be a convex subset of H. The core of C is

coreC =
{
x ∈ C

∣∣ cone(C − x) = H
}
; (6.7)

the strong relative interior of C is

sriC =
{
x ∈ C

∣∣ cone(C − x) = span (C − x)
}
; (6.8)

the relative interior of C is



6.2 Generalized Interiors 91

riC =
{
x ∈ C

∣∣ cone(C − x) = span(C − x)
}
; (6.9)

and the quasirelative interior of C is

qriC =
{
x ∈ C

∣∣ cone (C − x) = span (C − x)
}
. (6.10)

In addition, we use the notation riC = riC and qriC = qriC.

Example 6.10 Let C be a nonempty convex subset of H such that C = −C.
Then the following hold:

(i) 0 ∈ riC.
(ii) Suppose that spanC is closed. Then 0 ∈ sriC.

Proof. By Proposition 6.4(ii), coneC = spanC. ⊓⊔
For every convex subset C of H, since coneC ⊂ spanC ⊂ spanC, we have

intC ⊂ coreC ⊂ sriC ⊂ riC ⊂ qriC ⊂ C. (6.11)

As we now illustrate, each of the inclusions in (6.11) can be strict.

Example 6.11 The following examples show that the reverse inclusions in
(6.11) fail.

(i) Example 8.33(iii) will provide a convex set C such that intC = ∅ and
0 ∈ coreC. In contrast, Proposition 6.12 and Fact 6.13 provide common
instances when intC = coreC.

(ii) Let C be a proper closed linear subspace of H. Then coreC = ∅ and
sriC = C.

(iii) Suppose that H is infinite-dimensional and separable, let (en)n∈N be an
orthonormal basis of H, and set

C =

{
∑

n∈N

ξnen

∣∣∣ (∀n ∈ N) |ξn| ≤
1

4n

}
. (6.12)

Then C is closed, convex, and C = −C. Hence, by Proposition 6.4(ii),
spanC = coneC. Since {4−nen}n∈N ⊂ C, we see that spanC = H. Now
set x =

∑
n∈N

2−nen. Then x ∈ spanC and, if we had x ∈ coneC, then
there would exist β ∈ R++ such that (∀n ∈ N) 2−n ≤ β4−n, which is
impossible. Hence x /∈ coneC and thus

coneC = spanC 6= spanC = H. (6.13)

Therefore, 0 ∈ (riC)r (sriC).
(iv) Suppose that H is infinite-dimensional and separable, let (en)n∈N be an

orthonormal basis of H, and set
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C =

{
∑

n∈N

ξnen

∣∣∣ (∀n ∈ N) − 1

2n
≤ ξn ≤

1

4n

}
. (6.14)

Then C is closed and convex and, since {en,−en}n∈N ⊂ coneC, we
have coneC = spanC = H. Moreover, arguing as in (iii), we note
that x = −

∑
n∈N

2−nen ∈ C ⊂ coneC, while −x /∈ coneC. Finally,∑
n∈N

2−n/2en ∈ (spanC)r (spanC). Altogether,

coneC 6= spanC 6= spanC = coneC = H (6.15)

and, therefore, 0 ∈ (qriC)r (riC).
(v) Suppose that H = ℓ2(R), let (eρ)ρ∈R denote the standard unit vectors,

and set C = ℓ2+(R), i.e.,

C =




∑

ρ∈R

ξρeρ ∈ ℓ2(R)
∣∣∣ (∀ρ ∈ R) ξρ ≥ 0



 . (6.16)

Then C is closed and convex. Fix x =
∑
ρ∈R

ξρeρ ∈ C. Since{
ρ ∈ R

∣∣ ξρ 6= 0
}
is countable, there exists γ ∈ R such that ξγ = 0. Note

that the γ-coordinate of every vector in cone(C − x) is positive and the
same is true for cone (C − x). On the other hand, since x+ eγ ∈ C, we
have eγ ∈ (C − x) and therefore −eγ ∈ span(C − x) ⊂ span (C − x).
Altogether, −eγ ∈ (span (C − x)) r (cone (C − x)) and consequently
C r (qriC) = C.

Proposition 6.12 Let C be a convex subset of H, and suppose that one of
the following holds:

(i) intC 6= ∅.
(ii) C is closed.
(iii) H is finite-dimensional.

Then intC = coreC.

Proof. Let x ∈ coreC. It suffices to show that x ∈ intC. After subtracting
x from C and replacing C by (−C) ∩ C, we assume that x = 0 and that
C = −C. Thus, it is enough to assume that 0 ∈ coreC and to show that
0 ∈ intC.

(i): Take y ∈ intC. Since C = −C, −y ∈ intC, and Proposition 3.36(ii)
yields 0 ∈ [−y, y] ⊂ intC.

(ii): Since
⋃
n∈N

nC = H, Lemma 1.43(i) yields intC 6= ∅. Now apply (i).
(iii): Let (ei)i∈I be an orthonormal basis of H. There exists ε ∈ R++ such

that D = conv{−εei,+εei}i∈I ⊂ C. Since B(0; ε/
√
dimH) ⊂ D, the proof is

complete. ⊓⊔
The following results refine Proposition 6.12(ii) and provide further infor-

mation on generalized interiors.
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Fact 6.13 Let C and D be closed convex subsets of H. Then int(C −D) =
core(C −D).

Proof. This is a consequence of [233, Corollary 13.2]. ⊓⊔

Fact 6.14 Let C be a nonempty convex subset of H.
(i) Suppose that H is finite-dimensional. Then riC is the interior of C

relative to aff C and riC 6= ∅. Moreover, ri C = C, riC = riC, and
sriC = riC = qriC.

(ii) Suppose that H is separable and that C is closed. Then C = qriC and,
in particular, qriC 6= ∅.

(iii) Suppose that intC 6= ∅. Then intC = coreC = sriC = riC = qriC.
(iv) Let K be a finite-dimensional real Hilbert space, let L ∈ B(H,K), and

suppose that qriC 6= ∅. Then riL(C) = L(qriC).
(v) Suppose that H is finite-dimensional and let D be a convex subset of H

such that (riC) ∩ (riD) 6= ∅. Then ri(C ∩D) = (riC) ∩ (riD).

Proof. (i): It follows from (6.7) and (6.9) that riC is the core relative to aff C.
However, as seen in Proposition 6.12(iii), since H is finite-dimensional, the
notions of core and interior coincide. Furthermore, riC 6= ∅ by [219, Theo-
rem 6.2]. Next, since riC is nonempty and coincides with the interior of C
relative to aff C, the identities ri C = C and riC = riC follow from Propo-
sition 3.36(iii). We also observe that sriC = riC since finite-dimensional
linear subspaces are closed. Now assume that x ∈ qriC. Then cone (C−x) =
span (C − x) = span(C − x), and hence ri(cone(C − x)) = ri(cone (C − x)) =
ri(span(C − x)) = span(C − x). It follows that cone(C − x) = span(C − x),
i.e., x ∈ riC. Altogether, sriC = riC = qriC.

(ii): See [44, Proposition 2.12 and Theorem 2.19] or [263, Lemma 2.7].
(iii): [44, Corollary 2.14] implies that qriC = intC (see also [263,

Lemma 2.8] when C is closed). The identities thus follow from (6.11).
(iv): See [44, Proposition 2.10].
(v): [219, Theorem 6.5]. ⊓⊔

Corollary 6.15 Suppose that H is finite-dimensional, let K be a finite-
dimensional real Hilbert space, let L ∈ B(H,K), and let C and D be nonempty
convex subsets of H. Then the following hold:

(i) riL(C) = L(riC).
(ii) ri(C −D) = (riC) − (riD).

Proof. (i): It follows from Fact 6.14(i) that riC = qriC 6= ∅. Hence,
Fact 6.14(iv) yields riL(C) = L(riC).

(ii): Set L : H×H → H : (x, y) 7→ x−y. It follows from (i) that ri(C−D) =
riL(C ×D) = L(ri(C ×D)) = L((riC) × (riD)) = (riC)− (riD). ⊓⊔

Proposition 6.16 Let C be a convex subset of H such that intC 6= ∅ and
0 ∈ C. Then int(coneC) = cone(intC).
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Proof. It is clear that cone(intC) ⊂ coneC and that cone(intC) is open, since
it is a union of open sets. Hence

cone(intC) ⊂ int(coneC). (6.17)

To prove the reverse inclusion, take x ∈ int(coneC). We must show that

x ∈ cone(intC). (6.18)

Since x ∈ int(coneC), there exist ε0 ∈ R++, γ ∈ R++, and x1 ∈ C such
that B(x; ε0) ⊂ coneC and x = γx1 ∈ γC. If x1 ∈ intC, then (6.18) holds.
We therefore assume that x1 ∈ C r (intC). Fix y1 ∈ intC and set y =
γy1 ∈ γC. Since x1 6= y1, we have x 6= y. Now set ε = ε0/‖x − y‖. Then
x+ ε(x− y) ∈ B(x; ε0) ⊂ coneC, and hence there exists ρ ∈ R++ such that
x+ ε(x− y) ∈ ρC. Set µ = max{γ, ρ} > 0. Because C is convex and 0 ∈ C,
we have (γC)∪ (ρC) = µC. On the other hand, the inclusions x ∈ γC ⊂ µC,
y ∈ γC ⊂ µC, and x+ ε(x− y) ∈ ρC ⊂ µC yield

x/µ ∈ C, y/µ ∈ C, and x/µ+ ε(x/µ− y/µ) ∈ C. (6.19)

We claim that
y/µ ∈ intC. (6.20)

If y1 = 0, then y = γy1 = 0 and thus y/µ = 0 = y1 ∈ intC; otherwise,
y1 6= 0 and Proposition 3.35 yields y/µ = (γ/µ)y1 ∈ ]0, y1] ⊂ intC. Hence
(6.20) holds. Now set λ = 1/(1 + ε) ∈ ]0, 1[. Then λε = 1 − λ and, since
x/µ+ ε(x/µ− y/µ) ∈ C by (6.19) and y/µ ∈ intC by (6.20), it follows from
Proposition 3.35 that x/µ = λ(x/µ+ ε(x/µ− y/µ)) + (1 − λ)(y/µ) ∈ intC.
Thus x ∈ µ intC and (6.18) follows. ⊓⊔

Proposition 6.17 Let C be a convex subset of H such that intC 6= ∅ and
0 ∈ C. Then the following are equivalent:

(i) 0 ∈ intC.
(ii) cone(intC) = H.
(iii) coneC = H.
(iv) coneC = H.

Proof. (i)⇒(ii)⇒(iii)⇒(iv): Clear.
(iv)⇒(ii): Since Proposition 6.2(iii) asserts that coneC is convex, Propo-

sition 3.36(iii) and Proposition 6.16 imply that

H = intH = int(coneC) = int(coneC) = cone(intC). (6.21)

(ii)⇒(i): We have 0 ∈ cone(intC) and thus 0 ∈ λ intC, for some λ ∈ R++.
We conclude that 0 ∈ intC. ⊓⊔
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The next example illustrates the fact that items (i) and (iv) in Propo-
sition 6.17 are no longer equivalent when the assumption on the interior is
dropped.

Example 6.18 Suppose that H is infinite-dimensional, let (en)n∈N be an
orthonormal sequence in H, and set S = conv {±2−nen}n∈N and C = S+S⊥.
Then C is closed and convex, 0 ∈ C, intC = ∅, and coneC = H.

Proof. Since span{±en}n∈N + S⊥ ⊂ coneC, we have coneC = H. Further-
more, 0 ∈ [−e0, e0] ⊂ S ⊂ C. Now assume that 0 ∈ intC and letm ∈ N. Then
there exists ε ∈ R++ such that B(0; ε) ⊂ C and εem ∈ conv {±2−nen}n∈N.
Hence ε = 〈εem | em〉 ∈ 〈conv {±2−nen}n∈N | em〉. Since 〈· | em〉 is continu-
ous and linear, it follows that

ε ∈ conv
〈
{±2−nen}n∈N | em

〉
= [−2−m, 2−m]. (6.22)

Thus, ε ≤ 2−m, which is impossible since m is arbitrary. Therefore, 0 /∈ intC
and hence intC = ∅ by Proposition 6.17. ⊓⊔

The property that the origin lies in the strong relative interior of compos-
ite sets will be central in several places in this book. The next proposition
provides sufficient conditions under which it is satisfied.

Proposition 6.19 Let C be a convex subset of H, let K be a real Hilbert
space, let L ∈ B(H,K), and let D be a convex subset of K. Suppose that one
of the following holds:

(i) D − L(C) is a closed linear subspace.
(ii) C and D are linear subspaces and one of the following holds:

(a) D + L(C) is closed.
(b) D is closed, and L(C) is finite-dimensional or finite-codimensional.
(c) D is finite-dimensional or finite-codimensional, and L(C) is closed.

(iii) D is a cone and D − coneL(C) is a closed linear subspace.
(iv) D = L(C) and spanD is closed.
(v) 0 ∈ core(D − L(C)).
(vi) 0 ∈ int(D − L(C)).
(vii) D ∩ intL(C) 6= ∅ or L(C) ∩ intD 6= ∅.
(viii) K is finite-dimensional and (riD) ∩ (riL(C)) 6= ∅.
(ix) K is finite-dimensional and (riD) ∩ L(qriC) 6= ∅.
(x) H and K are finite-dimensional and (riD) ∩ L(riC) 6= ∅.

Then 0 ∈ sri(D − L(C)).

Proof. (i): We have D − L(C) ⊂ cone(D − L(C)) ⊂ span(D − L(C)) ⊂
span (D − L(C)). Hence, since the assumption implies that D − L(C) =
span (D − L(C)), we obtain cone(D − L(C)) = span (D − L(C)), and (6.8)
yields 0 ∈ sri(D − L(C)).
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(ii)(a)⇒(i): SinceD and C are linear subspaces, so isD−L(C) = D+L(C).
(ii)(b)⇒(ii)(a) and (ii)(c)⇒(ii)(a): Fact 2.21.
(iii): Since span (D − L(C)) ⊂ span (D − coneL(C)) = D − coneL(C) =

cone(D − L(C)) ⊂ span (D − L(C)), we have cone(D − L(C)) = span (D −
L(C)), and (6.8) yields 0 ∈ sri(D − L(C)).

(iv): Since D − L(C) = D − D = −(D − D) = −(D − L(C)), Proposi-
tion 6.4(ii) yields cone(D−L(C)) = cone(D−D) = span(D−D) = spanD =
spanD = span (D −D) = span (D − L(C)).

(v)&(vi): See (6.11).
(vii)⇒(vi): Suppose that y ∈ D∩intL(C), sayB(y; ρ) ⊂ L(C) for some ρ ∈

R++. Then B(0; ρ) = y−B(y; ρ) ⊂ D−L(C) and therefore 0 ∈ int(D−L(C)).
The second condition is handled analogously.

(viii): By Fact 6.14(i), ri(D−L(C)) = sri(D−L(C)). On the other hand,
we derive from Corollary 6.15(ii) that (riD) ∩ (riL(C)) 6= ∅ ⇔ 0 ∈ (riD)−
(riL(C)) = ri(D − L(C)).

(ix)⇒(viii): Fact 6.14(iv).
(x)⇒(ix): Fact 6.14(i). ⊓⊔

Proposition 6.20 Let m be an integer such that m ≥ 2, set I = {1, . . . ,m},
and let (Ci)i∈I be convex subsets of H such that one of the following holds:

(i) For every i ∈ {2, . . . ,m}, Ci −
⋂i−1
j=1 Cj is a closed linear subspace.

(ii) The sets (Ci)i∈I are linear subspaces and, for every i ∈ {2, . . . ,m},
Ci +

⋂i−1
j=1 Cj is closed.

(iii) Cm ∩
⋂m−1
i=1 intCi 6= ∅.

(iv) H is finite-dimensional and
⋂
i∈I riCi 6= ∅.

Then

0 ∈
m⋂

i=2

sri

(
Ci −

i−1⋂

j=1

Cj

)
. (6.23)

Proof. We apply several items from Proposition 6.19 with K = H and L = Id.
(i)⇒(6.23): Proposition 6.19(i).
(ii)⇒(6.23): Proposition 6.19(ii)(a).
(iii)⇒(6.23): Proposition 6.19(vii).
(iv)⇒(6.23): Proposition 6.19(viii) and Fact 6.14(v). ⊓⊔

6.3 Polar and Dual Cones

Definition 6.21 Let C be a subset of H. The polar cone of C is

C⊖ =
{
u ∈ H

∣∣ sup 〈C | u〉 ≤ 0
}
, (6.24)

and the dual cone of C is C⊕ = −C⊖. If C is a nonempty convex cone, then
C is self-dual if C = C⊕.
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The next two results are immediate consequences of Definition 6.21 and
(2.2).

Proposition 6.22 Let C be a linear subspace of H. Then C⊖ = C⊥.

Proposition 6.23 Let C be a subset of H. Then the following hold:

(i) Let D ⊂ C. Then C⊖ ⊂ D⊖ and C⊕ ⊂ D⊕.
(ii) C⊖ and C⊕ are nonempty closed convex cones.

(iii) C⊖ = (coneC)⊖ = (convC)⊖ = C
⊖
.

(iv) C⊖ ∩ C⊕ = C⊥.
(v) Suppose that coneC = −coneC. Then C⊖ = C⊕ = C⊥.

Example 6.24 Let I be a totally ordered set. Then ℓ2+(I) is self-dual. In
particular, the positive orthant RN+ in RN is self-dual.

Proof. Let (ei)i∈I be the standard unit vectors of ℓ2+(I). By Example 6.7,
ℓ2+(I) = cone conv{ei}i∈I . Hence, using Proposition 6.23(iii), (ℓ2+(I))

⊕ =
{ei}⊕i∈I =

{
x ∈ ℓ2(I)

∣∣ (∀i ∈ I) 〈x | ei〉 ≥ 0
}
= ℓ2+(I). ⊓⊔

Example 6.25 (Fejér) The convex cone of positive semidefinite symmetric
matrices in SN is self-dual.

Proof. See, e.g., [145, Corollary 7.5.4]. ⊓⊔

Proposition 6.26 Let K1 and K2 be nonempty cones in H. Then

(K1 +K2)
⊖ = K⊖

1 ∩K⊖
2 . (6.25)

Consequently, if K1 and K2 are linear subspaces, then (K1 +K2)
⊥ = K⊥

1 ∩
K⊥

2 .

Proof. Fix x1 ∈ K1 and x2 ∈ K2. First, let u ∈ (K1 +K2)
⊖. Then, for every

λ1 ∈ R++ and λ2 ∈ R++, λ1x1 + λ2x2 ∈ λ1K1 + λ2K2 = K1 + K2 and
therefore 〈λ1x1 + λ2x2 | u〉 ≤ 0. Setting λ1 = 1 and letting λ2 ↓ 0 yields
u ∈ K⊖

1 . Likewise, setting λ2 = 1 and letting λ1 ↓ 0 yields u ∈ K⊖
2 . Thus,

(K1 +K2)
⊖ ⊂ K⊖

1 ∩K⊖
2 . Conversely, let u ∈ K⊖

1 ∩K⊖
2 . Then 〈x1 | u〉 ≤ 0

and 〈x2 | u〉 ≤ 0; hence 〈x1 + x2 | u〉 ≤ 0. Thus u ∈ (K1+K2)
⊖ and therefore

K⊖
1 ∩K⊖

2 ⊂ (K1 +K2)
⊖. Finally, the assertion concerning linear subspaces

follows from Proposition 6.22. ⊓⊔
As just illustrated, the relationship between a cone and its polar cone is, in

many respects, similar to that between a linear subspace and its orthogonal
complement. The next three results partially generalize Corollary 3.22.

Proposition 6.27 Let K be a nonempty closed convex cone in H, let x ∈ H,
and let p ∈ H. Then p = PKx ⇔

[
p ∈ K, x− p ⊥ p, and x− p ∈ K⊖

]
.
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Proof. Theorem 3.14 asserts that p = PKx if and only if

p ∈ K and (∀y ∈ K) 〈y − p | x− p〉 ≤ 0. (6.26)

Suppose that (6.26) holds. Then 0 ∈ K , 2p ∈ K, and therefore 〈−p | x− p〉 ≤
0 and 〈2p− p | x− p〉 ≤ 0. Hence, 〈p | x− p〉 = 0. In turn, (∀y ∈ K)
〈y | x− p〉 = 〈y − p | x− p〉+ 〈p | x− p〉 ≤ 0. Thus, x− p ∈ K⊖. Conversely,
(∀y ∈ K)

[
〈p | x− p〉 = 0 and 〈y | x− p〉 ≤ 0

]
⇒ 〈y − p | x− p〉 ≤ 0. ⊓⊔

Example 6.28 Let I be a totally ordered set, suppose that H = ℓ2(I), set
K = ℓ2+(I), and let x = (ξi)i∈I ∈ H. Then PKx = (max{ξi, 0})i∈I .

Proof. This is a direct application of Proposition 6.27 where, by Example 6.24,
K⊖ = −K⊕ = −K. ⊓⊔

Theorem 6.29 (Moreau) Let K be a nonempty closed convex cone in H
and let x ∈ H. Then the following hold:

(i) x = PKx+ PK⊖x.
(ii) PKx ⊥ PK⊖x.
(iii) ‖x‖2 = d2K(x) + d2K⊖(x).

Proof. (i): Set q = x − PKx. By Proposition 6.27, q ∈ K⊖, x − q = PKx ⊥
x − PKx = q, and x − q = PKx ∈ K ⊂ K⊖⊖. Appealing once more to
Proposition 6.27, we conclude that q = PK⊖x.

(ii): It follows from Proposition 6.27 and (i) that PKx ⊥ x−PKx = PK⊖x.
(iii): Using (i) and (ii), we obtain ‖x‖2 = ‖PK⊖x+ PKx‖2 = ‖PK⊖x‖2 +

‖PKx‖2 = ‖x− PKx‖2 + ‖x− PK⊖x‖2 = d2K(x) + d2K⊖(x). ⊓⊔
There is only one way to split a vector into the sum of a vector in a closed

linear subspace V and a vector in V ⊖ = V ⊥. For general convex cones, this
is no longer true (for instance, in H = R, 0 = x− x for every x ∈ K = R+ =
−R−). However, the decomposition provided by Theorem 6.29(i) is unique in
several respects.

Corollary 6.30 Let K be a nonempty closed convex cone in H and let x ∈
H. Suppose that y ∈ K r {PKx} and z ∈ K⊖ r {PK⊖x} satisfy x = y + z.
Then the following hold:

(i) ‖PKx‖ < ‖y‖ and ‖PK⊖x‖ < ‖z‖.
(ii) 〈y | z〉 < 〈PKx | PK⊖x〉 = 0.
(iii) ‖PKx− PK⊖x‖ < ‖y − z‖.

Proof. (i): We deduce from Theorem 3.14 that ‖PKx‖ = ‖x − PK⊖x‖ <
‖x− z‖ = ‖y‖ and that ‖PK⊖x‖ = ‖x− PKx‖ < ‖x− y‖ = ‖z‖.

(ii): Since y ∈ K and z ∈ K⊖, we have 〈y | z〉 ≤ 0. However, if 〈y | z〉 = 0,
then (i) and Theorem 6.29 yield ‖x‖2 = ‖y+ z‖2 = ‖y‖2 + ‖z‖2 > ‖PKx‖2 +
‖PK⊖x‖2 = ‖x‖2, which is impossible.
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(iii): By (i) and (ii), ‖y − z‖2 = ‖y‖2 − 2 〈y | z〉 + ‖z‖2 > ‖PKx‖2 −
2 〈PKx | PK⊖x〉 + ‖PK⊖x‖2 = ‖PKx− PK⊖x‖2. ⊓⊔

The following fact will be used repeatedly.

Proposition 6.31 Let K be a nonempty closed convex cone in H and let
x ∈ H. Suppose that 〈x | x− PKx〉 ≤ 0. Then x ∈ K.

Proof. By Proposition 6.27, 〈PKx | x− PKx〉 = 0. Therefore, ‖x− PKx‖2 =
〈x | x− PKx〉 − 〈PKx | x− PKx〉 ≤ 0. Thus, x = PKx ∈ K . ⊓⊔

Proposition 6.32 Let C be a nonempty convex subset of H. Then

C⊖⊖ = coneC. (6.27)

Proof. Set K = coneC. Since C ⊂ C⊖⊖, Proposition 6.23(ii) yields
K ⊂ coneC⊖⊖ = C⊖⊖. Conversely, let x ∈ C⊖⊖. By Proposition 6.23(iii)
and Proposition 6.27, x ∈ C⊖⊖ = K⊖⊖ and x − PKx ∈ K⊖. Therefore
〈x | x− PKx〉 ≤ 0 and, by Proposition 6.31, x ∈ K . Thus C⊖⊖ ⊂ K . ⊓⊔

Corollary 6.33 Let K be a nonempty closed convex cone in H. Then

K⊖⊖ = K. (6.28)

Proposition 6.34 Let K1 and K2 be two nonempty convex cones in H. Then

(K1 ∩K2)
⊖ = K⊖

1 +K⊖
2 . (6.29)

Proof. By Proposition 6.26 and Proposition 6.32, (K⊖
1 +K⊖

2 )⊖ = K1 ∩K2.
Taking polars yields the result. ⊓⊔

Theorem 6.35 (Farkas) Let v ∈ H and let (ui)i∈I be a finite family in H.
Then v ∈

∑
i∈I R+ui ⇔

⋂
i∈I{ui}⊖ ⊂ {v}⊖.

Proof. Set K =
∑
i∈I R+ui. If v ∈ K , then clearly

⋂
i∈I{ui}⊖ ⊂ {v}⊖. Con-

versely, assume that
⋂
i∈I{ui}⊖ ⊂ {v}⊖. Proposition 6.8 and Proposition 6.27

yield v−PKv ∈ K⊖ ⊂ ⋂i∈I{ui}⊖ ⊂ {v}⊖, hence 〈v | v − PKv〉 ≤ 0. In turn,
Proposition 6.31 yields v ∈ K. ⊓⊔

The next result is a powerful generalization of Fact 2.18(iii)&(iv), which
correspond to the case K = {0}.

Proposition 6.36 Let K be a real Hilbert space, let L ∈ B(H,K), and let K
be a nonempty closed convex cone in K. Then the following hold:

(i) (L−1(K))⊖ = L∗(K⊖).
(ii) (L∗)−1(K) = (L(K⊖))⊖.
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u2

u1 v

{u1}⊖ ∩ {u2}⊖

{v}⊖

{u1}⊖

{u2}⊖

Fig. 6.1 Farkas’s lemma: v lies in the cone generated by u1 and u2 if and only if the
half-space {v}⊖ contains the cone {u1}⊖ ∩ {u2}⊖.

Proof. (i): Set C = L−1(K) and D = L∗(K⊖), and let v ∈ K⊖. Then
sup 〈C | L∗v〉 = sup 〈L(C) | v〉 ≤ sup 〈K | v〉 = 0 and hence L∗v ∈ C⊖.
Therefore L∗(K⊖) ⊂ C⊖ and thus D ⊂ C⊖. Conversely, take u ∈ C⊖ and
set p = PDu, which is well defined since D is a nonempty closed convex
cone. By Proposition 6.27, u − p ∈ D⊖. Therefore sup 〈K⊖ | L(u− p)〉 =
sup 〈L∗(K⊖) | u− p〉 ≤ 0 and, using Corollary 6.33, we obtain L(u − p) ∈
K⊖⊖ = K. Thus, u − p ∈ C and, in turn, 〈u | u− p〉 ≤ 0. Thus, Proposi-
tion 6.31 yields u ∈ D.

(ii): Since L∗ ∈ B(K,H), (L∗)−1(K) is a nonempty closed convex cone.
Hence, Corollary 6.33, (i), and Proposition 6.23(iii) yield (L∗)−1(K) =

((L∗)−1(K))⊖⊖ = L∗∗(K⊖)
⊖
= (L(K⊖))⊖. ⊓⊔

6.4 Tangent and Normal Cones

Definition 6.37 Let C be a nonempty convex subset of H and let x ∈ H.
The tangent cone to C at x is

TCx =

{
cone (C − x) = ⋃λ∈R++

λ(C − x), if x ∈ C;
∅, otherwise,

(6.30)
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and the normal cone to C at x is

NCx =

{
(C − x)⊖ =

{
u ∈ H

∣∣ sup 〈C − x | u〉 ≤ 0
}
, if x ∈ C;

∅, otherwise.
(6.31)

Example 6.38 Let C = B(0; 1) and let x ∈ C. Then

TCx =

{{
y ∈ H

∣∣ 〈y | x〉 ≤ 0
}
, if ‖x‖ = 1;

H, if ‖x‖ < 1,
(6.32)

and

NCx =

{
R+x, if ‖x‖ = 1;

{0}, if ‖x‖ < 1.
(6.33)

Example 6.39 Let K be a nonempty convex cone in H and let x ∈ K . Then

TKx = K + Rx and NKx = K⊖ ∩ {x}⊥. (6.34)

Proof. Proposition 6.3(i) yields K +R+x = K, which implies that K +Rx =
K−R++x =

⋃
λ∈R++

K−λx =
⋃
λ∈R++

λ(K−x). Taking closures, we obtain

TKx = K + Rx. Let us now show that NKx = K⊖∩{x}⊥. If u ∈ K⊖∩{x}⊥,
then (∀y ∈ K) 〈y − x | u〉 = 〈y | u〉 ≤ 0 and thus u ∈ NKx. Conversely, take
u ∈ NKx. Then (∀y ∈ K) 〈y − x | u〉 ≤ 0. Since {x/2, 2x} ⊂ K, it follows
that 〈x | u〉 = 0 and hence that u ∈ K⊖. ⊓⊔
Example 6.40 Let I be a totally ordered set, suppose that H = ℓ2(I), set
K = ℓ2+(I), and let x = (ξi)i∈I ∈ K. Then

NKx =
{
(νi)i∈I ∈ H

∣∣ (∀i ∈ I) νi ≤ 0 = ξiνi
}
. (6.35)

Proof. Example 6.24 and Example 6.39 imply that NKx = ℓ2−(I) ∩ {x}⊥.
Let u = (νi)i∈I ∈ ℓ2−(I). Since for every i ∈ I, νi ≤ 0 ≤ ξi, we see that∑

i∈I ξiνi = 〈x | u〉 = 0 if and only if (∀i ∈ I) ξiνi = 0. ⊓⊔
Example 6.41 Let N be a strictly positive integer, set I = {1, . . . , N}, let
x = (ξi)i∈I ∈ RN , and let y = (ηi)i∈I ∈ RN . Then the following hold:

(i) Suppose that x ∈ RN+ . Then y ∈ NRN
+
x ⇔ (∀i ∈ I)

{
ηi ≤ 0, if ξi = 0;

ηi = 0, if ξi > 0.

(ii) Suppose that x ∈ RN− . Then y ∈ NRN
−
x ⇔ (∀i ∈ I)

{
ηi ≥ 0, if ξi = 0;

ηi = 0, if ξi < 0.

Example 6.42 Let C be an affine subspace of H, let V = C − C be its
parallel linear subspace, and let x ∈ H. Then

TCx =

{
V , if x ∈ C;
∅, otherwise,

and NCx =

{
V ⊥, if x ∈ C;
∅, otherwise.

(6.36)
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Proposition 6.43 Let C be a nonempty convex subset of H and let x ∈ C.
Then the following hold:

(i) T⊖
C x = NCx and N⊖

C x = TCx.
(ii) x ∈ coreC ⇒ TCx = H ⇔ NCx = {0}.

Proof. (i): Since (C − x) ⊂ TCx, Proposition 6.23(i) yields T⊖
C x ⊂ NCx.

Now let u ∈ NCx. Then (∀λ ∈ R++) sup 〈λ(C − x) | u〉 ≤ 0. Hence,
sup 〈cone(C − x) | u〉 ≤ 0 and therefore sup 〈TCx | u〉 ≤ 0, i.e., u ∈ T⊖

C x.
Altogether, T⊖

C x = NCx. Furthermore, since TCx is a nonempty closed con-
vex cone, Corollary 6.33 yields TCx = T⊖⊖

C x = N⊖
C x.

(ii): If x ∈ coreC, then cone(C−x) = H. In turn, TCx = cone (C−x) = H,
and by (i), NCx = T⊖

C x = H⊖ = {0}. Finally, it follows from (i) that
NCx = {0} ⇒ TCx = {0}⊖ = H. ⊓⊔

Interior points of convex sets can be characterized via tangent and normal
cones.

Corollary 6.44 Suppose that H is finite-dimensional, let C be a nonempty
convex subset of H, and let x ∈ C. Then x ∈ intC ⇔ TCx = H ⇔ NCx =
{0}.

Proof. Suppose that NCx = {0}. Set U = aff C and V = U − U = U − x.
Then C − x ⊂ U − x = V , and it follows from Proposition 6.23(i) that
V ⊥ = V ⊖ ⊂ (C−x)⊖ = NCx. Since NCx = {0}, we obtain V ⊥ = 0 and thus
V = H. Hence aff C = H and therefore intC = riC 6= ∅ by Fact 6.14(i). We
have shown that

NCx = {0} ⇒ intC 6= ∅. (6.37)

The result now follows from Proposition 6.43(ii). ⊓⊔

Proposition 6.45 Let C be a convex subset of H such that intC 6= ∅ and
let x ∈ C. Then x ∈ intC ⇔ TCx = H ⇔ NCx = {0}.

Proof. Set D = C − x. Then 0 ∈ D and intD = intC − x 6= ∅. In view of
Proposition 6.17, 0 ∈ intD ⇔ coneD = H, i.e., x ∈ intC ⇔ TCx = H. The
last equivalence is from Proposition 6.43. ⊓⊔

We conclude this section with a characterization of projections onto closed
convex sets.

Proposition 6.46 Let C be a nonempty closed convex subset of H, and let
x and p be points in H. Then p = PCx ⇔ x− p ∈ NCp.

Proof. This follows at once from (3.6) and (6.31). ⊓⊔
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6.5 Recession and Barrier Cones

Definition 6.47 Let C be a nonempty convex subset of H. The recession
cone of C is

recC =
{
x ∈ H

∣∣ x+ C ⊂ C
}
, (6.38)

and the barrier cone of C is

barC =
{
u ∈ H

∣∣ sup 〈C | u〉 < +∞
}
. (6.39)

Proposition 6.48 Let C be a nonempty convex subset of H. Then the fol-
lowing hold:

(i) recC is a convex cone and 0 ∈ recC.
(ii) barC is a convex cone and C⊖ ⊂ barC.
(iii) Suppose that C is bounded. Then barC = H.
(iv) Suppose that C is a cone. Then barC = C⊖.
(v) Suppose that C is closed. Then (barC)⊖ = recC.

Proof. (i): It is readily verified that 0 ∈ recC, that recC+recC ⊂ recC, and
that recC is convex. Hence, the result follows from Proposition 6.3(ii).

(ii): Clear from (6.24) and (6.39).
(iii): By Cauchy–Schwarz, (∀u ∈ H) sup 〈C | u〉 ≤ ‖u‖ sup‖C‖ < +∞.
(iv): Take u ∈ barC. Since C is a cone, sup 〈C | u〉 cannot be strictly

positive, and hence u ∈ C⊖. Thus barC ⊂ C⊖, while C⊖ ⊂ barC by (ii).
(v): Take x ∈ recC. Then, for every u ∈ barC, 〈x | u〉 + sup 〈C | u〉 =

sup 〈x+ C | u〉 ≤ sup 〈C | u〉 < +∞, which implies that 〈x | u〉 ≤ 0 and
hence that x ∈ (barC)⊖. Thus, recC ⊂ (barC)⊖. Conversely, take x ∈
(barC)⊖ and y ∈ C, and set p = PC(x + y). By Proposition 6.46 and (ii),
x + y − p ∈ NC(p) = (C − p)⊖ ⊂ bar (C − p) = barC. Hence, since x ∈
(barC)⊖, we obtain 〈x+ y − p | x〉 ≤ 0, and (3.6) yields ‖x + y − p‖2 =
〈x+ y − p | x〉+ 〈x+ y − p | y − p〉 ≤ 0. Hence x+ y = p ∈ C and x ∈ recC.
Thus, (barC)⊖ ⊂ recC. ⊓⊔

Corollary 6.49 Let K be a nonempty closed convex cone in H. Then
recK = K.

Proof. It follows from Proposition 6.48(v), Proposition 6.48(iv), and Corol-
lary 6.33 that recK = (barK)⊖ = K⊖⊖ = K . ⊓⊔

The next result makes it clear why the recession cone of C is sometimes
denoted by 0+C.

Proposition 6.50 Let C be a nonempty closed convex subset of H and let
x ∈ H. Then the following are equivalent:

(i) x ∈ recC.
(ii) There exist sequences (xn)n∈N in C and (αn)n∈N in ]0, 1] such that αn →

0 and αnxn → x.
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(iii) There exist sequences (xn)n∈N in C and (αn)n∈N in ]0, 1] such that αn →
0 and αnxn⇀x.

Proof. Take y ∈ C.
(i)⇒(ii): Proposition 6.48(i) yields (∀n ∈ N) (n+ 1)x ∈ recC. Now define

(∀n ∈ N) xn = (n + 1)x + y ∈ C and αn = 1/(n + 1). Then αn → 0 and
αnxn → x.

(ii)⇒(iii): Clear.
(iii)⇒(i): The sequence (αnxn + (1− αn)y)n∈N lies in C, which is weakly

sequentially closed by Theorem 3.32, and hence its weak limit x+ y belongs
to C. It follows that x ∈ recC. ⊓⊔

Corollary 6.51 Suppose that H is finite-dimensional. Let C be a nonempty
closed convex subset of H. Then C is bounded if and only if recC = {0}.

Proof. If C is bounded, then clearly recC = {0}. Now assume that C is
unbounded. Then there exist a sequence (xn)n∈N in C and a vector y ∈
H such that ‖xn‖ → +∞ and xn/‖xn‖ → y. Hence ‖y‖ = 1, and thus
Proposition 6.50 implies that y ∈ (recC)r {0}. ⊓⊔

Corollary 6.52 Let C be a nonempty closed convex subset of H such that
0 /∈ C. Then (coneC) ∪ (recC) = coneC.

Proof. It is clear that coneC ⊂ coneC. Now take x ∈ recC. By Proposi-
tion 6.50, x is the weak limit of a sequence (αnxn)n∈N, where (αn)n∈N lies
in ]0, 1], αn → 0, and (xn)n∈N lies in C. Since (αnxn)n∈N lies in coneC, x
belongs to the weak closure of coneC, which is coneC by Theorem 3.32 and
Proposition 6.2. Thus,

(coneC) ∪ (recC) ⊂ coneC. (6.40)

Conversely, take x ∈ coneC. By Proposition 6.2(ii), there exist sequences
(αn)n∈N in R++ and (xn)n∈N in C such that αnxn → x. After passing to
subsequences if necessary, we assume that αn → α ∈ [0,+∞]. If α = +∞,
then, since ‖αnxn‖ → ‖x‖, it follows that xn → 0 and, in turn, that 0 ∈ C,
which violates our hypothesis. Hence α ∈ R+. If α = 0, then x ∈ recC by
Proposition 6.50. Otherwise, α ∈ R++, in which case xn = (αnxn)/αn →
x/α ∈ C, and hence x ∈ αC ⊂ coneC. ⊓⊔

Exercises

Exercise 6.1 Find a convex subset C of R2 such that coneC 6=
⋃
λ∈R+

λC.

Exercise 6.2 Prove Proposition 6.3.

Exercise 6.3 Prove Proposition 6.4.
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Exercise 6.4 Let α ∈ R++ and set Kα =
{
(x, ξ) ∈ H × R

∣∣ ‖x‖ ≤ αξ
}
.

Show that K⊕
α = K1/α and conclude that K1 is self-dual.

Exercise 6.5 Let C be a convex subset of H and let x ∈ H be such that
cone(C − x) is a linear subspace. Show that x ∈ C.

Exercise 6.6 Let C be a cone in H, let K be a real Hilbert space, let D be
a cone in K, and let L : H → K be positively homogeneous. Show that L(C)
is a cone in K and that L−1(D) is a cone in H.

Exercise 6.7 Let C and D be nonempty convex subsets of H. Show that
the implication C ⊂ D ⇒ sriC ⊂ sriD is false.

Exercise 6.8 Suppose that H = ℓ2(N), and set C = lev≤1 f , where f : H →
]−∞,+∞] : (ξk)k∈N 7→

∑
k∈N
|ξk|. Show that 0 ∈ riC r sriC.

Exercise 6.9 In connection with Proposition 6.8, find an infinite set C in
R2 such that the convex cone

∑
c∈C R+c is not closed.

Exercise 6.10 Show that the conclusion of Proposition 6.16 fails if the as-
sumption that intC 6= ∅ is omitted.

Exercise 6.11 Let C be a subset of H. Show that −(C⊖) = (−C)⊖, which
justifies writing simply −C⊖ for these sets, and that C⊖⊖ = C⊕⊕.

Exercise 6.12 Let K be a nonempty closed convex cone in H. Then K is
acute if K ⊂ K⊕, and K is obtuse if K⊕ ⊂ K (hence, a cone is self-dual if
and only if it is both acute and obtuse). Prove that K is obtuse if and only
if K⊕ is acute.

Exercise 6.13 Let K be a nonempty closed convex cone in H. Prove that
K is a linear subspace if and only if K ∩K⊕ = {0}.

Exercise 6.14 Let K be a nonempty closed convex solid cone in H. Show
that K⊖ is pointed.

Exercise 6.15 Let K be a nonempty closed convex pointed cone in H. Show
the following:

(i) If H is finite-dimensional, then K⊖ is solid.
(ii) In general, K⊖ fails to be solid.

Exercise 6.16 Let N be a strictly positive integer, set I = {1, . . . , N}, and
set

K =
{
(ξi)i∈I ∈ RN

∣∣ ξ1 ≥ ξ2 ≥ · · · ≥ ξN ≥ 0
}
. (6.41)

Show that K is a nonempty pointed closed convex cone. Use Proposition 6.36
to show that

K⊖ =
{
(ζi)i∈I ∈ RN

∣∣ ζ1 ≤ 0, ζ1 + ζ2 ≤ 0, . . . , ζ1 + · · ·+ ζN ≤ 0
}
. (6.42)

Furthermore, use Exercise 6.15(i) to show that K is solid.
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Exercise 6.17 Let C be a nonempty convex subset of H, and let x ∈ C.
Show that x ∈ qriC ⇔ NCx is a linear subspace.

Exercise 6.18 Let C be a convex subset of H. Show that spanC is closed if
and only if 0 ∈ sri(C−C). Furthermore, provide an example in which spanC
is not closed even though C is.

Exercise 6.19 Using Definition 6.37 directly, provide a proof of Exam-
ple 6.38 and of Example 6.42.

Exercise 6.20 Find a closed convex subset C and a point x ∈ C such that
TCx = H but intC = ∅. Compare with Proposition 6.45.

Exercise 6.21 Suppose that H = R2 and set C =
{
(ξ1, ξ2) ∈ H

∣∣ ξ21 ≤ ξ2
}
.

Determine barC and observe that barC is not closed.

Exercise 6.22 Let v ∈ H and let U be a nonempty finite subset of H.
Using Farkas’s lemma (Theorem 6.35), show that v ∈ spanU if and only if⋂
u∈U{u}⊥ ⊂ {v}⊥.

Exercise 6.23 Let C be a nonempty closed convex subset of H. Show that
ran(Id− PC) is a cone and that ran (Id− PC) ⊂ (recC)⊖.

Exercise 6.24 Let C be a nonempty closed convex subset of H and let
u ∈ H. Show that u ∈ (recC)⊖ if and only if

(∀x ∈ H) lim
λ→+∞

PC(x+ λu)

λ
= 0. (6.43)

Exercise 6.25 Let C be a nonempty closed convex subset of H. Show that
ran (Id− PC) = (recC)⊖.

Exercise 6.26 Suppose that H is infinite-dimensional and separable, and
let (en)n∈N be an orthonormal basis of H. Set

C =
{
x ∈ H

∣∣ (∀n ∈ N) |〈x | en〉| ≤ n
}
. (6.44)

Show that C is an unbounded closed convex set, and that recC = {0}.
Compare with Corollary 6.51.

Exercise 6.27 Show that the conclusion of Corollary 6.52 fails if the as-
sumption 0 /∈ C is replaced by 0 ∈ C.



Chapter 7

Support Functions and Polar Sets

In this chapter, we develop basic results concerning support points, including
the Bishop–Phelps theorem and the representation of a nonempty closed
convex set as the intersection of the closed half-spaces containing it. Polar
sets are also studied.

7.1 Support Points

Definition 7.1 Let C be a nonempty subset of H, let x ∈ C, and suppose
that u ∈ Hr {0}. If

sup 〈C | u〉 ≤ 〈x | u〉 , (7.1)

then
{
y ∈ H

∣∣ 〈y | u〉 = 〈x | u〉
}
is a supporting hyperplane of C at x, and x

is a support point of C with normal vector u. The set of support points of C
is denoted by sptsC and the closure of sptsC by sptsC.

Proposition 7.2 Let C and D be nonempty subsets of H such that C ⊂ D.
Then C ∩ sptsD ⊂ sptsC = C ∩ sptsC.

Proof. Let x ∈ C ∩ sptsD. Then x ∈ C and there exists u ∈ H r {0} such
that sup 〈C | u〉 ≤ sup 〈D | u〉 ≤ 〈x | u〉. Hence, x ∈ sptsC. This verifies the
announced inclusion, and the equality is clear from the definition. ⊓⊔

Proposition 7.3 Let C be a nonempty convex subset of H. Then

sptsC =
{
x ∈ C

∣∣ NCxr {0} 6= ∅
}
= N−1

C (H r {0}). (7.2)

Proof. Let x ∈ C. Then x ∈ sptsC ⇔ (∃u ∈ Hr {0}) sup 〈C − x | u〉 ≤ 0 ⇔
(∃u ∈ H r {0}) u ∈ (C − x)⊖ = NCx. ⊓⊔

Theorem 7.4 (Bishop–Phelps) Let C be a nonempty closed convex subset
of H. Then sptsC = PC(H r C) and sptsC = bdryC.

107

© Springer Science+Business Media, LLC 2011 

H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory  
in Hilbert Spaces, CMS Books in Mathematics, DOI 10.1007/978-1-4419-9467-7_7,  



108 7 Support Functions and Polar Sets

Proof. We assume that C 6= H. Fix ε ∈ R++ and let x be a support point of C
with normal vector u. Then sup 〈C − x | (x+ εu)− x〉 ≤ 0 and Theorem 3.14
implies that x = PC(x + εu). Since u 6= 0, we note that x+ εu /∈ C. Hence
sptsC ⊂ PC(H r C) and x ∈ bdryC. Thus sptsC ⊂ bdryC. Next, assume
that PCy = x, for some y ∈ HrC. Proposition 6.46 asserts that 0 6= y−x ∈
NCx; hence x ∈ sptsC by Proposition 7.3. Thus,

sptsC = PC(Hr C). (7.3)

Now take z ∈ bdryC. Then there exists y ∈ HrC such that ‖z−y‖ ≤ ε. Set
p = PCy. Then p ∈ sptsC and Proposition 4.8 yields ‖p−z‖ = ‖PCy−PCz‖ ≤
‖y − z‖ ≤ ε. Therefore, z ∈ sptsC and hence bdryC ⊂ sptsC. ⊓⊔

Proposition 7.5 Let C be a convex subset of H such that intC 6= ∅. Then
bdryC ⊂ sptsC and C ∩ bdryC ⊂ sptsC.

Proof. If C = H, the result is clear. We therefore assume otherwise. SetD = C
and let x ∈ bdryC ⊂ D. Then Proposition 3.36(iii) yields x ∈ D r (intD),
and Proposition 6.45 guarantees the existence of a vector u ∈ NDx r {0}.
Hence, it follows from Proposition 7.3 that x ∈ sptsD = sptsC. Therefore,
bdryC ⊂ sptsC and, furthermore, Proposition 7.2 yields C ∩ bdryC ⊂ C ∩
sptsC = sptsC. ⊓⊔

Corollary 7.6 Let C be a nonempty closed convex subset of H and suppose
that one of the following holds:

(i) intC 6= ∅.
(ii) C is a closed affine subspace.
(iii) H is finite-dimensional.

Then sptsC = bdryC.

Proof. (i): Combine Theorem 7.4 and Proposition 7.5.
(ii): Assume that C 6= H, let V = C − C be the closed linear subspace

parallel to C, let x ∈ bdryC, and let u ∈ V ⊥ r {0}. Then C = x + V ,
PC(x+u) = Px+V (x+u) = x+PV u = x by Proposition 3.17, and Theorem 7.4
therefore yields x ∈ sptsC.

(iii): In view of (i), assume that intC = ∅. Let D = aff C and let x ∈
bdryC. Then D 6= H, since Proposition 6.12 asserts that coreC = intC = ∅.
On the other hand, since H is finite-dimensional, D is closed. Thus, D is a
proper closed affine subspace of H and therefore x ∈ bdryD. Altogether, (ii)
and Proposition 7.2 imply that x ∈ C ∩ sptsD ⊂ sptsC. ⊓⊔

A boundary point of a closed convex set C need not be a support point of
C, even if C is a closed convex cone.

Example 7.7 Suppose that H = ℓ2(N) and set C = ℓ2+(N), which is a
nonempty closed convex cone with empty interior (see Example 6.7). For
every x = (ξk)k∈N ∈ H, we have PCx = (max{ξk, 0})k∈N. Consequently,
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by Theorem 7.4, x = (ξk)k∈N ∈ C is a support point of C if and only if{
k ∈ N

∣∣ ξk = 0
}
6= ∅. Therefore, (1/2k)k∈N ∈ bdryC r sptsC.

7.2 Support Functions

Definition 7.8 Let C ⊂ H. The support function of C is

σC : H → [−∞,+∞] : u 7→ sup 〈C | u〉 . (7.4)

LetC be a nonempty subset ofH, and suppose that u ∈ Hr{0}. If σC(u) <
+∞, then (7.4) implies that

{
x ∈ H

∣∣ 〈x | u〉 ≤ σC(u)
}
is the smallest closed

half-space with outer normal u that contains C (see Figure 7.1). Now suppose
that, for some x ∈ C, we have σC(u) = 〈x | u〉. Then x is a support point of
C and

{
x ∈ H

∣∣ 〈x | u〉 = σC(u)
}
is a supporting hyperplane of C at x.

C

σC(u)

uHu

0 •

Fig. 7.1 Support function of C evaluated at a vector u such that ‖u‖ = 1. The half-space

Hu =
{
x ∈ H

∣
∣ 〈x | u〉 ≤ σC (u)

}
contains C, and it follows from Example 3.21 that the

distance from 0 to the hyperplane
{
x ∈ H

∣
∣ 〈x | u〉 = σC(u)

}
is σC(u).

Proposition 7.9 Let C ⊂ H and set

(∀u ∈ H) Hu =
{
x ∈ H

∣∣ 〈x | u〉 ≤ σC(u)
}
. (7.5)

Then convC =
⋂
u∈HHu.
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Proof. The result is clear when C = ∅. So assume that C 6= ∅ and set
D =

⋂
u∈HHu. Since (Hu)u∈H is a family of closed convex sets each of which

contains C, we deduce that D is closed and convex and that convC ⊂ D.
Conversely, take x ∈ D and set p = PconvCx. By (3.6), σconvC(x − p) ≤
〈p | x− p〉. On the other hand, since x ∈ D ⊂ Hx−p, we have 〈x | x− p〉 ≤
σC(x−p). Thus, ‖x−p‖2 = 〈x | x− p〉−〈p | x− p〉 ≤ σC(x−p)−σconvC(x−
p) ≤ 0, and we conclude that x = p ∈ convC. ⊓⊔

Corollary 7.10 Every closed convex subset of H is the intersection of all
the closed half-spaces of which it is a subset.

Proposition 7.11 Let C ⊂ H. Then σC = σconvC.

Proof. Assume that C 6= ∅ and fix u ∈ H. Since C ⊂ convC, we have σC(u) ≤
σconvC(u). Conversely, let x ∈ convC; by Proposition 3.4, we suppose that
x =

∑
i∈I αixi for some finite families (xi)i∈I in C and (αi)i∈I in ]0, 1] such

that
∑
i∈I αi = 1. Then 〈x | u〉 =

∑
i∈I αi 〈xi | u〉 ≤

∑
i∈I αiσC(u) = σC(u).

Therefore σconvC(u) = supz∈convC 〈z | u〉 ≤ σC(u). Finally, let x ∈ C, say
x = limxn for some sequence (xn)n∈N in C. Then 〈x | u〉 = lim 〈xn | u〉 ≤
σC(u). Hence, σC(u) = supz∈C 〈z | u〉 ≤ σC(u). Altogether, σconvC(u) ≤
σC(u). ⊓⊔

7.3 Polar Sets

Definition 7.12 Let C ⊂ H. The polar set of C is

C⊙ = lev≤1 σC =
{
u ∈ H

∣∣ (∀x ∈ C) 〈x | u〉 ≤ 1
}
. (7.6)

Example 7.13 Let K be a cone in H. Then K⊙ = K⊖ (Exercise 7.10).
In particular, if K is a linear subspace, then Proposition 6.22 yields K⊙ =
K⊖ = K⊥.

Proposition 7.14 Let C and D be subsets of H. Then the following hold:

(i) C⊥ ⊂ C⊖ ⊂ C⊙.
(ii) 0 ∈ C⊙, and C⊙ is closed and convex.
(iii) C ∪ {0} ⊂ C⊙⊙.
(iv) Suppose that C ⊂ D. Then D⊙ ⊂ C⊙ and C⊙⊙ ⊂ D⊙⊙.
(v) C⊙⊙⊙ = C⊙.
(vi) (convC)⊙ = C⊙.

Proof. (i)–(iv): Immediate consequences of (2.2), (6.24), and (7.6).
(v): By (iii), C ⊂ C⊙⊙ and C⊙ ⊂ (C⊙)⊙⊙ = C⊙⊙⊙. Hence, using (iv), we

obtain C⊙⊙⊙ = (C⊙⊙)⊙ ⊂ C⊙ ⊂ C⊙⊙⊙.
(vi): By Proposition 7.11, σC = σconvC . ⊓⊔
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Remark 7.15 In view of Example 7.13 and Proposition 7.14, we obtain the
following properties for an arbitrary cone K in H: K ⊂ K⊖⊖, K⊖⊖⊖ = K⊖,
and (convK)⊖ = K⊖. In particular, we retrieve the following well-known

facts for a linear subspace V of H: V ⊂ V ⊥⊥, V ⊥⊥⊥ = V ⊥, and V
⊥
= V ⊥.

Theorem 7.16 Let C ⊂ H. Then C⊙⊙ = conv (C ∪ {0}).

Proof. By Proposition 7.14(ii)&(iii), conv (C ∪ {0}) ⊂ convC⊙⊙ = C⊙⊙.
Conversely, suppose that x ∈ lev≤1 σC⊙ r conv (C ∪ {0}). It follows from
Theorem 3.38 that there exists u ∈ Hr {0} such that

〈x | u〉 > σconv (C∪{0})(u) ≥ max{σC(u), 0}. (7.7)

After scaling u if necessary, we assume that 〈x | u〉 > 1 ≥ σC(u). Hence,
u ∈ C⊙ and therefore 1 < 〈u | x〉 ≤ σC⊙(x) ≤ 1, which is impossible. ⊓⊔

Corollary 7.17 Let C ⊂ H. Then the following hold:

(i) C is closed, convex, and contains the origin if and only if C⊙⊙ = C.
(ii) C is a nonempty closed convex cone if and only if C⊖⊖ = C.
(iii) C is a closed linear subspace if and only if C⊥⊥ = C.

Proof. (i): Combine Proposition 7.14(ii) and Theorem 7.16.
(ii): Combine (i), Proposition 6.23(ii), and Example 7.13.
(iii): Combine (ii) and Proposition 6.22. ⊓⊔

Exercises

Exercise 7.1 Let C ⊂ H, let γ ∈ R++, and let ρ ∈ R r {0}.
(i) Show that σC ◦ ρId = σρC .
(ii) Show that σC ◦ γId = γσC .
(iii) Provide an example in which σC ◦ ρId 6= ρσC .

Exercise 7.2 Let C and D be subsets of H. Show that σC+D = σC + σD.

Exercise 7.3 Suppose that H = R and let −∞ < α < β < +∞. Determine
the support function σC in each of the following cases:

(i) C = {α}.
(ii) C = [α, β].
(iii) C = ]−∞, α].
(iv) C = [β,+∞[.
(v) C = R.

Exercise 7.4 Let C ⊂ H and let γ ∈ R++. Show that (γC)⊙ = γ−1C⊙.
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Exercise 7.5 Let C and D be subsets ofH. Show that (C∪D)⊙ = C⊙∩D⊙.

Exercise 7.6 Provide two subsets C and D of R such that (C ∩ D)⊙ 6=
C⊙ ∪D⊙.

Exercise 7.7 Set C = B(0; 1). Show that C⊙ = C.

Exercise 7.8 Let C ⊂ H be such that C⊙ = C. Show that C = B(0; 1).

Exercise 7.9 Suppose that H = RN , let p ∈ [1,+∞], and set Cp ={
x ∈ H

∣∣ ‖x‖p ≤ 1
}
, where

‖x‖p =
{

p
√∑N

k=1 |ξk|p, if 1 ≤ p < +∞;

max1≤k≤N |ξk|, if p = +∞.
(7.8)

Compute C⊙
p .

Exercise 7.10 Let C be a subset of H. Show that if C is a cone, then
C⊖ = C⊙. Show that this identity fails if C is not a cone.



Chapter 8

Convex Functions

Convex functions, which lie at the heart of modern optimization, are intro-
duced in this chapter. We study operations that preserve convexity, and the
interplay between various continuity properties.

8.1 Definition and Examples

Definition 8.1 Let f : H → [−∞,+∞]. Then f is convex if its epigraph
epi f =

{
(x, ξ) ∈ H× R

∣∣ f(x) ≤ ξ
}
is a convex subset of H× R. Moreover,

f is concave if −f is convex.

Proposition 8.2 Let f : H → [−∞,+∞] be convex. Then its domain
dom f =

{
x ∈ H

∣∣ f(x) < +∞
}
is convex.

Proof. Set L : H×R→ H : (x, ξ) 7→ x. Then L is linear and dom f = L(epi f).
It therefore follows from Proposition 3.5 that dom f is convex. ⊓⊔

Example 8.3 Let C be a subset of H. Then epi ιC = C ×R+, and hence ιC
is a convex function if and only if C is a convex set.

Proposition 8.4 Let f : H → [−∞,+∞]. Then f is convex if and only if

(∀x ∈ dom f)(∀y ∈ dom f)(∀α ∈ ]0, 1[ )

f
(
αx+ (1 − α)y

)
≤ αf(x) + (1 − α)f(y). (8.1)

Proof. Note that f ≡ +∞ ⇔ epi f = ∅ ⇔ dom f = ∅, in which case f is
convex and (8.1) holds. So we assume that dom f 6= ∅, and take (x, ξ) ∈
epi f , (y, η) ∈ epi f , and α ∈ ]0, 1[. First, suppose that f is convex. Then
α(x, ξ) + (1− α)(y, η) ∈ epi f and therefore

f
(
αx + (1− α)y

)
≤ αξ + (1− α)η. (8.2)
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H

R

+∞

epi f

Fig. 8.1 A function f : H → [−∞,+∞] is convex if epi f is convex in H×R.

Letting ξ ↓ f(x) and η ↓ f(y) in (8.2), we obtain (8.1). Now assume that f
satisfies (8.1). Then f

(
αx+(1−α)y

)
≤ αf(x)+ (1−α)f(y) ≤ αξ+(1−α)η,

and therefore α(x, ξ) + (1− α)(y, η) ∈ epi f . ⊓⊔

Corollary 8.5 Let f : H → [−∞,+∞] be convex. Then, for every ξ ∈ R,
lev≤ξ f is convex.

Definition 8.6 Let f : H → ]−∞,+∞] be a proper function. Then f is
strictly convex if

(∀x ∈ dom f)(∀y ∈ dom f)(∀α ∈ ]0, 1[ )

x 6= y ⇒ f
(
αx+ (1− α)y

)
< αf (x) + (1 − α)f(y). (8.3)

Now let C be a nonempty subset of dom f . Then f is convex on C if

(∀x ∈ C)(∀y ∈ C)(∀α ∈ ]0, 1[ )

f
(
αx+ (1− α)y

)
≤ αf (x) + (1 − α)f(y), (8.4)

and f is strictly convex on C if

(∀x ∈ C)(∀y ∈ C)(∀α ∈ ]0, 1[ )

x 6= y ⇒ f
(
αx+ (1− α)y

)
< αf (x) + (1 − α)f(y). (8.5)
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Example 8.7 The function ‖ · ‖ is convex. If H 6= {0}, then ‖ · ‖ is not
strictly convex.

Proof. Convexity is clear. Now take x ∈ H r {0} and α ∈ ]0, 1[. Then ‖αx+
(1− α)0‖ = α‖x‖+ (1− α)‖0‖. Hence ‖ · ‖ is not strictly convex. ⊓⊔

Example 8.8 The function ‖ · ‖2 is strictly convex.

Proof. This follows from Corollary 2.14. ⊓⊔

Proposition 8.9 Let f : H → [−∞,+∞]. Then f is convex if and only if,
for all finite families (αi)i∈I in ]0, 1[ such that

∑
i∈I αi = 1 and (xi)i∈I in

dom f , we have

f

(
∑

i∈I

αixi

)
≤
∑

i∈I

αif(xi). (8.6)

Proof. Assume that f is convex and fix finite families (xi)i∈I in dom f and
(αi)i∈I in ]0, 1[ such that

∑
i∈I αi = 1. Then (xi, f (xi))i∈I lies in epi f . Hence,

by convexity, (
∑
i∈I αixi,

∑
i∈I αif(xi)) ∈ conv epi f = epi f , which gives

(8.6). The converse implication follows at once from Proposition 8.4. ⊓⊔

Corollary 8.10 Let f : H → ]−∞,+∞]. Then the following are equivalent:

(i) f is convex.
(ii) For all finite families (αi)i∈I in ]0, 1[ such that

∑
i∈I αi = 1 and (xi)i∈I

in dom f , we have f(
∑

i∈Iαixi) ≤
∑
i∈I αif(xi).

(iii) (∀x ∈ H)(∀y ∈ H)(∀α ∈ ]0, 1[ ) f(αx+(1−α)y) ≤ αf (x)+ (1−α)f(y).

Proposition 8.11 Let f : H → ]−∞,+∞] be proper. Then f is strictly con-
vex if and only if for all finite families (αi)i∈I in ]0, 1[ such that

∑
i∈I αi = 1

and (xi)i∈I in dom f , we have f(
∑
i∈I αixi) ≤

∑
i∈I αif(xi), and equality

holds if and only if {xi}i∈I is a singleton.

Proof. Assume first that f is strictly convex. We prove the corresponding
implication by induction on m, the number of elements in I. The result is
clear for m = 2. We assume now that m ≥ 3, that I = {1, . . . ,m}, and that
the result is true for families containing m − 1 or fewer points, and we set
µ = f(

∑
i∈I αixi) =

∑
i∈I αif(xi). Then

µ ≤ (1− αm)f

(m−1∑

i=1

αi
1− αm

xi

)
+ αmf(xm) (8.7)

≤ (1− αm)

m−1∑

i=1

αi
1− αm

f(xi) + αmf(xm) (8.8)

= µ. (8.9)

Hence, the inequalities (8.7) and (8.8) are actually equalities, and the induc-

tion hypothesis yields (1 − αm)−1(
∑m−1

i=1 αixi) = xm and x1 = · · · = xm−1.
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Therefore, x1 = · · · = xm, as required. The reverse implication is clear by
considering the case in which I contains exactly two elements. ⊓⊔

We now state a simple convexity condition for functions on the real line
(for an extension, see Proposition 17.10).

Proposition 8.12 Let φ : R → ]−∞,+∞] be a proper function that is dif-
ferentiable on a nonempty open interval I in domφ. Then the following hold:

(i) Suppose that φ′ is increasing on I. Then φ+ ιI is convex.
(ii) Suppose that φ′ is strictly increasing on I. Then φ is strictly convex on

I.

Proof. Fix x and y in I, and α ∈ ]0, 1[. Set ψ : R→ ]−∞,+∞] : z 7→ αφ(x)+
(1− α)φ(z) − φ(αx + (1− α)z). Now let z ∈ I. Then

ψ′(z) = (1 − α)
(
φ′(z)− φ′(αx + (1− α)z)

)
(8.10)

and ψ′(x) = 0.
(i): It follows from (8.10) that ψ′(z) ≤ 0 if z < x, and that ψ′(z) ≥ 0 if

z > x. Thus, ψ achieves its minimum on I at x. In particular, ψ(y) ≥ ψ(x) =
0, and the convexity of φ+ ιI follows from Proposition 8.4.

(ii): It follows from (8.10) that ψ′(z) < 0 if z < x, and ψ′(z) > 0 if
z > x. Thus, ψ achieves its strict minimum on I at x. Hence, if y 6= x,
ψ(y) > ψ(x) = 0, and φ+ ιI is strictly convex by (8.3). ⊓⊔

Example 8.13 Let ψ : R→ R be increasing, let α ∈ R, and set

φ : R→ ]−∞,+∞] : x 7→






∫ x

α

ψ(t) dt, if x ≥ α;

+∞, otherwise.
(8.11)

Then φ is convex. If ψ is strictly increasing, then φ is strictly convex.

Proof. By Proposition 8.12, ϕ : R→ R : x 7→
∫ x
α
ψ(t) dt is convex since ϕ′ = ψ.

Hence, the convexity of φ = ϕ + ι[α,+∞[ follows from Proposition 8.4. The
variant in which ψ is strictly convex is proved similarly. ⊓⊔

8.2 Convexity–Preserving Operations

In this section we describe some basic operations that preserve convexity.
Further results will be provided in Proposition 12.11 and Proposition 12.34(ii)
(see also Exercise 8.13).

Proposition 8.14 Let (fi)i∈I be a family of convex functions from H to
[−∞,+∞]. Then supi∈I fi is convex.
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Proof. By Lemma 1.6(i), epi
(
supi∈I fi

)
=
⋂
i∈I epi fi, which is convex as an

intersection of convex sets by Example 3.2(iv). ⊓⊔

Proposition 8.15 The set of convex functions from H to ]−∞,+∞] is
closed under addition and multiplication by strictly positive real numbers.

Proof. This is an easy consequence of Proposition 8.4. ⊓⊔

Proposition 8.16 Let (fn)n∈N be a sequence of convex functions from H to
]−∞,+∞] such that (fn)n∈N is pointwise convergent. Then lim fn is convex.

Proof. Set f = lim fn, and take x and y in dom f , and α ∈ ]0, 1[. By Corol-
lary 8.10, (∀n ∈ N) fn(αx + (1 − α)y) ≤ αfn(x) + (1 − α)fn(y). Passing to
the limit, we obtain f(αx+ (1− α)y) ≤ αf(x) + (1 − α)f(y), and using the
same result, we conclude that f is convex. ⊓⊔

Example 8.17 Let (zn)n∈N be a bounded sequence in H. Then f : H →
R : x 7→ lim ‖x− zn‖ is convex and Lipschitz continuous with constant 1.

Proof. Set (∀n ∈ N) fn = sup
{
‖ · −zk‖

∣∣ k ∈ N, k ≥ n
}
. Then it follows from

Example 8.7 and Proposition 8.14 that each fn is convex. In addition, (fn)n∈N

decreases pointwise to f = infn∈N fn. Hence f is convex by Proposition 8.16.
Now take x and y in H. Then (∀n ∈ N) ‖x− zn‖ ≤ ‖x− y‖+ ‖y− zn‖. Thus

lim ‖x− zn‖ ≤ ‖x− y‖+ lim ‖y − zn‖ (8.12)

and hence f(x) − f(y) ≤ ‖x − y‖. Analogously, f(y) − f(x) ≤ ‖y − x‖.
Altogether, |f(x)− f(y)| ≤ ‖x− y‖. ⊓⊔

Proposition 8.18 Let K be a real Hilbert space, let L : H → K be affine,
and let f : K → ]−∞,+∞] be convex. Then f ◦ L is convex.

Proof. This is an immediate consequence of Proposition 8.4. ⊓⊔

Proposition 8.19 Let f : H → ]−∞,+∞] and φ : R → ]−∞,+∞] be con-

vex. Set C = conv(R ∩ ran f) and extend φ to φ̃ : ]−∞,+∞] → ]−∞,+∞]

by setting φ̃(+∞) = +∞. Suppose that C ⊂ domφ and that φ is increasing

on C. Then φ̃ ◦ f is convex.

Proof. Note that dom(φ̃ ◦ f) = f−1(domφ) ⊂ dom f and that φ̃ ◦ f coincides

with φ ◦ f on dom(φ̃ ◦ f). Take x and y in dom(φ̃ ◦ f), and α ∈ ]0, 1[. Using
the convexity of f , we obtain f(αx+(1−α)y) ≤ αf (x)+ (1−α)f(y) < +∞.
Since φ is increasing and convex on C, we deduce that (φ◦f)(αx+(1−α)y) ≤
φ(αf(x) + (1 − α)f(y)) ≤ α(φ ◦ f)(x) + (1 − α)(φ ◦ f)(y). Hence, the result
follows from Proposition 8.4. ⊓⊔
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Example 8.20 Let ψ : R→ R be a continuous increasing function such that
ψ(0) ≥ 0, and set

f : H → R : x 7→
∫ ‖x‖

0

ψ(t) dt. (8.13)

Then the following hold:

(i) f is convex.
(ii) Suppose that ψ is strictly increasing. Then f is strictly convex.

Proof. Let φ : R → ]−∞,+∞] be the function obtained by setting α = 0
in (8.11). Then, since ψ ≥ 0 on R+, φ is increasing on domφ = R+ and
f = φ ◦ ‖ · ‖.

(i): It follows from Example 8.13 that φ is convex, and in turn, from
Example 8.7 and Proposition 8.19 that f is convex.

(ii): Let x and y be two distinct points inH and let α ∈ ]0, 1[. First, assume
that ‖x‖ 6= ‖y‖. Since φ is increasing and, by Example 8.13, strictly convex,
we have f(αx + (1 − α)y) = φ(‖αx + (1− α)y‖) ≤ φ(α‖x‖ + (1 − α)‖y‖) <
αφ(‖x‖)+(1−α)φ(‖y‖) = αf (x)+(1−α)f(y). Now assume that ‖x‖ = ‖y‖.
Then Corollary 2.14 asserts that ‖αx+ (1− α)y‖2 = α‖x‖2 + (1− α)‖y‖2 −
α(1−α)‖x−y‖2 = ‖x‖2−α(1−α)‖x−y‖2 < ‖x‖2. Hence, since φ is strictly
increasing,

f(αx + (1− α)y) = φ(‖αx + (1− α)y‖)
< φ(‖x‖)
= αφ(‖x‖) + (1− α)φ(‖y‖)
= αf (x) + (1− α)f(y), (8.14)

which completes the proof. ⊓⊔

Example 8.21 Let p ∈ ]1,+∞[. Then ‖ · ‖p is strictly convex and

(∀x ∈ H)(∀y ∈ H) ‖x+ y‖p ≤ 2p−1
(
‖x‖p + ‖y‖p

)
. (8.15)

Proof. Set ψ(t) = t if t < 0, and ψ(t) = ptp−1 if t ≥ 0. Then ψ is continuous,
strictly increasing, and ψ(0) = 0. Hence, we deduce from Example 8.20(ii)
that ‖·‖p is strictly convex. As a result, for every x and y inH, ‖(x+y)/2‖p ≤
(‖x‖p + ‖y‖p)/2 and (8.15) follows. ⊓⊔

The next proposition describes a convex integral function in the setting of
Example 2.5.

Proposition 8.22 Let (Ω,F, µ) be a measure space and let (H, 〈· | ·〉
H
) be

a real Hilbert space. Suppose that H = L2((Ω,F, µ);H), and let ϕ : H →
]−∞,+∞] be a measurable convex function such that

(∀x ∈ H)(∃ ̺ ∈ L1((Ω,F, µ);R)) ϕ ◦ x ≥ ̺ µ-a.e. (8.16)
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Set

f : H → ]−∞,+∞] : x 7→
∫

Ω

ϕ
(
x(ω)

)
µ(dω). (8.17)

Then dom f =
{
x ∈ H

∣∣ ϕ ◦ x ∈ L1((Ω,F, µ);R)
}
and f is convex.

Proof. For every x ∈ H, ϕ◦x is measurable and, in view of (8.16),
∫
Ω
(ϕ◦x)dµ

is well defined and it never takes on the value −∞. Hence, f is well defined
and we obtain the above expression for its domain. Now take x and y inH and
α ∈ ]0, 1[. It follows from Corollary 8.10 that, for µ-almost every ω ∈ Ω, we
have ϕ(αx(ω)+ (1−α)y(ω)) ≤ αϕ(x(ω))+ (1−α)ϕ(y(ω)). Upon integrating
these inequalities over Ω with respect to µ, we obtain f(αx + (1 − α)y) ≤
αf(x) + (1− α)f(y), hence the convexity of f . ⊓⊔

Proposition 8.23 Let ϕ : H → ]−∞,+∞] be convex and let

f : R×H → ]−∞,+∞] : (ξ, x) 7→
{
ξϕ(x/ξ), if ξ > 0;

+∞, otherwise,
(8.18)

be the perspective function of ϕ. Then f is convex.

Proof. Set C = {1} × epiϕ. It follows from the convexity of ϕ that C is a
convex subset of R×H× R. Furthermore,

epi f =
{
(ξ, x, ζ) ∈ R++ ×H× R

∣∣ ξϕ(x/ξ) ≤ ζ
}

=
{
(ξ, x, ζ) ∈ R++ ×H× R

∣∣ (x/ξ, ζ/ξ) ∈ epiϕ
}

=
{
ξ(1, y, η)

∣∣ ξ ∈ R++ and (y, η) ∈ epiϕ
}

= R++C

= coneC. (8.19)

In view of Proposition 6.2(iii), epi f is therefore a convex set. ⊓⊔

Example 8.24 Let C be a convex subset of H and set

f : R×H → ]−∞,+∞] : (ξ, x) 7→
{
ξ, if ξ > 0 and x ∈ ξC;
+∞, otherwise.

(8.20)

Then f is convex.

Proof. Apply Proposition 8.23 to 1 + ιC . ⊓⊔

Proposition 8.25 Let (Hi)i∈I be a totally ordered family of real Hilbert
spaces, set H =

⊕
i∈I Hi, and let, for every i in I, fi : Hi → ]−∞,+∞]

be convex. Suppose that I is finite or that infi∈I fi ≥ 0. Then
⊕

i∈I fi is
convex.

Proof. This is an immediate consequence of Proposition 8.4. ⊓⊔
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Proposition 8.26 Let K be a real Hilbert space and let F : H × K →
]−∞,+∞] be convex. Then the marginal function

f : H → [−∞,+∞] : x 7→ inf F (x,K) (8.21)

is convex.

Proof. Take x1 and x2 in dom f , and α ∈ ]0, 1[. Furthermore, let ξ1 ∈
]f(x1),+∞[ and ξ2 ∈ ]f(x2),+∞[. Then there exist y1 and y2 in K such
that F (x1, y1) < ξ1 and F (x2, y2) < ξ2. In turn, the convexity of F gives

f
(
αx1 + (1− α)x2

)
≤ F

(
αx1 + (1− α)x2, αy1 + (1− α)y2

)

≤ αF (x1, y1) + (1− α)F (x2, y2)
< αξ1 + (1− α)ξ2. (8.22)

Thus, letting ξ1 ↓ f(x1) and ξ2 ↓ f(x2), we obtain f(αx1 + (1 − α)x2) ≤
αf (x1) + (1− α)f(x2). ⊓⊔

Example 8.27 Let C be a convex subset of H such that 0 ∈ C. The
Minkowski gauge of C, i.e., the function

mC : H → ]−∞,+∞] : x 7→ inf
{
ξ ∈ R++

∣∣ x ∈ ξC
}
, (8.23)

is convex. Furthermore, mC(0) = 0,

(∀x ∈ H)(∀λ ∈ R++) mC(λx) = λmC(x) = m(1/λ)C(x), (8.24)

and
(∀x ∈ dommC)(∀λ ∈ ]mC(x),+∞[) x ∈ λC. (8.25)

Proof. The convexity of mC follows from Example 8.24 and Proposition 8.26.
Since 0 ∈ C, it is clear that mC(0) = 0. Now take x ∈ H and λ ∈ R++. Then

{
ξ ∈ R++

∣∣ λx ∈ ξC
}
= λ

{
ξ/λ ∈ R++

∣∣ x ∈ (ξ/λ)C
}

=
{
ξ ∈ R++

∣∣ x ∈ ξ
(
(1/λ)C

)}
, (8.26)

and (8.24) follows by taking the infimum. Finally, suppose that x ∈ dommC ,
λ > mC(x), and x /∈ λC. Now let µ ∈ ]0, λ]. Since 0 ∈ C and C is convex, we
have µC ⊂ λC and therefore x /∈ µC. Consequently, mC(x) ≥ λ, which is a
contradiction. ⊓⊔

8.3 Topological Properties

We start with a technical fact.
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Proposition 8.28 Let f : H → ]−∞,+∞] be proper and convex, let x0 ∈
dom f , and let ρ ∈ R++. Then the following hold:

(i) Suppose that η = sup f(B(x0; ρ)) < +∞ and let α ∈ ]0, 1[. Then

(
∀x ∈ B(x0;αρ)

)
|f(x)− f(x0)| ≤ α

(
η − f(x0)

)
. (8.27)

(ii) Suppose that δ = diam f(B(x0; 2ρ)) < +∞. Then f is Lipschitz contin-
uous relative to B(x0; ρ) with constant δ/ρ.

Proof. (i): Take x ∈ B(x0;αρ). The convexity of f yields

f(x)− f(x0) = f
(
(1− α)x0 + α

(
x− (1− α)x0

)
/α
)
− f(x0)

≤ α
(
f
(
x0 + (x − x0)/α

)
− f(x0)

)

≤ α
(
η − f(x0)

)
. (8.28)

Likewise,

f(x0)− f(x) = f

(
x

1 + α
+

α

1 + α

(1 + α)x0 − x
α

)
− f(x)

≤ α

1 + α

(
f
(
x0 + (x0 − x)/α

)
− f(x)

)

≤ α

1 + α

((
η − f(x0)

)
+
(
f(x0)− f(x)

))
, (8.29)

which after rearranging implies that f(x0)−f(x) ≤ α(η−f(x0)). Altogether,
|f(x)− f(x0)| ≤ α(η − f(x0)).

(ii): Take distinct points x and y in B(x0; ρ) and set

z = x+

(
1

α
− 1

)
(x− y), where α =

‖x− y‖
‖x− y‖+ ρ

<
‖x− y‖

ρ
. (8.30)

Then x = αz+(1−α)y and ‖z−x0‖ ≤ ‖z−x‖+‖x−x0‖ = ρ+‖x−x0‖ ≤ 2ρ.
Therefore, y and z belong to B(x0; 2ρ) and hence, by convexity of f ,

f(x) = f
(
αz + (1− α)y

)

≤ f(y) + α
(
f(z)− f(y)

)

≤ f(y) + αδ

≤ f(y) + (δ/ρ)‖x− y‖. (8.31)

Thus f(x) − f(y) ≤ (δ/ρ)‖x − y‖. Interchanging the roles of x and y, we
conclude that |f(x)− f(y)| ≤ (δ/ρ)‖x− y‖. ⊓⊔

The following theorem captures the main continuity properties of convex
functions.

Theorem 8.29 Let f : H → ]−∞,+∞] be proper and convex and let x0 ∈
dom f . Then the following are equivalent:
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(i) f is locally Lipschitz continuous near x0.
(ii) f is continuous at x0.
(iii) f is bounded on a neighborhood of x0.
(iv) f is bounded above on a neighborhood of x0.

Moreover, if one of these conditions holds, then f is locally Lipschitz contin-
uous on int dom f .

Proof. (i)⇒(ii)⇒(iii)⇒(iv): Clear.
(iv)⇒(ii): Take ρ ∈ R++ such that η = sup f(B(x0; ρ)) < +∞, α ∈ ]0, 1[,

and x ∈ B(x0;αρ). Proposition 8.28(i) implies that |f(x) − f(x0)| ≤ α(η −
f(x0)). Therefore, f is continuous at x0.

(iii)⇒(i): An immediate consequence of Proposition 8.28(ii).
We have shown that items (i)–(iv) are equivalent. Now assume that (iv) is

satisfied, say η = sup f(B(x0; ρ)) < +∞ for some ρ ∈ R++. Then f is locally
Lipschitz continuous near x0. Take x ∈ int dom f r {x0} and γ ∈ R++ such
that B(x; γ) ⊂ dom f . Now set

y = x0 +
1

1− α (x − x0), where α =
γ

γ + ‖x− x0‖
∈ ]0, 1[ . (8.32)

Then y ∈ B(x; γ). Now take z ∈ B(x;αρ) and set w = x0 + (z − x)/α =
(z − (1− α)y)/α. Then w ∈ B(x0; ρ) and z = αw + (1− α)y. Consequently,

f(z) ≤ αf(w) + (1− α)f(y) ≤ αη + (1− α)f(y), (8.33)

and f is therefore bounded above on B(x;αρ). By the already established
equivalence between (i) and (iv) (applied to the point x), we conclude that
f is locally Lipschitz continuous near x. ⊓⊔

Corollary 8.30 Let f : H → ]−∞,+∞] be proper and convex, and suppose
that one of the following holds:

(i) f is bounded above on some neighborhood.
(ii) f is lower semicontinuous.
(iii) H is finite-dimensional.

Then cont f = int dom f .

Proof. Since the inclusion cont f ⊂ int dom f always holds, we assume that
int dom f 6= ∅.

(i): Clear from Theorem 8.29.
(ii): Define a sequence (Cn)n∈N of closed convex subsets of H by (∀n ∈ N)

Cn = lev≤n f . Then dom f =
⋃
n∈N

Cn and, by Lemma 1.43(i), ∅ 6=
int dom f = int

⋃
n∈N

Cn =
⋃
n∈N

intCn. Hence there exists n ∈ N such
that intCn 6= ∅, say B(x; ρ) ⊂ Cn, where x ∈ Cn and ρ ∈ R++. Thus
sup f(B(x; ρ)) ≤ n and we apply (i).

(iii): Let x ∈ int dom f . Since H is finite-dimensional, there exist a fi-
nite family (yi)i∈I in dom f and ρ ∈ R++ such that B(x; ρ) ⊂ conv{yi}i∈I
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(see Exercise 3.18). Consequently, by Proposition 8.9, sup f(B(x; ρ)) ≤
sup f(conv{yi}i∈I) ≤ sup conv{f(yi)}i∈I = maxi∈I f(yi) < +∞. The con-
clusion follows from (i). ⊓⊔

Corollary 8.31 Suppose that H is finite-dimensional and let f : H → R be
convex. Then f is continuous.

Corollary 8.32 Suppose thatH is finite-dimensional, let f : H→ ]−∞,+∞]
be proper and convex, and let C be a nonempty closed bounded subset of
ri dom f . Then f is Lipschitz continuous relative to C.

Proof. Let z ∈ dom f . We work in the Euclidean space span(z − dom f)
and therefore assume, without loss of generality, that C ⊂ int dom f . By
Corollary 8.30(iii), f is continuous on int dom f . Hence, by Theorem 8.29,
for every x ∈ C, there exists an open ball Bx of center x such that f is βx-
Lipschitz continuous relative to Bx for some βx ∈ R++. Thus, C ⊂

⋃
x∈C Bx,

and since C is compact, it follows that there exists a finite subset D of C
such that C ⊂

⋃
x∈DBx. We therefore conclude that f is Lipschitz continuous

relative to C with constant maxx∈D βx. ⊓⊔

Example 8.33 Suppose that H is infinite-dimensional and let f : H → R be
a linear functional that is everywhere discontinuous; see Example 2.20 for a
concrete construction. Set C = lev≤1 f and H =

{
x ∈ H

∣∣ f(x) = 0
}
. Then

the following hold:

(i) f and −f are convex, int dom f = int dom(−f) = H, and cont f =
cont(−f) = ∅.

(ii) f is neither lower semicontinuous nor upper semicontinuous.
(iii) C is convex, 0 ∈ coreC, and intC = ∅.
(iv) f is unbounded above and below on every nonempty open subset of H.
(v) H is a hyperplane that is dense in H.

Proof. (i): Since f is linear and dom f = H, it follows that f and −f are
convex with int dom f = int dom(−f) = intH = H. The assumption that f
is everywhere discontinuous implies that cont f = cont(−f) = ∅.

(ii): If f were lower semicontinuous, then (i) and Corollary 8.30(ii) would
imply that ∅ = cont f = int dom f = H, which is absurd. Hence f is not lower
semicontinuous. Analogously, we deduce that −f is not lower semicontinuous,
i.e., that f is not upper semicontinuous.

(iii): The convexity of C follows from (i) and Corollary 8.5. Assume that
x0 ∈ intC. Since f is bounded above on C by 1, it follows that f is bounded
above on a neighborhood of x0. Then Corollary 8.30(i) implies that cont f =
int dom f , which contradicts (i). Hence intC = ∅. Now take x ∈ H. If x ∈ C,
then [0, x] ⊂ C by linearity of f . Likewise, if x ∈ HrC, then [0, x/f (x)] ⊂ C.
Thus coneC = H and therefore 0 ∈ coreC.

(iv)&(v): Take x0 ∈ H and ε ∈ R++. Corollary 8.30(i) and item (i) imply
that f is unbounded both above and below on B(x0; ε). In particular, there
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exist points y− and y+ in B(x0; ε) such that f(y−) < 0 < f(y+). Now
set y0 = (f(y+)y− − f(y−)y+)/(f(y+) − f(y−)). Then, by linearity of f ,
y0 ∈ [y−, y+] ⊂ B(x0; ε) and f(y0) = 0. ⊓⊔

Example 8.34 Suppose that C is a convex subset of H such that 0 ∈ intC.
Then dommC = H and mC is continuous.

Proof. Let x ∈ H. Then there exists ε ∈ R++ such that εx ∈ C, which implies
that mC(x) ≤ 1/ε. Thus dommC = H. Since C is a neighborhood of 0 and
mC(C) ⊂ [0, 1], Corollary 8.30(i) implies that mC is continuous. ⊓⊔

Example 8.35 (Huber’s function) Let ρ ∈ R++ and set

f : R→ R : x 7→






x2

2
, if |x| ≤ ρ;

ρ|x| − ρ2

2
, otherwise.

(8.34)

Then f is continuous and convex.

Proof. The convexity of f follows from Proposition 8.12(i) and its continuity
from Corollary 8.31. ⊓⊔

Proposition 8.36 Let f : H → ]−∞,+∞] be proper and convex. Suppose
that f is bounded above on a neighborhood of x ∈ dom f . Then int epi f 6= ∅.

Proof. Using Theorem 8.29, we obtain δ ∈ R++ and β ∈ R+ such that

(
∀y ∈ B(x; δ)

)
|f(x) − f(y)| ≤ β‖x− y‖ ≤ βδ. (8.35)

Now fix ρ ∈ ]2βδ,+∞[, set γ = min{δ, ρ/2} > 0, and take (y, η) ∈ H × R

such that
‖(y, η)− (x, f(x) + ρ)‖2 ≤ γ2. (8.36)

Then ‖y − x‖ ≤ γ ≤ δ and |η − (f(x) + ρ)| ≤ γ ≤ ρ/2. It follows from (8.35)
that y ∈ dom f and

f(y) < f (x) + ρ/2 = f(x) + ρ − ρ/2 ≤ f(x) + ρ− γ ≤ η. (8.37)

Thus (y, η) ∈ epi f and hence B((x, f(x) + ρ); γ) ⊂ epi f . We conclude that
int epi f 6= ∅. ⊓⊔

Proposition 8.37 Let f : H → ]−∞,+∞]. Then the following hold:

(i) Suppose that f is upper semicontinuous at a point x0 ∈ H such that
f(x0) < 0. Then x0 ∈ int lev≤0 f .

(ii) Suppose that f is convex and that there exists a point x0 ∈ H such that
f(x0) < 0. Then int lev≤0 f ⊂ lev<0 f .
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Proof. (i): If x0 /∈ int lev≤0 f , then there exists a sequence (yn)n∈N in H r

lev≤0 f = lev>0 f such that yn → x0. In turn, the upper semicontinuity of f
at x0 yields f(x0) ≥ lim f(yn) ≥ 0 > f(x0), which is absurd.

(ii): Fix x ∈ int lev≤0 f . Then (∃ ρ ∈ R++) B(x; ρ) ⊂ lev≤0 f . We must
show that f(x) < 0. We assume that x 6= x0 since, if x = x0, there is nothing
to prove. Let δ ∈ ]0, ρ/‖x− x0‖]. Set y = x0+(1+δ)(x−x0) = x+δ(x−x0) ∈
lev≤0 f and observe that x = αx0 + (1 − α)y, where α = δ/(1 + δ) ∈ ]0, 1[.
Hence f(x) ≤ αf (x0) + (1− α)f(y) < 0. ⊓⊔

Corollary 8.38 Let f : H → ]−∞,+∞] be a convex function such that
lev<0 f 6= ∅. Suppose that one of the following holds:

(i) f is upper semicontinuous on lev<0 f .
(ii) f is lower semicontinuous and dom f is open.
(iii) H is finite-dimensional and dom f is open.

Then int lev≤0 f = lev<0 f .

Proof. (i): This follows from Proposition 8.37.
(ii)&(iii): By Corollary 8.30, f is continuous on int dom f = dom f and

hence upper semicontinuous on lev<0 f . Thus, the claim follows from (i). ⊓⊔

Exercises

Exercise 8.1 Let f : R→ ]−∞,+∞] be convex, let x0, xβ , and x1 be points
in dom f such that x0 < x1 and xβ = (1− β)x0 + βx1, where β ∈ ]0, 1[, and
suppose that the points (x0, f(x0)), (xβ , f(xβ)), and (x1, f(x1)) lie on a line.
Show that (∀α ∈ [0, 1]) f((1− α)x0 + αx1) = (1− α)f(x0) + αf(x1).

Exercise 8.2 Provide examples of a function f : R→ R and a nonempty set
C ⊂ R illustrating each of the following:

(i) f is not convex, C is convex, and f is convex on C.
(ii) f is not convex, C is not convex, and f is convex on C.

Exercise 8.3 Let f : H → ]−∞,+∞] be a proper function. Show that f is
convex if and only if f is convex on dom f .

Exercise 8.4 Let f : H → ]−∞,+∞] be a proper function, let C be a
nonempty subset of dom f , and suppose that f + ιC is convex. Show that
C is convex and that f is convex on C.

Exercise 8.5 Provide an example of a proper function f : H → ]−∞,+∞]
and a nonempty subset C of dom f such that f is convex on C but f + ιC is
not convex.
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Exercise 8.6 Provide an example of a function f : H → R and a subset C of
dom f such that f is convex on C but there exist distinct points x1, x2, and
x3 in C and real numbers α1, α2, and α3 in ]0, 1[ such that f(

∑3
i=1 αixi) >∑3

i=1 αif(xi).

Exercise 8.7 Let f : R→ ]−∞,+∞] be proper and convex. Show that f is
strictly convex if and only if it is strictly convex on int dom f .

Exercise 8.8 Let f : H → ]−∞,+∞]. Show that f is convex if and only if

(∀x ∈ dom f)(∀y ∈ dom f) x 6= y

⇒ (∀z ∈ ]x, y[)
f(z)− f(x)
‖z − x‖ +

f(z)− f(y)
‖z − y‖ ≤ 0. (8.38)

Exercise 8.9 Let f : R→ ]−∞,+∞] be proper and convex, let x0 ∈ dom f ,
and let α ∈ ]0, 1[. Set g : dom f → R : x 7→ αf(x)− f(x0 + α(x− x0)). Show
that g is decreasing on ]−∞, x0]∩dom f and increasing on [x0,+∞[∩dom f .
In addition show that, if f is strictly convex, then g is strictly decreasing on
]−∞, x0] ∩ dom f and strictly increasing on [x0,+∞[ ∩ dom f .

Exercise 8.10 Show that the converse of Corollary 8.5 is false by providing
an example of a function that is not convex and the lower level sets of which
are all convex.

Exercise 8.11 (arithmetic mean–geometric mean inequality) Let
(xi)1≤i≤m be a finite family in R+. Show that

m
√
x1 · · ·xm ≤

x1 + · · ·+ xm
m

, (8.39)

and that equality occurs in (8.39) if and only if x1 = · · · = xm.

Exercise 8.12 Let (Hi)i∈I be a totally ordered finite family of real Hilbert
spaces, and let, for every i in I, fi : Hi → ]−∞,+∞] be proper. Show that⊕

i∈I fi is convex if and only if the functions (fi)i∈I are. Furthermore, prove
the corresponding statement for strict convexity.

Exercise 8.13 Let f : H → ]−∞,+∞] and g : H → ]−∞,+∞], and set

h : H → ]−∞,+∞] : x 7→ inf
y∈H

max{f(y), g(x− y)}. (8.40)

Prove the following:

(i) domh = dom f + dom g.
(ii) inf h(H) = max{inf f(H), inf g(H)}.
(iii) (∀η ∈ R) levh<η = lev<η f + lev<η g.
(iv) h is convex if f and g are.
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Exercise 8.14 Determine the Minkowski gauge of the closed unit ball.

Exercise 8.15 Set C =
{
(ξ1, ξ2) ∈ R2

∣∣ max{|ξ1|, |ξ2|} ≤ 1
}
. Show that

mC : R2 → R : (ξ1, ξ2) 7→ max{|ξ1|, |ξ2|} and that m(1/2)C = 2mC .

Exercise 8.16 Let C and D be convex subsets of H such that 0 ∈ C ⊂ D.
Show that mC ≥ mD.

Exercise 8.17 Set C =
{
(ξ1, ξ2) ∈ R2

∣∣ max{|ξ1|, |ξ2|} ≤ 1
}
, D = B(0; 1),

and Q = 1
2
C + 1

2
D. Show that 0 ∈ intQ, that Q is closed and convex, that

mQ : R2 → R is convex and continuous, that

(∀(ξ1, ξ2) ∈ R2) max{|ξ1|, |ξ2|} ≤ mQ(ξ1, ξ2) ≤ 2max{|ξ1|, |ξ2|}, (8.41)

that
(∀ξ1 ∈ R++)(∀ξ2 ∈

[
0, 12ξ1

[
) mQ(ξ1, ξ2) = ξ1, (8.42)

and that

(∀(ξ1, ξ2) ∈ R2
+)(∀(η1, η2) ∈ R2

+)

ξ1 ≤ η1
ξ2 ≤ η2

}
⇒ mQ(ξ1, ξ2) ≤ mQ(η1, η2). (8.43)

Exercise 8.18 Suppose that H is finite-dimensional and let C be a convex
subset of H such that 0 ∈ C. Show that mC is lower semicontinuous.

Exercise 8.19 Let f and C be as in Example 8.33. Determine mC .

Exercise 8.20 Provide an example of a convex subset C of H such that
0 ∈ C but mC is not lower semicontinuous.

Exercise 8.21 Show that the conclusion of Corollary 8.38(i) fails if dom f
is not open.





Chapter 9

Lower Semicontinuous Convex
Functions

The theory of convex functions is most powerful in the presence of lower semi-
continuity. A key property of lower semicontinuous convex functions is the
existence of a continuous affine minorant, which we establish in this chapter
by projecting onto the epigraph of the function.

9.1 Lower Semicontinuous Convex Functions

We start by observing that various types of lower semicontinuity coincide for
convex functions.

Theorem 9.1 Let f : H → ]−∞,+∞] be convex. Then the following are
equivalent:

(i) f is weakly sequentially lower semicontinuous.
(ii) f is sequentially lower semicontinuous.
(iii) f is lower semicontinuous.
(iv) f is weakly lower semicontinuous.

Proof. The set epi f is convex by Definition 8.1. Hence, the equivalences follow
from Lemma 1.24, Lemma 1.35, and Theorem 3.32. ⊓⊔

Definition 9.2 The set of lower semicontinuous convex functions from H to
[−∞,+∞] is denoted by Γ (H).

The set Γ (H) is closed under several important operations. For instance,
it is straightforward to verify that Γ (H) is closed under multiplication by
strictly positive real numbers.

Proposition 9.3 Let (fi)i∈I be a family in Γ (H). Then supi∈I fi ∈ Γ (H).

Proof. Combine Lemma 1.26 and Proposition 8.14. ⊓⊔
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Corollary 9.4 Let (fi)i∈I be a family in Γ (H). Suppose that one of the
following holds:

(i) I is finite and −∞ /∈
⋃
i∈I fi(H).

(ii) infi∈I fi ≥ 0.

Then
∑
i∈I fi ∈ Γ (H).

Proof. (i): A consequence of Lemma 1.27 and Proposition 8.15.
(ii): Let I be the class of nonempty finite subsets of I and set (∀J ∈ I)

gJ =
∑
i∈J fi. Then it follows from (i) that (∀J ∈ I) gJ ∈ Γ (H). However,

(2.4) yields
∑
i∈I fi = supJ∈I gJ . In view of Proposition 9.3, the proof is

complete. ⊓⊔

Proposition 9.5 Let K be a real Hilbert space, let L ∈ B(H,K), and let
f ∈ Γ (K). Then f ◦ L ∈ Γ (H).

Proof. This is a consequence of Proposition 8.18. ⊓⊔

Proposition 9.6 Let f ∈ Γ (H) and suppose that −∞ ∈ f(H). Then f is
nowhere real-valued, i.e., f(H) ⊂ {−∞,+∞}.

Proof. Let x ∈ H be such that f(x) = −∞, let y ∈ H, and let α ∈ ]0, 1[. If
f(y) 6= +∞, then Proposition 8.4 yields f(αx + (1 − α)y) = −∞. In turn,
since f is lower semicontinuous, f(y) ≤ limα↓0 f(αx+ (1− α)y) = −∞, i.e.,
f(y) = −∞. ⊓⊔

The function x 7→ −∞ belongs to Γ (H), which makes the following notion
well defined.

Definition 9.7 Let f : H → [−∞,+∞]. Then

f̆ = sup
{
g ∈ Γ (H)

∣∣ g ≤ f
}

(9.1)

is the lower semicontinuous convex envelope of f .

Proposition 9.8 Let f : H → [−∞,+∞]. Then the following hold:

(i) f̆ is the largest lower semicontinuous convex function majorized by f .

(ii) (∀x ∈ H) f̆(x) = limy→x f̆(y).

(iii) epi f̆ is closed and convex.

(iv) conv dom f ⊂ dom f̆ ⊂ conv dom f .

Proof. (i): This is a consequence of (9.1) and Proposition 9.3.
(ii): This follows from (i) and Lemma 1.31(iv).
(iii): Combine (i), Lemma 1.24, and Definition 8.1.

(iv): By (i), f̆ ≤ f and f̆ is convex. Hence, Proposition 8.2 yields

conv dom f ⊂ conv dom f̆ = dom f̆ . (9.2)
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Now set C = conv dom f and

g : H → [−∞,+∞] : x 7→
{
f̆(x), if x ∈ C;
+∞, if x /∈ C.

(9.3)

Using (iii), we note that epi g = (epi f̆) ∩ (C × R) is closed and convex. It
follows from Lemma 1.24 and Definition 8.1 that

g ∈ Γ (H). (9.4)

Now fix x ∈ H. If x ∈ C, then g(x) = f̆(x) ≤ f(x); otherwise, x /∈ dom f ⊂ C
and therefore g(x) = f(x) = +∞. Altogether, g ≤ f and, in view of (9.4),

we obtain g ≤ f̆ . Thus, dom f̆ ⊂ dom g ⊂ C = conv dom f . ⊓⊔

Theorem 9.9 Let f : H → [−∞,+∞]. Then epi f̆ = conv epi f .

Proof. Set E = conv epi f . Since f̆ ≤ f , we have epi f ⊂ epi f̆ . Hence E ⊂
conv epi f̆ = epi f̆ by Proposition 9.8(iii). It remains to show that epi f̆ ⊂ E.

We assume that f 6≡ +∞, since otherwise f̆ = f and the conclusion is clear.
Let us proceed by contradiction and assume that there exists

(x, ξ) ∈ epi f̆ rE. (9.5)

Since E is a nonempty closed convex subset of H×R, Theorem 3.14 implies
that the projection (p, π) of (x, ξ) onto E satisfies

(
∀(y, η) ∈ E

)
〈y − p | x− p〉+ (η − π)(ξ − π) ≤ 0. (9.6)

Letting η ↑ +∞ in (9.6), we deduce that ξ ≤ π. Let us first assume that
ξ = π. Then (9.6) yields (∀y ∈ conv dom f) 〈y − p | x− p〉 ≤ 0. Consequently,

since Proposition 9.8(iv) asserts that x ∈ dom f̆ ⊂ conv dom f , we obtain
‖x−p‖2 = 0 and, in turn, (p, π) = (x, ξ), which is impossible since (x, ξ) /∈ E
by (9.5). Therefore, we must have

ξ < π. (9.7)

Setting u = (x− p)/(π − ξ) and letting η = f(y) in (9.6), we get

(∀y ∈ dom f) 〈y − p | u〉+ π ≤ f(y). (9.8)

Consequently, f is minorized by the lower semicontinuous convex function
g : y 7→ 〈y − p | u〉+ π, and it follows that g ≤ f̆ . In particular, since (x, ξ) ∈
epi f̆ , we have

π ≤ ‖x− p‖
2

π − ξ + π = g(x) ≤ f̆(x) ≤ ξ, (9.9)

which contradicts (9.7). We conclude that epi f̆ ⊂ E. ⊓⊔
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Corollary 9.10 Let f : H → [−∞,+∞] be convex. Then f̄ = f̆ .

Proof. Combine Lemma 1.31(vi) and Theorem 9.9. ⊓⊔

Corollary 9.11 Let f : H → ]−∞,+∞] be convex and such that lev<0 f 6=
∅. Then lev<0 f ⊂ lev≤0 f ⊂ lev≤0 f̆ and lev<0 f = lev≤0 f = lev≤0 f̆ .

Proof. Take x ∈ H. Then f(x) < 0 ⇒ f(x) ≤ 0 ⇒ f̆(x) ≤ 0, which shows the

inclusions. Now assume that x ∈ lev≤0 f̆ . Then, since f is convex, The-

orem 9.9 yields (x, f̆(x)) ∈ epi f̆ = epif . Hence there exists a sequence

(xn, ξn)n∈N in epi f that converges to (x, f̆ (x)). Now fix z ∈ lev<0 f and
define a sequence (αn)n∈N in ]0, 1] by

(∀n ∈ N) αn =





1

n+ 1
, if ξn ≤ 0;

min

{
1,

1

n+ 1
+

ξn
ξn − f(z)

}
, otherwise.

(9.10)

Then eventually

f(αnz + (1− αn)xn) ≤ αnf(z) + (1− αn)f(xn)
≤ αnf(z) + (1− αn)ξn
< 0. (9.11)

Therefore the sequence (αnz + (1 − αn)xn)n∈N, which converges to x, lies
eventually in lev<0 f . The result follows. ⊓⊔

9.2 Proper Lower Semicontinuous Convex Functions

As illustrated in Proposition 9.6, nonproper lower semicontinuous convex
functions are of limited use. By contrast, proper lower semicontinuous convex
functions will play a central role in this book.

Definition 9.12 The set of proper lower semicontinuous convex functions
from H to ]−∞,+∞] is denoted by Γ0(H).

Example 9.13 Let (ei)i∈I be a family in H and let (φi)i∈I be a family in
Γ0(R) such that (∀i ∈ I) φi ≥ φi(0) = 0. Set f : H → ]−∞,+∞] : x 7→∑
i∈I φi(〈x | ei〉). Then f ∈ Γ0(H).

Proof. Set (∀i ∈ I) fi : H → ]−∞,+∞] : x 7→ φi(〈x | ei〉). Then f =
∑
i∈I fi

and (∀i ∈ I) 0 ≤ fi ∈ Γ0(H). Thus, it follows from Corollary 9.4(ii) that
f ∈ Γ (H). Finally, since f(0) = 0, f is proper. ⊓⊔

Proposition 9.14 Let f ∈ Γ0(H), let x ∈ H, and let y ∈ dom f . For every
α ∈ ]0, 1[, set xα = (1− α)x+ αy. Then limα↓0 f(xα) = f(x).
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Proof. Using the lower semicontinuity and the convexity of f , we obtain
f(x) ≤ limα↓0 f(xα) ≤ limα↓0 f(xα) ≤ limα↓0(1 − α)f(x) + αf(y) = f(x).
Therefore, limα↓0 f(xα) = f(x). ⊓⊔

Corollary 9.15 Let f ∈ Γ0(R). Then f
∣∣
dom f

is continuous.

The conclusion of Corollary 9.15 fails in general Hilbert spaces and even
in the Euclidean plane (see Example 9.27 below).

We conclude this section with an extension of Fact 6.13.

Fact 9.16 [233, Corollary 13.2] Let f and g be in Γ0(H). Then

int(dom f − dom g) = core(dom f − dom g). (9.12)

9.3 Affine Minorization

A key property of functions in Γ0(H) is that they possess continuous affine
minorants. To see this, we require the following two results.

Proposition 9.17 Let f ∈ Γ0(H), let (x, ξ) ∈ H×R, and let (p, π) ∈ H×R.
Then (p, π) = Pepi f (x, ξ) if and only if

max{ξ, f(p)} ≤ π (9.13)

and

(∀y ∈ dom f) 〈y − p | x− p〉+
(
f(y)− π

)(
ξ − π

)
≤ 0. (9.14)

Proof. Since f ∈ Γ0(H), the set epi f is nonempty, closed, and convex. Now set
(p, π) = Pepi f (x, ξ). Then Theorem 3.14 implies that (p, π) is characterized
by (p, π) ∈ epi f and (∀(y, η) ∈ epi f) 〈y − p | x− p〉 + (η − π)(ξ − π) ≤ 0,
which is equivalent to f(p) ≤ π and (∀y ∈ dom f)(∀λ ∈ R+) 〈y − p | x− p〉+
(f(y) + λ − π)(ξ − π) ≤ 0. By letting λ ↑ +∞, we deduce that ξ ≤ π. The
characterization follows. ⊓⊔

Proposition 9.18 Let f ∈ Γ0(H), let x ∈ dom f , let ξ ∈ ]−∞, f(x)[, and
let (p, π) ∈ H× R. Then (p, π) = Pepi f (x, ξ) if and only if

ξ < f(p) = π (9.15)

and

(∀y ∈ dom f) 〈y − p | x− p〉 ≤
(
f(y)− f(p)

)(
f(p)− ξ

)
. (9.16)

Proof. Suppose first that (p, π) = Pepi f (x, ξ). Since p ∈ dom f , (9.14) yields

(
f(p) − π

)(
ξ − π

)
≤ 0. (9.17)
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To establish that ξ < f(p), we argue by contradiction. Suppose that f(p) ≤ ξ.
Then f(p) − π ≤ ξ − π and hence, since ξ − π ≤ 0 by (9.13), we obtain
(f(p) − π)(ξ − π) ≥ (ξ − π)2. In view of (9.17), we deduce that ξ = π. In
turn, since x ∈ dom f , (9.14) implies that 〈x− p | x− p〉 ≤ 0. Thus x = p and
hence (p, π) = (x, ξ). This is impossible, since (p, π) ∈ epi f and (x, ξ) /∈ epi f .
Thus,

ξ < f(p), (9.18)

and (9.13) implies that ξ < π and f(p) ≤ π. Hence, (9.17) yields f(p) = π
and (9.15) holds. Combining (9.15) and Proposition 9.17, we obtain (9.16).

Conversely, if (9.15) and (9.16) hold, then Proposition 9.17 implies directly
that (p, π) = Pepi f (x, ξ). ⊓⊔

Theorem 9.19 Let f ∈ Γ0(H). Then f possesses a continuous affine mino-
rant.

Proof. Fix x ∈ dom f and ξ ∈ ]−∞, f(x)[, and set (p, π) = Pepi f (x, ξ). Then,
by (9.15), f(p) > ξ. Now set u = (x − p)/(f(p) − ξ) and g : H → R : y 7→
〈y − p | u〉+ f(p). Then (9.16) yields g ≤ f . ⊓⊔

Corollary 9.20 Let f ∈ Γ0(H). Then f is bounded below on every nonempty
bounded subset of H.

Proof. Let C be a nonempty bounded subset of H and set β = supx∈C ‖x‖.
Theorem 9.19 asserts that f has a continuous affine minorant, say 〈· | u〉+ η.
Then, by Cauchy–Schwarz, (∀x ∈ C) f(x) ≥ 〈x | u〉 + η ≥ −‖x‖ ‖u‖+ η ≥
−β‖u‖+ η > −∞. ⊓⊔

Example 9.21 Suppose that H is infinite-dimensional and let f : H → R

be a discontinuous linear functional (see Example 2.20 and Example 8.33).
Then f has no continuous affine minorant.

Proof. Assume that the conclusion is false, i.e., that there exist u ∈ H and
η ∈ R such that (∀x ∈ H) 〈x | u〉+ η ≤ f(x). Then, since f is odd, (∀x ∈ H)
f(x) ≤ 〈x | u〉 − η ≤ ‖x‖ ‖u‖ − η. Consequently, sup f(B(0; 1)) ≤ ‖u‖ − η
and therefore f is bounded above on a neighborhood of 0. This contradicts
Corollary 8.30(i) since f is nowhere continuous. ⊓⊔

Theorem 9.22 Let f ∈ Γ0(H) and let x ∈ int dom f . Then there exists a
continuous affine minorant a of f such that a(x) = f(x). In other words,
(∃u ∈ H)(∀y ∈ H) 〈y − x | u〉+ f(x) ≤ f(y).

Proof. In view of Corollary 8.30, x ∈ cont f . Hence, it follows from Theo-
rem 8.29 and Proposition 8.36 that int epi f 6= ∅. In turn, Proposition 7.5
implies that (x, f(x)) ∈ spts(epi f), and we therefore derive from Theorem 7.4
that there exists (z, ζ) ∈ (H× R)r (epi f) such that (x, f(x)) = Pepi f (z, ζ).
In view of Proposition 3.19 and since x ∈ int dom f , we assume that
z ∈ int dom f . Thus, by Proposition 9.17, max{ζ, f(x)} ≤ f(x), i.e.,
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f(x) ≥ ζ (9.19)

and

(∀y ∈ dom f) 〈y − x | z − x〉+
(
f(y)− f(x)

)(
ζ − f(x)

)
≤ 0. (9.20)

If f(x) = ζ, then the above inequality evaluated at y = z yields z = x,
which contradicts the fact that (z, ζ) 6= (x, f(x)). Hence f(x) > ζ. Now set
u = (z − x)/(f(x) − ζ). Then (9.20) becomes (∀y ∈ dom f) 〈y − x | u〉 +
f(x) − f(y) ≤ 0, and the result follows. ⊓⊔

Proposition 9.23 (Jensen’s inequality) Let (Ω,F, µ) be a measure space
such that µ(Ω) ∈ R++, let φ ∈ Γ0(R), and let x : Ω → R be a measurable
function such that µ(Ω)−1

∫
Ω
x(ω)µ(dω) ∈ int domφ. Then

φ

(
1

µ(Ω)

∫

Ω

x(ω)µ(dω)

)
≤ 1

µ(Ω)

∫

Ω

φ(x(ω))µ(dω). (9.21)

Proof. Since φ is lower semicontinuous, it is measurable, and so is therefore
φ ◦ x. Now set ξ = µ(Ω)−1

∫
Ω
x dµ. It follows from Theorem 9.22 that there

exists α ∈ R such that (∀η ∈ R) α(η − ξ) + φ(ξ) ≤ φ(η). Thus, for µ-almost
every ω ∈ Ω, α(x(ω) − ξ) + φ(ξ) ≤ φ(x(ω)). Integrating these inequalities
over Ω with respect to µ yields φ(ξ)µ(Ω) ≤

∫
Ω
φ(x(ω))µ(dω). ⊓⊔

Example 9.24 Let (Ω,F, µ) be a measure space such that µ(Ω) ∈ R++, let
(H, ‖ · ‖H) be a real Hilbert space, and take p and q in R++ such that p < q.
Then the following hold:

(i) Let x ∈ Lp((Ω,F, µ);H)). Then
(∫

Ω

‖x(ω)‖p
H
µ(dω)

)1/p

≤ µ(Ω)1/p−1/q

(∫

Ω

‖x(ω)‖q
H
µ(dω)

)1/q

.

(9.22)
(ii) Lq((Ω,F, µ);H) ⊂ Lp((Ω,F, µ);H).

Proof. (i): Set φ = | · |q/p. Then it follows from Example 8.21 that φ is convex.
Now let x ∈ Lp((Ω,F, µ);H)) and set y : ω 7→ ‖x(ω)‖p

H
. Since y is integrable,

µ(Ω)−1
∫
Ω
y dµ ∈ R = domφ, and Proposition 9.23 applied to y yields (9.22).

(ii): An immediate consequence of (i). ⊓⊔

Example 9.25 Let X be a random variable, and take p and q in R++ such
that p < q and E|X |p < +∞. Then E

1/p|X |p ≤ E
1/q|X |q.

Proof. Let µ be a probability measure and set H = R in Example 9.24(i) (see
Example 2.8). ⊓⊔
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9.4 Construction of Functions in Γ0(H)

We start with a basic tool for constructing functions in Γ0(H).

Proposition 9.26 Let g : H → ]−∞,+∞] be a proper convex function such
that dom g is open and g is continuous on dom g. Set

f : H → ]−∞,+∞] : x 7→





g(x), if x ∈ dom g;

lim
y→x

g(y), if x ∈ bdry dom g;

+∞, if x ∈ Hr dom g.

(9.23)

Then f = ğ and f ∈ Γ0(H).

Proof. Set C = dom g. To show that f = ğ we shall repeatedly utilize Propo-
sition 9.8. Note that, since g ≥ ğ, we have C ⊂ dom ğ ⊂ C. Let x ∈ H and
assume first that x ∈ C. Then +∞ > g(x) ≥ ğ(x). By Theorem 9.9, there
exists a sequence (xn, ξn)n∈N in epi g such that (xn, ξn) → (x, ğ(x)). Hence
ğ(x) = lim ξn = lim ξn ≥ lim g(xn) ≥ lim ğ(xn) ≥ ğ(x) and so f(x) = g(x) =
lim g(xn) = lim g(xn) = ğ(x). Consequently, f = ğ on C. If x ∈ H r C, then
f(x) = +∞ = ğ(x) and thus f = ğ on H r C. If x ∈ (bdryC) r (dom ğ),
then +∞ ≥ f(x) = limy→x g(y) ≥ limy→x ğ(y) = ğ(x) = +∞ and thus
f(x) = ğ(x) = +∞. Finally, we assume that x ∈ (bdryC) ∩ (dom ğ). Using
Theorem 9.9 again, we see that there exists a sequence (xn, ξn)n∈N in epi g
such that (xn, ξn) → (x, ğ(x)). Hence f(x) = limy→x g(y) ≥ limy→x ğ(y) =
ğ(x) = lim ξn = lim ξn ≥ lim g(xn) ≥ limy→x g(y) = f(x) and therefore
f(x) = ğ(x). We have verified that f = ğ. It follows that f is lower semicon-
tinuous and convex. Since f is real-valued on C, Proposition 9.6 implies that
f is also proper. ⊓⊔

Example 9.27 The function

f : R2 → ]−∞,+∞] : (ξ, η) 7→






η2/ξ, if ξ > 0;

0, if (ξ, η) = (0, 0);

+∞, otherwise,

(9.24)

belongs to Γ0(R
2) and f

∣∣
dom f

is not continuous at (0, 0).

Proof. Set

g : R2 → ]−∞,+∞] : (ξ, η) 7→
{
η2/ξ, if ξ > 0;

+∞, otherwise.
(9.25)

The convexity of t 7→ t2 and Proposition 8.23 imply that g is proper and
convex. Moreover, Proposition 9.26 yields ğ = f ∈ Γ0(R

2). Now set x =
(0, 0), fix a sequence (αn)n∈N in R++ such that αn ↓ 0, and set (∀n ∈ N)
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xn = (α2
n, αn). Then (xn)n∈N lies in dom f and xn → x, but lim f(xn) = 1 6=

0 = f(x). ⊓⊔
The following result concerns the construction of strictly convex functions

in Γ0(R).

Proposition 9.28 Let g : R→ ]−∞,+∞] be strictly convex and proper, and
suppose that dom g = ]α, β[, where α and β are in [−∞,+∞] and α < β. Set

f : R→ ]−∞,+∞] : x 7→






g(x), if x ∈ ]α, β[;

lim
y↓α

g(y), if x = α;

lim
y↑β

g(y), if x = β;

+∞, otherwise.

(9.26)

Then f is strictly convex, f = ğ, and f ∈ Γ0(R).

Proof. Proposition 9.14, Corollary 8.30(iii), and Proposition 9.26 imply that
f is convex and that f = ğ ∈ Γ0(R). To verify strict convexity, suppose
that x and y are distinct points in dom f , take γ ∈ ]0, 1[, and suppose that
f(γx+(1− γ)y) = γf (x)+ (1− γ)f(y). By Exercise 8.1, (∀λ ∈ ]0, 1[) f(λx+
(1−λ)y) = λf (x)+ (1−λ)f(y). Since ]x, y[ ⊂ ]α, β[ and f = g on ]α, β[, this
contradicts the strict convexity of g. ⊓⊔

The next two examples are consequences of Proposition 9.28 and Propo-
sition 8.12(ii).

Example 9.29 (entropy) The negative Boltzmann–Shannon entropy func-
tion

R→ ]−∞,+∞] : x 7→






x ln(x)− x, if x > 0;

0, if x = 0;

+∞, if x < 0,

(9.27)

is strictly convex and belongs to Γ0(R).

Example 9.30 The following are strictly convex functions in Γ0(R):

(i) x 7→ exp(x).

(ii) x 7→ |x|p, where p ∈ ]1,+∞[.

(iii) x 7→
{
1/xp, if x > 0;

+∞, otherwise,
where p ∈ [1,+∞[.

(iv) x 7→
{
−xp, if x ≥ 0;

+∞, otherwise,
where p ∈ ]0, 1[.

(v) x 7→
{
1/
√
1− x2, if |x| < 1;

+∞, otherwise.
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(vi) x 7→
{
−
√
1− x2, if |x| ≤ 1;

+∞, otherwise.

(vii) x 7→






x ln(x) + (1− x) ln(1− x), if x ∈ ]0, 1[;

0, if x ∈ {0, 1};
+∞, otherwise.

(viii) x 7→
{
− ln(x), if x > 0;

+∞, otherwise
(negative Burg entropy function).

Remark 9.31 By utilizing direct sum constructions (see Proposition 8.25
and Exercise 8.12), we can construct a (strictly) convex function in Γ0(R

N )
from (strictly) convex functions in Γ0(R).

We now turn our attention to the construction of proper lower semicon-
tinuous convex integral functions (see Example 2.5 for notation).

Proposition 9.32 Let (Ω,F, µ) be a measure space, let (H, 〈· | ·〉
H
) be a real

Hilbert space, and let ϕ ∈ Γ0(H). Suppose that H = L2((Ω,F, µ);H) and that
one of the following holds:

(i) µ(Ω) < +∞.
(ii) ϕ ≥ ϕ(0) = 0.

Set

f : H → ]−∞,+∞]

x 7→






∫

Ω

ϕ
(
x(ω)

)
µ(dω), if ϕ ◦ x ∈ L1

(
(Ω,F, µ);R

)
;

+∞, otherwise.

(9.28)

Then f ∈ Γ0(H).

Proof. We first observe that, since ϕ is lower semicontinuous, it is measurable,
and so is therefore ϕ ◦ x for every x ∈ H. Let us now show that f ∈ Γ0(H).

(i): By Theorem 9.19, there exists a continuous affine function ψ : H→ R

such that ϕ ≥ ψ, say ψ = 〈· | u〉
H
+ η for some u ∈ H and η ∈ R. Let us set

u : Ω → H : ω 7→ u. Then u ∈ H since
∫
Ω
‖u(ω)‖2

H
µ(dω) = ‖u‖2

H
µ(Ω) < +∞.

Moreover, for every x ∈ H, ϕ ◦ x ≥ ψ ◦ x and

∫

Ω

ψ
(
x(ω)

)
µ(dω) =

∫

Ω

〈x(ω) | u〉
H
µ(dω) + ηµ(ω) = 〈x | u〉+ ηµ(ω) ∈ R.

(9.29)
Thus, Proposition 8.22 asserts that f is well defined and convex, with dom f ={
x ∈ H

∣∣ ϕ ◦ x ∈ L1((Ω,F, µ);R)
}
. It also follows from (9.28) and (9.29) that

(∀x ∈ dom f) f(x) =

∫

Ω

(ϕ− ψ)
(
x(ω)

)
µ(dω) + 〈x | u〉+ ηµ(ω). (9.30)
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Now take z ∈ domϕ and set z : Ω → H : ω 7→ z. Then z ∈ H and
∫
Ω
|ϕ◦z|dµ =

|ϕ(z)|µ(Ω) < +∞. Hence, ϕ ◦ z ∈ L1((Ω,F, µ);R). This shows that f is
proper. Next, to show that f is lower semicontinuous, let us fix ξ ∈ R and
a sequence (xn)n∈N in lev≤ξ f that converges to some x ∈ H. In view of
Lemma 1.24, it suffices to show that f(x) ≤ ξ. Since ‖xn(·) − x(·)‖H → 0

in L2((Ω,F, µ);R), there exists a subsequence (xkn)n∈N such that xkn(ω)
H→

x(ω) for µ-almost every ω ∈ Ω [3, Theorem 2.5.1 & Theorem 2.5.3]. Now
set φ = (ϕ − ψ) ◦ x and (∀n ∈ N) φn = (ϕ − ψ) ◦ xkn . Since ϕ − ψ is lower
semicontinuous, we have

φ(ω) = (ϕ− ψ)
(
x(ω)

)
≤ lim(ϕ− ψ)

(
xkn(ω)

)
= limφn(ω) µ-a.e. on Ω.

(9.31)
On the other hand, since infn∈N φn ≥ 0, Fatou’s lemma [3, Lemma 1.6.8]
yields

∫
Ω lim φndµ ≤ lim

∫
Ω φndµ. Hence, we derive from (9.30) and (9.31)

that

f(x) =

∫

Ω

φdµ+ 〈x | u〉+ ηµ(Ω)

≤
∫

Ω

limφndµ + 〈x | u〉+ ηµ(Ω)

≤ lim

∫

Ω

φndµ + lim 〈xkn | u〉 + ηµ(Ω)

= lim

∫

Ω

(ϕ ◦ xkn)dµ

= lim f(xkn)

≤ ξ. (9.32)

(ii): Since (8.16) holds with ̺ = 0, it follows from Proposition 8.22 that
f is a well-defined convex function. In addition, since ϕ(0) = 0, (9.28) yields
f(0) = 0. Thus, f is proper. Finally, to prove that f is lower semicontinuous,
we follow the same procedure as above with ψ = 0. ⊓⊔

Example 9.33 (Boltzmann–Shannon entropy) Let (Ω,F, µ) be a finite
measure space and suppose that H = L2(Ω,F, µ) (see Example 2.6). Using
the convention 0 ln(0) = 0, set

f : H → ]−∞,+∞]

x 7→






∫

Ω

(
x(ω) ln(x(ω))− x(ω)

)
µ(dω), if x ≥ 0 µ-a.e. on Ω;

+∞, otherwise.

(9.33)

Then f ∈ Γ0(H). In particular, this is true in the following cases:

(i) Entropy of a random variable: H = L2(Ω,F,P), where (Ω,F,P) is a
probability space (see Example 2.8), and
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f : H → ]−∞,+∞]

X 7→
{
E
(
X ln(X)−X

)
, if X ≥ 0 a.s. ;

+∞, otherwise.

(9.34)

(ii) Discrete entropy: H = RN and

f : H → ]−∞,+∞]

(ξk)1≤k≤N 7→






N∑

k=1

ξk ln(ξk) − ξk, if min
1≤k≤N

ξk ≥ 0;

+∞, otherwise.

(9.35)

Proof. Denote by ϕ the function defined in (9.27). Then Example 9.29 asserts
that ϕ ∈ Γ0(R). First, take x ∈ H such that x ≥ 0 µ-a.e., and set C ={
ω ∈ Ω

∣∣ 0 ≤ x(ω) < 1
}
and D =

{
ω ∈ Ω

∣∣ x(ω) ≥ 1
}
. Since, for every ξ ∈

R+, |ϕ(ξ)| = |ξ ln(ξ)− ξ| ≤ 1[0,1[(ξ) + ξ21[1,+∞[(ξ), we have

∫

Ω

∣∣ϕ
(
x(ω)

)∣∣µ(dω) =
∫

C

∣∣ϕ
(
x(ω)

)∣∣µ(dω) +
∫

D

∣∣ϕ
(
x(ω)

)∣∣µ(dω)

≤ µ(C) +

∫

D

|x(ω)|2µ(dω)

≤ µ(Ω) + ‖x‖2

< +∞, (9.36)

and therefore ϕ ◦ x ∈ L1
(
(Ω,F , µ);R

)
. Now take x ∈ H and set A ={

ω ∈ Ω
∣∣ x(ω) ≥ 0

}
and B =

{
ω ∈ Ω

∣∣ x(ω) < 0
}
. Then

∫

Ω

ϕ(x(ω))µ(dω) =

∫

A

ϕ(x(ω))µ(dω) +

∫

B

ϕ(x(ω))µ(dω)

=






∫

Ω

x(ω)
(
ln(x(ω))− 1)µ(dω), if x ≥ 0 µ-a.e. on Ω;

+∞, otherwise

= f(x). (9.37)

Altogether, it follows from Proposition 9.32(i) with H = R that f ∈ Γ0(H).
(i): Special case when µ is a probability measure.
(ii): Special case when Ω = {1, . . . , N}, F = 2Ω, and µ is the counting

measure, i.e., for every C ∈ 2Ω, µ(C) is the cardinality of C. ⊓⊔
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Exercises

Exercise 9.1 Let f : H → ]−∞,+∞] be lower semicontinuous and midpoint
convex in the sense that

(∀x ∈ dom f)(∀y ∈ dom f) f

(
x+ y

2

)
≤ f(x) + f(y)

2
. (9.38)

Show that f is convex.

Exercise 9.2 Let f : H → ]−∞,+∞] be midpoint convex. Show that f need
not be convex.

Exercise 9.3 Provide a family of continuous linear functions the supremum
of which is neither continuous nor linear.

Exercise 9.4 Let f ∈ Γ0(H). Show that R∩ ran f is convex, and provide an
example in which ran f is not convex.

Exercise 9.5 Provide an example of a convex function f : H → [−∞,+∞]
such that ran f = {−∞, 0,+∞}. Compare with Proposition 9.6.

Exercise 9.6 Set C =
{
C ⊂ H

∣∣ C is nonempty, closed, and convex
}

and
set

(∀C ∈ C) ΥC : H → [−∞,+∞] : x 7→
{
−∞, if x ∈ C;
+∞, otherwise.

(9.39)

Prove that C→
{
f ∈ Γ (H)

∣∣ −∞ ∈ f(H)
}
: C 7→ ΥC is a bijection.

Exercise 9.7 Let f : H → ]−∞,+∞] be convex. Show that f is continuous
if and only if it is lower semicontinuous and cont f = dom f .

Exercise 9.8 Let f : H → ]−∞,+∞] be convex and set µ = inf f(H). Prove
the following statements:

(i) f ∈ Γ (H) ⇔ (∀ξ ∈ ]µ,+∞[) lev≤ξ f = lev<ξ f .
(ii) cont f = dom f ⇔ (∀ξ ∈ ]µ,+∞[) lev<ξ f = int lev≤ξ f .
(iii) f is continuous ⇔ (∀ξ ∈ ]µ,+∞[) lev=ξ f = bdry lev≤ξ f .

Exercise 9.9 Let (en)n∈N be a sequence in H, let (ωn)n∈N be a sequence in
R+, and let (pn)n∈N be a sequence in [1,+∞[. Set f : H → ]−∞,+∞] : x 7→∑
n∈N

ωn |〈x | en〉|pn . Show that f ∈ Γ0(H).

Exercise 9.10 Use Proposition 8.12(ii) and Proposition 9.28 to verify Ex-
ample 9.29 and Example 9.30.





Chapter 10

Convex Functions: Variants

In this chapter we present variants of the notion of convexity for functions.
The most important are the weaker notion of quasiconvexity, and the stronger
notions of uniform and strong convexity.

10.1 Between Linearity and Convexity

Definition 10.1 A function f : H → [−∞,+∞] is

(i) positively homogeneous if (∀x ∈ H)(∀λ ∈ R++) f(λx) = λf(x);
(ii) subadditive if (∀x ∈ dom f)(∀y ∈ dom f) f(x+ y) ≤ f(x) + f(y);
(iii) sublinear if it is positively homogeneous and subadditive.

The proofs of the following results are left as Exercise 10.1 and Exer-
cise 10.2, respectively.

Proposition 10.2 Let f : H → [−∞,+∞]. Then f is positively homoge-
neous if and only if epi f is a cone; in this case, dom f is also a cone.

Proposition 10.3 Let f : H → [−∞,+∞] be positively homogeneous. Then
f is sublinear if and only if it is convex.

Clearly, linearity implies sublinearity, which in turn implies convexity.
However, as we now illustrate, neither implication is reversible.

Example 10.4 Suppose that H 6= {0}. Then the following hold:

(i) ‖ · ‖ is sublinear, but not linear.
(ii) ‖ · ‖2 is convex, but not sublinear.

143

© Springer Science+Business Media, LLC 2011 

H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory  
in Hilbert Spaces, CMS Books in Mathematics, DOI 10.1007/978-1-4419-9467-7_10,  
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10.2 Uniform and Strong Convexity

We introduce more restrictive versions of strict convexity.

Definition 10.5 Let f : H → ]−∞,+∞] be proper. Then f is uniformly
convex with modulus φ : R+ → [0,+∞] if φ is increasing, φ vanishes only at
0, and

(∀x ∈ dom f)(∀y ∈ dom f)(∀α ∈ ]0, 1[)

f
(
αx + (1− α)y

)
+ α(1 − α)φ

(
‖x− y‖

)
≤ αf (x) + (1− α)f(y). (10.1)

If (10.1) holds with φ = (β/2)| · |2 for some β ∈ R++, then f is strongly
convex with constant β. Now let C be a nonempty subset of dom f . Then f
is uniformly convex on C if

(∀x ∈ C)(∀y ∈ C)(∀α ∈ ]0, 1[)

f
(
αx + (1− α)y

)
+ α(1 − α)φ

(
‖x− y‖

)
≤ αf (x) + (1− α)f(y). (10.2)

Clearly, strong convexity implies uniformly convexity, uniformly convex-
ity implies strict convexity, and strict convexity implies convexity. In the
exercises, we provide examples that show that none of these implications is
reversible.

Proposition 10.6 Let f : H → ]−∞,+∞] be proper and let β ∈ R++. Then
f is strongly convex with constant β if and only if f − (β/2)‖ · ‖2 is convex.

Proof. A direct consequence of Corollary 2.14. ⊓⊔

Example 10.7 Suppose that H 6= {0}. Then the following hold:

(i) ‖ · ‖ is sublinear, but not strictly (hence not uniformly) convex.
(ii) ‖·‖2 is strongly convex with constant 2, but not positively homogeneous.

Example 10.8 Let φ : R+ → R+ be increasing and let C be a nonempty
bounded convex subset of H. Set

f : H → R : x 7→
∫ ‖x‖

0

φ(t) dt. (10.3)

Then f is uniformly convex on C [260, Theorem 4.1(ii)]. In particular, taking
p ∈ ]1,+∞[ and φ : t 7→ ptp−1, we obtain that ‖ · ‖p+ ιC is uniformly convex.

Definition 10.9 Let f : H → ]−∞,+∞] be proper and convex. The exact
modulus of convexity of f is
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ϕ : R+ → [0,+∞]

t 7→ inf
x∈dom f, y∈dom f,
‖x−y‖=t, α∈]0,1[

αf(x) + (1− α)f(y)− f(αx + (1− α)y)
α(1 − α) .

(10.4)

Proposition 10.10 Let f : H → ]−∞,+∞] be proper and convex, with exact
modulus of convexity ϕ. Then ϕ(0) = 0,

(∀t ∈ R+)(∀γ ∈ [1,+∞[) ϕ(γt) ≥ γ2ϕ(t), (10.5)

and ϕ is increasing.

Proof. It is clear that ϕ(R+) ⊂ [0,+∞], that ϕ(0) = 0, that (10.5) holds
when t = 0 or γ = 1, and that (10.5) implies that ϕ is increasing. To show
(10.5), we fix t ∈ R++ and γ ∈ ]1,+∞[ such that ϕ(γt) < +∞, and we verify
that

ϕ(γt) ≥ γ2ϕ(t). (10.6)

We consider two cases.
(a) γ ∈ ]1, 2[ : Fix ε ∈ R++. Since ϕ(γt) < +∞, there exist x ∈ dom f ,

y ∈ dom f , and α ∈ ]0, 1/2] such that ‖x− y‖ = γt and

ϕ(γt) + ε >
αf (x) + (1− α)f(y)− f(αx+ (1− α)y)

α(1− α) . (10.7)

Now set zα = αx+(1−α)y, δ = 1/γ, and zδ = δx+(1−δ)y. Then ‖zδ−y‖ = t,
γα ∈ ]0, 1[, and zα = γαzδ + (1− γα)y. We derive from (10.4) that

f(zδ) ≤ δf(x) + (1− δ)f(y)− δ(1− δ)ϕ(γt) (10.8)

and that

f(zα) ≤ γαf(zδ) + (1− γα)f(y)− γα(1 − γα)ϕ(t). (10.9)

Furthermore, (10.7) is equivalent to

f(zα) > αf(x) + (1− α)f(y)− α(1− α)ϕ(γt) − εα(1− α). (10.10)

Combining (10.8)–(10.10), we deduce that

γ2ϕ(t) < ϕ(γt) +
εγ(1− α)
1− γα . (10.11)

However, since α ∈ ]0, 1/2] and γ ∈ ]1, 2[, we have (1−α)/(1−γα) ≤ 1/(2−γ).
Thus, γ2ϕ(t) < ϕ(γt) + εγ/(2− γ) and, letting ε ↓ 0, we obtain (10.6).

(b) γ ∈ [2,+∞[ : We write γ as a product of finitely many factors in ]1, 2[
and invoke (a) repeatedly to obtain (10.6). ⊓⊔
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Corollary 10.11 Let f : H → ]−∞,+∞] be proper and convex, with exact
modulus of convexity ϕ. Then f is uniformly convex if and only if ϕ vanishes
only at 0; in this case, f is uniformly convex with modulus ϕ.

Proof. Suppose that f is uniformly convex with modulus φ. Then

(∀x ∈ dom f)(∀y ∈ dom f)(∀α ∈ ]0, 1[)

φ(‖x− y‖) ≤ αf (x) + (1− α)f(y)− f
(
αx+ (1− α)y

)

α(1 − α) (10.12)

and hence φ ≤ ϕ. Since φ vanishes only at 0, so does ϕ, since Proposi-
tion 10.10 asserts that ϕ(0) = 0. Conversely, if ϕ vanishes only at 0, then
Proposition 10.10 implies that f is uniformly convex with modulus ϕ. ⊓⊔

Proposition 10.12 Let f : H → ]−∞,+∞] be proper and convex, with exact
modulus of convexity ϕ, and set

ψ : R+ → [0,+∞]

t 7→ inf
x∈dom f, y∈dom f

‖x−y‖=t

1
2
f(x) + 1

2
f(y)− f

(1
2
x+ 1

2
y
)
. (10.13)

Then the following hold:

(i) 2ψ ≤ ϕ ≤ 4ψ.
(ii) f is uniformly convex if and only if ψ vanishes only at 0.

Proof. (i): Let t ∈ R+. Since ϕ(0) = ψ(0) = 0, we assume that dom f is not a
singleton and that t > 0. Take α ∈ ]0, 1/2] and two points x0 and y0 in dom f
such that ‖x0 − y0‖ = t (if no such points exist then ϕ(t) = ψ(t) = +∞ and
hence (i) holds at t). By convexity and (10.13),

f
(
αx0 + (1− α)y0

)
= f

(
2α
(1
2
x0 +

1
2
y0
)
+ (1− 2α)y0

)

≤ 2αf
(1
2
x0 +

1
2
y0
)
+ (1− 2α)f(y0)

≤ 2α
(1
2
f(x0) +

1
2
f(y0)− ψ(‖x0 − y0‖)

)
+ (1− 2α)f(y0)

≤ αf (x0) + (1− α)f(y0) − 2α(1− α)ψ(t). (10.14)

Hence, Definition 10.9 yields 2ψ(t) ≤ ϕ(t). On the other hand,

ϕ(t) ≤ inf
x∈dom f, y∈dom f

‖x−y‖=t

1
2
f(x) + 1

2
f(y)− f

(1
2
x+ 1

2
y
)

1
4

= 4ψ(t). (10.15)

Altogether, (i) is verified.
(ii): In view of (i), ϕ and ψ vanish at the same points. Hence (ii) follows

from Corollary 10.11. ⊓⊔
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Proposition 10.13 Let g : H → R+ be uniformly convex, with exact modu-
lus of convexity ϕ, and let p ∈ [1,+∞[. Then gp is uniformly convex, and its
exact modulus of convexity χ satisfies

χ ≥ 21−2pmin
{
p21−p, 1− 2−p

}
ϕp. (10.16)

Proof. Let t ∈ R+, let x ∈ dom gp = dom g = H, and let y ∈ H. We assume
that t > 0 and that ‖x−y‖ = t. Now set α = 1

2g(x)+
1
2g(y), β = g(12x+

1
2y),

and γ = ϕ(t)/4. Since Corollary 10.11 asserts that g is uniformly convex with
modulus ϕ, we have

α ≥ α − β ≥ γ > 0. (10.17)

If β ≤ γ/2, then βp ≤ γp2−p and αp ≥ γp, so that αp − βp ≥ γp(1 − 2−p).
On the other hand, if β > γ/2, the mean value theorem yields αp − βp ≥
pβp−1(α−β) > p(γ/2)p−1γ = p21−pγp. Altogether, we always have αp−βp ≥
γpmin{p21−p, 1− 2−p}. Thus, since | · |p is convex by Example 8.21,

1
2
gp(x) + 1

2
gp(y)− gp

(1
2
x+ 1

2
y
)
≥
(1
2
g(x) + 1

2
g(y)

)p − gp
(1
2
x+ 1

2
y
)

≥ 2−2pϕp(t)min
{
p21−p, 1− 2−p

}
. (10.18)

Hence, (10.16) follows from Proposition 10.12(i). ⊓⊔

Example 10.14 Let p ∈ [2,+∞[. Then ‖ · ‖p is uniformly convex.

Proof. By Example 10.7(ii), ‖ · ‖2 is strongly convex with constant 2, hence
uniformly convex with modulus | · |2. Since p/2 ∈ [1,+∞[, Proposition 10.13
implies that ‖ · ‖p = (‖ · ‖2)p/2 is uniformly convex. ⊓⊔

Proposition 10.15 Let f : H → ]−∞,+∞] be proper and convex, and let C
be a nonempty compact convex subset of dom f such that f is strictly convex
on C and f |C is continuous. Then f is uniformly convex on C.

Proof. Set g = f + ιC , define ψ for g as in (10.13), and take t ∈ R+ such
that ψ(t) = 0. Then there exist sequences (xn)n∈N and (yn)n∈N in dom g = C
such that ‖xn − yn‖ ≡ t and

1
2
g(xn) +

1
2
g(yn)− g

(1
2
xn + 1

2
yn
)
→ 0. (10.19)

Invoking the compactness of C and after passing to subsequences if necessary,
we assume that there exist x ∈ C and y ∈ C such that xn → x and yn →
y. Hence ‖x − y‖ = t, and since g|C = f |C is continuous, (10.19) yields
1
2g(x) +

1
2g(y) = g(12x+ 1

2y). In turn, the strict convexity of g forces x = y,
i.e., t = 0. Thus, the result follows from Proposition 10.12(ii). ⊓⊔

Corollary 10.16 Suppose that H is finite-dimensional, let f : H → R be
strictly convex, and let C be a nonempty bounded closed convex subset of H.
Then f is uniformly convex on C.
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Proof. Combine Corollary 8.31 and Proposition 10.15. ⊓⊔
The following example illustrates the importance of the hypotheses in

Proposition 10.15 and Corollary 10.16.

Example 10.17 Suppose that H = R2 and set

f : H → ]−∞,+∞] : (ξ, η) 7→





0, if ξ = η = 0;

η2

2ξ
+ η2, if ξ > 0 and η > 0;

+∞, otherwise.

(10.20)

Furthermore, fix ρ ∈ R++ and set C = B(0; ρ) ∩ dom f . Then f is strictly
convex, C is a nonempty bounded convex subset of dom f , f is strictly convex
on C, and f |C is lower semicontinuous. However, f is not uniformly convex
on C.

Proof. Set g = f + ιC . We verify here only the lack of uniform convexity of g
since the other properties follow from those established in [219, p. 253]. For

every η ∈ ]0, ρ[, if we set zη =
(√

ρ2 − η2, η
)
, then ‖zη‖ = ρ, zη ∈ C, and

(
∀α ∈ ]0, 1[

) αg(zη) + (1− α)g(0)− g
(
αzη + (1− α)0

)

α(1 − α) = η2. (10.21)

Denoting the exact modulus of convexity of g by ϕ, we deduce that 0 ≤
ϕ(ρ) ≤ infη∈]0,ρ[ η

2 = 0. Hence ϕ(ρ) = 0, and in view of Corollary 10.11, we
conclude that g is not uniformly convex. ⊓⊔

10.3 Quasiconvexity

Definition 10.18 Let f : H → [−∞,+∞]. Then f is quasiconvex if its lower
level sets (lev≤ξ f)ξ∈R are convex.

Example 10.19 Let f : H → [−∞,+∞] be convex. Then f is quasiconvex.

Proof. A direct consequence of Corollary 8.5. ⊓⊔

Example 10.20 Let f : R → [−∞,+∞] be increasing or decreasing. Then
f is quasiconvex.

Example 10.21 Let f : H → [−∞,+∞] be quasiconvex and let η ∈ R. Then
min{f, η} is quasiconvex.

Proof. Set g = min{f, η} and let ξ ∈ R. If ξ ≥ η, then lev≤ξ g = H is convex.
On the other hand, if ξ < η, then lev≤ξ g = lev≤ξ f is also convex. ⊓⊔
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Proposition 10.22 Let (fi)i∈I be a family of quasiconvex functions from H
to [−∞,+∞]. Then supi∈I fi is quasiconvex.

Proof. Let ξ ∈ R. Then lev≤ξ supi∈I fi =
⋂
i∈I lev≤ξ fi is convex as an inter-

section of convex sets. ⊓⊔
Proposition 10.23 Let f : H → ]−∞,+∞] be quasiconvex. Then the fol-
lowing are equivalent:

(i) f is weakly sequentially lower semicontinuous.
(ii) f is sequentially lower semicontinuous.
(iii) f is lower semicontinuous.
(iv) f is weakly lower semicontinuous.

Proof. Since the sets (lev≤ξ f)ξ∈R are convex, the equivalences follow from
Lemma 1.24, Lemma 1.35, and Theorem 3.32. ⊓⊔

The following proposition is clear from Definition 10.18.

Proposition 10.24 Let f : H → [−∞,+∞]. Then f is quasiconvex if and
only if

(∀x ∈ dom f)(∀y ∈ dom f)(∀α ∈ ]0, 1[ )

f
(
αx+ (1− α)y

)
≤ max

{
f(x), f (y)

}
. (10.22)

We now turn our attention to strict versions of quasiconvexity suggested
by (10.22).

Definition 10.25 Let f : H → ]−∞,+∞] be proper. Then f is

(i) strictly quasiconvex if

(∀x ∈ dom f)(∀y ∈ dom f)(∀α ∈ ]0, 1[ )

x 6= y ⇒ f
(
αx+ (1− α)y

)
< max

{
f(x), f (y)

}
; (10.23)

(ii) uniformly quasiconvex with modulus φ : R+ → [0,+∞] if φ is increasing,
φ vanishes only at 0, and

(∀x ∈ dom f)(∀y ∈ dom f)(∀α ∈ ]0, 1[ )

f
(
αx + (1− α)y

)
+ α(1− α)φ(‖x − y‖) ≤ max

{
f(x), f (y)

}
. (10.24)

Remark 10.26 Each type of quasiconvexity in Definition 10.25 is implied
by its convex counterpart, and uniform quasiconvexity implies strict quasi-
convexity. As examples in the remainder of this chapter show, these notions
are all distinct.

Example 10.27 Let f : R → ]−∞,+∞] be proper, and strictly increasing
or strictly decreasing on dom f . Then it follows from (10.23) that f is strictly
quasiconvex.
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Example 10.28 Let f : H → R and let φ : ran f → R be increasing. Then
the following hold:

(i) Suppose that f is strictly quasiconvex and that φ is strictly increasing.
Then φ ◦ f is strictly quasiconvex.

(ii) Suppose that φ ◦ f is strictly convex. Then f is strictly quasiconvex.

Proof. Assume that x and y are distinct points in H = dom f = dom(φ ◦ f),
and let α ∈ ]0, 1[.

(i): In view of (10.23), f(αx+ (1− α)y) < max{f(x), f(y)}. Therefore

(φ ◦ f)(αx + (1− α)y) = φ
(
f(αx+ (1− α)y)

)

< φ(max{f(x), f(y)})
= max{(φ ◦ f)(x), (φ ◦ f)(y)}. (10.25)

(ii): We derive from (8.3) that

φ
(
f(αx+ (1− α)y)

)
= (φ ◦ f)(αx+ (1− α)y)
< α(φ ◦ f)(x) + (1 − α)(φ ◦ f)(y)
≤ max{(φ ◦ f)(x), (φ ◦ f)(y)}
= φ(max{f(x), f (y)}). (10.26)

Hence, f(αx+ (1− α)y) < max{f(x), f (y)}). ⊓⊔

Example 10.29 Let p ∈ R++. Then the following hold:

(i) ‖ · ‖p is strictly quasiconvex.
(ii) Suppose that H 6= {0} and that p < 1. Then ‖ · ‖p is not convex and

not uniformly quasiconvex.

Proof. (i): Take f = ‖ · ‖2 (which is strictly quasiconvex by Example 8.8) and
φ : R+ → R : t 7→ tp/2 in Example 10.28(i).

(ii): Let z ∈ H be such that ‖z‖ = 1. If we set x = z and y = 0, and let
α ∈ ]0, 1[, then (8.1) turns into the false inequality αp ≤ α. Thus, by Propo-
sition 8.4, f is not convex. Now assume that ‖ · ‖p is uniformly quasiconvex
with modulus φ, let t ∈ R++, and let s ∈ ]t,+∞[. Setting x = (s − t)z,
y = (s+ t)z, and α = 1/2, we estimate

φ(2t)

4
≤ max

{
‖(s− t)z‖p, ‖(s+ t)z‖p

}
−
∥∥1
2
(s− t)z + 1

2
(s + t)z

∥∥p

= (s + t)p − sp. (10.27)

Letting s ↑ +∞, we deduce that φ(2t) = 0, which is impossible. ⊓⊔

Example 10.30 Suppose that H = R and set f : H → R : x 7→ νx, where
ν ∈ R++. Then f is convex, not strictly convex, but uniformly quasiconvex
with modulus φ : t 7→ νt.
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Proof. Take x and y in R such that x < y, and take α ∈ ]0, 1[. Since f(αx+
(1−α)y) = αf(x)+ (1−α)f(y), f is convex but not strictly so. The uniform
quasiconvexity follows from the identity f(αx+(1−α)y) = νy+αν(x−y) =
max{f(x), f (y)} − αν|x− y| ≤ max{f(x), f(y)} − α(1 − α)ν|x − y|. ⊓⊔

Exercises

Exercise 10.1 Prove Proposition 10.2.

Exercise 10.2 Prove Proposition 10.3.

Exercise 10.3 Let f : H → [−∞,+∞]. Show that f is sublinear if and only
if epi f is a convex cone.

Exercise 10.4 Check Example 10.7.

Exercise 10.5 Suppose that H 6= {0} and let p ∈ ]1, 2[. Show that ‖ · ‖p is
not uniformly convex.

Exercise 10.6 Show that

f : R×H → ]−∞,+∞] : (ξ, x) 7→






ξ4 + ξ2‖x‖2 + ‖x‖3
ξ2

, if ξ > 0;

+∞, otherwise,

(10.28)
is strongly convex.

Exercise 10.7 Suppose that H = R and set f = | · |4. Show that f is not
strongly convex. Determine the function ψ defined in (10.13) explicitly and
conclude from the same result that f is uniformly convex.

Exercise 10.8 Use Exercise 8.9 to show that the function ψ defined in
(10.13) is increasing.

Exercise 10.9 Let f ∈ Γ0(R), and let C be a nonempty bounded closed
interval in dom f such that f is strictly convex on C. Show that f is uniformly
convex on C.

Exercise 10.10 Show that none of the following functions from Γ0(R) is
uniformly convex:

(i) The negative Boltzmann–Shannon entropy function (Example 9.29).

(ii) x 7→
{
1/x, if x > 0;

+∞, if x ≤ 0.

(iii) The negative Burg entropy function (Example 9.30(viii)).
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Exercise 10.11 Set

f : R→ R : x 7→
{
2x, if x ≤ 0;

x, if x > 0.
(10.29)

Show that f is not convex but that it is uniformly quasiconvex.

Exercise 10.12 Suppose that H 6= {0} and set

f : H → R : x 7→ ‖x‖
‖x‖+ 1

. (10.30)

Show that f is not convex, not uniformly quasiconvex, but strictly quasicon-
vex.

Exercise 10.13 Set

f : R→ ]−∞,+∞]

x 7→





x

n+ 1
+

n+1∑

k=2

1

k
, if (∃n ∈ N) x ∈ [n, n+ 1[ ;

+∞, if x < 0.

(10.31)

Then f is not convex, not uniformly quasiconvex, but strictly quasiconvex.

Exercise 10.14 Show that the sum of a quasiconvex function and a convex
function may not be quasiconvex.

Exercise 10.15 LetK be a real Hilbert space and let F : H×K → ]−∞,+∞]
be quasiconvex. Show that the marginal function f : H → [−∞,+∞] : x 7→
inf F (x,K) is quasiconvex.

Exercise 10.16 Suppose that H 6= {0}. Provide a function that is convex,
but not strictly quasiconvex.

Exercise 10.17 Show that the converse of Example 10.28(ii) is false by pro-
viding a function f : R → R+ that is strictly quasiconvex, but such that f2

is not strictly convex.

Exercise 10.18 Let f ∈ Γ0(H) and let x ∈ dom f . The recession function
of f is defined by

(∀y ∈ H) (rec f)(y) = lim
α→+∞

f(x+ αy)− f(x)
α

. (10.32)

Prove the following:

(i) For every y ∈ H, the limit in (10.32) exists and is independent of x.
(ii) (∀y ∈ H) (rec f)(y) = supα∈R++

(f(x+ αy)− f(x))/α.
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(iii) (∀y ∈ H) (rec f)(y) = supz∈dom f (f(z + y)− f(z)).
(iv) epi rec f = rec epi f .
(v) rec f is proper, lower semicontinuous, and sublinear.
(vi) Suppose that inf f(H) > −∞. Then (∀y ∈ H) (rec f)(y) ≥ 0.





Chapter 11

Convex Variational Problems

Convex optimization is one of the main areas of application of convex analysis.
This chapter deals with the issues of existence and uniqueness in minimization
problems, and investigates properties of minimizing sequences.

11.1 Infima and Suprema

Proposition 11.1 Let f : H → [−∞,+∞] and let C be a nonempty subset
of H. Then the following hold:

(i) Suppose that f is lower semicontinuous. Then sup f(C) = sup f(C).
(ii) Suppose that f is convex. Then sup f(convC) = sup f(C).
(iii) Let u ∈ H. Then sup 〈convC | u〉 = sup 〈C | u〉 and inf 〈convC | u〉 =

inf 〈C | u〉.
(iv) Suppose that f ∈ Γ0(H), that C is convex, and that dom f ∩ intC 6= ∅.

Then inf f(C) = inf f(C).

Proof. (i): Since C ⊂ C, we have sup f(C) ≤ sup f(C). Now take x ∈ C .
Then there exists a sequence (xn)n∈N in C such that xn → x. Thus f(x) ≤
lim f(xn) ≤ sup f(C), and we conclude that sup f(C) ≤ sup f(C).

(ii): Since C ⊂ convC, we have sup f(C) ≤ sup f(convC). Now take
x ∈ convC, say x =

∑
i∈I αixi, where (αi)i∈I is a finite family in ]0, 1[ that

satisfies
∑
i∈I αi = 1, and where (xi)i∈I is a finite family in C. Then, since

f is convex, Corollary 8.10 yields f(x) = f
(∑

i∈I αixi
)
≤ ∑i∈I αif(xi) ≤∑

i∈I αi sup f(C) = sup f(C). Therefore, sup f(convC) ≤ sup f(C).
(iii): This follows from (i) and (ii), since 〈· | u〉 and − 〈· | u〉 are continuous

and convex.
(iv): It is clear that inf f(C) ≤ inf f(C). Now take x0 ∈ C, x1 ∈ dom f ∩

intC, and set (∀α ∈ ]0, 1[) xα = (1−α)x0+αx1. Using Proposition 9.14 and
Proposition 3.35, we deduce that f(x0) = limα↓0 f(xα) ≥ inf f(C). Therefore,
inf f(C) ≥ inf f(C). ⊓⊔
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Example 11.2 Let C be a nonempty subset ofH. Then the support function
σC is a sublinear function in Γ0(H), σC = σconvC , and domσC = bar convC.
If C is bounded, then σC is real-valued and continuous on H.

Proof. Definition 7.8 implies that σC(0) = 0 and that σC is the supre-
mum of the family of (continuous, hence) lower semicontinuous and (linear,
hence) convex functions (〈x | ·〉)x∈C . Therefore, σC is lower semicontinuous
and convex by Proposition 9.3. On the other hand, it is clear from Defi-
nition 7.8 that σC is positively homogeneous. Altogether, σC is sublinear.
Furthermore, Proposition 11.1(iii) (alternatively, Proposition 7.11) implies
that σC = σconvC and hence that domσC = bar convC by (6.39). If C is
bounded, then bar convC = H by Proposition 6.48(iii), and the continuity
of σC is a consequence of Corollary 8.30(ii). ⊓⊔

11.2 Minimizers

Definition 11.3 Let f : H → ]−∞,+∞] be proper, and let x ∈ H. Then x is
a minimizer of f if f(x) = inf f(H), i.e. (see Section 1.5), f(x) = min f(H) ∈
R. The set of minimizers of f is denoted by Argmin f . Now let C be a subset
of H such that C ∩ dom f 6= ∅. A minimizer of f over C is a minimizer of
f + ιC . The set of minimizers of f over C is denoted by ArgminC f . If there
exists ρ ∈ R++ such that x is a minimizer of f over B(x; ρ), then x is a local
minimizer of f .

The following result underlines the fundamental importance of convexity
in minimization problems.

Proposition 11.4 Let f : H → ]−∞,+∞] be proper and convex. Then every
local minimizer of f is a minimizer.

Proof. Take x ∈ H and ρ ∈ R++ such that f(x) = min f(B(x; ρ)). Fix
y ∈ dom f rB(x; ρ), and set α = 1− ρ/‖x− y‖ and z = αx+ (1−α)y. Then
α ∈ ]0, 1[ and z ∈ B(x; ρ). In view of the convexity of f , we deduce that

f(x) ≤ f(z) = f
(
αx + (1− α)y

)
≤ αf (x) + (1− α)f(y). (11.1)

Therefore f(x) ≤ f(y). ⊓⊔

Proposition 11.5 Let f : H → ]−∞,+∞] be proper and convex, and let
C be a subset of H. Suppose that x is a minimizer of f over C such that
x ∈ intC. Then x is a minimizer of f .

Proof. There exists ρ ∈ R++ such that B(x; ρ) ⊂ C. Therefore, f(x) =
inf f(B(x; ρ)), and the conclusion follows from Proposition 11.4. ⊓⊔
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Proposition 11.6 Let f : H → ]−∞,+∞] be proper and quasiconvex. Then
Argmin f is convex.

Proof. This follows from Definition 10.18. ⊓⊔

11.3 Uniqueness of Minimizers

Proposition 11.7 Let f : H → ]−∞,+∞] be quasiconvex and let C be a
convex subset of H such that C∩dom f 6= ∅. Suppose that one of the following
holds:

(i) f + ιC is strictly quasiconvex.
(ii) f is convex, C ∩ Argmin f = ∅, and C is strictly convex, i.e.,

(∀x ∈ C)(∀y ∈ C) x 6= y ⇒ x+ y

2
∈ intC. (11.2)

Then f has at most one minimizer over C.

Proof. We assume that C is not a singleton. Set µ = inf f(C) and suppose that
there exist two distinct points x and y in C∩dom f such that f(x) = f(y) = µ.
Since x and y lie in the convex set C∩lev≤µ f , so does z = (x+y)/2. Therefore
f(z) = µ.

(i): It follows from the strict quasiconvexity of f + ιC that µ = f(z) <
max{f(x), f (y)} = µ, which is impossible.

(ii): We have z ∈ intC and f(z) = inf f(C). Since f is convex, it follows
from Proposition 11.5 that f(z) = inf f(H). Therefore, z ∈ C∩Argmin f = ∅,
which is absurd. ⊓⊔

Corollary 11.8 Let f : H → ]−∞,+∞] be proper and strictly convex. Then
f has at most one minimizer.

Proof. Since f is strictly quasiconvex, the result follows from Proposi-
tion 11.7(i) with C = H. ⊓⊔

11.4 Existence of Minimizers

Theorem 11.9 Let f : H → ]−∞,+∞] be lower semicontinuous and quasi-
convex, and let C be a closed convex subset of H such that, for some ξ ∈ R,
C ∩ lev≤ξ f is nonempty and bounded. Then f has a minimizer over C.

Proof. Since f is lower semicontinuous and quasiconvex, it follows from Propo-
sition 10.23 that f is weakly lower semicontinuous. On the other hand, since
C and lev≤ξ f are closed and convex, the set D = C ∩ lev≤ξ f is closed and
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convex, and, by assumption, bounded. Thus, D is nonempty and weakly com-
pact by Theorem 3.33. Consequently, since minimizing f over C is equivalent
to minimizing f overD, the claim follows from Lemma 2.23 and Theorem 1.28
in Hweak. ⊓⊔
Definition 11.10 Let f : H → [−∞,+∞]. Then f is coercive if

lim
‖x‖→+∞

f(x) = +∞, (11.3)

and supercoercive if

lim
‖x‖→+∞

f(x)

‖x‖ = +∞. (11.4)

By convention, f is coercive and supercoercive if H = {0}.
Proposition 11.11 Let f : H → [−∞,+∞]. Then f is coercive if and only
if its lower level sets (lev≤ξ f)ξ∈R are bounded.

Proof. Suppose that, for some ξ ∈ R, lev≤ξ f is unbounded. Then we can
find a sequence (xn)n∈N in lev≤ξ f such that ‖xn‖ → +∞. As a result, f is
not coercive. Conversely, suppose that the lower level sets of f are bounded
and take a sequence (xn)n∈N in H such that ‖xn‖ → +∞. Then, for every
ξ ∈ R++, we can find N ∈ N such that infn≥N f(xn) ≥ ξ. Therefore f(xn)→
+∞. ⊓⊔
Proposition 11.12 Suppose that H is finite-dimensional and let f ∈ Γ0(H).
Then f is coercive if and only if there exists ξ ∈ R such that lev≤ξ f is
nonempty and bounded.

Proof. If f is coercive, then all level sets (lev≤ξ f)ξ∈R are bounded by Propo-
sition 11.11. Now suppose that lev≤ξ f is nonempty and bounded, and take
x ∈ lev≤ξ f . It is clear that all lower level sets at a lower height are bounded.
Take η ∈ ]ξ,+∞[ and suppose that lev≤η f is unbounded. By Corollary 6.51,
rec lev≤η f 6= {0}. Take y ∈ rec lev≤η f . Since x ∈ lev≤η f , it follows that
(∀λ ∈ R++) x + λy ∈ lev≤η f . For every λ ∈ ]1,+∞[, we have x + y =
(1−λ−1)x+λ−1(x+λy) and hence f(x+y) ≤ (1−λ−1)f(x)+λ−1f(x+λy) ≤
(1− λ−1)f(x)+λ−1η, which implies that λ(f(x+ y)− f(x)) ≤ η− f(x) and,
in turn, that f(x+y) ≤ f(x) ≤ ξ. We conclude that x+rec lev≤η f ⊂ lev≤ξ f ,
which is impossible, since lev≤ξ f is bounded and rec lev≤ηf is unbounded.
Therefore, all lower level sets (lev≤η f)η∈R are bounded and Proposition 11.11
implies that f is coercive. ⊓⊔
Proposition 11.13 Let f be in Γ0(H), and let g : H → ]−∞,+∞] be super-
coercive. Then f + g is supercoercive.

Proof. According to Theorem 9.19, f is minorized by a continuous affine
functional, say x 7→ 〈x | u〉 + η, where u ∈ H and η ∈ R. Thus, (∀x ∈ H)
f(x) + g(x) ≥ 〈x | u〉 + η + g(x) ≥ −‖x‖ ‖u‖+ η + g(x). We conclude that
(f(x) + g(x))/‖x‖ ≥ −‖u‖+ (η + g(x))/‖x‖ → +∞ as ‖x‖ → +∞. ⊓⊔
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Proposition 11.14 Let f ∈ Γ0(H) and let C be a closed convex subset of H
such that C ∩ dom f 6= ∅. Suppose that one of the following holds:

(i) f is coercive.
(ii) C is bounded.

Then f has a minimizer over C.

Proof. Since C ∩ dom f 6= ∅, there exists x ∈ dom f such that D = C ∩
lev≤f(x) f is nonempty, closed, and convex. Moreover, D is bounded since
C or, by Proposition 11.11, lev≤f(x) f is. The result therefore follows from
Theorem 11.9. ⊓⊔

Corollary 11.15 Let f and g be in Γ0(H). Suppose that dom f ∩dom g 6= ∅

and that one of the following holds:

(i) f is supercoercive.
(ii) f is coercive and g is bounded below.

Then f + g is coercive and it has a minimizer over H. If f or g is strictly
convex, then f + g has exactly one minimizer over H.

Proof. It follows from Corollary 9.4 that f + g ∈ Γ0(H). Hence, in view of
Proposition 11.14(i), it suffices to show that f + g is coercive in both cases.
The uniqueness of the minimizer assertion will then follow from Corollary 11.8
by observing that f + g is strictly convex.

(i): By Proposition 11.13, f + g is supercoercive, hence coercive.
(ii): Set µ = inf g(H) > −∞. Then (f + g)(x) ≥ f(x) + µ → +∞ as

‖x‖ → +∞ by coercivity of f . ⊓⊔

Corollary 11.16 Let f ∈ Γ0(H) be strongly convex. Then f is supercoercive
and it has exactly one minimizer over H.

Proof. Set q = (1/2)‖ · ‖2. By Proposition 10.6, there exists β ∈ R++ such
that f−βq is convex. Hence, f = βq+(f−βq) is the sum of the supercoercive
function βq and f − βq ∈ Γ0(H). Therefore, f is supercoercive by Proposi-
tion 11.13. In view of Corollary 11.15, f has exactly one minimizer. ⊓⊔

Proposition 11.17 (asymptotic center) Let (zn)n∈N be a bounded se-
quence in H, let C be a nonempty closed convex subset of H, let T : C → C
be nonexpansive, and set f : H → R : x 7→ lim ‖x− zn‖2. Then the following
hold:

(i) f is strongly convex with constant 2.
(ii) f is supercoercive.
(iii) f + ιC is strongly convex and supercoercive; its unique minimizer, de-

noted by zC , is called the asymptotic center of (zn)n∈N relative to C.
(iv) Suppose that z ∈ H and that zn⇀z. Then (∀x ∈ H) f(x) = ‖x− z‖2+

f(z) and zC = PCz.
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(v) Suppose that (zn)n∈N is Fejér monotone with respect to C. Then
PCzn → zC .

(vi) Suppose that (∀n ∈ N) zn+1 = Tzn. Then zC ∈ FixT .
(vii) Suppose that zn − Tzn → 0. Then zC ∈ FixT .

Proof. (i): Let x ∈ H, let y ∈ H, and let α ∈ ]0, 1[. Corollary 2.14 yields
(∀n ∈ N) ‖αx + (1 − α)y − zn‖2 = α‖x − zn‖2 + (1 − α)‖y − zn‖2 − α(1 −
α)‖x− y‖2. Now take the limit superior.

(ii)&(iii): By (i), f is strongly convex with constant 2, as is f + ιC . Hence,
the claim follows from Corollary 11.16.

(iv): Let x ∈ H. Then (∀n ∈ N) ‖x − zn‖2 = ‖x − z‖2 + ‖z − zn‖2 +
2 〈x− z | z − zn〉. Consequently, f(x) = lim ‖x− zn‖2 = ‖x− z‖2+ f(z), and
thus PCz minimizes f + ιC . Thus (iii) implies that PCz = zC .

(v): By Proposition 5.7, y = limPCzn is well defined. For every n ∈ N and
every y ∈ C, ‖y− zn‖ ≤ ‖y−PCzn‖+‖PCzn− zn‖ ≤ ‖y−PCzn‖+ ‖y− zn‖.
Hence, lim ‖y−zn‖ ≤ infy∈C lim ‖y−zn‖ and y is thus a minimizer of f + ιC .
By (iii), y = zC .

(vi): Observe that zC ∈ C and that TzC ∈ C. For every n ∈ N, ‖TzC −
zn+1‖ = ‖TzC−Tzn‖ ≤ ‖zC−zn‖. Thus, taking the limit superior, we obtain
(f + ιC)(TzC) ≤ (f + ιC)(zC). By (iii), TzC = zC .

(vii): For every n ∈ N, ‖TzC − zn‖ ≤ ‖TzC − Tzn‖+ ‖Tzn− zn‖ ≤ ‖zC −
zn‖ + ‖Tzn − zn‖. Hence lim ‖TzC − zn‖ ≤ lim ‖zC − zn‖, and thus (f +
ιC)(TzC) ≤ (f + ιC)(zC). Again by (iii), TzC = zC . ⊓⊔

Corollary 11.18 Let C be a nonempty closed convex subset of H and let
T : C → C be nonexpansive. For every z0 ∈ C, set (∀n ∈ N) zn+1 = Tzn.
Then the following are equivalent:

(i) FixT 6= ∅.
(ii) For every z0 ∈ C, (zn)n∈N is bounded.
(iii) For some z0 ∈ C, (zn)n∈N is bounded.

Proof. (i)⇒(ii): Combine Example 5.3 with Proposition 5.4(i).
(ii)⇒(iii): Clear.
(iii)⇒(i): This follows from Proposition 11.17(vi). ⊓⊔

11.5 Minimizing Sequences

Minimizing sequences were introduced in Definition 1.8. In this section we
investigate some of their properties.

Proposition 11.19 Let f : H → ]−∞,+∞] be a coercive proper function.
Then every minimizing sequence of f is bounded.

Proof. This follows at once from Definition 1.8 and Proposition 11.11. ⊓⊔
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Proposition 11.20 Let f : H → ]−∞,+∞] be a proper lower semicontinu-
ous quasiconvex function and let (xn)n∈N be a minimizing sequence of f that
converges weakly to some point x ∈ H. Then f(x) = inf f(H).

Proof. It follows from Proposition 10.23 that f is weakly sequentially lower
semicontinuous. Hence inf f(H) ≤ f(x) ≤ lim f(xn) = inf f(H). ⊓⊔

Remark 11.21 Let f ∈ Γ0(H) and let (xn)n∈N be a sequence in dom f .

(i) Suppose that (xn)n∈N converges strongly to a minimizer x of f and
that H = R or x ∈ int dom f . Then (xn)n∈N is a minimizing sequence
of f . Indeed, it follows from Corollary 9.15 in the former case, and from
Corollary 8.30 in the latter, that f(xn)→ f(x).

(ii) Suppose that (xn)n∈N converges strongly to a minimizer x of f . Then
(xn)n∈N may not be a minimizing sequence of f , even if H is the Eu-
clidean plane (see the construction in the proof of Example 9.27).

(iii) Suppose that H is infinite-dimensional and that (xn)n∈N converges
weakly to a minimizer x of f . Then (xn)n∈N may not be a minimiz-
ing sequence of f , even if x ∈ int dom f . For instance, suppose that
(xn)n∈N is an orthonormal sequence in H and set f = ‖ · ‖. Then, as
seen in Example 2.25, xn⇀0 and f(0) = 0 = inf f(H), while f(xn) ≡ 1.

The next examples illustrate various behaviors of minimizing sequences.

Example 11.22 Suppose that x ∈ Hr{0}, and set f = ι[−x,x] and (∀n ∈ N)
xn = (−1)nx. Then (xn)n∈N is a bounded minimizing sequence for f that is
not weakly convergent.

Example 11.23 Suppose that H is separable. Let (ωk)k∈N be a sequence in
R++ such that ωk → 0, let (xk)k∈N be an orthonormal basis of H, and set

f : H → ]−∞,+∞] : x 7→
∑

k∈N

ωk |〈x | xk〉|2 . (11.5)

Then f is real-valued, continuous, and strictly convex, and 0 is its unique
minimizer. However, f is not coercive. Moreover, (xn)n∈N is a minimizing
sequence of f that converges weakly but not strongly.

Proof. Note that f vanishes only at 0. Moreover, by Parseval, (∀x ∈ H) ‖x‖2 =∑
k∈N
|〈x | xk〉|2 ≥ f(x)/ supk∈N ωk. Hence, f is real-valued. Furthermore,

since the functions (ωk |〈· | xk〉|2)k∈N are positive, convex, and continuous, it
follows from Corollary 9.4 that f is convex and lower semicontinuous. Thus,
Corollary 8.30(ii) implies that f is continuous.

To show that f is strictly convex, take x and y inH such that x 6= y, and fix
α ∈ ]0, 1[. Then there exists m ∈ N such that

√
ωm 〈x | xm〉 6=

√
ωm 〈y | xm〉.

Since | · |2 is strictly convex (Example 8.8), we get

ωm |〈αx + (1− α)y | xm〉|2 < αωm |〈x | xm〉|2+(1−α)ωm |〈y | xm〉|2 (11.6)
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and, for every k ∈ N r {m},

ωk |〈αx+ (1− α)y | xk〉|2 ≤ αωk |〈x | xk〉|2 + (1− α)ωk |〈y | xk〉|2 . (11.7)

Thus, f(αx+(1−α)y) < αf(x)+(1−α)f(y). Now set (∀n ∈ N) yn = xn/
√
ωn.

Then ‖yn‖ = 1/
√
ωn → +∞, but f(yn) ≡ 1. Therefore, f is not coercive.

Finally, f(xn) = ωn → 0 = f(0) = inf f(H) and, by Example 2.25, xn ⇀ 0
but xn 6→ 0. ⊓⊔

ξ1

ξ2

f(ξ1, ξ2)

Fig. 11.1 Graph of the function in Example 11.24.

Example 11.24 Suppose that H = R2. This example provides a coercive
function f ∈ Γ0(H) with a unique minimizer x for which alternating mini-
mizations produce a convergent sequence that is not a minimizing sequence
and the limit of which is not x. Suppose thatH = R2 and set (see Figure 11.1)

f : H → ]−∞,+∞]

(ξ1, ξ2) 7→ max{2ξ1 − ξ2, 2ξ2 − ξ1}+ ιR2
+
(ξ1, ξ2)

=





2ξ1 − ξ2, if ξ1 ≥ ξ2 ≥ 0;

2ξ2 − ξ1, if ξ2 ≥ ξ1 ≥ 0;

+∞, otherwise.

(11.8)
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It is clear that f is lower semicontinuous and convex as the sum of two
such functions, and that it is coercive. Moreover, f admits x = (0, 0) as
its unique minimizer and inf f(H) = 0. Given an initial point x0 ∈ R+ ×
R++, we define iteratively an alternating minimization sequence (xn)n∈N as
follows: at iteration n, xn = (ξ1,n, ξ2,n) is known and we construct xn+1 =
(ξ1,n+1, ξ2,n+1) by first letting ξ1,n+1 be the minimizer of f(·, ξ2,n) over R and
then letting ξ2,n+1 be the minimizer of f(ξ1,n+1, ·) over R. In view of (11.8),
for every integer n ≥ 1, we obtain xn = (ξ0,2, ξ0,2) 6= x and f(xn) = ξ0,2 6=
inf f(H).

We now provide weak and strong convergence conditions for minimizing
sequences.

Proposition 11.25 Let f : H → ]−∞,+∞] be proper, lower semicontinu-
ous, and quasiconvex, and let (xn)n∈N be a minimizing sequence of f . Sup-
pose that there exists ξ ∈ ] inf f(H),+∞[ such that C = lev≤ξ f is bounded.
Then the following hold:

(i) The sequence (xn)n∈N has a weak sequential cluster point and every such
point is a minimizer of f .

(ii) Suppose that f + ιC is strictly quasiconvex. Then f possesses a unique
minimizer x and xn⇀x.

(iii) Suppose that f+ιC is uniformly quasiconvex. Then f possesses a unique
minimizer x and xn → x.

Proof. Without loss of generality, we assume that (xn)n∈N lies entirely in the
bounded closed convex set C.

(i): The existence of a weak sequential cluster point is guaranteed by
Lemma 2.37. The second assertion follows from Proposition 11.20.

(ii): Uniqueness follows from Proposition 11.7(i). In turn, the second as-
sertion follows from (i) and Lemma 2.38.

(iii): Since f+ιC is strictly quasiconvex, we derive from (ii) that f possesses
a unique minimizer x ∈ C. Now fix α ∈ ]0, 1[ and let φ be the modulus of
quasiconvexity of f + ιC . Then it follows from (10.24) that, for every n ∈ N,

f(x) + α(1− α)φ(‖xn − x‖) = inf f(H) + α(1− α)φ(‖xn − x‖)
≤ f

(
αxn + (1− α)x)

)
+ α(1− α)φ(‖xn − x‖)

≤ max{f(xn), f (x)}
= f(xn). (11.9)

Consequently, since f(xn)→ f(x), we obtain φ(‖xn − x‖)→ 0 and, in turn,
‖xn − x‖ → 0. ⊓⊔
Corollary 11.26 Let f ∈ Γ0(H) be coercive and let (xn)n∈N be a minimizing
sequence of f . Then the following hold:

(i) The sequence (xn)n∈N has a weak sequential cluster point and every such
point is a minimizer of f .
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(ii) Suppose that f is strictly convex. Then f possesses a unique minimizer
x and xn⇀x.

(iii) Suppose that f is uniformly convex on every nonempty bounded subset
of dom f . Then f possesses a unique minimizer x and xn → x.

Another instance of strong convergence of minimizing sequences in convex
variational problems is the following.

Proposition 11.27 Let f ∈ Γ0(H) and let C be a bounded closed convex
subset of H such that C ∩ dom f 6= ∅. Suppose that C ∩ Argmin f = ∅

and that C is uniformly convex, i.e., there exists an increasing function
φ : [0, diamC]→ R+ that vanishes only at 0 such that

(∀x ∈ C)(∀y ∈ C) B
(x+ y

2
;φ
(
‖x− y‖

))
⊂ C, (11.10)

and let (xn)n∈N be a minimizing sequence of f + ιC . Then f admits a unique
minimizer x over C and xn → x.

Proof. We assume that C is not a singleton. The existence of x follows from
Proposition 11.14(ii) and its uniqueness from Proposition 11.7(ii). In turn,
we deduce from Proposition 11.25(i) and Lemma 2.38 that xn⇀x. Moreover,
since C ∩ Argmin f = ∅, it follows from Proposition 11.5 that x ∈ bdryC.
Hence, since (11.10) asserts that intC 6= ∅, we derive from Corollary 7.6(i)
that x is a support point of C. Denote by u an associated normal vector such
that ‖u‖ = 1. Now let n ∈ N and set zn = (xn + x)/2 + φ(‖xn − x‖)u. Then
it follows from (11.10) that zn ∈ C and from (7.1) that 〈xn − x | u〉 /2 +
φ(‖xn − x‖) = 〈zn − x | u〉 ≤ 0. Hence, φ(‖xn − x‖) ≤ 〈x− xn | u〉 /2 → 0
and therefore xn → x. ⊓⊔

Exercises

Exercise 11.1 Provide a function f ∈ Γ0(H) and a nonempty set C ⊂
int dom f such that inf f(C) < inf f(C). Compare with Proposition 11.1(iv).

Exercise 11.2 Provide a function f ∈ Γ0(H) and a nonempty convex
set C ⊂ dom f such that inf f(C) < inf f(C). Compare with Proposi-
tion 11.1(iv).

Exercise 11.3 Provide a convex function f : H → R and a nonempty convex
set C ⊂ H such that inf f(C) < inf f(C). Compare with Proposition 11.1(iv).

Exercise 11.4 Show that Proposition 11.4 is false if f is merely quasiconvex.

Exercise 11.5 Find a function f : H → ]−∞,+∞] that is proper and con-
vex, a set C ⊂ H, and a minimizer x of f over C such that x ∈ bdryC and
Argmin(f + ιC) ∩ Argmin f = ∅. Compare with Proposition 11.5.
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Exercise 11.6 Find a convex function f : H → ]−∞,+∞] and a convex set
C ⊂ H such that C ∩ dom f 6= ∅, C ∩Argmin f = ∅, and f has at least two
minimizers over C. Compare with Proposition 11.7(ii).

Exercise 11.7 Let C be a convex subset ofH. Show that C is strictly convex
if and only if (∀x ∈ C)(∀y ∈ C) x 6= y ⇒ ]x, y[ ⊂ intC.

Exercise 11.8 Let f : H → ]−∞,+∞] be a proper lower semicontinuous co-
ercive quasiconvex function. Without using Theorem 11.9, derive from Propo-
sition 3.18 and Proposition 11.11 that f has a minimizer.

Exercise 11.9 Show that the conclusion of Proposition 11.12 is false if f is
not lower semicontinuous, even when H = R2.

Exercise 11.10 Show that the conclusion of Proposition 11.12 is false if H
is infinite-dimensional.

Exercise 11.11 Show that Proposition 11.13 is false if “supercoercive” is
replaced by “coercive,” even if g ∈ Γ0(H).

Exercise 11.12 Provide an alternative proof for Theorem 4.19 using Corol-
lary 11.18.

Exercise 11.13 In Example 11.23, suppose that (xn)n∈N is an orthonormal
sequence that is not an orthonormal basis. What is Argmin f? Is f strictly
convex?

Exercise 11.14 Let f ∈ Γ0(H) be bounded below, let β ∈ R++, let y ∈
dom f , let p ∈ ]1,+∞[, and set α = f(y)− inf f(H). Prove that there exists
z ∈ H such that ‖z − y‖ ≤ β and

(∀x ∈ H) f(z) +
α

βp
‖z − y‖p ≤ f(x) + α

βp
‖x− y‖p. (11.11)

Exercise 11.15 Find a function f ∈ Γ0(H) such that Argmin f is a singleton
and such that f admits an unbounded minimizing sequence.

Exercise 11.16 Show that B(0; ρ) is uniformly convex and that (11.10)
holds with φ : [0, 2ρ]→ R+ : t 7→ ρ−

√
ρ2 − (t/2)2.





Chapter 12

Infimal Convolution

This chapter is devoted to a fundamental convexity-preserving operation for
functions: the infimal convolution. Its properties are investigated, with special
emphasis on the Moreau envelope, which is obtained by convolving a function
with the halved squared norm.

12.1 Definition and Basic Facts

Definition 12.1 Let f and g be functions fromH to ]−∞,+∞]. The infimal
convolution (or epi-sum) of f and g is

f � g : H → [−∞,+∞] : x 7→ inf
y∈H

(
f(y) + g(x− y)

)
, (12.1)

and it is exact at a point x ∈ H if (f �g)(x) = miny∈H f(y) + g(x − y), i.e.
(see Definition 1.7),

(∃ y ∈ H) (f �g)(x) = f(y) + g(x− y) ∈ ]−∞,+∞] ; (12.2)

f �g is exact if it is exact at every point of its domain, in which case it is
denoted by f ⊡g.

Example 12.2 Let C be a subset ofH. Then it follows from (1.39) and (1.45)
that dC = ιC �‖ · ‖. Moreover, Remark 3.9(i) asserts that, if C is nonempty
and open, this infimal convolution is never exact on H r C, though always
real-valued.

Example 12.3 Let C and D be nonempty subsets of H. Then ιC ⊡ ιD =
ιC+D.

Example 12.4 Let f : H → ]−∞,+∞] and let y ∈ H. Then ι{y}⊡f = τyf .
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Definition 12.5 Let f : H → ]−∞,+∞] and let u ∈ H. Then f possesses a
continuous affine minorant with slope u if f − 〈· | u〉 is bounded below.

Proposition 12.6 Let f , g, and h be functions from H to ]−∞,+∞]. Then
the following hold:

(i) Suppose that f and g possess continuous affine minorants with slope
u ∈ H. Then f � g possesses a continuous affine minorant with slope u
and −∞ /∈ (f �g)(H).

(ii) dom(f � g) = dom f + dom g.
(iii) f �g = g�f .
(iv) Suppose that f , g, and h possess continuous affine minorants with the

same slope. Then f � (g�h) = (f �g)�h.

Proof. (i): By assumption, there exist η ∈ R and µ ∈ R such that f ≥ 〈· | u〉+η
and g ≥ 〈· | u〉+µ. Now fix x ∈ H. Then, for every y ∈ H, f(y) + g(x− y) ≥
〈x | u〉+ η + µ and, therefore, f �g ≥ 〈· | u〉+ η + µ > −∞.

(ii)&(iii): Observe that (12.1) can be rewritten as

f � g : H → [−∞,+∞] : x 7→ inf
(u,v)∈H×H
u+v=x

f(u) + g(v). (12.3)

(iv): It follows from (i) that g�h and f �g are functions from H to
]−∞,+∞]. Therefore, the infimal convolutions f � (g�h) and (f � g)�h are
well defined. Furthermore, using (12.3), we obtain

(∀x ∈ H)
(
f � (g�h)

)
(x) = inf

(u,v,w)∈H×H×H
u+v+w=x

(
f(u) + g(v) + h(w)

)

=
(
(f �g)�h

)
(x), (12.4)

as desired. ⊓⊔

Example 12.7 Set f : R → R : ξ 7→ ξ and g = −f . Then f �g ≡ −∞. This
shows that Proposition 12.6(i) fails if the assumption on the minorants is not
satisfied.

Proposition 12.8 Let f and g be functions from H to ]−∞,+∞]. Then the
following hold:

(i) epi f + epi g ⊂ epi(f � g).
(ii) Suppose that f �g = f ⊡g. Then epi(f � g) = epi f + epi g.

Proof. (i): Take (x, ξ) ∈ epi f and (y, η) ∈ epi g. Then (12.3) yields

(f �g)(x+ y) ≤ f(x) + g(y) ≤ ξ + η. (12.5)

Therefore (x + y, ξ + η) ∈ epi(f �g).
(ii): Take (x, ξ) ∈ epi(f �g). In view of (i), it suffices to show that (x, ξ) ∈

epi f+epi g. By assumption, there exists y ∈ H such that (f � g)(x) = f(y)+
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g(x − y) ≤ ξ. Therefore (x − y, ξ − f(y)) ∈ epi g and, in turn, (x, ξ) =
(y, f(y)) + (x− y, ξ − f(y)) ∈ epi f + epi g. ⊓⊔

A central example of infimal convolution is obtained by using a power of
the norm.

Proposition 12.9 Let f : H → ]−∞,+∞] be proper, let p ∈ [1,+∞[, and
set

(∀γ ∈ R++) gγ = f �

( 1

γp
‖ · ‖p

)
. (12.6)

Then the following hold for every γ ∈ R++ and every x ∈ H:
(i) dom gγ = H.
(ii) Take µ ∈ ]γ,+∞[. Then inf f(H) ≤ gµ(x) ≤ gγ(x) ≤ f(x).
(iii) inf gγ(H) = inf f(H).
(iv) gµ(x) ↓ inf f(H) as µ ↑ +∞.
(v) gγ is bounded above on every ball in H.

Proof. Let x ∈ H and γ ∈ R++.
(i): By Proposition 12.6(ii), dom gγ = dom f +dom(‖ ·‖p/(γp)) = dom f +

H = H.
(ii): It is clear that gµ(x) ≤ gγ(x). On the other hand,

inf f(H) ≤ gγ(x) = inf
y∈H

(
f(y) +

1

γp
‖x− y‖p

)
≤ f(x). (12.7)

(ii)⇒(iii): Clear.
(iv): Let y ∈ H. Then, for every µ ∈ R++, gµ(x) ≤ f(y) + (µp)−1‖x− y‖p

and therefore limµ↑+∞ gµ(x) ≤ f(y). Appealing to (ii) and taking the infimum
over y ∈ H, we obtain

inf f(H) ≤ lim
µ↑+∞

gµ(x) ≤ lim
µ↑+∞

gµ(x) ≤ inf f(H). (12.8)

(v): Fix z ∈ dom f and ρ ∈ R++. Then

(
∀y ∈ B(x; ρ)

)
gγ(y) ≤ f(z) + ‖y − z‖p/(γp)

≤ f(z) + 2p−1
(
‖y − x‖p + ‖x− z‖p

)
/(γp) (12.9)

≤ f(z) + 2p−1
(
ρp + ‖x− z‖p

)
/(γp)

< +∞, (12.10)

where (12.9) follows either from the triangle inequality or from (8.15), de-
pending on whether p = 1 or p > 1. ⊓⊔

Remark 12.10 In (12.6), we may have gγ ≡ −∞, even if f is real-valued. For
instance, suppose that H is infinite-dimensional and let f be a discontinuous
linear functional (see Example 2.20 for a construction and Example 8.33 for
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properties). Since, for every ρ ∈ R++, f is unbounded below on B(0; ρ), there
exists a sequence (yn)n∈N in H such that yn → 0 and f(yn) → −∞. Thus,
for every x ∈ H, gγ(x) ≤ f(yn) + (γp)−1‖x− yn‖p → −∞. We conclude that
gγ ≡ −∞.

12.2 Infimal Convolution of Convex Functions

Proposition 12.11 Let f and g be convex functions from H to ]−∞,+∞].
Then f �g is convex.

Proof. Take F : H ×H → ]−∞,+∞] : (x, y) 7→ f(y) + g(x − y) in Proposi-
tion 8.26. ⊓⊔

Corollary 12.12 Let C be a convex subset of H. Then dC is convex.

Proof. As seen in Example 12.2, dC = ιC �‖ · ‖. Since ιC and ‖ · ‖ are convex
(see Example 8.3 and Example 8.7), so is dC by Proposition 12.11. ⊓⊔

The following examples show that the infimal convolution of two functions
in Γ0(H) need not be exact or lower semicontinuous.

Example 12.13 Set f : R → ]−∞,+∞] : x 7→ 1/x if x > 0; +∞ otherwise,
and set g = f∨. Then the following hold:

(i) f ∈ Γ0(R) and g ∈ Γ0(R).
(ii) f � g ≡ 0 and f �g is nowhere exact.
(iii) Set ϕ = ιC and ψ = ιD, where C = epi f and D = epi g. It follows from

(i) that C and D are nonempty closed convex subsets of R2. Therefore
ϕ and ψ are in Γ0(R

2). However, C +D is the open upper half-plane in
R2 and thus ϕ⊡ψ = ιC+D is not lower semicontinuous.

We now present conditions under which the infimal convolution of two
functions in Γ0(H) is exact and in Γ0(H) (see also Proposition 15.7).

Proposition 12.14 Let f and g be in Γ0(H), and suppose that one of the
following holds:

(i) f is supercoercive.
(ii) f is coercive and g is bounded below.

Then f �g = f ⊡ g ∈ Γ0(H).

Proof. By Proposition 12.6(ii), dom f �g = dom f + dom g 6= ∅. Now let
x ∈ dom f �g. Then dom f ∩ dom g(x − ·) 6= ∅ and hence Corollary 11.15
implies that f + g(x − ·) has a minimizer over H. Thus, (∀x ∈ dom(f � g))
(f �g)(x) = miny∈H f(y) + g(x − y) ∈ R. Therefore, f � g = f ⊡g and f �g
is proper. In view of Proposition 12.11 and Theorem 9.1, to complete the
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proof it suffices to show that f �g is sequentially lower semicontinuous. To
this end, let x ∈ H and let (xn)n∈N be a sequence in H such that xn → x.
We need to show that

(f �g)(x) ≤ lim(f � g)(xn). (12.11)

After passing to a subsequence and relabeling, we assume that the sequence
((f �g)(xn))n∈N converges, say (f �g)(xn) → µ ∈ [−∞,+∞[. Let (yn)n∈N

be a sequence in H such that (∀n ∈ N) (f �g)(xn) = f(yn) + g(xn− yn). We
claim that

(yn)n∈N is bounded. (12.12)

Assume that (12.12) is false. After passing to a subsequence and relabeling,
we obtain 0 6= ‖yn‖ → +∞. We now show that a contradiction ensues from
each hypothesis.

(i): By Theorem 9.19, g possesses a continuous affine minorant, say 〈· | u〉+
η, where u ∈ H and η ∈ R. Using the supercoercivity of f , we get

+∞ > µ

← (f �g)(xn)

= f(yn) + g(xn − yn)
≥ f(yn) + 〈xn − yn | u〉 + η

≥ ‖yn‖
(
f(yn)

‖yn‖
− ‖u‖

)
+ 〈xn | u〉+ η

→ +∞, (12.13)

which is impossible.
(ii): Since f is coercive, we have f(yn)→ +∞. Hence, g(xn − yn)→ −∞

since f(yn) + g(xn − yn) → µ < +∞. However, this is impossible since g is
bounded below.

Hence, (12.12) holds in both cases. After passing to a subsequence and
relabeling, we assume that (yn)n∈N converges weakly to some point y ∈ H.
Then xn−yn⇀x−y and thus µ = lim(f �g)(xn) = lim f(yn)+g(xn−yn) ≥
lim f(yn) + lim g(xn − yn) ≥ f(y) + g(x− y) ≥ (f �g)(x). Therefore, (12.11)
is verified and the proof is complete. ⊓⊔

The next proposition examines the properties of the infimal convolution
of a convex function with a power of the norm.

Proposition 12.15 Let f ∈ Γ0(H), let γ ∈ R++, and let p ∈ ]1,+∞[. Then
the infimal convolution

f �

( 1

γp
‖ · ‖p

)
: H → ]−∞,+∞] : x 7→ inf

y∈H

(
f(y) +

1

γp
‖x− y‖p

)
(12.14)
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is convex, real-valued, continuous, and exact. Moreover, for every x ∈ H, the
infimum in (12.14) is uniquely attained.

Proof. Let us define gγ as in (12.6). We observe that (γp)−1‖ · ‖p is super-
coercive and, by Example 8.21, strictly convex. Proposition 12.14(i) implies
that gγ is proper, lower semicontinuous, convex, and exact. Combining this,
Proposition 12.9(v), and Corollary 8.30(i), we obtain that gγ is real-valued
and continuous. The statement concerning the unique minimizer follows from
Corollary 11.15(i). ⊓⊔

In the next two sections, we examine the cases p = 1 and p = 2 in (12.14)
in more detail.

12.3 Pasch–Hausdorff Envelope

Definition 12.16 Let f : H → ]−∞,+∞] and let β ∈ R+. The β-Pasch–
Hausdorff envelope of f is f �

(
β‖ · ‖

)
.

Observe that the Pasch–Hausdorff envelope enjoys all the properties listed
in Proposition 12.9.

Proposition 12.17 Let f : H → ]−∞,+∞] be proper, let β ∈ R+, and let
g be the β-Pasch–Hausdorff envelope of f . Then exactly one of the following
holds:

(i) f possesses a β-Lipschitz continuous minorant, and g is the largest β-
Lipschitz continuous minorant of f .

(ii) f possesses no β-Lipschitz continuous minorant, and g ≡ −∞.

Proof. We first note that Proposition 12.9(i) implies that

(∀x ∈ H)(∀y ∈ H) g(x) = inf
z∈H

(
f(z) + β‖x− z‖

)

≤ β‖x− y‖+ inf
z∈H

(
f(z) + β‖y − z‖

)

= β‖x− y‖+ g(y)

< +∞. (12.15)

(i): Suppose that f possesses a β-Lipschitz continuous minorant h : H → R.
Then

(∀x ∈ H)(∀y ∈ H) h(x) ≤ h(y) + β‖x− y‖
≤ f(y) + β‖x− y‖. (12.16)

Taking the infimum over y ∈ H, we obtain

(∀x ∈ H) h(x) ≤ g(x). (12.17)
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Consequently, −∞ /∈ g(H) and (12.15) implies that g is real-valued and β-
Lipschitz continuous. On the other hand, it follows from Proposition 12.9(ii)
that g ≤ f .

(ii): Suppose that f possesses no β-Lipschitz continuous minorant and that
g is real-valued at some point in H. We derive from (12.15) that g is every-
where real-valued and β-Lipschitz continuous. If β = 0, then g ≡ inf f(H),
which contradicts the assumption that f has no 0-Lipschitz continuous mi-
norant. On the other hand, if β > 0, then Proposition 12.9(ii) implies that g
is a minorant of f , and we once again reach a contradiction. ⊓⊔

We deduce at once the following involution property from Proposi-
tion 12.17(i).

Corollary 12.18 Let f : H → R be β-Lipschitz continuous for some β ∈
R++. Then f is its own β-Pasch–Hausdorff envelope.

Corollary 12.19 Let C be a nonempty subset of H and let h : C → R be
β–Lipschitz continuous for some β ∈ R+. Set

f : H → ]−∞,+∞] : x 7→
{
h(x), if x ∈ C;
+∞, otherwise.

(12.18)

Then f � (β‖ · ‖) is a β–Lipschitz continuous extension of h.

Proof. Set g = f � (β‖ · ‖). Then, for every x ∈ C,

g(x) = inf
y∈H

(
f(y)+β‖x−y‖

)
= inf

y∈C

(
h(y)+β‖x−y‖

)
≥ h(x) > −∞. (12.19)

Hence, g 6≡ −∞ and Proposition 12.17 implies that g is the largest β-Lipschitz
continuous minorant of f . In particular, g|C ≤ f |C = h. On the other hand,
(12.19) yields g|C ≥ h. Altogether, g|C = h and the proof is complete. ⊓⊔

12.4 Moreau Envelope

The most important instance of (12.6) is obtained when p = 2.

Definition 12.20 Let f : H → ]−∞,+∞] and let γ ∈ R++. The Moreau
envelope of f of parameter γ is

γf = f �

( 1

2γ
‖ · ‖2

)
. (12.20)

Example 12.21 Let C ⊂ H and let γ ∈ R++. Then
γιC = (2γ)−1d2C .
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Fig. 12.1 Graphs of f : x 7→ |x|+ 0.1|x|3 and of its Moreau envelope 1f .

As a special case of (12.6) with p > 1, the Moreau envelope inherits all the
properties recorded in Proposition 12.9 and Proposition 12.15. In addition,
it possesses specific properties that we now examine.

Proposition 12.22 Let f : H → ]−∞,+∞], γ ∈ R++, and µ ∈ R++. Then
the following hold:

(i) µ(γf) = γ ( γµf).

(ii) γ (µf) = (γ+µ)f .

Proof. Fix x ∈ H.
(i): We derive from (12.20) that

µ(γf )(x) = γ

(
inf
y∈H

f(y) +
1

2γµ
‖x− y‖2

)
= γ ( γµf)(x). (12.21)

(ii): Set α = µ/(µ+ γ). Then it follows from Corollary 2.14 that

γ (µf)(x) = inf
z∈H

(
inf
y∈H

(
f(y) +

1

2µ
‖z − y‖2

)
+

1

2γ
‖z − x‖2

)

= inf
y∈H

(
f(y) +

1

2αγ
inf
z∈H

(
α‖z − x‖2 + (1− α)‖z − y‖2

))
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= inf
y∈H

(
f(y)

+
1

2αγ
inf
z∈H

(
‖z − (αx + (1− α)y)‖2 + α(1− α)‖x− y‖2

))

= inf
y∈H

(
f(y) +

1

2(γ + µ)
‖x− y‖2

)
, (12.22)

which yields γ (µf)(x) = (γ+µ)f(x). ⊓⊔
In the case p = 2, Proposition 12.15 motivates the following definition.

Definition 12.23 Let f ∈ Γ0(H) and let x ∈ H. Then Proxf x is the unique
point in H that satisfies

1f(x) = min
y∈H

(
f(y) +

1

2
‖x− y‖2

)
= f(Proxf x)+

1

2
‖x−Proxf x‖2. (12.23)

The operator Proxf : H → H is the proximity operator—or proximal map-
ping—of f .

Remark 12.24 Let f ∈ Γ0(H), γ ∈ R++, and x ∈ H. Proposition 12.22(i)
with µ = 1 yields 1(γf) = γ( γf). Hence we derive from (12.23) that

γf(x) = f(Proxγf x) +
1

2γ
‖x− Proxγf x‖2. (12.24)

Example 12.25 Let C be a nonempty closed convex subset of H. Then
ProxιC = PC .

The next two results generalize (3.6) and Proposition 4.8, respectively.

Proposition 12.26 Let f ∈ Γ0(H), and let x and p be in H. Then

p = Proxf x ⇔ (∀y ∈ H) 〈y − p | x− p〉+ f(p) ≤ f(y). (12.25)

Proof. Let y ∈ H. First, suppose that p = Proxf x and set (∀α ∈ ]0, 1[)
pα = αy + (1 − α)p. Then, for every α ∈ ]0, 1[, (12.23) and the convexity of
f yield

f(p) ≤ f(pα) +
1

2
‖x− pα‖2 −

1

2
‖x− p‖2

≤ αf (y) + (1− α)f(p)− α 〈x− p | y − p〉+ α2

2
‖y − p‖2 (12.26)

and hence 〈y − p | x− p〉 + f(p) ≤ f(y) + (α/2)‖y − p‖2. Letting α ↓ 0,
we obtain the desired inequality. Conversely, suppose that 〈y − p | x− p〉 +
f(p) ≤ f(y). Then certainly f(p) + (1/2)‖x− p‖2 ≤ f(y) + (1/2)‖x− p‖2 +
〈x− p | p− y〉+ (1/2)‖p− y‖2 = f(y) + (1/2)‖x− y‖2 and we conclude that
p = Proxf x. ⊓⊔



176 12 Infimal Convolution

Proposition 12.27 Let f ∈ Γ0(H). Then Proxf and Id − Proxf are firmly
nonexpansive.

Proof. Take x and y in H, and set p = Proxf x and q = Proxf y. Then
Proposition 12.26 yields 〈q − p | x− p〉 + f(p) ≤ f(q) and 〈p− q | y − q〉 +
f(q) ≤ f(p). Since p and q lie in dom f , upon adding these two inequalities,
we get 0 ≤ 〈p− q | (x− p)− (y − q)〉 and conclude via Proposition 4.2. ⊓⊔

Proposition 12.28 Let f ∈ Γ0(H). Then

FixProxf = Argmin f. (12.27)

Proof. Let x ∈ H. Then it follows from Proposition 12.26 that x = Proxf x
⇔ (∀y ∈ H) 〈y − x | x− x〉 + f(x) ≤ f(y) ⇔ (∀y ∈ H) f(x) ≤ f(y) ⇔
x ∈ Argmin f . ⊓⊔

It follows from Proposition 12.15 that the Moreau envelope of f ∈ Γ0(H) is
convex, real-valued, and continuous. The next result states that it is actually
Fréchet differentiable on H.

Proposition 12.29 Let f ∈ Γ0(H) and let γ ∈ R++. Then
γf : H → R is

Fréchet differentiable on H, and its gradient

∇(γf ) = γ−1(Id− Proxγf) (12.28)

is γ−1-Lipschitz continuous.

Proof. Assume that x and y are distinct points in H, and set p = Proxγf x
and q = Proxγf y. Using (12.24) and Proposition 12.26, we obtain

γf(y) − γf(x) = f(q) − f(p) +
(
‖y − q‖2 − ‖x− p‖2

)
/(2γ)

≥
(
2 〈q − p | x− p〉+ ‖y − q‖2 − ‖x− p‖2

)
/(2γ)

=
(
‖y − q − x+ p‖2 + 2 〈y − x | x− p〉

)
/(2γ)

≥ 〈y − x | x− p〉 /γ. (12.29)

Likewise, γf(y)− γf(x) ≤ 〈y − x | y − q〉 /γ. Combining the last two inequal-
ities and using the firm nonexpansiveness of Proxf (Proposition 12.27), we
get

0 ≤ γf(y)− γf(x)− 〈y − x | x− p〉 /γ
≤ 〈y − x | (y − q)− (x− p)〉 /γ
≤ (‖y − x‖2 − ‖q − p‖2)/γ
≤ ‖y − x‖2/γ. (12.30)

Thus, limy→x

(
γf(y) − γf(x) −

〈
y − x | γ−1(x− p)

〉 )
/‖y − x‖ = 0. Finally,

Lipschitz continuity follows from Proposition 12.27. ⊓⊔
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Corollary 12.30 Let C be a nonempty closed convex subset of H. Then d2C
is Fréchet differentiable on H and

∇d2C = 2(Id− PC). (12.31)

Proof. Apply Proposition 12.29 with f = ιC and γ = 1/2, and use Exam-
ple 12.21 and Example 12.25. ⊓⊔

Proposition 12.31 Let K be a nonempty closed convex cone in H, and set
q = (1/2)‖ · ‖2. Then ∇(q ◦ PK) = ∇((1/2)d2K⊖) = PK .

Proof. Using Theorem 6.29(i) and Corollary 12.30, we obtain ∇(q ◦ PK) =
∇(q ◦ (Id − PK⊖)) = ∇((1/2)d2K⊖) = Id− PK⊖ = PK . ⊓⊔

Proposition 12.32 Let f ∈ Γ0(H) and let x ∈ H. Then the net (γf(x))γ∈R++

is decreasing and the following hold:

(i) γf(x) ↑ f(x) as γ ↓ 0.
(ii) γf(x) ↓ inf f(H) as γ ↑ +∞.

Proof. In view of Proposition 12.9(ii)&(iv), we need to prove only (i). To
this end, set µ = supγ∈R++

γf(x). It follows from Proposition 12.9(ii) that
γf(x) ↑ µ ≤ f(x) as γ ↓ 0. Therefore, we assume that µ < +∞, and it is
enough to show that limγ↓0

γf(x) ≥ f(x). We deduce from (12.24) that

(∀γ ∈ R++) µ ≥ γf(x) = f(Proxγf x) +
1

2γ
‖x− Proxγf x‖2. (12.32)

Now set g = f + (1/2)‖x − ·‖2. Then (12.32) implies that (∀γ ∈ ]0, 1[)
Proxγf x ∈ lev≤µ g. Since g is coercive by Corollary 11.15(i), we derive from
Proposition 11.11 that ν = supγ∈]0,1[ ‖Proxγf x‖ < +∞. On the other hand,
Theorem 9.19 asserts that there exist u ∈ H and η ∈ R such that f ≥
〈· | u〉+ η. Therefore, (12.32) yields

(∀γ ∈ ]0, 1[) µ ≥ 〈Proxγf x | u〉+ η +
1

2γ
‖x− Proxγf x‖2

≥ −ν‖u‖+ η +
1

2γ
‖x− Proxγf x‖2, (12.33)

from which we deduce that

‖x− Proxγf x‖2 ≤ 2γ
(
µ+ ν‖u‖ − η

)
→ 0 as γ ↓ 0. (12.34)

In turn, since f is lower semicontinuous,

lim
γ↓0

γf(x) = lim
γ↓0

f(Proxγf x) +
1

2γ
‖x− Proxγf x‖2

≥ lim
γ↓0

f(Proxγf x)
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≥ f(x), (12.35)

which provides the desired inequality. ⊓⊔

12.5 Infimal Postcomposition

Definition 12.33 Let f : H → [−∞,+∞], let K be a real Hilbert space, and
let L : H → K. The infimal postcomposition of f by L is

L ⊲ f : K → [−∞,+∞] : y 7→ inf f
(
L−1{y}

)
= inf

x∈H
Lx=y

f(x), (12.36)

and it is exact at a point y ∈ H if (L ⊲ f)(y) = minx∈L−1{y} f(x), i.e.,

(∃x ∈ H) Lx = y and (L ⊲ f)(y) = f(x) ∈ ]−∞,+∞] ; (12.37)

L ⊲ f is exact if it is exact at every point of its domain, in which case it is
denoted by L ·⊲ f .
Proposition 12.34 Let f : H → ]−∞,+∞] and let L : H → K, where K is
a real Hilbert space. Then the following hold:

(i) dom(L ⊲ f) = L(dom f).
(ii) Suppose that f is convex and that L is affine. Then L ⊲ f is convex.

Proof. (i): Take y ∈ K. Then y ∈ dom(L ⊲ f) ⇔ [ (∃x ∈ H) f(x) < +∞ and
Lx = y ] ⇔ y ∈ L(dom f).

(ii): The function F : K ×H → [−∞,+∞] : (y, x) 7→ f(x) + ιgraL(x, y) is
convex and so is its marginal function L ⊲ f by Proposition 8.26. ⊓⊔

Proposition 12.35 Let f and g be functions from H to ]−∞,+∞] and set
L : H×H → H : (x, y) 7→ x+ y. Then f �g = L ⊲ (f ⊕ g).

Proof. A direct consequence of Definition 12.1 and Definition 12.33. ⊓⊔

Exercises

Exercise 12.1 Let f : H → [−∞,+∞]. Determine f �0 and f � ι{0}.

Exercise 12.2 Let f and g be functions in Γ0(H). Show that the set
epi f + epi g is closed if and only if f � g is lower semicontinuous and ex-
act on

{
z ∈ H

∣∣ (f �g)(z) > −∞
}
.

Exercise 12.3 Provide continuous and convex functions f and g from R to
R such that epi f + epi g is strictly contained in epi(f �g).
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Exercise 12.4 Let f , g, and h be functions in Γ0(H) such that f �g = f �h.
Show that it does not follow that g = h.

Exercise 12.5 Let K be a nonempty closed convex cone in H, let φ : R→ R

be an even convex function, and set f : H → R : x 7→ φ(‖PKx‖). Show that
f is convex. Is this property still true if K is an arbitrary nonempty closed
convex set?

Exercise 12.6 Let f ∈ Γ0(H), let γ ∈ R++, let α ∈ R++, and let u ∈ H.
(i) Set g = f∨. Show that γg =

(
γf
)∨

.
(ii) Set g = f + (2α)−1‖ · ‖2 and β = (αγ)/(α + γ). Show that

γg =
1

2(α + γ)
‖ · ‖2 +

(
βf
)( α·

α+ γ

)
. (12.38)

(iii) Set g = f + 〈· | u〉. Show that γg = 〈· | u〉 − (γ/2)‖u‖2 + γf(· − γu).
Exercise 12.7 Compute the proximity operator and the Moreau envelope
1f for f ∈ Γ0(R) in the following cases:

(i) f = | · |.
(ii) f = | · |3.
(iii) f = | · |+ | · |3 (see Figure 12.1).

Exercise 12.8 Let f ∈ Γ0(H), and set f0 = ι{0} and (∀n ∈ N) fn+1 =
f �fn. Show that (

∀n ∈ Nr {0}
)

fn = nf
( ·
n

)
. (12.39)

Exercise 12.9 Let β ∈ R++. Show that the β-Pasch–Hausdorff envelope of
a convex function from H to ]−∞,+∞] is convex. In addition, find a function
from H to ]−∞,+∞] that has a nonconvex β-Pasch–Hausdorff envelope.

Exercise 12.10 Let f : H → ]−∞,+∞], and let g : H → R be upper semi-
continuous. Show that

f �g = f̄ �g, (12.40)

where f̄ is the lower semicontinuous envelope of f defined in (1.42).

Exercise 12.11 Let A ∈ B(H) be self-adjoint, strictly positive, and surjec-
tive, set qA : H → R : x 7→ 1

2 〈x | Ax〉, and let b ∈ H. Show that

(∀x ∈ H) qA(x)−〈x | b〉 = qA(A
−1b)−

〈
A−1b | b

〉
+ qA(x−A−1b). (12.41)

Deduce that the unique minimizer of the function qA − 〈 · | b〉 is A−1b, at
which point the value is −qA(A−1b) = −qA−1(b).

Exercise 12.12 Let A and B be self-adjoint, strictly positive, surjective
operators in B(H) such that A+B is surjective, and set qA : x 7→ 1

2 〈x | Ax〉.
Show that

qA⊡qB = q(A−1+B−1)−1 . (12.42)
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Exercise 12.13 For all y ∈ H and α ∈ R++, set qy,α : H → ]−∞,+∞] : x 7→
1
2
‖α−1(x− y)‖2 if α > 0; and qy,α = ι{y} if α = 0. Let y and z be in H, and

let α and β be in R. Show that

qy,α⊡ qz,β = q
y+z,
√
α2+β2

. (12.43)

Exercise 12.14 Let f and g be functions from H to ]−∞,+∞]. Define the
strict epigraph of f by

epi< f =
{
(x, ξ) ∈ H× R

∣∣ f(x) < ξ
}
. (12.44)

Show that epi< f + epi< g = epi<(f �g).

Exercise 12.15 Let f : H → ]−∞,+∞], let K be a real Hilbert space, let
L : H → K, and use the same notation as in (12.44). Show that epi<(L ⊲ f) =
(L× Id)(epi< f).



Chapter 13

Conjugation

In classical analysis, functional transforms make it possible to investigate
problems from a different perspective and sometimes simplify their analysis.
In convex analysis, the most suitable notion of a transform is the Legendre
transform, which maps a function to its (Fenchel) conjugate. This transform
is studied in detail in this chapter. In particular, it is shown that the conjugate
of an infimal convolution is the sum of the conjugates. The key result of this
chapter is the Fenchel–Moreau theorem, which states that the proper convex
lower semicontinuous functions are precisely those functions that coincide
with their biconjugates.

13.1 Definition and Examples

Definition 13.1 Let f : H → [−∞,+∞]. The conjugate (or Legendre trans-
form, or Legendre–Fenchel transform, or Fenchel conjugate) of f is

f∗ : H → [−∞,+∞] : u 7→ sup
x∈H

(
〈x | u〉 − f(x)

)
, (13.1)

and the biconjugate of f is f∗∗ = (f∗)∗.

Let us illustrate Definition 13.1 through a variety of examples (see also
Figure 13.1).

Example 13.2 These examples concern the case H = R.

(i) Let p ∈ ]1,+∞[ and set p∗ = p/(p−1). Then ((1/p)| · |p)∗ = (1/p∗)| · |p∗ .

(ii) Let f : x 7→
{
1/x, if x > 0;

+∞, if x ≤ 0.
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gra f

f ∗(u)

gra 〈· | u〉

R

H

Fig. 13.1 f∗(u) is the supremum of the signed vertical difference between the graph of f

and that of the continuous linear functional 〈· | u〉.

Then f∗ : u 7→
{
−2
√
−u, if u ≤ 0;

+∞, if u > 0.

(iii) Let f : x 7→
{
− ln(x), if x > 0;

+∞, if x ≤ 0.

Then f∗ : u 7→
{
− ln(−u)− 1, if u < 0;

+∞, if u ≥ 0.

(iv) cosh∗ : u 7→ u arcsinh(u)−
√
u2 + 1.

(v) exp∗ : u 7→





u ln(u) − u, if u > 0;

0, if u = 0;

+∞, if u < 0.

(vi) Let f : x 7→
√
1 + x2. Then f∗ : u 7→

{
−
√
1− u2, if |u| ≤ 1;

+∞, if |u| > 1.

Proof. Exercise 13.1. ⊓⊔
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Example 13.3 Below are some direct applications of (13.1).

(i) Let f = ιC , where C ⊂ H. Then (7.4) yields f∗ = σC .
(ii) Let f = ιK , where K is a nonempty cone in H. Then (i) yields f∗ =

σK = ιK⊖ .
(iii) Let f = ιV , where V is a linear subspace of H. Then (ii) yields f∗ =

ιV ⊖ = ιV ⊥ .
(iv) Let f = ιB(0;1). Then (i) yields f∗ = σB(0;1) = sup‖x‖≤1 〈x | ·〉 = ‖ · ‖.
(v) Let f = ‖ · ‖. Then f∗ = ιB(0;1).

Proof. (i)–(iv): Exercise 13.2.
(v): Let u ∈ H. If ‖u‖ ≤ 1, then Cauchy–Schwarz yields 0 = 〈0 | u〉−‖0‖ ≤

supx∈H(〈x | u〉−‖x‖) ≤ supx∈H(‖x‖(‖u‖− 1)) = 0. Therefore f∗(u) = 0. On
the other hand, if ‖u‖ > 1, then supx∈H(〈x | u〉−‖x‖) ≥ supλ∈R++

(〈λu | u〉−
‖λu‖) = ‖u‖(‖u‖ − 1) supλ∈R++

λ = +∞. Altogether, f∗ = ιB(0;1). ⊓⊔

Example 13.4 Let ϕ : H → ]−∞,+∞] be proper, let γ ∈ R++, and set
f = ϕ+ γ−1q, where q = (1/2)‖ · ‖2. Then

f∗ = γq − γϕ ◦ γId = γq − (ϕ� (γ−1q)) ◦ γId. (13.2)

Proof. Let u ∈ H. Definition 12.20 yields

f∗(u) = − inf
x∈H

(
f(x)− 〈x | u〉

)

=
γ

2
‖u‖2 − inf

x∈H

(
ϕ(x) +

1

2γ
‖x− γu‖2

)

=
γ

2
‖u‖2 − γϕ(γu), (13.3)

which provides (13.2). ⊓⊔

Example 13.5 Let C be a nonempty subset of H and let f = ιC + ‖ · ‖2/2.
Then f∗ = (‖ · ‖2 − d2C)/2.

Proof. Set ϕ = ιC and γ = 1 in Example 13.4. ⊓⊔

Example 13.6 Set f = (1/2)‖ · ‖2. Then f∗ = f .

Proof. Set C = H in Example 13.5. ⊓⊔

Example 13.7 Let φ : R→ ]−∞,+∞] be even. Then (φ ◦ ‖ · ‖)∗ = φ∗ ◦ ‖ · ‖.

Proof. If H = {0}, then (φ ◦ ‖ · ‖)∗(0) = −φ(0) = (φ∗ ◦ ‖ · ‖)(0). Now assume
that H 6= {0}. Then, for every u ∈ H,

(φ ◦ ‖ · ‖)∗(u) = sup
ρ∈R+

sup
‖x‖=1

(
〈ρx | u〉 − φ(‖ρx‖)

)

= sup
ρ∈R+

(
ρ‖u‖ − φ(ρ)

)
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= sup
ρ∈R

(
ρ‖u‖ − φ(ρ)

)

= φ∗(‖u‖), (13.4)

as required. ⊓⊔

Example 13.8 Let ϕ : H → ]−∞,+∞] and let f be its perspective function,
defined in (8.18). Then f∗ = ιC , where C =

{
(ν, u) ∈ R×H

∣∣ ν + ϕ∗(u) ≤ 0
}
.

Proof. Let ν ∈ R and u ∈ H. It follows from (8.18) that

f∗(ν, u) = sup
ξ∈R++

(
sup
x∈H

ξν + 〈x | u〉 − ξϕ(x/ξ)
)

= sup
ξ∈R++

ξ

(
ν + sup

x∈H
〈x/ξ | u〉 − ϕ(x/ξ)

)

= sup
ξ∈R++

ξ
(
ν + ϕ∗(u)

)

=

{
0, if ν + ϕ∗(u) ≤ 0;

+∞, otherwise,
(13.5)

which completes the proof. ⊓⊔

13.2 Basic Properties

Let us first record some immediate consequences of Definition 13.1.

Proposition 13.9 Let f : H → [−∞,+∞]. Then the following hold:

(i) f∗(0) = − inf f(H).
(ii) −∞ ∈ f∗(H) ⇔ f ≡ +∞ ⇔ f∗ ≡ −∞.
(iii) Suppose that f∗ is proper. Then f is proper.
(iv) Let u ∈ H. Then

f∗(u) = sup
x∈dom f

(
〈x | u〉 − f(x)

)
= sup

(x,ξ)∈epi f

(
〈x | u〉 − ξ

)
.

(v) f∗ = ι∗gra f ( · ,−1) = ι∗epi f ( · ,−1).

Proposition 13.10 Let f : H → [−∞,+∞]. Then the following hold:

(i) Let (u, ν) ∈ H× R. Then (u, ν) ∈ epi f∗ ⇔ 〈· | u〉 − ν ≤ f .
(ii) f∗ ≡ +∞ if and only if f possesses no continuous affine minorant.
(iii) Suppose that dom f∗ 6= ∅. Then f is bounded below on every bounded

subset of H.
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Proof. (i): (u, ν) ∈ epi f∗ ⇔ f ∗(u) ≤ ν ⇔ (∀x ∈ H) 〈x | u〉 − f(x) ≤ ν.
(ii): By (i), there is a bijection between the points of the epigraph of f∗

and the continuous affine minorants of f , and epi f∗ = ∅ ⇔ f∗ ≡ +∞.
(iii): By (ii), if dom f∗ 6= ∅, then f possesses a continuous affine minorant,

say 〈· | u〉 + ν. Now let C be a bounded set in H and let β = supx∈C ‖x‖.
Then, by Cauchy–Schwarz, (∀x ∈ C) f(x) ≥ 〈x | u〉 + ν ≥ −‖x‖ ‖u‖+ ν ≥
−β‖u‖ − ν > −∞. ⊓⊔

Proposition 13.11 Let f : H → [−∞,+∞]. Then f∗ ∈ Γ (H).

Proof. We assume that f 6≡ +∞. By Proposition 13.9(iv), f∗ is the supremum
of the lower semicontinuous convex functions

(
〈x | ·〉−ξ

)
(x,ξ)∈epi f

. The result

therefore follows from Proposition 9.3. ⊓⊔

Example 13.12 Let ϕ : H → ]−∞,+∞] be proper and let γ ∈ R++. Then,
by Proposition 13.11, (γ/2)‖ · ‖2 − γϕ(γ·) is lower semicontinuous and con-
vex as a conjugate function (see Example 13.4). Likewise, it follows from
Example 13.5 that, for every nonempty subset C of H, ‖ · ‖2 − d2C ∈ Γ0(H).

Proposition 13.13 (Fenchel–Young inequality) Let f : H → ]−∞,+∞]
be proper. Then

(∀x ∈ H)(∀u ∈ H) f(x) + f∗(u) ≥ 〈x | u〉 . (13.6)

Proof. Fix x and u in H. Since f is proper, it follows from Proposition 13.9(ii)
that −∞ /∈ f∗(H). Thus, if f(x) = +∞, the inequality trivially holds. On
the other hand, if f(x) < +∞, then (13.1) yields f∗(u) ≥ 〈x | u〉 − f(x) and
the inequality follows. ⊓⊔

Proposition 13.14 Let f and g be functions from H to [−∞,+∞]. Then
the following hold:

(i) f∗∗ ≤ f .
(ii) f ≤ g ⇒ [ f∗ ≥ g∗ and f∗∗ ≤ g∗∗ ].
(iii) f∗∗∗ = f∗.

(iv) (f̆ )∗ = f∗.

Proof. (i) and (ii): Direct consequences of (13.1).
(iii): It follows from (i) and (ii) that f∗∗∗ ≥ f∗. On the other hand, (i)

applied to f∗ yields f∗∗∗ ≤ f∗.
(iv): It follows from Proposition 13.11 and Definition 9.7 that f∗∗ ≤ f̆ ≤ f .

Hence, by (iii) and (ii), f∗ = f∗∗∗ ≥ (f̆ )∗ ≥ f∗. ⊓⊔

Example 13.15 Set f : R→ R : x 7→ −|x|. Then f̆ ≡ −∞ and f∗ ≡ +∞.

Proposition 13.16 (self-conjugacy) Let f : H → [−∞,+∞]. Then

f = f∗ ⇔ f = (1/2)‖ · ‖2. (13.7)
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Proof. Set q = (1/2)‖ · ‖2. Then the identity q∗ = q is known from Ex-
ample 13.6. Conversely, if f = f∗, then f is proper by virtue of Propo-
sition 13.9, and the Fenchel–Young inequality (Proposition 13.13) yields
(∀x ∈ H) 2f(x) ≥ 〈x | x〉, i.e., f ≥ q. Therefore, by Proposition 13.14(ii),
q = q∗ ≥ f∗ = f and we conclude that f = q. ⊓⊔

Remark 13.17

(i) Suppose that H 6= {0}. Since (1/2)‖ · ‖2 is the only self-conjugate func-
tion, a convex cone K in H cannot be self-polar since K⊖ = K ⇔
ι∗K = ιK . In particular, we recover the well-known fact that a linear
subspace of H cannot be self-orthogonal.

(ii) Let f = ιK , where K is a self-dual closed convex cone in H. Then
f∗ = σK = ιK⊖ = ι∨K⊕ = f∨. Another function that satisfies the
identity f∗ = f∨ is

f : H = R→ ]−∞,+∞] : x 7→
{
− ln(x) − 1

2
, if x > 0;

+∞, if x ≤ 0.
(13.8)

Proposition 13.18 Let f : H → ]−∞,+∞] be even. Then f∗ is even.

Proof. Let u ∈ H. Then f∗(−u) = supx∈H 〈x | −u〉− f(x) = supx∈H 〈x | u〉−
f(−x) = supx∈H 〈x | u〉 − f(x) = f∗(u). ⊓⊔

Proposition 13.19 Let f : H → ]−∞,+∞] be such that f ≥ f(0) = 0. Then
f∗ ≥ f∗(0) = 0.

Proof. We have f∗(0) = − inf f(H) = −f(0) = 0. Moreover, for every u ∈ H,
(13.1) yields f∗(u) ≥ 〈0 | u〉 − f(0) = 0. ⊓⊔

Proposition 13.20 Let f : H → ]−∞,+∞]. Then the following hold:

(i) (∀α ∈ R++) (αf)
∗ = αf∗(·/α).

(ii) (∀α ∈ R++) (αf(·/α))∗ = αf∗.
(iii) (∀y ∈ H)(∀v ∈ H)(∀α ∈ R)

(
τyf+〈· | v〉+α

)∗
= τvf

∗+〈y | ·〉−〈y | v〉−
α.

(iv) Let L ∈ B(H) be bijective. Then (f ◦ L)∗ = f∗ ◦ L∗−1.
(v) f∨∗ = f∗∨.
(vi) Let V be a closed linear subspace of H such that dom f ⊂ V . Then(

f |V
)∗ ◦ PV = f∗ = f∗ ◦ PV .

Proof. (i)–(iv): Straightforward from (13.1).
(v): Take L = −Id in (iv).
(vi): Let u ∈ H. Then f∗(u) = supx∈V 〈x | u〉−f(x) = supx∈V 〈PV x | u〉−

f |V (x) = supx∈V 〈x | PV u〉−f |V (x) =
(
f |V
)∗
(PV u). Consequently, we obtain(

f |V
)∗
(PV u) =

(
f |V
)∗
(PV PV u) = f∗(PV u). ⊓⊔
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Proposition 13.21 Let f and g be functions from H to ]−∞,+∞]. Then
the following hold:

(i) (f �g)∗ = f∗ + g∗.
(ii) Suppose that f and g are proper. Then (f + g)∗ ≤ f∗

� g∗.
(iii) (∀γ ∈ R++) (

γf)∗ = f∗ + (γ/2)‖ · ‖2.
(iv) Let L ∈ B(H,K). Then (L ⊲ f)∗ = f∗ ◦ L∗.
(v) Let L ∈ B(K,H). Then (f ◦ L)∗ ≤ L∗ ⊲ f∗.

Proof. (i): For every u ∈ H, we have

(f �g)∗(u) = sup
x∈H

(
〈x | u〉 − inf

y∈H

(
f(y) + g(x− y)

))

= sup
y∈H

(
〈y | u〉 − f(y) + sup

x∈H

(
〈x− y | u〉 − g(x− y)

))

= f∗(u) + g∗(u). (13.9)

(ii): Items (i) and (ii) in Proposition 13.14 yield successively f + g ≥
f∗∗ + g∗∗ and (f + g)∗ ≤ (f∗∗ + g∗∗)∗. However, by (i) above, (f∗∗ + g∗∗)∗ =
(f∗

�g∗)∗∗ ≤ f∗
� g∗.

(iii): Take g = ‖ · ‖2/(2γ) in (i).
(iv): Let v ∈ K. Then

(L ⊲ f)∗(v) = sup
y∈K

(
〈y | v〉 − inf

Lx=y
f(x)

)

= sup
y∈K

sup
x∈L−1{y}

(
〈Lx | v〉 − f(x)

)

= sup
x∈H

(
〈x | L∗v〉 − f(x)

)

= f∗(L∗v). (13.10)

(v): By (iv) and Proposition 13.14(i), (L∗ ⊲ f∗)∗ = f∗∗ ◦ L∗∗ = f∗∗ ◦ L ≤
f ◦L. Hence, by Proposition 13.14(ii), L∗ ⊲ f∗ ≥ (L∗ ⊲ f∗)∗∗ ≥ (f ◦L)∗. ⊓⊔

Corollary 13.22 Let f : H → ]−∞,+∞], let g : K → ]−∞,+∞], and let
L ∈ B(H,K). Then the following hold:

(i) Suppose that −∞ /∈ (L ⊲ f)(K). Then ((L ⊲ f)�g)∗ = (f∗ ◦L∗) + g∗.
(ii) Suppose that dom f 6= ∅ and dom g ∩ ranL 6= ∅. Then (f + (g ◦L))∗ ≤

f∗
� (L∗ ⊲ g∗).

Proof. (i): By Proposition 13.21(i)&(iv), ((L ⊲ f)�g)∗ = (L ⊲ f)∗ + g∗ =
(f∗ ◦ L∗) + g∗.

(ii): By Proposition 13.21(ii)&(v), (f + (g ◦ L))∗ ≤ f∗
� (g ◦ L)∗ ≤

f∗
� (L∗ ⊲ g∗). ⊓⊔
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Example 13.23 Let C be a nonempty closed convex subset ofH, let φ : R→
]−∞,+∞] be increasing on R+ and even, and set f = φ ◦ dC . Then f∗ =
σC + φ∗ ◦ ‖ · ‖.

Proof. Since φ is increasing on R+, we have for every x ∈ H and every y ∈ C,

inf
z∈C

φ
(
‖x− z‖

)
≤ φ

(
‖x− PCx‖

)
= φ

(
inf
z∈C
‖x− z‖

)
≤ φ

(
‖x− y‖

)
. (13.11)

Taking the infimum over y ∈ C then yields (∀x ∈ H) infz∈C φ(‖x − z‖) =
φ(infz∈C ‖x−z‖). Thus, f = ιC � (φ◦‖ ·‖). In turn, since φ is even, we derive
from Proposition 13.21(i), Example 13.3(i), and Example 13.7 that

f∗ =
(
ιC � (φ ◦ ‖ · ‖)

)∗
= ι∗C + (φ ◦ ‖ · ‖)∗ = σC + φ∗ ◦ ‖ · ‖, (13.12)

which completes the proof. ⊓⊔

Example 13.24 Let C be a nonempty closed convex subset of H, let p ∈
]1,+∞[, and set p∗ = p/(p− 1).

(i) Setting φ = | · | in Example 13.23 and using Example 13.3(v) yields
d∗C = σC + ιB(0;1).

(ii) If V is a closed linear subspace of H, then (i) and Example 13.3(iii)
yield d∗V = ιV ⊥∩B(0;1).

(iii) In view of Example 13.2(i), setting φ = (1/p)| · |p in Example 13.23
yields ((1/p)dpC)

∗ = σC + (1/p∗)‖ · ‖p∗ .
(iv) Setting C = {0} in (iii) yields ((1/p)‖ · ‖p)∗ = (1/p∗)‖ · ‖p∗ .

Here is a generalization of Proposition 13.14(ii).

Proposition 13.25 Let (fi)i∈I be a family of proper functions from H to
]−∞,+∞]. Then the following hold:

(i)
(
infi∈I fi

)∗
= supi∈I f

∗
i .

(ii)
(
supi∈I fi

)∗ ≤ infi∈I f
∗
i .

Proof. (i): By definition,

(∀u ∈ H)
(
inf
i∈I

fi

)∗
(u) = sup

x∈H

(
〈x | u〉+ sup

i∈I
−fi(x)

)

= sup
i∈I

sup
x∈H

(
〈x | u〉 − fi(x)

)

= sup
i∈I

f∗
i (u). (13.13)

(ii): Set g = supi∈I fi. For every i ∈ I, fi ≤ g and therefore g∗ ≤ f∗
i by

Proposition 13.14(ii). Hence, g∗ ≤ inf i∈I f
∗
i . ⊓⊔

Proposition 13.26 Let f : H → ]−∞,+∞] be proper, let γ ∈ R++, and set
q = (1/2)‖ · ‖2. Then
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(γf − q)∗ = γ(γq − f∗)∗ − q (13.14)

and (γq − f∗)∗ is γ−1-strongly convex.

Proof. Set ϕ = γq − f∗. Then

ϕ = γq − sup
u∈H

(
〈· | u〉 − f(u)

)
= inf
u∈H

(
γq − 〈· | u〉+ f(u)

)
. (13.15)

Therefore, we derive from Proposition 13.25(i) that

γϕ∗ = γ sup
u∈H

(
γq − 〈· | u〉+ f(u)

)∗

= sup
u∈H

(
γ
(
γq − 〈· | u〉

)∗ − γf(u)
)

= sup
u∈H

(
q(·+ u)− γf (u)

)

= q + sup
u∈H

(
〈· | u〉 − (γf − q)(u)

)

= q + (γf − q)∗, (13.16)

which yields (13.14). In turn, (γq− f∗)∗− γ−1q = γ−1(γf − q)∗ is convex by
Proposition 13.11. Hence, the second claim follows from Proposition 10.6. ⊓⊔

Proposition 13.27 Let (Hi)i∈I be a totally ordered finite family of real
Hilbert spaces and, for every i ∈ I, let fi : Hi → ]−∞,+∞]. Then

(⊕

i∈I

fi

)∗

=
⊕

i∈I

f∗
i . (13.17)

Proof. Set H =
⊕

i∈I Hi and f =
⊕

i∈I fi, and let u = (ui)i∈I ∈ H. We
have

f∗(u) = sup
x∈H

(
〈u | x〉 − f(x)

)

= sup
x∈H

(
∑

i∈I

〈ui | xi〉 −
∑

i∈I

fi(xi)

)

=
∑

i∈I

sup
xi∈H

(
〈ui | xi〉 − fi(xi)

)

=
∑

i∈I

f∗
i (ui), (13.18)

and we obtain the conclusion. ⊓⊔
The remainder of this section concerns the conjugates of bivariate func-

tions.
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Proposition 13.28 Let K be a real Hilbert space, let F : H×K → ]−∞,+∞]
be a proper function, and let f : H → [−∞,+∞] : x 7→ inf F (x,K). Then
f∗ = F ∗(·, 0).

Proof. Fix u ∈ H. Then

f∗(u) = sup
x∈H

(
〈x | u〉 − inf

y∈K
F (x, y)

)

= sup
x∈H

sup
y∈K

(
〈x | u〉+ 〈y | 0〉 − F (x, y)

)

= sup
(x,y)∈H×K

(
〈(x, y) | (u, 0)〉 − F (x, y)

)

= F ∗(u, 0), (13.19)

which establishes the identity. ⊓⊔

Definition 13.29 Let F : H×H → [−∞,+∞]. Then F is autoconjugate if
F ∗ = F ⊺, where F ⊺ : H×H : (u, x) 7→ F (x, u).

Proposition 13.30 Let F ∈ Γ (H×H). Then F ∗⊺ = F ⊺∗.

Proof. Exercise 13.9. ⊓⊔

Proposition 13.31 Let F ∈ Γ (H × H) be autoconjugate. Then F ≥ 〈· | ·〉
and F ∗ ≥ 〈· | ·〉.

Proof. Take (x, u) ∈ H × H. Then, the Fenchel–Young inequality (Proposi-
tion 13.13) yields 2F ∗(u, x) = 2F (x, u) = F (x, u) + F ⊺(u, x) = F (x, u) +
F ∗(u, x) ≥ 〈(x, u) | (u, x)〉 = 2 〈x | u〉 and the result follows. ⊓⊔

13.3 The Fenchel–Moreau Theorem

As seen in Proposition 13.14(i), a function f : H → ]−∞,+∞] is related to
its biconjugate via the inequality f∗∗ ≤ f . In general f∗∗ 6= f since the left-
hand side is always lower semicontinuous and convex by Proposition 13.11,
while the right-hand side need not be. The next theorem characterizes those
functions that coincide with their biconjugates.

Theorem 13.32 (Fenchel–Moreau) Let f : H → ]−∞,+∞] be proper.
Then f is lower semicontinuous and convex if and only if f = f∗∗. In this
case, f∗ is proper as well.

Proof. If f = f∗∗, then f is lower semicontinuous and convex as a conjugate
function by Proposition 13.11. Conversely, suppose that f is lower semicontin-
uous and convex. Fix x ∈ H, take ξ ∈ ]−∞, f (x)[, and set (p, π) = Pepi f (x, ξ).
Proposition 9.17 states that



13.3 The Fenchel–Moreau Theorem 191

π ≥ ξ and (∀y ∈ dom f) 〈y − p | x− p〉 ≤
(
π − ξ

)(
f(y)− π

)
. (13.20)

If π > ξ, then upon setting v = (x− p)/(π − ξ), we get from (13.20) that

(∀y ∈ dom f) 〈y | v〉 − f(y) ≤ 〈p | v〉 − π
= 〈x | v〉 − (π − ξ)‖v‖2 − π
≤ 〈x | v〉 − π. (13.21)

However, (13.21) implies that f∗(v) ≤ 〈x | v〉 − π and, in turn, that π ≤
〈x | v〉 − f∗(v) ≤ f∗∗(x). To sum up,

π > ξ ⇒ f∗∗(x) > ξ. (13.22)

We now show that f∗∗(x) = f(x). Since dom f 6= ∅, we first consider the case
x ∈ dom f . Then (9.15) yields π = f(p) > ξ, and it follows from (13.22) and
Proposition 13.14(i) that f(x) ≥ f∗∗(x) > ξ. Since ξ can be chosen arbitrarily
in ]−∞, f(x)[, we get f∗∗(x) = f(x). Thus, f and f∗∗ coincide on dom f 6= ∅.
Therefore +∞ 6≡ f∗∗ 6≡ −∞ and it follows from Proposition 13.9(ii) that
−∞ /∈ f∗(H) 6= {+∞}, i.e., that f∗ is proper. Now suppose that x /∈ dom f .
If π > ξ, it follows from (13.22) that f∗∗(x) > ξ and, since ξ can be any
real number, we obtain f∗∗(x) = +∞ = f(x). Otherwise, π = ξ and, since
(x, ξ) /∈ epi f and (p, π) ∈ epi f , we have ‖x− p‖ > 0. Now, fix w ∈ dom f∗

and set u = x− p. Then it follows from (13.1) and (13.20) that

(∀y ∈ dom f) 〈y | w〉 − f(y) ≤ f∗(w) and 〈y | u〉 ≤ 〈p | u〉 . (13.23)

Next, let λ ∈ R++. Then (13.23) yields

(∀y ∈ dom f) 〈y | w + λu〉 − f(y) ≤ f∗(w) + 〈p | λu〉 . (13.24)

Hence, f∗(w+λu) ≤ f∗(w)+〈λu | p〉 = f∗(w)+〈w + λu | x〉−〈w | x〉−λ‖u‖2.
Consequently, f∗∗(x) ≥ 〈w + λu | x〉−f∗(w+λu) ≥ 〈w | x〉+λ‖u‖2−f∗(w).
Since λ can be arbitrarily large, we must have f∗∗(x) = +∞. ⊓⊔

Corollary 13.33 Let f ∈ Γ0(H). Then f∗ ∈ Γ0(H) and f∗∗ = f .

Proof. Combine Theorem 13.32 and Proposition 13.11. ⊓⊔

Corollary 13.34 Let f ∈ Γ0(H) and let g : H → [−∞,+∞]. Then f ≤ g ⇔
f∗ ≥ g∗.

Proof. Proposition 13.14(ii), Corollary 13.33, and Proposition 13.14(i) yield
f ≤ g ⇒ f∗ ≥ g∗ ⇒ f = f∗∗ ≤ g∗∗ ≤ g. ⊓⊔

Corollary 13.35 Let f and g be in Γ0(H). Then f = g∗ ⇔ g = f∗.

Corollary 13.36 Let f ∈ Γ0(H). Then f is the supremum of its continuous
affine minorants.
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Proof. As seen in Proposition 13.10(i), a continuous affine minorant of f
assumes the form 〈· | u〉 − ν, where (u, ν) ∈ epi f∗. On the other hand, it
follows from Theorem 13.32 and Proposition 13.9(iv) that (∀x ∈ H) f(x) =
f∗∗(x) = sup(u,ν)∈epi f∗(〈u | x〉 − ν). ⊓⊔

Example 13.37 Here are some consequences of Theorem 13.32.

(i) Let C be a nonempty subset of H. Then it follows from Example 13.3(i)
and Proposition 7.11 that ι∗∗C = σ∗

C = σ∗
convC = ι∗∗convC = ιconvC .

(ii) Let V be a closed linear subspace of H. Then ι∗∗V = ιV . On the other
hand, ι∗V = σV = ιV ⊥ and therefore ι∗∗V = σ∗

V = ι∗
V ⊥ = ιV ⊥⊥ . Alto-

gether, we recover the well-known identity V ⊥⊥ = V .
(iii) More generally, let K be a nonempty closed convex cone in H. Then

ι∗∗K = ιK . On the other hand, ι∗K = σK = ιK⊖ and therefore ι∗∗K = σ∗
K =

ι∗K⊖ = ιK⊖⊖ . Thus, we recover Corollary 6.33, namely K⊖⊖ = K .

Proposition 13.38 Let f : H → [−∞,+∞] be convex and let x ∈ H. Sup-
pose that f(x) ∈ R. Then the following are equivalent:

(i) f is lower semicontinuous at x.

(ii) f∗∗(x) = f̆(x) = f̄(x) = f(x).
(iii) f∗∗(x) = f(x).

Moreover, each of the above implies that f ≥ f̄ = f̆ = f∗∗ ∈ Γ0(H).

Proof. In view of Proposition 13.11, Proposition 13.14(i), Proposition 9.8(i),

and Corollary 9.10, we have f∗∗ ≤ f̆ = f̄ ≤ f . Furthermore, f̆(x) = f̄(x) =

f(x) ∈ R and therefore Proposition 9.6 implies that f̆ ∈ Γ0(H). Hence, we
deduce from Proposition 13.14(iv) and Corollary 13.33 that f∗∗ = f̆∗∗ = f̆ =
f̄ ≤ f . Thus, by Lemma 1.31(v), (i) ⇔ f(x) = f̄(x) ⇔ (iii) ⇔ (ii). ⊓⊔

Proposition 13.39 Let f : H → ]−∞,+∞]. If f has a continuous affine

minorant (equivalently, if dom f∗ 6= ∅), then f∗∗ = f̆ ; otherwise f∗∗ = −∞.

Proof. If f ≡ +∞, then f̆ = f , and Proposition 13.9(iv) yields f∗∗ ≡ +∞ and

hence f∗∗ = f̆ . Now suppose that f 6≡ +∞. As seen in Proposition 13.10(ii),
if f possesses no continuous affine minorant, then f∗ ≡ +∞ and therefore
f∗∗ ≡ −∞. Otherwise, there exists a continuous affine function a : H →
R such that a ≤ f . Hence, a = ă ≤ f̆ ≤ f , and f̆ is therefore proper.
Thus, in view of Proposition 13.11, we have f̆ ∈ Γ0(H), and it follows from

Proposition 13.14(iv) and Theorem 13.32 that f∗∗ =
(
f̆
)∗∗

= f̆ . ⊓⊔

Proposition 13.40 Let f : H → ]−∞,+∞] be a proper convex function that
has a continuous affine minorant. Then the following hold:

(i) dom f ⊂ dom f∗∗ ⊂ dom f .
(ii) epi f∗∗ = epi f .
(iii) (∀x ∈ H) f∗∗(x) = lim y→x f(y).
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Proof. Proposition 13.38 yields f∗∗ = f̆ = f̄ .
(i): Combine Proposition 8.2 and Proposition 9.8(iv).
(ii): Lemma 1.31(vi) yields epi f∗∗ = epi f̄ = epif .
(iii): Let x ∈ H. Then Proposition 13.38 and Lemma 1.31(iv) yield

f∗∗(x) = f̄(x) = lim y→x f(y). ⊓⊔
Here is a sharpening of Proposition 13.25(ii).

Proposition 13.41 Let (fi)i∈I be a family of functions in Γ0(H) such that
supi∈I fi 6≡ +∞. Then

(
supi∈I fi)

∗ =
(
infi∈I f

∗
i

)
.̆

Proof. Theorem 13.32 and Proposition 13.25(i) imply that supi∈I fi =

supi∈I f
∗∗
i =

(
inf i∈I f

∗
i )

∗. Hence,
(
supi∈I fi)

∗ =
(
infi∈I f

∗
i

)∗∗
and the claim

follows from Proposition 13.39. ⊓⊔

Proposition 13.42 Let K be a real Hilbert space, let g ∈ Γ0(K), and let
L ∈ B(H,K) be such that dom g ∩ ranL 6= ∅. Then (g ◦L)∗ = (L∗ ⊲ g∗)∗∗ =
(L∗ ⊲ g∗) .̆

Proof. Proposition 13.21(v) gives (g ◦ L)∗ ≤ L∗ ⊲ g∗. Thus, it follows from
Proposition 13.14(ii), Proposition 13.21(iv), Corollary 13.33, and Proposi-
tion 13.14(i) that (g ◦L)∗∗ ≥ (L∗ ⊲ g∗)∗ = g∗∗ ◦L∗∗ = g ◦L ≥ (g ◦L)∗∗. Con-
sequently, (g◦L)∗ = (g◦L)∗∗∗ = (L∗ ⊲ g∗)∗∗ by Proposition 13.14(iii). On the
other hand, Proposition 13.21(iv) yields ∅ 6= dom(g ◦ L) = dom(L∗ ⊲ g∗)∗.
Therefore, by Proposition 13.39, (L∗ ⊲ g∗)∗∗ = (L∗ ⊲ g∗) .̆ ⊓⊔

We conclude this section with a result on the conjugation of convex integral
functions.

Proposition 13.43 Let (Ω,F, µ) be a measure space, let (H, 〈· | ·〉
H
) be a

real Hilbert space, and let ϕ ∈ Γ0(H). Suppose that H = L2((Ω,F, µ);H) and
that one of the following holds:

(a) µ(Ω) < +∞.
(b) ϕ ≥ ϕ(0) = 0.

Set

f : H → ]−∞,+∞]

x 7→






∫

Ω

ϕ
(
x(ω)

)
µ(dω), if ϕ ◦ x ∈ L1

(
(Ω,F, µ);R

)
;

+∞, otherwise,

(13.25)

and

g : H → ]−∞,+∞]

u 7→





∫

Ω

ϕ∗
(
u(ω)

)
µ(dω), if ϕ∗ ◦ u ∈ L1

(
(Ω,F, µ);R

)
;

+∞, otherwise.

(13.26)
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Then the following hold:

(i) f ∈ Γ0(H) and g ∈ Γ0(H).
(ii) Suppose that H is separable, and that (Ω,F, µ) is complete (every subset

of a set in F of µ-measure zero is in F) and σ-finite (Ω is a countable
union of sets in F of finite µ-measure). Then f∗ = g.

Proof. (i): We have shown in Proposition 9.32 that f ∈ Γ0(H). Likewise, since
Corollary 13.33 implies that ϕ∗ ∈ Γ0(H) and Proposition 13.19 implies that
ϕ∗ ≥ ϕ∗(0) = 0, g is a well-defined function in Γ0(H).

(ii): This follows from (i) and [223] (see also [224, Theorem 21(a)]). ⊓⊔

Example 13.44 Let (Ω,F,P) be a complete probability space, let H be
the space of square-integrable random variables (see Example 2.8), and set
f : H → ]−∞,+∞] : X 7→ (1/p)E|X |p, where p ∈ ]1,+∞[. Then f∗ : H →
]−∞,+∞] : X 7→ (1/p∗)E|X |p∗ , where p∗ = p/(p− 1).

Proof. This follows from Proposition 13.43 and Example 13.2(i). ⊓⊔

Exercises

Exercise 13.1 Prove Example 13.2.

Exercise 13.2 Prove items (i)–(iv) in Example 13.3.

Exercise 13.3 Let f ∈ Γ0(H) and let α ∈ R++. Define α ⋆ f = αf ◦ α−1Id.
Prove the following:

(i) epi(α ⋆ f) = α epi f .
(ii) (αf)∗ = α ⋆ f∗.
(iii) (α ⋆ f)∗ = αf∗.
(iv) (α2f ◦ α−1Id)∗ = α2f∗ ◦ α−1Id.

The operation (α, f) 7→ α ∗ f is sometimes called epi-multiplication, it is the
property dual to pointwise multiplication under conjugation.

Exercise 13.4 Suppose that p ∈ ]0, 1[ and set

f : R→ ]−∞,+∞] : x 7→
{
−1

p
xp, if x ≥ 0;

+∞, otherwise.
(13.27)

Show that

f∗ : R→ ]−∞,+∞] : u 7→
{
− 1

p∗
|u|p∗ , if u < 0;

+∞, otherwise,
(13.28)

where 1
p
+ 1

p∗
= 1.
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Exercise 13.5 Let f and g be functions from H to ]−∞,+∞] and let α ∈
]0, 1[. Show that (αf + (1− α)g)∗ ≤ αf∗ + (1− α)g∗.

Exercise 13.6 Derive Proposition 13.21(i) from Proposition 13.28.

Exercise 13.7 Set f : H → R : x 7→ 1
2
lim ‖x − zn‖2, where (zn)n∈N is a

bounded sequence in H (see also Example 8.17 and Proposition 11.17) and

define g : H → R : u 7→ 1
2
‖u‖2 + lim 〈zn | u〉. Show that f∗ ≤ g, and provide

an example of a sequence (zn)n∈N for which f∗ = g and another one for which
f∗ < g.

Exercise 13.8 Prove Proposition 6.26 via Proposition 13.21(i).

Exercise 13.9 Prove Proposition 13.30.

Exercise 13.10 Let C and D be nonempty subsets of H such that D is
closed and convex. Show that C ⊂ D ⇔ σC ≤ σD.





Chapter 14

Further Conjugation Results

In this chapter, we exhibit several deeper results on conjugation. We first
discuss Moreau’s decomposition principle, whereby a vector is decomposed
in terms of the proximity operator of a lower semicontinuous function and
that of its conjugate. This powerful nonlinear principle extends the standard
linear decomposition with respect to a closed linear subspace and its orthogo-
nal complement. Basic results concerning the proximal average and positively
homogeneous functions are also presented. Also discussed are the Moreau–
Rockafellar theorem, which characterizes coercivity in terms of an interiority
condition, and the Toland–Singer theorem, which provides an appealing for-
mula for the conjugate of the difference.

14.1 Moreau’s Decomposition

In this section, we take a closer look at the infimal convolution of a convex
function in Γ0(H) and the function q = (1/2)‖ · ‖2.

Proposition 14.1 Let f ∈ Γ0(H), let γ ∈ R++, and set q = (1/2)‖ · ‖2.
Then

(f + γq)∗ = f∗
⊡
(
γ−1q

)
= γ(f∗). (14.1)

Proof. It follows from Corollary 13.33, Proposition 13.16, and Proposi-
tion 13.21(i) that f + γq = f∗∗ + (γ−1q)∗ = (f∗

� (γ−1q))∗. Since Corol-
lary 13.33 and Proposition 12.15 imply that f∗

� (γ−1q) = f∗
⊡ (γ−1q) ∈

Γ0(H), we deduce from Theorem 13.32 and (12.20) that (f + γq)∗ =
(f∗

⊡ (γ−1q))∗∗ = f∗
⊡ (γ−1q) = γ(f∗). ⊓⊔

The next proposition characterizes functions with strongly convex conju-
gates.

Proposition 14.2 Let f ∈ Γ0(H), let γ ∈ R++, and set q = (1/2)‖ · ‖2.
Then the following are equivalent:
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(i) f∗ − γ−1q is convex, i.e., f∗ is γ−1-strongly convex.
(ii) γq − f is convex.

Proof. (i)⇒(ii): Set h = f∗−γ−1q. Since f ∈ Γ0(H) and h is convex, we have
h ∈ Γ0(H) and, by Corollary 13.33, h∗ ∈ Γ0(H). Hence, using Theorem 13.32
and Example 13.4, we obtain

f = f∗∗ = (h+ γ−1q)∗ = γq − γh ◦ γId. (14.2)

Hence, since it follows from Proposition 12.15 that γh is convex, we deduce
that γq − f = γh ◦ γId is convex.

(ii)⇒(i): Set g = γq − f . Then g ∈ Γ0(H) and therefore Corollary 13.33
yields g = g∗∗. Thus, f = γq − g = γq − (g∗)∗. In turn, Proposition 13.26
yields f∗ = ((γg∗−q)∗+q)/γ. Thus, Proposition 13.11 implies that f∗−q/γ =
(γg∗ − q)∗/γ is convex. ⊓⊔

Theorem 14.3 Let f ∈ Γ0(H) and let γ ∈ R++. Then the following hold:

(i) Set q = (1/2)‖ · ‖2. Then

γ−1q = f ⊡ (γ−1q)+ (f∗
⊡ (γq)) ◦ γ−1Id = γf + 1/γ(f∗) ◦ γ−1Id. (14.3)

(ii) Id = Proxγf + γ Proxf∗/γ ◦ γ−1Id.
(iii) Let x ∈ H. Then

f(Proxγf x) + f∗(Proxf∗/γ(x/γ))

=
〈
Proxγf x | Proxf∗/γ(x/γ)

〉
. (14.4)

Proof. (i): It follows from Example 13.4, Proposition 12.15, and Proposi-
tion 14.1 that

γ−1q = (f∗ + γq)∗ +
(
f∗

⊡ (γq)
)
◦ γ−1Id

= f ⊡
(
γ−1q

)
+
(
f∗

⊡ (γq)
)
◦ γ−1Id. (14.5)

(ii): Take the Fréchet derivative in (i) using Proposition 12.29.
(iii): Set p = Proxγf x, p

∗ = Proxf∗/γ(x/γ), and let y ∈ H. Then (ii)
and Proposition 12.26 yield 〈y − p | p∗〉 + f(p) ≤ f(y). Therefore, it follows
from Proposition 13.13 that f(p)+f∗(p∗) = f(p)+supy∈H(〈y | p∗〉−f(y)) ≤
〈p | p∗〉 ≤ f(p) + f∗(p∗). Hence, f(p) + f∗(p∗) = 〈p | p∗〉. ⊓⊔

The striking symmetry obtained when γ = 1 in Theorem 14.3 deserves to
be noted.

Remark 14.4 Let f ∈ Γ0(H) and set q = (1/2)‖ · ‖2. Then Theorem 14.3
yields

(f ⊡ q) + (f∗
⊡ q) = q and Proxf +Proxf∗ = Id. (14.6)

Thus, using Proposition 12.29, we obtain
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Proxf = Id−∇(f ⊡ q) = ∇(f∗
⊡ q). (14.7)

If f = ιK in (14.6), where K is a nonempty closed convex cone in H, then
we recover Moreau’s conical decomposition (Theorem 6.29). In particular, if
K is a closed linear subspace, we recover the identities d2K +d2

K⊥ = ‖ · ‖2 and
PK + PK⊥ = Id already established in Corollary 3.22.

Example 14.5 Set f = ‖ · ‖ and let x ∈ H. Then Example 13.3(v) yields
f∗ = ιB(0;1). We therefore derive from (14.6), Example 12.25, and (3.9) that

Proxf x =

{(
1− 1/‖x‖

)
x, if ‖x‖ > 1;

0, if ‖x‖ ≤ 1.
(14.8)

In other words, Proxf is the soft thresholder of Example 4.9.

14.2 Proximal Average

Definition 14.6 Let f and g be in Γ0(H). The proximal average of f and g
is

pav (f, g) : H → ]−∞,+∞]

x 7→ 1
2

inf
(y,z)∈H×H
y+z=2x

(
f(y) + g(z) + 1

4
‖y − z‖2

)
. (14.9)

Proposition 14.7 Set L : H×H → H : (y, z) 7→ (y+ z)/2, let f and g be in
Γ0(H), and set F : H×H → ]−∞,+∞] : (y, z) 7→ 1

2f(y)+
1
2g(z)+

1
8‖y−z‖2.

Then the following hold:

(i) pav (f, g) = pav (g, f).
(ii) pav (f, g) = L ·⊲ F .
(iii) dompav (f, g) = 1

2
dom f + 1

2
dom g.

(iv) pav (f, g) is a proper convex function.

Proof. (i): Clear from Definition 14.6.
(ii): Definition 12.33 and Definition 14.6 imply that pav (f, g) = L ⊲ F .

Take x ∈ dompav (f, g) and set h : y 7→ ‖y‖2+ (f(y)+ g(2x− y)− 2 〈y | x〉+
‖x‖2). It suffices to show that h has a minimizer. Since h is a strongly convex
function in Γ0(H), this follows from Corollary 11.16, which asserts that h has
a unique minimizer.

(iii): This follows from (ii) and Proposition 12.34(i).
(iv): Since F is convex and L is linear, the convexity of pav (f, g) follows

from (ii) and Proposition 12.34(ii). On the other hand, properness follows
from (iii). ⊓⊔
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Corollary 14.8 Let f and g be in Γ0(H), and set q = (1/2)‖ · ‖2. Then the
following hold:

(i) pav (f, g) ∈ Γ0(H).
(ii)

(
pav (f, g)

)∗
= pav (f∗, g∗).

(iii) pav (f, g)� q = 1
2
(f � q) + 1

2
(g� q).

(iv) Proxpav (f,g) =
1
2 Proxf +

1
2 Proxg.

Proof. We define an operator Θ on Γ0(H)× Γ0(H) by

Θ : (f1, f2) 7→
(1
2
(f1 + q) ◦ (2Id)

)
�
(1
2
(f2 + q) ◦ (2Id)

)
. (14.10)

Definition 14.6 and Lemma 2.11(ii) yield, for every f1 and f2 in Γ0(H), and
for every x ∈ H,

pav (f1, f2)(x) = inf
(y,z)∈H×H
y+z=x

(
1
2
f1(2y) +

1
2
f2(2z) + 2q(y) + 2q(z)

)
− q(x).

(14.11)
Hence

(∀f1 ∈ Γ0(H))(∀f2 ∈ Γ0(H)) pav (f1, f2) = Θ(f1, f2)− q. (14.12)

Proposition 13.21(i), Proposition 13.20(ii), and Proposition 14.1 yield

(
Θ(f, g)

)∗
=
(1
2
(f + q) ◦ (2Id)

)∗
+
(1
2
(g + q) ◦ (2Id)

)∗

= 1
2
(f + q)∗ + 1

2
(g + q)∗

= 1
2
(f∗

�q) + 1
2
(g∗� q). (14.13)

In view of (14.12), Proposition 13.26, (14.13), (14.6), Proposition 14.1, Propo-
sition 13.20(i), Proposition 13.21(i), and (14.10), we get

(
pav (f, g)

)∗
=
(
Θ(f, g)− q

)∗

=
(
q −

(
Θ(f, g)

)∗)∗ − q

=
(
1
2

(
q − (f∗

� q)
)
+ 1

2

(
q − (g∗� q)

))∗
− q

=
(1
2
(f �q) + 1

2
(g� q)

)∗ − q
=
(1
2
(f �q)

)∗
�
(1
2
(g� q)

)∗ − q
=
(1
2
(f∗ + q) ◦ (2Id)

)
�
(1
2
(g∗ + q) ◦ (2Id)

)
− q

= Θ(f∗, g∗) − q. (14.14)

On the other hand, pav (f∗, g∗) = Θ(f∗, g∗) − q by (14.12). Combining
this with (14.14), we obtain (ii). In turn, (pav (f, g))∗∗ = (pav (f∗, g∗))∗ =
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pav (f∗∗, g∗∗) = pav (f, g), which implies (i) by virtue of Proposition 14.7(iv)
and Proposition 13.11. Furthermore, using (ii), Proposition 14.1, (14.12), and
(14.13), we deduce that

pav (f∗, g∗)� q =
(
pav (f, g)

)∗
�q

=
(
pav (f, g) + q

)∗

=
(
Θ(f, g)

)∗

= 1
2
(f∗

�q) + 1
2
(g∗� q). (14.15)

Hence, upon replacing in (14.15) f by f∗ and g by g∗, we obtain (iii). Finally,
(14.15) and (14.7) yield

Proxpav (f,g) = ∇
(
(pav (f, g))∗� q

)
= ∇

(1
2
(f∗

� q) + 1
2
(g∗� q)

)
, (14.16)

which implies (iv). ⊓⊔
The proofs of the following results are left as Exercise 14.3 and Exer-

cise 14.4.

Proposition 14.9 Let f and g be in Γ0(H). Then
(
1
2
f∗ + 1

2
g∗
)∗
≤ pav (f, g) ≤ 1

2
f + 1

2
g. (14.17)

Proposition 14.10 Let F and G be in Γ0(H × H). Then (pav (F,G))⊺ =
pav (F ⊺, G⊺).

14.3 Positively Homogeneous Functions

Proposition 14.11 Let f : H → ]−∞,+∞] and set

C =
{
u ∈ H

∣∣ (∀x ∈ H) 〈x | u〉 ≤ f(x)
}
. (14.18)

Then the following are equivalent:

(i) f is positively homogeneous and f ∈ Γ0(H).
(ii) f = σC and C is nonempty, closed, and convex.
(iii) f is the support function of a nonempty closed convex subset of H.

Proof. (i)⇒(ii): Let u ∈ H. We deduce from Proposition 9.14 that, given
y ∈ dom f , f(0) = limα↓0 f((1 − α)0 + αy) = limα↓0 αf (y) = 0. Thus, if
u ∈ C, we obtain f∗(u) = supx∈H 〈x | u〉 − f(x) ≤ 0 = 〈0 | u〉 − f(0) ≤ f∗(u)
and, in turn, f∗(u) = 0. On the other hand, if u /∈ C, then there exists
z ∈ H such that 〈z | u〉 − f(z) > 0. Consequently, (∀λ ∈ R++) f

∗(u) ≥
〈λz | u〉 − f(λz) = λ(〈z | u〉 − f(z)). Since λ can be arbitrarily large, we
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conclude that f∗(u) = +∞. Altogether, f∗ = ιC . However, since f ∈ Γ0(H),
Corollary 13.33 yields ιC = f∗ ∈ Γ0(H), which shows that C is a nonempty
closed convex set. On the other hand, we deduce from Theorem 13.32 that
f = f∗∗ = ι∗C = σC .

(ii)⇒(iii): Clear.
(iii)⇒(i): Example 11.2. ⊓⊔
The next result establishes a connection between the polar set and the

Minkowski gauge.

Proposition 14.12 Let C be a convex subset of H such that 0 ∈ C. Then
m∗
C = ιC⊙ .

Proof. Fix u ∈ H. First, suppose that u ∈ C⊙, let x ∈ dommC , and let
λ ∈ ]mC(x),+∞[. Then, by (8.25), there exists y ∈ C such that x = λy
and, in turn, such that 〈x | u〉 = λ 〈y | u〉 ≤ λ. Taking the limit as λ ↓
mC(x) yields 〈x | u〉 ≤ mC(x), and we deduce from Proposition 13.9(iv) that
m∗
C(u) ≤ 0. On the other hand, m∗

C(u) ≥ 〈0 | u〉 −mC(0) = 0. Altogether,
m∗
C and ιC⊙ coincide on C⊙. Now, suppose that u /∈ C⊙. Then there exists

x ∈ C such that 〈x | u〉 > 1 ≥ mC(x) and, using (8.24), we deduce that
m∗
C(u) ≥ supλ∈R++

〈λx | u〉−mC(λx) = supλ∈R++
λ(〈x | u〉−mC(x)) = +∞.

Therefore, m∗
C and ιC⊙ coincide also on H r C⊙. ⊓⊔

Corollary 14.13 Let C be a closed convex subset of H such that 0 ∈ C.
Then the following hold:

(i) C = lev≤1mC .
(ii) Suppose that intC 6= ∅. Then intC = lev<1mC .

Proof. (i): It is clear that C ⊂ lev≤1mC . Now assume the existence of a
vector x ∈ (lev≤1mC) r C. Theorem 3.38 provides u ∈ H r {0} such that
〈x | u〉 > σC(u) ≥ 0 since 0 ∈ C. Hence, after scaling u if necessary, we
assume that 〈x | u〉 > 1 ≥ σC(u) so that u ∈ C⊙. Using Proposition 14.12
and Proposition 13.14(i), we obtain the contradiction 1 < 〈u | x〉 ≤ σC⊙(x) =
ι∗C⊙(x) = m∗∗

C (x) ≤ mC(x) ≤ 1.
(ii): Example 8.34 states that mC is continuous on H. In view of (i) and

Corollary 8.38(ii) applied to mC−1, we deduce that intC = int(lev≤1mC) =
lev<1mC . ⊓⊔

14.4 Coercivity

We investigate some aspects of the interplay between coercivity and conju-
gation.

Proposition 14.14 Let f ∈ Γ0(H), let α ∈ R++, and consider the following
properties:
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(i) lim‖x‖→+∞ f(x)/‖x‖ > α.

(ii) (∃β ∈ R) f ≥ α‖ · ‖+ β.

(iii) (∃ γ ∈ R) f∗
∣∣
B(0;α)

≤ γ.
(iv) lim‖x‖→+∞ f(x)/‖x‖ ≥ α.

Then (i)⇒(ii)⇔(iii)⇒(iv).

Proof. (i)⇒(ii): There exists ρ ∈ R++ such that

(
∀x ∈ HrB(0; ρ)

)
f(x) ≥ α‖x‖. (14.19)

Now set µ = inf f(B(0; ρ)). Then we deduce from Proposition 13.10(iii) that
µ > −∞. Thus (∀x ∈ B(0; ρ)) α‖x‖ ≤ αρ ≤ (αρ− µ) + f(x). Hence,

(
∀x ∈ B(0; ρ)

)
f(x) ≥ α‖x‖+ (µ− αρ). (14.20)

Altogether, (ii) holds with β = min{0, µ− αρ}.
(ii)⇔(iii): Corollary 13.34 and Example 13.3(v) yield α‖ · ‖ + β ≤ f ⇔

f∗ ≤ (α‖ · ‖+ β)∗ ⇔ f∗ ≤ ιB(0;α) − β.
(ii)⇒(iv): lim‖x‖→+∞ f(x)/‖x‖ ≥ lim‖x‖→+∞

(
α + β/‖x‖

)
= α. ⊓⊔

Proposition 14.14 yields at once the following result.

Proposition 14.15 Let f ∈ Γ0(H) and consider the following properties:

(i) f is supercoercive.
(ii) f∗ is bounded on every bounded subset of H.
(iii) dom f∗ = H.
Then (i)⇔(ii)⇒(iii).

Proposition 14.16 Let f ∈ Γ0(H). Then the following are equivalent:

(i) f is coercive.
(ii) The level sets (lev≤ξ f)ξ∈R are bounded.
(iii) lim‖x‖→+∞ f(x)/‖x‖ > 0.
(iv) (∃ (α, β) ∈ R++ × R) f ≥ α‖ · ‖+ β.
(v) f∗ is bounded above on a neighborhood of 0.
(vi) 0 ∈ int dom f∗.

Proof. (i)⇔(ii): Proposition 11.11.
(ii)⇒(iii): Suppose that lim‖x‖→+∞ f(x)/‖x‖ ≤ 0 and set (∀n ∈ N) αn =

n + 1. Then for every n ∈ N, there exists xn ∈ H such that ‖xn‖ ≥ α2
n and

f(xn)/‖xn‖ ≤ 1/αn. We thus obtain a sequence (xn)n∈N in dom f such that
0 < αn/‖xn‖ ≤ 1/αn → 0 and f(xn)/‖xn‖ ≤ 1/αn. Now fix z ∈ dom f and
set

(∀n ∈ N) yn =

(
1− αn
‖xn‖

)
z +

αn
‖xn‖

xn. (14.21)
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The convexity of f implies that supn∈N
f(yn) ≤ |f(z)|+1. Therefore, (yn)n∈N

lies in lev≤|f(z)|+1 f and it is therefore bounded. On the other hand, since
‖yn‖ ≥ αn − ‖z‖ → +∞, we reach a contradiction.

(iii)⇒(i): Clear.
(iii)⇔(iv)⇔(v)⇔(vi): Proposition 14.14 and Theorem 8.29. ⊓⊔

Theorem 14.17 (Moreau–Rockafellar) Let f ∈ Γ0(H) and let u ∈ H.
Then f − 〈· | u〉 is coercive if and only if u ∈ int dom f∗.

Proof. Using Proposition 14.16 and Proposition 13.20(iii), we obtain the
equivalences f − 〈· | u〉 is coercive ⇔ 0 ∈ int dom(f − 〈· | u〉)∗ ⇔ 0 ∈
int dom(τ−uf

∗) ⇔ u ∈ int dom f∗. ⊓⊔

Corollary 14.18 Let f and g be in Γ0(H), and suppose that f is supercoer-
cive. Then the following hold:

(i) f �g is coercive if and only if g is coercive.
(ii) f � g is supercoercive if and only if g is supercoercive.

Proof. Proposition 14.15 asserts that f∗ is bounded on every bounded sub-
set of H and that dom f∗ = H. Furthermore, f �g = f ⊡g ∈ Γ0(H) by
Proposition 12.14(i).

(i): Using Proposition 14.16 and Proposition 13.21(i), we obtain the equiv-
alences f � g is coercive ⇔ 0 ∈ int dom(f � g)∗ ⇔ 0 ∈ int dom(f∗ + g∗) ⇔
0 ∈ int(dom f∗ ∩ dom g∗) ⇔ 0 ∈ int dom g∗ ⇔ g is coercive.

(ii): Using Proposition 14.15 and Proposition 13.21(i), we obtain the equiv-
alences f � g is supercoercive⇔ (f �g)∗ is bounded on bounded sets⇔ f∗+g∗

is bounded on bounded sets ⇔ g∗ is bounded on bounded sets ⇔ g is super-
coercive. ⊓⊔

14.5 The Conjugate of the Difference

Proposition 14.19 Let g : H → ]−∞,+∞] be proper, let h ∈ Γ0(H), and
set

f : H → [−∞,+∞] : x 7→
{
g(x)− h(x), if x ∈ dom g;

+∞, if x /∈ dom g.
(14.22)

Then
(∀u ∈ H) f∗(u) = sup

v∈domh∗

(
g∗(u + v)− h∗(v)

)
. (14.23)

Proof. Fix u ∈ H. Using Corollary 13.33, we obtain

f∗(u) = sup
x∈dom g

(
〈x | u〉 − g(x) + h(x)

)
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= sup
x∈dom g

(
〈x | u〉 − g(x) + h∗∗(x)

)

= sup
x∈dom g

(
〈x | u〉 − g(x) + sup

v∈dom h∗

(
〈v | x〉 − h∗(v)

))

= sup
v∈domh∗

(
sup

x∈dom g

(
〈x | u+ v〉 − g(x)

)
− h∗(v)

)

= sup
v∈domh∗

(
g∗(u+ v)− h∗(v)

)
, (14.24)

as required. ⊓⊔

Corollary 14.20 (Toland–Singer) Let g and h be in Γ0(H). Then

inf
x∈dom g

(
g(x) − h(x)

)
= inf

v∈domh∗

(
h∗(v) − g∗(v)

)
. (14.25)

Proof. Set u = 0 in (14.23). ⊓⊔

Exercises

Exercise 14.1 Let f ∈ Γ0(H). Show that pav (f, f∗) = (1/2)‖ · ‖2.

Exercise 14.2 Let f and g be in Γ0(H). Show that

pav (f, g) = −
1
(
−

1f + 1g

2

)
. (14.26)

Exercise 14.3 Prove Proposition 14.9.

Exercise 14.4 Prove Proposition 14.10.

Exercise 14.5 Let F ∈ Γ0(H×H). Show that pav (F, F ∗⊺) is autoconjugate.

Exercise 14.6 Let α ∈ R++ and β ∈ R++. Set q = (1/2)‖ · ‖2, f = αq, and
g = βq. Show that (14.17) becomes

2αβ

α+ β
q ≤ α+ β + 2αβ

2 + α+ β
q ≤ α+ β

2
q, (14.27)

which illustrates that the coefficient of q in the middle term (which corre-
sponds to the proximal average) is bounded below by the harmonic mean of
α and β, and bounded above by their arithmetic mean.

Exercise 14.7 Let f and g be functions in Γ0(H) such that 0 ∈ sri(dom f −
dom g) and 0 ∈ sri(dom f∗− dom g∗), and let α ∈ R++ be such that dom f ∩
αdom f 6= ∅ and dom f∗ ∩ αdom f∗ 6= ∅. Set
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f ✙g = pav (f + g, f �g) and α ✫f = pav
(
αf, αf(·/α)

)
, (14.28)

and show that

(f ✙g)∗ = f∗
✙g∗ and (α✫f)∗ = α✫f∗. (14.29)

Exercise 14.8 Let C be a closed convex subset of H such that 0 ∈ C. Show
that C is bounded if and only if 0 ∈ intC⊙.

Exercise 14.9 Let h : H → ]−∞,+∞] be proper and suppose, for every g ∈
Γ0(H), that f is as in (14.22) and that (14.23) holds. Let h : H → ]−∞,+∞]
be proper and suppose that, for every g ∈ Γ0(H), (14.22)–(14.23) hold. Show
that h ∈ Γ0(H).

Exercise 14.10 Let g : H → ]−∞,+∞] be proper, and set q = (1/2)‖ · ‖2.
Then it follows from Proposition 13.26 that (g − q)∗ = (q − g∗)∗ − q. Prove
this result using Proposition 14.19.



Chapter 15

Fenchel–Rockafellar Duality

Of central importance in convex analysis are conditions guaranteeing that
the conjugate of a sum is the infimal convolution of the conjugates. The
main result in this direction is a theorem due to Attouch and Brézis. In
turn, it gives rise to the Fenchel–Rockafellar duality framework for convex
optimization problems. The applications we discuss include von Neumann’s
minimax theorem as well as several results on the closure of the sum of linear
subspaces.

Throughout this chapter, K is a real Hilbert space.

15.1 The Attouch–Brézis Theorem

Proposition 15.1 Let f and g be functions in Γ0(H) such that dom f ∩
dom g 6= ∅. Then f∗

� g∗ is proper and convex, and it possesses a continuous
affine minorant. Moreover,

(f + g)∗ = (f∗
�g∗)∗∗ = (f∗

� g∗) .̆ (15.1)

Proof. Proposition 13.21(i) and Corollary 13.33 yield (f∗
�g∗)∗ = f∗∗+g∗∗ =

f +g ∈ Γ0(H). In turn, Proposition 13.9(iii), Proposition 12.11, and Proposi-
tion 13.10(ii) imply that f∗

�g∗ is proper and convex, and that it possesses a
continuous affine minorant. Therefore, invoking Proposition 13.39, we deduce
that (f + g)∗ = (f∗

�g∗)∗∗ = (f∗
�g∗) .̆ ⊓⊔

Proposition 15.2 Let f and g be functions in Γ0(H) such that 0 ∈
core(dom f − dom g). Then (f + g)∗ = f∗

⊡g∗.

Proof. We work in the Hilbert direct sum H⊕H. For η ∈ R and ρ ∈ R+, set

Sη,ρ =
{
(u, v) ∈ H ×H

∣∣ f∗(u) + g∗(v) ≤ η and ‖u+ v‖ ≤ ρ
}
. (15.2)
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Now take a and b in H. Since cone(dom f − dom g) = H, there exist x ∈
dom f , y ∈ dom g, and γ ∈ R++ such that a − b = γ(x − y). Now set
βa,b = ρ‖b − γy‖+ γ(f(x) + g(y) + η) and assume that (u, v) ∈ Sη,ρ. Then,
by Cauchy–Schwarz and Fenchel–Young (Proposition 13.13),

〈(a, b) | (u, v)〉 = 〈a | u〉+ 〈b | v〉
= 〈b− γy | u+ v〉+ γ(〈x | u〉+ 〈y | v〉)
≤ ‖b− γy‖ ‖u+ v‖+ γ

(
f(x) + f∗(u) + g(y) + g∗(v)

)

≤ βa,b. (15.3)

Thus,

(
∀(a, b) ∈ H×H

)
sup

(u,v)∈Sη,ρ

| 〈(a, b) | (u, v)〉 | ≤ max{βa,b, β−a,−b} < +∞.

(15.4)
It follows from Lemma 2.16 applied to the linear functionals (a, b) 7→
〈(a, b) | (u, v)〉 that sup(u,v)∈Sη,ρ

‖(u, v)‖ < +∞. Hence, Sη,ρ is bounded. On
the other hand, Sη,ρ is closed and convex. Altogether, Theorem 3.33 implies
that Sη,ρ is weakly compact. Since +: H × H → H is weakly continuous,
Lemma 1.20 asserts that it maps Sη,ρ to the weakly compact set

Wη,ρ =
{
u+ v ∈ H

∣∣ (u, v) ∈ H×H, f∗(u) + g∗(v) ≤ η, and ‖u+ v‖ ≤ ρ
}
.

(15.5)
Hence Wη,ρ is closed and, by Lemma 1.39, so is

Wη =
⋃

ρ≥0

Wη,ρ =
{
u+ v ∈ H

∣∣ (u, v) ∈ H ×H, f∗(u) + g∗(v) ≤ η
}
. (15.6)

Thus, for every ν ∈ R,

lev≤ν(f
∗
�g∗) =

{
w ∈ H

∣∣∣ inf
u∈H

f∗(u) + g∗(w − u) ≤ ν
}

=
⋂

η>ν

{
w ∈ H

∣∣ (∃u ∈ H) f∗(u) + g∗(w − u) ≤ η
}

=
⋂

η>ν

Wη (15.7)

is closed and we deduce from Lemma 1.24 that f∗
� g∗ is lower semicontin-

uous. On the other hand, by Proposition 15.1, f∗
� g∗ is proper and convex.

Altogether, f∗
�g∗ ∈ Γ0(H). Therefore, Corollary 13.33 and (15.1) imply

that
f∗

�g∗ = (f∗
�g∗)∗∗ = (f + g)∗. (15.8)

It remains to show that f∗
�g∗ is exact. Fix w ∈ H. If w /∈ dom(f∗

� g∗), then
f∗

�g∗ is exact at w. Now suppose that w ∈ dom(f∗
�g∗). Set F : H×H →

]−∞,+∞] : (u, v) 7→ f∗(u) + g∗(v), C = {(u, v) ∈ H×H | u+ v = w}, and
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D = C ∩ lev≤η F , where η ∈ ](f∗
�g∗)(w),+∞[. Then F ∈ Γ0(H × H), C

is closed and convex, and D is nonempty. Moreover, D ⊂ Sη,‖w‖ and, as
shown above, Sη,‖w‖ is bounded. Hence, D is bounded and it follows from
Theorem 11.9 that F achieves its infimum on C. We conclude that f∗

�g∗ is
exact at w. ⊓⊔

Theorem 15.3 (Attouch–Brézis) Let f and g be functions in Γ0(H) such
that the conical hull of dom f − dom g is a closed linear subspace, i.e.,

0 ∈ sri(dom f − dom g). (15.9)

Then (f + g)∗ = f∗
⊡g∗ ∈ Γ0(H).

Proof. Since f + g ∈ Γ0(H), Corollary 13.33 implies that (f + g)∗ ∈ Γ0(H).
Let us fix z ∈ dom f ∩ dom g, which is nonempty by (15.9), and let us set
ϕ : x 7→ f(x + z) and ψ : y 7→ g(y + z). Note that 0 ∈ domϕ ∩ domψ and
that domϕ−domψ = dom f −dom g. Now set K = cone(domϕ−domψ) =
span (domϕ− domψ). Then

domϕ ⊂ K and domψ ⊂ K. (15.10)

It follows from (15.9) that, in the Hilbert space K , we have

0 ∈ core(domϕ|K − domψ|K). (15.11)

Now set h = 〈z | ·〉 and let u ∈ H. By invoking Proposition 13.20(iii), (15.10),
Proposition 13.20(vi), and (15.11), and then applying Proposition 15.2 in K
to the functions ϕ|K ∈ Γ0(K) and ψ|K ∈ Γ0(K), we obtain

(f + g)∗(u)− h(u) = (ϕ+ ψ)∗(u)

=
(
ϕ|K + ψ|K

)∗
(PKu)

=
(
(ϕ|K)∗ ⊡ (ψ|K)∗

)
(PKu)

= min
v∈K

(
(ϕ|K)∗(v) + (ψ|K)∗(PKu− v)

)

= min
w∈H

(
(ϕ|K)∗(PKw) + (ψ|K)∗

(
PK(u− w)

))

= min
w∈H

(
ϕ∗(w) + ψ∗(u− w)

)

=
(
ϕ∗

⊡ψ∗
)
(u)

=
(
(f∗ − h)⊡ (g∗ − h)

)
(u)

= (f∗
⊡g∗)(u)− h(u). (15.12)

Consequently, (f + g)∗(u) = (f∗
⊡g∗)(u). ⊓⊔

Remark 15.4 The following examples show that the assumptions in Theo-
rem 15.3 are tight.
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(i) Suppose that H = R2, let f : H → ]−∞,+∞] : x = (ξ1, ξ2) 7→ −
√
ξ1ξ2

if x ∈ R2
+; +∞ otherwise, and let g = ι{0}×R. Then f + g = ι{0}×R+

,
f∗(ν1, ν2) = 0 if ν1 ≤ 1/(4ν2) < 0; +∞ otherwise, and g∗ = ιR×{0}.
Thus, (f + g)∗ = ιR×R− 6= ιR×R−− = f∗

�g∗. Here cone(dom f −
dom g) = R+ × R is only a closed cone, not a closed linear subspace.

(ii) Suppose that H is infinite-dimensional, and let U and V be closed
linear subspaces of H such that U + V is not closed (see Exam-
ple 3.34) or, equivalently, such that U⊥ + V ⊥ is not closed (see Corol-
lary 15.35 below). Set f = ιU and g = ιV . Then Proposition 6.34
implies that (f + g)∗ = ι

U⊥+V ⊥ , whereas f∗
⊡g∗ = ιU⊥+V ⊥ . In

this example, cone(dom f − dom g) is a linear subspace (equivalently,
0 ∈ ri(dom f −dom g)) that is not closed. Therefore, Theorem 15.3 fails
if the strong relative interior is replaced by the relative interior.

(iii) Suppose that H is infinite-dimensional, let f be as in Example 9.21,
and let g = ι{0}. Then f + g = g and (f + g)∗ ≡ 0. Since f∗ ≡ +∞
by Proposition 13.10(ii), we have f∗

�g∗ ≡ +∞. Hence (f + g)∗ 6=
f∗

�g∗ even though dom f −dom g = H. Therefore, assuming the lower
semicontinuity of f and g is necessary.

Proposition 15.5 Let f and g be in Γ0(H). Suppose that dom f∩dom g 6= ∅

and that one of the following holds:

(i) cone(dom f − dom g) = span (dom f − dom g).
(ii) 0 ∈ core(dom f − dom g).
(iii) 0 ∈ int(dom f − dom g).
(iv) cont f ∩ dom g 6= ∅.
(v) H is finite-dimensional and ri(dom f) ∩ ri(dom g) 6= ∅.

Then 0 ∈ sri(dom f − dom g), i.e., (15.9) holds.

Proof. The assertions follow from Proposition 6.19 and Corollary 8.30. ⊓⊔

Remark 15.6 The conditions in Proposition 15.5 are not equivalent. For
instance, in H = R2, take dom f = R× {0} and dom g = {0} × R. Then (iv)
is not satisfied but (iii) is. On the other hand, if dom f = [0, 1] × {0} and
dom g = [0, 1]× {0}, then (ii) is not satisfied but (15.9) and (v) are.

The following result, which extends Proposition 12.14, provides conditions
under which the infimal convolution is lower semicontinuous.

Proposition 15.7 Let f and g be in Γ0(H). Suppose that one of the follow-
ing holds:

(i) 0 ∈ sri(dom f∗ − dom g∗).
(ii) f + g∨ is coercive and 0 ∈ sri(dom f − dom g∨).
(iii) f is coercive and g is bounded below.
(iv) dom f∗ = H.
(v) f is supercoercive.
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Then f �g = f ⊡ g ∈ Γ0(H).

Proof. (i): Apply Theorem 15.3 to f∗ and g∗.
(ii)⇒(i): Theorem 15.3 implies that (f + g∨)∗ = f∗

⊡g∗∨ ∈ Γ0(H).
Hence, by Proposition 14.16, 0 ∈ int dom(f + g∨)∗ = int dom(f∗

⊡g∗∨) =
int(dom f∗ + dom g∗∨) = int(dom f∗ − dom g∗) ⊂ sri(dom f∗ − dom g∗).

(iii)⇒(i): Proposition 14.16 yields 0 ∈ int dom f∗. On the other hand, 0 ∈
dom g∗ since g∗(0) = − inf g(H) < +∞. Hence, 0 ∈ int(dom f∗ − dom g∗) ⊂
sri(dom f∗ − dom g∗).

(iv)⇒(i): Clear.
(v)⇒(iv): Proposition 14.15. ⊓⊔

Corollary 15.8 Let ϕ and ψ be functions in Γ0(H×K). Set

F : H×K → [−∞,+∞] : (x, y) 7→
(
ϕ(x, ·)�ψ(x, ·)

)
(y), (15.13)

and assume that
0 ∈ sriQ1(domϕ− domψ), (15.14)

where Q1 : H×K → H : (x, y) 7→ x. Then

F ∗ : H×K → [−∞,+∞] : (u, v) 7→
(
ϕ∗(·, v)⊡ψ∗(·, v)

)
(u). (15.15)

Proof. Set H = H × K × K and define Φ : H → ]−∞,+∞] : (x, y1, y2) 7→
ϕ(x, y1) and Ψ : H → ]−∞,+∞] : (x, y1, y2) 7→ ψ(x, y2). Then Φ and Ψ
belong to Γ0(H), and

(
∀(u, v1, v2) ∈H

)
{
Φ∗(u, v1, v2) = ϕ∗(u, v1) + ι{0}(v2),

Ψ∗(u, v1, v2) = ψ∗(u, v2) + ι{0}(v1).
(15.16)

Now define G ∈ Γ0(H) by

G : (x, y1, y2) 7→ ϕ(x, y1) + ψ(x, y2) = Φ(x, y1, y2) + Ψ(x, y1, y2) (15.17)

and set
L : H→ H×K : (x, y1, y2) 7→ (x, y1 + y2). (15.18)

Then L ⊲ G = F , L∗ : H × K → H : (u, v) 7→ (u, v, v), and since (15.14) is
equivalent to 0 ∈ sri(domΦ − domΨ), Theorem 15.3 yields G∗ = Φ∗

⊡Ψ∗.
Altogether, Proposition 13.21(iv) implies that (∀(u, v) ∈ H × K) F ∗(u, v) =
(L ⊲ G)∗(u, v) = G∗(L∗(u, v)) = (Φ∗

⊡Ψ∗)(u, v, v). In view of (15.16), this is
precisely (15.15). ⊓⊔

15.2 Fenchel Duality

We consider the problem of minimizing the sum of two proper functions.
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Proposition 15.9 Let f and g be proper functions from H to ]−∞,+∞].
Then

(∀x ∈ H)(∀u ∈ H) f(x) + g(x) ≥ −f∗(u)− g∗(−u) (15.19)

and
inf(f + g)(H) ≥ − inf(f∗ + g∗∨)(H). (15.20)

Proof. Using Proposition 13.9(ii) and Proposition 13.13, we see that

(∀x ∈ H)(∀u ∈ H) f(x) + g(x) + f∗(u) + g∗(−u) ≥ 〈x | u〉+ 〈x | −u〉
= 0, (15.21)

and the results follow. ⊓⊔
Definition 15.10 The primal problem associated with the sum of two
proper functions f : H → ]−∞,+∞] and g : H → ]−∞,+∞] is

minimize
x∈H

f(x) + g(x), (15.22)

its dual problem is
minimize

u∈H
f∗(u) + g∗(−u), (15.23)

the primal optimal value is µ = inf (f + g)(H), the dual optimal value is
µ∗ = inf(f∗ + g∗∨)(H), and the duality gap is

∆(f, g) =

{
0, if µ = −µ∗ ∈ {−∞,+∞};
µ+ µ∗, otherwise.

(15.24)

Remark 15.11 Technically, the dual problem depends on the ordered pair
(f, g). We follow here the common usage.

Proposition 15.12 Let f and g be proper functions from H to ]−∞,+∞],
and set µ = inf(f + g)(H) and µ∗ = inf(f∗ + g∗∨)(H). Then the following
hold:

(i) µ ≥ −µ∗.
(ii) ∆(f, g) ∈ [0,+∞].
(iii) µ = −µ∗ ⇔ ∆(f, g) = 0.

Proof. Clear from Proposition 15.9 and Definition 15.10. ⊓⊔
The next proposition describes a situation in which the duality gap (15.24)

is 0 and in which the dual problem admits a solution.

Proposition 15.13 Let f and g be functions in Γ0(H) such that

0 ∈ sri(dom f − dom g). (15.25)

Then inf(f + g)(H) = −min(f∗ + g∗∨)(H).
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Proof. Proposition 13.9(i) and Theorem 15.3 imply that inf (f + g)(H) =
−(f + g)∗(0) = −(f∗

⊡ g∗)(0) = −min(f∗ + g∗∨)(H). ⊓⊔

Corollary 15.14 Let f ∈ Γ0(H) and let K be a closed convex cone in H
such that 0 ∈ sri(K − dom f). Then inf f(K) = −min f∗(K⊕).

Proof. Set g = ιK in Proposition 15.13, and use Example 13.3(ii) and Defini-
tion 6.9. ⊓⊔

Corollary 15.15 Let f and g be functions in Γ0(H) such that 0 ∈ sri(dom f−
dom g). Suppose that f + g ≥ 0 and that g∗ = g ◦ L, where L ∈ B(H). Then
there exists v ∈ H such that f∗(v) + g(−Lv) ≤ 0.

Proof. By Proposition 15.13, there exists v ∈ H such that 0 ≤ inf(f+g)(H) =
−f∗(v) − g∗(−v). Hence 0 ≥ f∗(v) + g(−Lv). ⊓⊔

Corollary 15.16 Let f and g be functions in Γ0(H) such that 0 ∈ sri(dom f−
dom g). Suppose that g∗ = g∨ and that f + g ≥ 0. Then there exists
v ∈ H such that f∗(v) + g(v) ≤ 0, i.e., such that (∀x ∈ H) f(x) + g(x) ≥
g(x) + 〈x | v〉+ g(v) ≥ 0.

Proof. Applying Corollary 15.15 with L = −Id, we obtain the existence of
v ∈ H such that 0 ≥ f∗(v) + g(v) = supx∈H(〈x | v〉 − f(x)) + g(v). Hence,
Proposition 13.13 yields (∀x ∈ H) f(x) + g(x) ≥ g(x) + 〈x | v〉 + g(v) =
g(x) + g∗(−v)− 〈x | −v〉 ≥ 0. ⊓⊔

Corollary 15.17 Let f ∈ Γ0(H) and set q = (1/2)‖·‖2. Suppose that f+q ≥
0. Then there exists a vector w ∈ H such that (∀x ∈ H) f(x)+q(x) ≥ q(x−w).

Proof. Applying Corollary 15.16 with g = q yields a vector v in H such that
(∀x ∈ H) f(x)+q(x) ≥ q(x)+〈x | v〉+q(v) = q(x+v). Hence, the conclusion
follows with w = −v. ⊓⊔

15.3 Fenchel–Rockafellar Duality

We now turn our attention to a more general variational problem involving
a linear operator.

Proposition 15.18 Let f : H → ]−∞,+∞] be proper, let g : K → ]−∞,+∞]
be proper, and let L ∈ B(H,K). Then

(∀x ∈ H)(∀v ∈ K) f(x) + g(Lx) ≥ −f∗(L∗v)− g∗(−v) (15.26)

and
inf(f + g ◦ L)(H) ≥ − inf(f∗ ◦ L∗ + g∗∨)(K). (15.27)
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Proof. Using Proposition 13.9(ii) and Proposition 13.13, we see that for every
x ∈ H and every v ∈ K,

f(x) + g(Lx) + f∗(L∗v) + g∗(−v) ≥ 〈x | L∗v〉+ 〈Lx | −v〉 = 0, (15.28)

and the result follows. ⊓⊔

Definition 15.19 Let f : H → ]−∞,+∞], let g : K → ]−∞,+∞], and let
L ∈ B(H,K). The primal problem associated with the composite function
f + g ◦ L is

minimize
x∈H

f(x) + g(Lx), (15.29)

its dual problem is
minimize

v∈K
f∗(L∗v) + g∗(−v), (15.30)

the primal optimal value is µ = inf (f + g ◦ L)(H), the dual optimal value is
µ∗ = inf(f∗ ◦ L∗ + g∗∨)(K), and the duality gap is

∆(f, g, L) =

{
0, if µ = −µ∗ ∈ {−∞,+∞};
µ+ µ∗, otherwise.

(15.31)

Remark 15.20 As observed in Remark 15.11, the dual problem depends on
the ordered triple (f, g, L). We follow here the common usage.

The next proposition extends Proposition 15.12.

Proposition 15.21 Let f : H → ]−∞,+∞] and g : K → ]−∞,+∞] be
proper, and let L ∈ B(H,K). Set µ = inf(f + g ◦ L)(H) and µ∗ =
inf(f∗ ◦L∗ + g∗∨)(K). Then the following hold:

(i) µ ≥ −µ∗.
(ii) ∆(f, g, L) ∈ [0,+∞].
(iii) µ = −µ∗ ⇔ ∆(f, g, L) = 0.

Proof. Clear from Proposition 15.18 and Definition 15.19. ⊓⊔
A zero duality gap is not automatic, but it is guaranteed under additional

assumptions.

Proposition 15.22 Let f ∈ Γ0(H), let g ∈ Γ0(K), and let L ∈ B(H,K).
Suppose that 0 ∈ core(dom g − L(dom f)). Then

inf
(
f + g ◦ L

)
(H) = −min

(
f∗ ◦ L∗ + g∗∨

)
(K). (15.32)

Proof. Set ϕ = f ⊕ g and V = graL. Now take (x, y) ∈ H × K. Since
0 ∈ core(dom g − L(dom f)), there exist γ ∈ R++, a ∈ dom f , and b ∈ dom g
such that y−Lx = γ(b−La). Upon setting z = a−x/γ, we obtain x = γ(a−z)
and y = γ(b−Lz). Therefore, (x, y) = γ((a, b)−(z, Lz)) ∈ cone((domϕ)−V ).
We have thus shown that cone((domϕ)−V ) = H×K, which implies that 0 ∈
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core(V − domϕ) ⊂ sri(V −domϕ). It then follows from Corollary 15.14 that
inf ϕ(V ) = −minϕ∗(V ⊥). However, V ⊥ = {(u, v) ∈ H ×K | u = −L∗v} and,
by Proposition 13.27, ϕ∗ = f∗⊕g∗. Therefore, inf(f+g◦L)(H) = inf ϕ(V ) =
−minϕ∗(V ⊥) = −min((f∗ ◦ L∗)∨ + g∗)(K) = −min(f∗ ◦ L∗ + g∗∨)(K). ⊓⊔

Theorem 15.23 Let f ∈ Γ0(H), let g ∈ Γ0(K), and let L ∈ B(H,K) be such
that (see Proposition 6.19 for special cases)

0 ∈ sri
(
dom g − L(dom f)

)
. (15.33)

Then inf(f + g ◦ L)(H) = −min(f∗ ◦ L∗ + g∗∨)(K).

Proof. We first consider the special case 0 ∈ dom f and 0 ∈ dom g. Set A =
span dom f and B = cone(dom g−L(dom f)). By (15.33), B = span (dom g−
L(dom f)). Hence dom f ⊂ A, dom g ⊂ B, and, since L(dom f) ⊂ B, we have
L(A) ⊂ B. It follows that ranL|A ⊂ B, and, in turn, using Fact 2.18(iv), that

B⊥ ⊂ (ranL|A)⊥ = ker((L|A)∗) = kerPAL
∗. (15.34)

Therefore

PAL
∗ = PAL

∗(PB + PB⊥) = PAL
∗PB = PAL

∗|BPB. (15.35)

Next, we observe that condition (15.33) in K yields

0 ∈ core
(
dom g|B − (PBL|A)(dom f |A)

)
(15.36)

in B. Thus, using the inclusions dom f ⊂ A and L(A) ⊂ B, (15.36), Proposi-
tion 15.22, (15.35), and Proposition 13.20(vi), we obtain

inf
x∈H

(
f(x) + g(Lx)

)
= inf
x∈A

(
f |A(x) + g|B

(
(PBL|A)x

))

= −min
v∈B

(
(f |A)∗

(
(PBL|A)∗v

)
+ (g|B)∗(−v)

)

= −min
v∈K

(
(f |A)∗

(
(PAL

∗|B)(PBv)
)
+ (g|B)∗

(
PB(−v)

))

= −min
v∈K

(
(f |A)∗(PAL

∗v) + (g|B)∗
(
PB(−v)

))

= −min
v∈K

(
f∗(L∗v) + g∗(−v)

)
. (15.37)

We now consider the general case. In view of (15.33), there exist b ∈ dom g
and a ∈ dom f such that b = La. Set ϕ : x 7→ f(x+ a) and ψ : y 7→ g(y + b).
Then 0 ∈ domϕ, 0 ∈ domψ, and domψ − L(domϕ) = dom g − L(dom f).
We therefore apply the above special case with ϕ and ψ to obtain

inf
x∈H

(
f(x) + g(Lx)

)
= inf
x∈H

(
ϕ(x) + ψ(Lx)

)

= −min
v∈K

(
ϕ∗(L∗v) + ψ∗(−v)

)
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= −min
v∈K

(
f∗(L∗v)− 〈L∗v | a〉+ g∗(−v)− 〈−v | b〉

)

= −min
v∈K

(
f∗(L∗v) + g∗(−v)

)
, (15.38)

where we have used Proposition 13.20(iii) and the identity La = b. ⊓⊔

Proposition 15.24 Let f ∈ Γ0(H), let g ∈ Γ0(K), and let L ∈ B(H,K).
Suppose that dom g ∩ L(dom f) 6= ∅ and that one of the following holds:

(i) cone(dom g − L(dom f)) = span (dom g − L(dom f)).
(ii) dom g − L(dom f) is a closed linear subspace.
(iii) dom f and dom g are linear subspaces and dom g+L(dom f) is closed.
(iv) dom g is a cone and dom g−coneL(dom f) is a closed linear subspace.
(v) 0 ∈ core(dom g − L(dom f)).
(vi) 0 ∈ int(dom g − L(dom f)).
(vii) cont g ∩ L(dom f) 6= ∅.
(viii) K is finite-dimensional and (ri dom g) ∩ (riL(dom f)) 6= ∅.
(ix) K is finite-dimensional and (ri dom g) ∩ L(qri dom f) 6= ∅.

Then 0 ∈ sri(dom g − L(dom f)), i.e., (15.33) holds.

Proof. The assertions follow from Proposition 8.2, Proposition 3.5, (6.8),
Proposition 6.19, and Corollary 8.30. ⊓⊔

We now turn to a result that is complementary to Theorem 15.23 and that
relies on several external results drawn from [219]. To formulate it, we require
the notions of polyhedral (convex) set and function.

A subset of H is polyhedral if it is a finite intersection of closed half-spaces,
and a function f : H → [−∞,+∞] is polyhedral if epi f is a polyhedral set.

Fact 15.25 Let f ∈ Γ0(H), let g ∈ Γ0(K) be polyhedral, and let L ∈ B(H,K).
Suppose that K is finite-dimensional and that one of the following holds:

(i) dom g ∩ riL(dom f) 6= ∅.
(ii) H is finite-dimensional, f is polyhedral, and dom g ∩ L(dom f) 6= ∅.

Then inf(f + g ◦ L)(H) = −min((f∗ ◦ L∗) + g∗∨)(K).

Proof. We set µ = inf(f + g ◦ L)(H) and, in view of Proposition 15.21(i), we
assume that µ > −∞. Then

µ = inf
(x,y)∈graL

(
f(x) + g(y)

)

= inf
y∈K

(
g(y) + inf

x∈L−1y
f(x)

)

= inf
y∈K

(
g(y) + (L ⊲ f)(y)

)
. (15.39)

Proposition 12.34(i) and Proposition 13.21(iv) assert that dom(L ⊲ f) =
L(dom f) and that (L ⊲ f)∗ = f∗ ◦ L∗. If (i) holds, then let z ∈ dom f be
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such that Lz ∈ dom g ∩ riL(dom f) = dom g ∩ ri dom(L ⊲ f); otherwise, (ii)
holds and we let z ∈ dom f be such that Lz ∈ dom g ∩ L(dom f) = dom g ∩
dom(L ⊲ f). In both cases, µ ≤ g(Lz) + (L ⊲ f)(Lz) ≤ g(Lz) + f(z) < +∞
and thus

µ ∈ R. (15.40)

If (L ⊲ f)(Lz) = −∞, then there exists a sequence (xn)n∈N in H such that
Lxn ≡ Lz and f(xn) → −∞, which implies that µ ≤ f(xn) + g(Lxn) =
f(xn) + g(Lz)→ −∞, a contradiction to (15.40). Hence

(L ⊲ f)(Lz) ∈ R. (15.41)

If (i) holds, then L ⊲ f is convex by Proposition 12.34(ii) and proper by [219,
Theorem 7.2]. If (ii) holds, then L ⊲ f is polyhedral by [219, Corollary 19.3.1]
and also proper. Therefore, [219, Theorem 31.1] yields

inf
y∈K

(
g(y) + (L ⊲ f)(y)

)
= −min

v∈K

(
g∗∨(v) + (L ⊲ f)∗(v)

)

= −min
v∈K

(
g∗∨(v) + f∗(L∗v)

)
. (15.42)

The conclusion follows by combining (15.39) with (15.42). ⊓⊔

15.4 A Conjugation Result

We start with a general conjugation formula.

Proposition 15.26 Let f ∈ Γ0(H), let g ∈ Γ0(K), and let L ∈ B(H,K) be
such that dom g ∩ L(dom f) 6= ∅. Then (f + g ◦ L)∗ = (f∗

� (L∗ ⊲ g∗))∗∗.
Moreover, f∗

� (L∗ ⊲ g∗) is proper and convex, and it possesses a continuous
affine minorant.

Proof. It follows from Corollary 13.33 and Corollary 13.22(i) that (f+g◦L)∗ =
((f∗)∗+((g∗)∗ ◦ (L∗)∗))∗ = (f∗

� (L∗ ⊲ g∗))∗∗. The remaining statements fol-
low as in the proof of Proposition 15.1. Indeed, since f + g ◦ L ∈ Γ0(H), we
have f + g ◦ L = (f + g ◦ L)∗∗ = (f∗

� (L∗ ⊲ g∗))∗∗∗ = (f∗
� (L∗ ⊲ g∗))∗.

Hence f∗
� (L∗ ⊲ g∗) is proper by Proposition 13.9(iii), convex by Propo-

sition 12.34(ii) and Proposition 12.11, and it possesses a continuous affine
minorant by Proposition 13.10(ii). ⊓⊔

We now obtain an extension of Theorem 15.3.

Theorem 15.27 Let f ∈ Γ0(H), let g ∈ Γ0(K), and let L ∈ B(H,K). Sup-
pose that one of the following holds:

(i) 0 ∈ sri(dom g − L(dom f)).
(ii) K is finite-dimensional, g is polyhedral, and dom g ∩ riL(dom f) 6= ∅.
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(iii) H and K are finite-dimensional, f and g are polyhedral, and dom g ∩
L(dom f) 6= ∅.

Then (f + g ◦ L)∗ = f∗
⊡ (L∗ ·⊲ g∗). In other words,

(
∀u ∈ H

) (
f + g ◦ L

)∗
(u) = min

v∈K

(
f∗(u− L∗v) + g∗(v)

)
. (15.43)

Proof. Let u ∈ H. Then it follows from Theorem 15.23 or from Fact 15.25
that

(f + g ◦ L)∗(u) = sup
x∈H

(
〈x | u〉 − f(x)− g(Lx)

)

= − inf
x∈H

(
f(x)− 〈x | u〉+ g(Lx)

)

= min
v∈K

(
f∗(L∗v + u) + g∗(−v)

)
, (15.44)

which yields the result. ⊓⊔

Corollary 15.28 Let g ∈ Γ0(K) and let L ∈ B(H,K). Suppose that one of
the following holds:

(i) 0 ∈ sri(dom g − ranL).
(ii) K is finite-dimensional, g is polyhedral, and dom g ∩ ranL 6= ∅.

Then (g ◦ L)∗ = L∗ ·⊲ g∗. In other words,

(
∀u ∈ H

)
(g ◦ L)∗(u) = min

v∈K
L∗v=u

g∗(v) = (L∗ ·⊲ g∗)(u). (15.45)

15.5 Applications

Example 15.29 Let C ⊂ H and D ⊂ K be closed convex sets, and let
L ∈ B(H,K) be such that 0 ∈ sri(barD − L(C)). Then

inf
x∈C

sup
v∈D
〈Lx | v〉 = max

v∈D
inf
x∈C
〈Lx | v〉 . (15.46)

Proof. Set f = ιC and g = σD in Theorem 15.23. Then Example 13.3(i) and
Example 13.37(i) yield infx∈C supv∈D 〈Lx | v〉 = infx∈H ιC(x) + σD(Lx) =
infx∈H f(x)+g(Lx) = −minv∈H f∗(−L∗v)+g∗(v) = −minv∈D σC(−L∗v) =
−minv∈D supx∈C 〈x | −L∗v〉 = maxv∈D infx∈C 〈Lx | v〉. ⊓⊔

In Euclidean spaces, the following result is known as von Neumann’s min-
imax theorem.

Corollary 15.30 (von Neumann) Let C ⊂ H and D ⊂ K be nonempty
bounded closed convex sets, and let L ∈ B(H,K). Then
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min
x∈C

max
v∈D
〈Lx | v〉 = max

v∈D
min
x∈C
〈Lx | v〉 . (15.47)

Proof. Since D is bounded, we have barD = K and therefore 0 ∈ sri(barD−
L(C)). Moreover, since Proposition 11.14(ii) implies that a continuous lin-
ear functional achieves its infimum and its supremum on a nonempty
bounded closed convex set, we have supv∈D 〈Lx | v〉 = maxv∈D 〈Lx | v〉 and
infx∈C 〈Lx | v〉 = minx∈C 〈Lx | v〉. Now set ϕ : x 7→ maxv∈D 〈Lx | v〉. Then
ϕ(0) = 0 and, therefore, Proposition 9.3 implies that ϕ ∈ Γ0(H). Thus, in-
voking Proposition 11.14(ii) again, derive from (15.46) that

min
x∈C

max
v∈D
〈Lx | v〉 = min

x∈C
ϕ(x)

= inf
x∈C

sup
v∈D
〈Lx | v〉

= max
v∈D

inf
x∈C
〈Lx | v〉

= max
v∈D

min
x∈C
〈Lx | v〉 , (15.48)

which yields (15.47). ⊓⊔

Corollary 15.31 Let C be a nonempty closed convex cone in H, let D be a
nonempty closed convex cone in K, and let L ∈ B(H,K). Then the following
hold:

(i) (C ∩ L−1(D))⊖ = C⊖ + L∗(D⊖).
(ii) Suppose that D − L(C) is a closed linear subspace of K. Then the set

(C ∩ L−1(D))⊖ = C⊖ + L∗(D⊖) is a nonempty closed convex cone.

Proof. (i): Proposition 6.34 and Proposition 6.36(i) yield (C ∩ L−1(D))⊖ =

C⊖ + (L−1(D))⊖ = C⊖ + L∗(D⊖) = C⊖ + L∗(D⊖).
(ii): Set f = ιC and g = ιD, and note that 0 ∈ sri(dom g − L(dom f))

by assumption. Example 13.3(ii) and Theorem 15.27(i) imply that, for every
u ∈ H,

ι(C∩L−1(D))⊖(u) = ι∗C∩L−1(D)(u)

=
(
ιC + (ιD ◦ L)

)∗
(u)

=
(
f + g ◦ L

)∗
(u)

= min
v∈K

(
f∗(L∗v + u) + g∗(−v)

)

= min
v∈K

(
ιC⊖(L∗v + u) + ιD⊖(−v)

)

= ιC⊖+L∗(D⊖)(u). (15.49)

Therefore, C⊖ ∩ L∗(D⊖) is the polar cone of C ∩ L−1(D) and hence, by
Proposition 6.23(ii), it is closed. ⊓⊔
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Corollary 15.32 Let D be a nonempty closed convex cone in K, let L ∈
B(H,K), and suppose that D − ranL is a closed linear subspace. Then
(L−1(D))⊖ = L∗(D⊖).

Corollary 15.33 Let C be a closed linear subspace of H, let D be a closed
linear subspace of K, and let L ∈ B(H,K). Then L(C) + D is closed if and
only if C⊥ + L∗(D⊥) is closed.

Corollary 15.34 Let L ∈ B(H,K). Then ranL is closed if and only if ranL∗

is closed.

Corollary 15.35 Let U and V be closed linear subspaces of H. Then U +V
is closed if and only if U⊥ + V ⊥ is closed.

Corollary 15.36 Let L ∈ B(H,K) be an operator such that ranL is closed,
and let V be a closed linear subspace of H. Then L(V ) is closed if and only
if V + kerL is closed.

Proof. Since ranL is closed, Corollary 15.34 yields

ranL∗ = ranL∗. (15.50)

Using Corollary 15.33, (15.50), Fact 2.18(iii), and Corollary 15.35, we obtain
the equivalences L(V ) is closed ⇔ V ⊥ + ranL∗ is closed ⇔ V ⊥ + ranL∗ is
closed ⇔ V ⊥ + (kerL)⊥ is closed ⇔ V + kerL is closed. ⊓⊔

Exercises

Exercise 15.1 Let f ∈ Γ0(H) and g ∈ Γ0(H) be such that dom f ∩ dom g 6=
∅. Show that (f + g)∗ = f∗

⊡g∗ if and only if epi f∗ + epi g∗ is closed.

Exercise 15.2 Let K1 and K2 be nonempty closed convex cones in H. Use
Proposition 15.1 to show that (K1∩K2)

⊖ = K⊖
1 +K⊖

2 . Compare with Propo-
sition 6.34.

Exercise 15.3 Let f ∈ Γ0(H). Show that dom f + dom f∗ = H.

Exercise 15.4 Verify the details in Remark 15.4(i).

Exercise 15.5 Consider the setting of Definition 15.10, and let f and g be
as in Remark 15.4(i). Determine µ, µ∗, and ∆(f, g), and whether the primal
and dual problems admit solutions.

Exercise 15.6 Consider the setting of Definition 15.19 with H = K = R,
L = Id, and f = g = exp. Prove the following: µ = µ∗ = 0, the primal
problem has no solution, and the dual problem has a unique solution.



Exercises 221

Exercise 15.7 Find two functions f and g in Γ0(R) for which, in the setting
of Definition 15.10, ∆(f, g) = 0, the primal problem has a unique solution,
and the dual problem has no solution.

Exercise 15.8 Find two functions f and g in Γ0(R) for which ∆(f, g) = 0
and inf(f + g)(H) = −∞.

Exercise 15.9 Find two functions f and g in Γ0(R) for which inf(f +
g)(H) = +∞ and inf(f∗ + g∗∨)(H) = −∞.

Exercise 15.10 Suppose that H = R. Set f = ιR− and

g : x 7→






x ln(x) − x, if x > 0;

0, if x = 0;

+∞, if x < 0.

(15.51)

Show that the primal problem (15.22) admits a minimizer, that ∆(f, g) = 0,
and that 0 /∈ sri(dom f − dom g).

Exercise 15.11 Suppose that H = R. Set f = ι[−1,0] and g = ι[0,1]. Show
that the primal problem (15.22) and the dual problem (15.23) both admit
minimizers, that ∆(f, g) = 0, and that 0 /∈ sri(dom f − dom g).

Exercise 15.12 Find two functions f and g in Γ0(R) such that the following
hold: the primal problem (15.22) has a minimizer, the primal optimal value
is 0, ∆(f, g) = 0, the dual problem (15.23) does not have a minimizer, and
dom f∗ = dom g∗ = R.

Exercise 15.13 Let f : H → ]−∞,+∞] and g : K → ]−∞,+∞] be proper,
and let L ∈ B(H,K). Show that ∆(f, g ◦ L) ≤ ∆(f, g, L).

Exercise 15.14 Suppose that H = K = R and set f : R→ ]−∞,+∞] : x 7→
x + ιR+

(x), g = ι{1}, and L = Id. Compute µ and µ∗ as given in Proposi-
tion 15.21.

Exercise 15.15 Suppose that H = K = R and set f : R→ ]−∞,+∞] : x 7→
−x+ ιR+

(x), g = ι{−1}, and L : R→ R : x 7→ 0. Compute µ and µ∗ as given
in Proposition 15.21.

Exercise 15.16 Suppose that H = K = R and set f : R→ ]−∞,+∞] : x 7→
−x+ ιR+

(x), g = ι{0}, and L : R→ R : x 7→ 0. Compute µ and µ∗ as given in
Proposition 15.21.

Exercise 15.17 Suppose that H = K = R and set f : R→ ]−∞,+∞] : x 7→
−x + ιR+

(x), g = ι]−∞,−1], and L : R → R : x 7→ x. Compute µ and µ∗ as
given in Proposition 15.21.
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Exercise 15.18 Suppose that H = ℓ2(N), let (αn)n∈N be a sequence in ]0, 1]
such that

∑
n∈N

α2
n < +∞, and set L : H → H : (ξn)n∈N 7→ (αnξn)n∈N. Show

that L∗ = L, that ranL = H, and that ranL 6= H. Conclude that the closure
operation in Corollary 15.31(i) is essential.

Exercise 15.19 Consider Corollary 15.31(ii). Find an example in which D−
L(C) = K and C⊖ + L∗(D⊖) is not a linear subspace.



Chapter 16

Subdifferentiability

The subdifferential is a fundamental tool in the analysis of nondifferentiable
convex functions. In this chapter we discuss the properties of subdifferentials
and the interplay between the subdifferential and the Legendre transform.
Moreover, we establish the Brøndsted–Rockafellar theorem, which asserts
that the graph of the subdifferential operator is dense in the domain of the
separable sum of the function and its conjugate.

16.1 Basic Properties

Definition 16.1 Let f : H → ]−∞,+∞] be proper. The subdifferential of f
is the set-valued operator

∂f : H → 2H : x 7→
{
u ∈ H

∣∣ (∀y ∈ H) 〈y − x | u〉+ f(x) ≤ f(y)
}
. (16.1)

Let x ∈ H. Then f is subdifferentiable at x if ∂f(x) 6= ∅; the elements of
∂f(x) are the subgradients of f at x.

Graphically (see Figure 16.1), a vector u ∈ H is a subgradient of a proper
function f : H → ]−∞,+∞] at x ∈ dom f if the continuous affine functional
fx,u : y 7→ 〈y − x | u〉+f(x), which coincides with f at x, minorizes f ; in other
words, u is the “slope” of a continuous affine minorant of f that coincides
with f at x.

Global minimizers of proper functions can be characterized by a simple
but powerful principle which goes back to the seventeenth century and the
work of Pierre Fermat.

Theorem 16.2 (Fermat’s rule) Let f : H → ]−∞,+∞] be proper. Then

Argmin f = zer ∂f =
{
x ∈ H

∣∣ 0 ∈ ∂f(x)
}
. (16.2)
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gra f

gra fx,u

x

f(x)

R

H

Fig. 16.1 A vector u ∈ H is a subgradient of f at x if it is the “slope” of a continuous

affine minorant fx,u of f that coincides with f at x.

Proof. Let x ∈ H. Then x ∈ Argmin f ⇔ (∀y ∈ H) 〈y − x | 0〉 + f(x) ≤ f(y)
⇔ 0 ∈ ∂f(x). ⊓⊔

Proposition 16.3 Let f : H → ]−∞,+∞] be proper and let x ∈ dom f .
Then the following hold:

(i) dom ∂f ⊂ dom f .
(ii) ∂f(x) =

⋂
y∈dom f

{
u ∈ H

∣∣ 〈y − x | u〉 ≤ f(y)− f(x)
}
.

(iii) ∂f(x) is closed and convex.
(iv) Suppose that x ∈ dom∂f . Then f is lower semicontinuous at x.

Proof. (i): Since f is proper, f(x) = +∞ ⇒ ∂f(x) = ∅.
(ii): Clear from (16.1).
(iii): Clear from (ii).
(iv): Take u ∈ ∂f(x). Then (∀y ∈ H) f(x) ≤ f(y) + 〈x− y | u〉 and hence

f(x) ≤ limy→x f(y). ⊓⊔
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Proposition 16.4 Let f : H → ]−∞,+∞] be proper, and let x ∈ H. Suppose
that x ∈ dom∂f . Then f∗∗(x) = f(x) and ∂f∗∗(x) = ∂f(x).

Proof. Take u ∈ ∂f(x). Then (∀y ∈ H) 〈y − x | u〉+f(x) ≤ f(y). Hence f∗∗ =

f̆ by Proposition 13.39. In turn, in view of Corollary 9.10, Lemma 1.31(iv),

and Proposition 16.3(iv), f∗∗(x) = f̆(x) = f̄(x) = limy→x f(y) = f(x). Thus
〈y − x | u〉 + f∗∗(x) ≤ f∗∗(y), which shows that u ∈ ∂f∗∗(x). Conversely,
since f∗∗(x) = f(x) and since f∗∗ ≤ f by Proposition 13.14(i), we obtain
∂f∗∗(x) ⊂ ∂f(x). ⊓⊔

Proposition 16.5 Let K be a real Hilbert space, let f : H → ]−∞,+∞] and
g : K → ]−∞,+∞] be proper, let L ∈ B(H,K), and let λ ∈ R++. Then the
following hold:

(i) ∂(λf) = λ∂f .
(ii) Suppose that dom g∩L(dom f) 6= ∅. Then ∂f+L∗◦(∂g)◦L ⊂ ∂(f+g◦L).

Proof. (i): Clear.
(ii): Take x ∈ H, u ∈ ∂f(x), and v ∈ ∂g(Lx). Then u + L∗v is a

generic point in ∂f(x) + (L∗ ◦ (∂g) ◦ L)(x) and it must be shown that
u + L∗v ∈ ∂(f + g ◦ L)(x). It follows from (16.1) that, for every y ∈ H,
we have 〈y − x | u〉+ f(x) ≤ f(y) and 〈Ly − Lx | v〉+ g(Lx) ≤ g(Ly), hence
〈y − x | L∗v〉+ g(Lx) ≤ g(Ly). Adding the first and third inequalities yields

(∀y ∈ H) 〈y − x | u+ L∗v〉+
(
f + g ◦ L

)
(x) ≤

(
f + g ◦ L

)
(y) (16.3)

and, in turn, u+ L∗v ∈ ∂(f + g ◦ L)(x). ⊓⊔

Proposition 16.6 Let (Hi)i∈I be a finite totally ordered family of real
Hilbert spaces, set H =

⊕
i∈I Hi, let f : H → ]−∞,+∞] be proper, and

let (xi)i∈I ∈ domf . For every i ∈ I, define Ri : Hi → H as follows: for
every y ∈ Hi and every j ∈ I, the jth component of Riy is y if j = i, and xj
otherwise. Then

∂f
(
(xi)i∈I

)
⊂×

i∈I

∂(f ◦Ri)(xi). (16.4)

Proof. Set x = (xi)i∈I , and take y = (yi)i∈I ∈H and u = (ui)i∈I ∈H. Then

u ∈ ∂f(x)⇔ (∀y ∈H) 〈y − x | u〉 + f(x) ≤ f(y)

⇒ (∀i ∈ I)(∀yi ∈ Hi) 〈yi − xi | ui〉+ (f ◦Ri)(xi) ≤ (f ◦Ri)(yi)
⇔ (∀i ∈ I) ui ∈ ∂(f ◦Ri)(xi)
⇔ u ∈×

i∈I

∂(f ◦Ri)(xi), (16.5)

which completes the proof. ⊓⊔

Remark 16.7 The inclusion (16.4) can be strict. Indeed, adopt the notation
of Proposition 16.6 and suppose that H = R × R. Set f = ιB(0;1) and x =
(1, 0). Then f ◦R1 = ι[−1,1] and f ◦R2 = ι{0}. Therefore,
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∂f(1, 0) = R+ × {0} 6= R+ × R =
(
∂(f ◦R1)(1)

)
×
(
∂(f ◦R2)(0)

)
. (16.6)

Proposition 16.8 Let (Hi)i∈I be a totally ordered finite family of real
Hilbert spaces and, for every i ∈ I, let fi : Hi → ]−∞,+∞] be proper. Then

∂
⊕

i∈I

fi =×
i∈I

∂fi. (16.7)

Proof. We denote by x = (xi)i∈I a generic element in H =
⊕

i∈I Hi. Set
f =

⊕
i∈I fi, and take x and u in H. Then Proposition 16.3(i) yields

u ∈×
i∈I

∂fi(xi)⇔ (∀i ∈ I)(∀yi ∈ Hi) 〈yi − xi | ui〉+ fi(xi) ≤ fi(yi) (16.8)

⇒ (∀y ∈H)
∑

i∈I

〈yi − xi | ui〉+
∑

i∈I

fi(xi) ≤
∑

i∈I

fi(yi)(16.9)

⇔ (∀y ∈H) 〈y − x |u〉+ f (x) ≤ f(y)

⇔ u ∈ ∂f(x). (16.10)

Finally, to obtain (16.9) ⇒ (16.8), fix i ∈ I. By forcing the coordinates of y
in (16.9) to coincide with those of x, except for the ith, we obtain (∀yi ∈ Hi)
〈yi − xi | ui〉+ fi(xi) ≤ fi(yi). ⊓⊔

The next result states that the graph of the subdifferential contains
precisely those points for which the Fenchel–Young inequality (Proposi-
tion 13.13) becomes an equality.

Proposition 16.9 Let f : H → ]−∞,+∞] be proper, let x ∈ H, and let
u ∈ H. Then u ∈ ∂f(x) ⇔ f(x) + f∗(u) = 〈x | u〉 ⇒ x ∈ ∂f∗(u).

Proof. Using (16.1) and Proposition 13.13, we get

u ∈ ∂f(x)⇔ (∀y ∈ dom f) 〈y | u〉 − f(y) ≤ 〈x | u〉 − f(x) ≤ f∗(u)

⇔ f∗(u) = sup
y∈dom f

(
〈y | u〉 − f(y)

)
≤ 〈x | u〉 − f(x) ≤ f∗(u)

⇔ f(x) + f∗(u) = 〈x | u〉 . (16.11)

Accordingly, using the Fenchel–Young inequality (Proposition 13.13) and
Proposition 13.14(i), we obtain u ∈ ∂f(x) ⇒ 〈u | x〉 ≤ f∗(u) + f∗∗(x) ≤
f∗(u) + f(x) = 〈u | x〉 ⇒ f∗(u) + f∗∗(x) = 〈u | x〉 ⇒ x ∈ ∂f∗(u). ⊓⊔

Corollary 16.10 Let f : H → ]−∞,+∞] be proper. Then gra∂f ⊂ dom f ×
dom f∗.

Example 16.11 Set f = (1/2)‖ · ‖2. Then ∂f = Id.

Proof. This follows from Proposition 16.9 and Proposition 13.16. ⊓⊔
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16.2 Convex Functions

We start with a key example.

Example 16.12 Let C be a nonempty convex subset of H. Then ∂ιC = NC .

Proof. Combine (16.1) and (6.31). ⊓⊔
Here is a refinement of Proposition 16.9.

Proposition 16.13 Let f : H → ]−∞,+∞] be proper and convex, let x ∈ H,
and let u ∈ H. Then u ∈ ∂f(x)⇔ (u,−1) ∈ Nepi f (x, f(x)) ⇔ f(x)+f∗(u) =
〈x | u〉 ⇒ x ∈ ∂f∗(u).

Proof. Note that epi f is nonempty and convex. Moreover, (u,−1) ∈
Nepi f (x, f(x))⇔ x ∈ dom f and (∀(y, η) ∈ epi f) 〈(y, η)− (x, f(x)) | (u,−1)〉
≤ 0 ⇔ x ∈ dom f and (∀(y, η) ∈ epi f) 〈y − x | u〉 + (η − f(x))(−1) ≤ 0 ⇔
(∀(y, η) ∈ epi f) 〈y − x | u〉+ f(x) ≤ η ⇔ (∀y ∈ dom f) 〈y − x | u〉 + f(x) ≤
f(y) ⇔ u ∈ ∂f(x). In view of Proposition 16.9, the proof is complete. ⊓⊔

Let f : H → ]−∞,+∞] be proper. We have observed in Proposi-
tion 16.3(i)&(iii) that dom ∂f ⊂ dom f and that, for every x ∈ dom f , ∂f(x)
is closed and convex. Convexity of f supplies stronger statements.

Proposition 16.14 Let f : H → ]−∞,+∞] be proper and convex, and let
x ∈ dom f . Then the following hold:

(i) Suppose that int dom f 6= ∅ and that x ∈ bdry dom f . Then ∂f(x) is
either empty or unbounded.

(ii) Suppose that x ∈ cont f . Then ∂f(x) is nonempty and weakly compact.
(iii) Suppose that x ∈ cont f . Then there exists δ ∈ R++ such that

∂f(B(x; δ)) is bounded.
(iv) Suppose that cont f 6= ∅. Then int dom f ⊂ dom∂f .

Proof. (i): By Proposition 7.5, x is a support point of dom f . Consequently,
there exists u ∈ H r {0} such that (∀y ∈ dom f) 〈y − x | u〉 ≤ 0. Hence
(∀v ∈ ∂f(x))(∀λ ∈ R+) v + λu ∈ ∂f(x).

(ii)&(iii): Observe that epi f is nonempty and convex. Also, by Propo-
sition 8.36, int epi f 6= ∅. For every ε ∈ R++, (x, f(x) − ε) /∈ epi f and
therefore (x, f(x)) ∈ bdry epi f . Using Proposition 7.5, we get (u, ν) ∈
Nepi f (x, f(x)) r {(0, 0)}. For every y ∈ dom f and every η ∈ R+, we have
〈(y, f(y) + η)− (x, f(x)) | (u, ν)〉 ≤ 0 and therefore

〈y − x | u〉+ (f(y)− f(x))ν + ην ≤ 0. (16.12)

We first note that ν ≤ 0 since, otherwise, we get a contradiction in (16.12) by
letting η → +∞. To show that ν < 0, let us argue by contradiction. If ν = 0,
then (16.12) yields sup 〈dom f − x | u〉 ≤ 0 and, since B(x; ε) ⊂ dom f for
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ε ∈ R++ small enough, we would further deduce that sup 〈B(0; ε) | u〉 ≤ 0.
This would imply that u = 0 and, in turn, that (u, ν) = (0, 0). Hence ν < 0.
Since Nepi f (x, f(x)) is a cone, we also have

(
u/|ν|,−1

)
= (1/|ν|)(u, ν) ∈ Nepi f

(
x, f(x)

)
. (16.13)

Using Proposition 16.13, we obtain u/|ν| ∈ ∂f(x). Hence ∂f(x) 6= ∅. By
Theorem 8.29, there exist β ∈ R++ and δ ∈ R++ such that f is Lipschitz
continuous with constant β relative to B(x; 2δ). Now take y ∈ B(x; δ) and
v ∈ ∂f(y). Then (∀z ∈ B(0; δ)) 〈z | v〉 ≤ f(y + z) − f(y) ≤ β‖z‖ and
hence ‖v‖ ≤ β. It follows that ∂f(x) ⊂ ∂f(B(x; δ)) ⊂ B(0; β). Thus, ∂f(x)
is bounded and, by Proposition 16.3(iii), closed and convex. It is therefore
weakly compact by Theorem 3.33.

(iv): A consequence of (ii) and Corollary 8.30(i). ⊓⊔

Corollary 16.15 Let f : H → ]−∞,+∞] be proper and convex. Suppose that
H is finite-dimensional and let x ∈ ri dom f . Then ∂f(x) is nonempty.

Proof. This follows from Corollary 8.32 and Proposition 16.14(ii). ⊓⊔

Corollary 16.16 Let h : H → ]−∞,+∞] be convex and suppose that D is a
nonempty open convex subset of conth. Then (h+ιD)

∗∗ is the unique function
f : H → ]−∞,+∞] that satisfies

f ∈ Γ0(H), dom f ⊂ D, and f |D = h|D. (16.14)

Moreover,

(∀x ∈ H)(∀y ∈ D) f(x) =

{
limα↓0 h

(
(1− α)x+ αy

)
, if x ∈ D;

+∞, if x /∈ D.
(16.15)

Proof. Set g = h + ιD . Then g is proper and convex, and D ⊂ cont g. Using
Proposition 16.14(ii) and Proposition 16.4, we see that D ⊂ dom ∂g and that

h|D = g|D = g∗∗|D. (16.16)

Thus g∗∗ ∈ Γ0(H). Since dom ∂g 6= ∅, Proposition 13.40(i) implies that
dom g∗∗ ⊂ dom g ⊂ D. Hence g∗∗ satisfies (16.14). Now assume that f : H →
]−∞,+∞] satisfies (16.14), fix y ∈ D = int dom f , and take x ∈ H. If x /∈ D,
then f(x) = +∞. So assume that x ∈ D. Proposition 3.35 implies that
]x, y] ⊂ D. In view of Proposition 9.14 and (16.14), we deduce that

f(x) = lim
α↓0

f
(
(1− α)x+ αy

)
= lim

α↓0
h
(
(1− α)x+ αy

)
. (16.17)

This verifies the uniqueness of f as well as (16.15). ⊓⊔

Proposition 16.17 Let f : H → R be lower semicontinuous and convex.
Then the following are equivalent:
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(i) f is bounded on every bounded subset of H.
(ii) f is Lipschitz continuous relative to every bounded subset of H.
(iii) dom ∂f = H and ∂f maps every bounded subset of H to a bounded set.
(iv) f∗ is supercoercive.

If H is finite-dimensional, then f satisfies these properties.

Proof. (i)⇒(ii): Take a bounded subset C of H. Let x0 ∈ H and ρ ∈ R++ be
such that C ⊂ B(x0; ρ). By assumption, f is bounded on B(x0; 2ρ). Propo-
sition 8.28(ii) implies that f is Lipschitz continuous relative to B(x0; ρ), and
hence relative to C.

(ii)⇒(iii): Proposition 16.14(ii) asserts that dom ∂f = H. It suffices to
show that the subgradients of f are uniformly bounded on every open ball
centered at 0. To this end, fix ρ ∈ R++, let λ ∈ R+ be a Lipschitz constant of
f relative to intB(0; ρ), take x ∈ intB(0; ρ), and let α ∈ R++ be such that
B(x;α) ⊂ intB(0; ρ). Now suppose that u ∈ ∂f(x). Then

(
∀y ∈ B(0; 1)

)
〈αy | u〉 ≤ f(x+ αy)− f(x) ≤ λ‖αy‖ ≤ λα. (16.18)

Taking the supremum over y ∈ B(0; 1) in (16.18), we obtain α‖u‖ ≤ λα, i.e.,
‖u‖ ≤ λ. Thus, sup ‖∂f(intB(0; ρ))‖ ≤ λ.

(iii)⇒(i): It suffices to show that f is bounded on every closed ball centered
at 0. Fix ρ ∈ R++. Then β = sup ‖∂f(B(0; ρ))‖ < +∞. Now take x ∈ B(0; ρ)
and u ∈ ∂f(x). Then 〈0− x | u〉 + f(x) ≤ f(0) and hence f(x) ≤ f(0) +
〈x | u〉 ≤ f(0) + ρβ. It follows that

sup f
(
B(0; ρ)

)
≤ f(0) + ρβ. (16.19)

Now take v ∈ ∂f(0). Then 〈x− 0 | v〉 + f(0) ≤ f(x) and thus f(x) ≥ f(0)−
‖x‖ ‖v‖ ≥ f(0)− ρβ. We deduce that

inf f
(
B(0; ρ)

)
≥ f(0)− ρβ. (16.20)

Altogether, (16.19) and (16.20) imply that f is bounded on B(0; ρ).
(i)⇔(iv): This is an immediate consequence of Proposition 14.15 and

Corollary 13.33.
Finally, suppose that H is finite-dimensional. By Corollary 8.32, f satisfies

(ii) and, in turn, the equivalent properties (i), (iii), and (iv). ⊓⊔

16.3 Lower Semicontinuous Convex Functions

Let us first revisit the properties of positively homogeneous convex functions.

Proposition 16.18 Let f ∈ Γ0(H) be positively homogeneous. Then f = σC ,
where C = ∂f(0).
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Proof. Since f(0) = 0, the result follows from Proposition 14.11 and Defini-
tion 16.1. ⊓⊔

A consequence of Corollary 16.16 is the following result, which shows that
certain functions in Γ0(H) are uniquely determined by their behavior on the
interior of their domain.

Proposition 16.19 Let f ∈ Γ0(H) be such that int dom f 6= ∅. Then

f =
(
f + ιint dom f

)∗∗
. (16.21)

The next example shows that in Proposition 16.19 int dom f cannot be
replaced in general by a dense convex subset of dom f . (However, as will be
seen in Corollary 16.31, dom ∂f is large enough to reconstruct f .)

Example 16.20 Suppose that H is infinite-dimensional and separable. Let
(en)n∈N be an orthonormal basis of H, and let (αn)n∈N be a sequence in ]0, 1[
such that (αn)n∈N ∈ ℓ2(N). Define

f : H → ]−∞,+∞] : x 7→ sup
n∈N

〈x | en〉
αn

(16.22)

and set C = span{en}n∈N. Then f ∈ Γ0(H) and C ⊂ dom f . In fact, C is
a convex and dense subset of H and 0 ≤ f + ιC . By Proposition 13.14(ii),
0 = 0∗∗ ≤ (f + ιC)

∗∗. On the other hand, set z = −∑n∈N
αnen. Then

f(z) = −1 and z ∈ (dom f)r C. Altogether, (f + ιC)
∗∗ 6= f .

Proposition 16.21 Let f ∈ Γ0(H). Then int dom f = cont f ⊂ dom ∂f ⊂
dom f .

Proof. The equality follows from Corollary 8.30(ii) and the first inclusion
from Proposition 16.14(ii). The second inclusion was observed in Proposi-
tion 16.3(i). ⊓⊔

Remark 16.22 Let f ∈ Γ0(H). Then Proposition 16.21 asserts that dom ∂f
is sandwiched between the convex sets int dom f and dom f . However it
may not be convex itself. For instance, set H = R2 and f : (ξ1, ξ2) 7→
max{g(ξ1), |ξ2|}, where g(ξ1) = 1 −

√
ξ1 if ξ1 ≥ 0; g(ξ1) = +∞ if ξ1 < 0.

Then dom∂f = (R+ × R)r ({0} × ]−1, 1[).

The following theorem provides characterizations of the subdifferential of
a function in Γ0(H).

Theorem 16.23 Let f ∈ Γ0(H), let x ∈ H, and let u ∈ H. Then the follow-
ing are equivalent:

(i) (x, u) ∈ gra∂f .
(ii) (u,−1) ∈ Nepi f (x, f(x)).
(iii) f(x) + f∗(u) = 〈x | u〉.
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(iv) (u, x) ∈ gra∂f∗.

Proof. (i)⇔(ii)⇔(iii)⇒(iv): Proposition 16.13.
(iv)⇒(iii): The implication (i)⇒(iii) and Corollary 13.33 yield (u, x) ∈

gra∂f∗ ⇒ 〈u | x〉 = f∗(u) + f∗∗(x) = f∗(u) + f(x). ⊓⊔

Corollary 16.24 Let f ∈ Γ0(H). Then (∂f)−1 = ∂f∗.

Example 16.25 Let x ∈ H. Then

∂‖ · ‖(x) =
{{

x/‖x‖
}
, if x 6= 0;

B(0; 1), if x = 0.
(16.23)

Proof. Let f = ‖ · ‖. Then f ∈ Γ0(H) and, as seen in Example 13.3(v), f∗ =
ιB(0;1). Now let u ∈ H. If x 6= 0, the equivalence (i)⇔(iii) in Theorem 16.23,
together with Cauchy–Schwarz, yields u ∈ ∂f(x) ⇔ [‖u‖ ≤ 1 and ‖x‖ =
〈x | u〉] ⇔ [‖u‖ ≤ 1 and ‖x‖ = 〈x | u〉 ≤ ‖x‖ ‖u‖ ≤ ‖x‖] ⇔ [‖u‖ = 1 and
(∃α ∈ R++) u = αx]⇔ u = x/‖x‖. Finally, if x = 0, the equivalence (i)⇔(iii)
in Theorem 16.23 becomes u ∈ ∂f(x) ⇔ ιB(0;1)(u) = 0 ⇔ u ∈ B(0; 1). ⊓⊔

Proposition 16.26 Let f ∈ Γ0(H). Then gra ∂f is sequentially closed in
Hweak ×Hstrong and in Hstrong ×Hweak.

Proof. Let (xn, un)n∈N be a sequence in gra∂f such that xn⇀x and un → u.
Then it follows from Theorem 16.23 that (∀n ∈ N) f(xn)+f

∗(un) = 〈xn | un〉.
Hence, we derive from Proposition 13.13, Theorem 9.1, and Lemma 2.41(iii)
that

〈x | u〉 ≤ f(x) + f(u)

≤ lim f(xn) + lim f∗(un)

≤ lim
(
f(xn) + f∗(un)

)

= lim 〈xn | un〉
= 〈x | u〉 . (16.24)

Invoking Theorem 16.23 once more, we deduce that (x, u) ∈ gra∂f , which
proves the first assertion. Applying this result to f∗ and then appealing to
Corollary 16.24 yields the second assertion. ⊓⊔

Proposition 16.27 Let f ∈ Γ0(H), and let x, u0, and u1 be in H. Then the
following hold:

(i) Suppose that [u0, u1] ⊂ ∂f(x). Then f ∗ is affine on [u0, u1].
(ii) Suppose that f∗ is affine on [u0, u1] and that x ∈ ∂f∗(]u0, u1[). Then

[u0, u1] ⊂ ∂f(x).

Proof. Set (∀α ∈ ]0, 1[) uα = (1− α)u0 + αu1.
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(i): Theorem 16.23 yields f(x) + f∗(u0) = 〈x | u0〉 and f(x) + f ∗(u1) =
〈x | u1〉. Now take α ∈ ]0, 1[. Then

f(x) + (1− α)f∗(u0) + αf∗(u1) = (1− α) 〈x | u0〉+ α 〈x | u1〉
= 〈x | uα〉
= f(x) + f∗(uα)

= f(x) + f∗((1− α)u0 + αu1)

≤ f(x) + (1− α)f∗(u0) + αf∗(u1),
(16.25)

and we deduce that f∗ is affine on [u0, u1].
(ii): We have x ∈ ∂f∗(uα) for some α ∈ ]0, 1[. Hence, Theorem 16.23

implies that

0 = f(x) + f∗(uα)− 〈x | uα〉
= (1− α)

(
f(x) + f∗(u0)− 〈x | u0〉

)

+ α
(
f(x) + f∗(u1) − 〈x | u1〉

)
. (16.26)

Since the terms f(x)+f∗(u0)−〈x | u0〉 and f(x)+f∗(u1)−〈x | u1〉 are positive
by the Fenchel–Young inequality (Proposition 13.13), they must therefore
be zero. Hence, {u0, u1} ⊂ ∂f(x) by Theorem 16.23, and we deduce from
Proposition 16.3(iii) that [u0, u1] ⊂ ∂f(x). ⊓⊔
Proposition 16.28 Let f ∈ Γ0(H)). Then gra(f+ ιdom ∂f ) is a dense subset
of gra f ; in other words, for every x ∈ dom f , there exists a sequence (xn)n∈N

in dom ∂f such that xn → x and f(xn)→ f(x).

Proof. Take x ∈ dom f and ε ∈ R++, and set (p, π) = Pepi f (x, f(x) − ε).
Proposition 9.18 implies that π = f(p) > f (x)− ε and

(∀y ∈ dom f) 〈y − p | x− p〉 ≤
(
f(p)− f(x) + ε

)(
f(y)− f(p)

)
. (16.27)

In view of (16.1), we deduce that (x − p)/(f(p) − f(x) + ε) ∈ ∂f(p), hence
p ∈ dom ∂f . In addition, (16.27) with y = x yields ‖(x, f(x))− (p, f(p))‖2 =
‖x− p‖2 + |f(x) − f(p)|2 ≤ ε(f(x)− f(p)) < ε2. ⊓⊔
Corollary 16.29 Let f ∈ Γ0(H). Then dom∂f is a dense subset of dom f .

Corollary 16.30 Let f ∈ Γ0(H). Then f∗ = (f + ιdom ∂f )
∗.

Proof. This follows from Proposition 16.28, Proposition 13.14(iv), and Propo-
sition 13.9(v). ⊓⊔

In the light of Proposition 16.21, the following result can be viewed as a
variant of Proposition 16.19.

Corollary 16.31 Let f ∈ Γ0(H). Then f = (f + ιdom ∂f )
∗∗.

Proof. Combine Corollary 16.30 and Corollary 13.33. ⊓⊔
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16.4 Subdifferential Calculus

In this section we establish several rules for computing subdifferentials of
transformations of convex functions in terms of the subdifferentials of these
functions.

Proposition 16.32 Let K be a real Hilbert space, let f ∈ Γ0(H), let g ∈
Γ0(K), and let L ∈ B(H,K) be such that L(dom f) ∩ dom g 6= ∅. Suppose
that (f + g ◦ L)∗ = f∗

⊡ (L∗ ·⊲ g∗). Then ∂(f + g ◦ L) = ∂f + L∗ ◦ (∂g) ◦ L.

Proof. In view of Proposition 16.5(ii), it remains to establish the inclusion
gra∂(f + g ◦L) ⊂ gra

(
∂f +L∗ ◦ (∂g) ◦L

)
. Take (x, u) ∈ gra ∂(f + g ◦L). On

the one hand, Proposition 16.9 forces

(
f + g ◦ L

)
(x) +

(
f + g ◦L

)∗
(u) = 〈x | u〉 . (16.28)

On the other hand, our assumption implies that there exists v ∈ K such that
(f + g ◦ L)∗(u) = f∗(u− L∗v) + g∗(v). Altogether,

(
f(x) + f∗(u− L∗v)− 〈x | u− L∗v〉

)
+
(
g(Lx) + g∗(v) − 〈x | L∗v〉

)
= 0.

(16.29)
In view of Proposition 13.13, we obtain f(x) + f∗(u − L∗v) = 〈x | u− L∗v〉
and g(Lx)+g∗(v) = 〈Lx | v〉. In turn, Proposition 16.9 yields u−L∗v ∈ ∂f(x)
and v ∈ ∂g(Lx), hence u ∈ ∂f(x) + L∗(∂g(Lx)). ⊓⊔

Example 16.33 Let f ∈ Γ0(H) and let γ ∈ R++. Then ∂(f +(γ/2)‖ · ‖2) =
∂f + γId.

Proof. Combine Proposition 16.32, Proposition 14.1, and Example 16.11. ⊓⊔

Proposition 16.34 Let f ∈ Γ0(H), and let x and p be in H. Then

p = Proxf x ⇔ x− p ∈ ∂f(p). (16.30)

In other words,
Proxf = (Id + ∂f)−1. (16.31)

Proof. We derive (16.30) from Proposition 12.26 and (16.1). Alternatively, it
follows from Definition 12.23, Theorem 16.2, and Example 16.33 that p =
Proxf x ⇔ 0 ∈ ∂(f + (1/2)‖x− ·‖2)(p) = ∂f(p) + p− x. ⊓⊔

Proposition 16.35 Let f ∈ Γ0(H). Then ran(Id + ∂f) = H.

Proof. We deduce from (16.31) and Definition 12.23 that ran(Id + ∂f) =
domProxf = H. ⊓⊔

Remark 16.36 Let f and g be in Γ0(H) and suppose that dom f ∩dom g 6=
∅. Proposition 16.32 yields (f + g)∗ = f∗

⊡ g∗ ⇒ ∂(f + g) = ∂f + ∂g, i.e.,
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f∗
� g∗ is exact on dom(f + g)∗ ⇒ ∂(f + g) = ∂f + ∂g. (16.32)

Almost conversely, one has (see Exercise 16.8)

∂(f + g) = ∂f + ∂g ⇒ f∗
�g∗ is exact on dom∂(f + g)∗, (16.33)

which raises the question whether the implication ∂(f + g) = ∂f + ∂g ⇒
(f + g)∗ = f∗

⊡g∗ holds. An example constructed in [116] shows that the
answer is negative.

Theorem 16.37 Let K be a real Hilbert space, let f ∈ Γ0(H), let g ∈ Γ0(K),
and let L ∈ B(H,K). Suppose that one of the following holds:

(i) 0 ∈ sri(dom g − L(dom f)) (see Proposition 6.19 for special cases).
(ii) K is finite-dimensional, g is polyhedral, and dom g ∩ riL(dom f) 6= ∅.
(iii) H and K are finite-dimensional, f and g are polyhedral, and dom g ∩

L(dom f) 6= ∅.

Then ∂(f + g ◦L) = ∂f + L∗ ◦ (∂g) ◦ L.

Proof. Combine Theorem 15.27 and Proposition 16.32. ⊓⊔

Corollary 16.38 Let f and g be functions in Γ0(H) such that one of the
following holds:

(i) 0 ∈ sri(dom f − dom g).
(ii) dom f ∩ int dom g 6= ∅.
(iii) dom g = H.
(iv) H is finite-dimensional and ri dom f ∩ ri dom g 6= ∅.

Then ∂(f + g) = ∂f + ∂g.

Proof. (i): Clear from Theorem 16.37(i).
(ii)⇒(i): Proposition 6.19(vii).
(iii)⇒(ii): Clear.
(iv)⇒(i): Proposition 6.19(viii). ⊓⊔

Corollary 16.39 Let m be an integer such that m ≥ 2, set I = {1, . . . ,m},
and let (fi)i∈I be functions in Γ0(H) such that one of the following holds:

(i) We have

0 ∈
m⋂

i=2

sri

(
dom fi −

i−1⋂

j=1

dom fj

)
. (16.34)

(ii) For every i ∈ {2, . . . ,m}, dom fi −
⋂i−1
j=1 dom fj is a closed linear sub-

space.
(iii) The sets (dom fi)i∈I are linear subspaces and, for every i ∈ {2, . . . ,m},

dom fi +
⋂i−1
j=1 dom fj is closed.

(iv) dom fm ∩
⋂m−1
i=1 int dom fi 6= ∅.
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(v) H is finite-dimensional and
⋂
i∈I ri dom fi 6= ∅.

Then ∂(
∑

i∈I fi) =
∑
i∈I ∂fi.

Proof. (i): We proceed by induction. For m = 2 and functions f1 and f2
in Γ0(H), (16.34) becomes 0 ∈ sri(dom f2 − dom f1) and we derive from
Corollary 16.38(i) that ∂(f2 + f1) = ∂f2 + ∂f1. Now suppose that the result
is true for m ≥ 2 functions (fi)1≤i≤m in Γ0(H), and let fm+1 be a function
in Γ0(H) such that

0 ∈
m+1⋂

i=2

sri

(
dom fi −

i−1⋂

j=1

dom fj

)
. (16.35)

Then (16.34) holds and hence the induction hypothesis yields ∂(
∑m

i=1 fi) =∑m
i=1 ∂fi. Moreover, it follows from (16.35) that

0 ∈ sri

(
dom fm+1 −

m⋂

i=1

dom fi

)
= sri

(
dom fm+1 − dom

m∑

i=1

fi

)
, (16.36)

where
∑m
i=1 fi ∈ Γ0(H). We therefore derive from Corollary 16.38(i) that

∂

(m+1∑

i=1

fi

)
= ∂

(
fm+1 +

m∑

i=1

fi

)

= ∂fm+1 + ∂

( m∑

i=1

fi

)

= ∂fm+1 +

m∑

i=1

∂fi

=
m+1∑

i=1

∂fi, (16.37)

which concludes the proof.
(ii)⇒(i): Proposition 8.2 and Proposition 6.20(i).
(iii)⇒(i): Proposition 6.20(ii).
(iv)⇒(i): Proposition 8.2 and Proposition 6.20(iii).
(v)⇒(i): Proposition 8.2 and Proposition 6.20(iv). ⊓⊔
The next example shows that the sum rule for subdifferentials in Corol-

lary 16.38 fails if the domains of the functions merely intersect.

Example 16.40 Suppose that H = R2, and set C = B((−1, 0); 1) and D =
B((1, 0); 1). Then C∩D = dom ιC ∩dom ιD = {(0, 0)} and ∂(ιC+ ιD)(0, 0) =
R2 6= R× {0} = ∂ιC(0, 0) + ∂ιD(0, 0).

It follows from Fermat’s rule (Theorem 16.2) that a function that admits a
minimizer is bounded below and 0 belongs to the range of its subdifferential
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operator. In contrast, a function without a minimizer that is unbounded
below—such as a nonzero continuous linear functional—cannot have 0 in the
closure of the range of its subdifferential operator. However, the following
result implies that functions in Γ0(H) that are bounded below possess arbi-
trarily small subgradients.

Corollary 16.41 Let f ∈ Γ0(H) be bounded below. Then 0 ∈ ran∂f .

Proof. Fix ε ∈ R++. Since f is bounded below and ‖ · ‖ is coercive, Corol-
lary 11.15(ii) implies that f+ε‖·‖ has a minimizer, say z. Using Theorem 16.2,
Corollary 16.38(iii), and Example 16.25, we obtain 0 ∈ ∂f(z) + εB(0; 1). ⊓⊔

Here is another consequence of Theorem 16.37.

Corollary 16.42 Let g ∈ Γ0(K) and let L ∈ B(H,K). Suppose that one of
the following holds:

(i) 0 ∈ sri(dom g − ranL).
(ii) K is finite-dimensional, g is polyhedral, and dom g ∩ ranL 6= ∅.

Then ∂(g ◦ L) = L∗ ◦ (∂g) ◦ L.
Example 16.43 Let f ∈ Γ0(H). Then ∂(f∨) = −(∂f)∨.
Example 16.44 Let N be a strictly positive integer, set I = {1, . . . , N}, let
(ui)i∈I ∈ HN , let (βi)i∈I ∈ RN , and set C =

⋂
i∈I

{
x ∈ H

∣∣ 〈x | ui〉 ≤ βi
}
.

Suppose that z ∈ C and set J =
{
i ∈ I

∣∣ 〈z | ui〉 = βi
}
. Then NCz =∑

j∈J R+uj.

Proof. Set b = (βi)i∈I , set L : H → RN : x 7→ (〈x | ui〉)i∈I , and set
g : RN → ]−∞,+∞] : y 7→ ιRN

−
(y − b). Then g is polyhedral, ιC = g ◦ L, and

Lz ∈ dom g ∩ ranL. By Corollary 16.42(ii), NCz = ∂ιC(z) = ∂(g ◦ L)(z) =
L∗(∂g(Lz)) = L∗(NR

N
−
(Lz − b)). Hence the result follows from Exam-

ple 6.41(ii). ⊓⊔
The following central result can be viewed as another consequence of Corol-

lary 16.38.

Theorem 16.45 (Brøndsted–Rockafellar) Let f ∈ Γ0(H), let (y, v) ∈
dom(f ⊕f∗), and let λ and µ in R+ satisfy f(y)+f∗(v) ≤ 〈y | v〉+λµ. Then
there exists (z, w) ∈ gra∂f such that ‖z − y‖ ≤ λ and ‖w − v‖ ≤ µ.

Proof. Set α = λµ. If α = 0, then (y, v) has the required properties by
Proposition 16.9. So assume that α > 0, set β = λ, and set h = f − 〈· | v〉.
Then for every x ∈ H, we have

h(x) = −(〈x | v〉−f(x)) ≥ −f∗(v) ≥ f(y)−〈y | v〉−λµ = h(y)−α. (16.38)

Hence h is bounded below and α ≥ h(y) − inf h(H). Theorem 1.45 yields a
point z ∈ H such that ‖z − y‖ ≤ β = λ and z ∈ Argmin(h + (α/β)‖ · −z‖).
In turn, Theorem 16.2, Corollary 16.38(iii), and Example 16.25 imply that
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0 ∈ ∂
(
h+ (α/β)‖ · −z‖

)
(z) = ∂f(z)− v + µB(0; 1). (16.39)

Thus, there exists w ∈ ∂f(z) such that v−w ∈ µB(0; 1), i.e., ‖w−v‖ ≤ µ. ⊓⊔

Proposition 16.46 Let K be a real Hilbert space, let F ∈ Γ0(H × K), and
set

f : H → [−∞,+∞] : x 7→ inf F (x,K). (16.40)

Suppose that f is proper and that (x, y) ∈ H × K satisfies f(x) = F (x, y),
and let u ∈ H. Then u ∈ ∂f(x) ⇔ (u, 0) ∈ ∂F (x, y).

Proof. As seen in Proposition 13.28, f∗(u) = F ∗(u, 0). Hence, by Proposi-
tion 16.9, u ∈ ∂f(x)⇔ f∗(u) = 〈x | u〉− f(x) ⇔ F ∗(u, 0) = 〈x | u〉−F (x, y)
⇔ F ∗(u, 0) = 〈(x, y) | (u, 0)〉 − F (x, y) ⇔ (u, 0) ∈ ∂F (x, y). ⊓⊔

Proposition 16.47 Let f ∈ Γ0(H), let K be a real Hilbert space, let L ∈
B(H,K), suppose that y ∈ dom(L ⊲ f), and let x ∈ H. Suppose that Lx = y.
Then the following hold:

(i) Suppose that (L ⊲ f)(y) = f(x). Then

∂(L ⊲ f)(y) = (L∗)−1(∂f(x)). (16.41)

(ii) Suppose that (L∗)−1(∂f(x)) 6= ∅. Then (L ⊲ f)(y) = f(x).

Proof. Let v ∈ K. It follows from Proposition 13.21(iv), Proposition 13.13,
and Proposition 16.9 that

f(x) + (L ⊲ f)∗(v) = 〈y | v〉 ⇔ f(x) + f∗(L∗v) = 〈Lx | v〉

⇔ f(x) + f∗(L∗v) = 〈x | L∗v〉

⇔ L∗v ∈ ∂f(x). (16.42)

(i): Proposition 16.9 and Proposition 13.21(iv) imply that

v ∈ ∂(L ⊲ f)(y)⇔ (L ⊲ f)(y) + (L ⊲ f)∗(v) = 〈y | v〉

⇔ f(x) + f∗(L∗v) = 〈Lx | v〉 . (16.43)

To obtain (16.41), combine (16.43) with (16.42).
(ii): Suppose that v ∈ (L∗)−1(∂f(x)). Proposition 13.13 and (16.42) yield

〈y | v〉 ≤ (L ⊲ f)(y) + (L ⊲ f)∗(v) ≤ f(x) + (L ⊲ f)∗(v) = 〈y | v〉. ⊓⊔
We now derive the following important rule for the subdifferential of the

infimal convolution.

Proposition 16.48 Let f and g be in Γ0(H), let x ∈ dom(f �g), and let
y ∈ H. Then the following hold:
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(i) Suppose that (f �g)(x) = f(y) + g(x− y). Then

∂(f �g)(x) = ∂f(y) ∩ ∂g(x− y). (16.44)

(ii) Suppose that ∂f(y)∩ ∂g(x− y) 6= ∅. Then (f � g)(x) = f(y)+ g(x− y).
Proof. Set L = Id ⊕ Id. Then L ∈ B(H ×H,H) and L∗ : H → H ×H : u 7→
(u, u). Proposition 12.35 implies that L ⊲ (f ⊕ g) = f �g and hence that
dom(L ⊲ (f ⊕ g)) = dom(f �g). Thus, L(y, x− y) = x ∈ dom(L ⊲ (f ⊕ g)).

(i): Since (L ⊲ (f ⊕ g))(x) = (f ⊕ g)(y, x − y), Proposition 16.47(i) and
Proposition 16.8 imply that ∂(f �g)(x) = (L∗)−1(∂(f ⊕ g)(y, x − y)) =
(L∗)−1(∂f(y) × ∂g(x− y)) = ∂f(y) ∩ ∂g(x− y).

(ii): The assumption that ∂f(y)∩∂g(x−y) = (L∗)−1(∂f(y)×∂g(x−y)) =
(L∗)−1(∂(f ⊕ g)(y, x − y)) 6= ∅ and Proposition 16.47(ii) yield (f �g)(x) =
(L ⊲ (f ⊕ g))(x) = (f ⊕ g)(y, x− y) = f(y) + g(x− y). ⊓⊔
Example 16.49 Let C be a nonempty closed convex subset of H. Then

(∀x ∈ H) ∂dC(x) =





{
x− PCx
dC(x)

}
, if x /∈ C;

NCx ∩B(0; 1), if x ∈ bdryC;

{0}, if x ∈ intC.

(16.45)

Proof. Set f = ιC and g = ‖ · ‖. Then it follows from Theorem 3.14
that dC(x) = f(PCx) + g(x − PCx). Therefore, Proposition 16.48(i) yields
∂dC(x) = ∂(f ⊡g)(x) = ∂f(PCx)∩∂g(x−PCx) = NC(PCx)∩(∂‖·‖)(x−PCx).
Since x − PCx ∈ NC(PCx) by Proposition 6.46, (16.45) follows from Exam-
ple 16.25, Proposition 6.43, and Proposition 6.12(ii). ⊓⊔

Our next result concerns the subdifferential of integral functions.

Proposition 16.50 Let (Ω,F, µ) be a complete σ-finite measure space, let
(H, 〈· | ·〉

H
) be a separable real Hilbert space, and let ϕ ∈ Γ0(H). Suppose that

H = L2((Ω,F, µ);H) and that one of the following holds:

(i) µ(Ω) < +∞.
(ii) ϕ ≥ ϕ(0) = 0.

Set

f : H → ]−∞,+∞]

x 7→





∫

Ω

ϕ
(
x(ω)

)
µ(dω), if ϕ ◦ x ∈ L1

(
(Ω,F, µ);R

)
;

+∞, otherwise.

(16.46)

Then f ∈ Γ0(H) and, for every x ∈ dom f ,

∂f(x) =
{
u ∈ H

∣∣ u(ω) ∈ ∂ϕ
(
x(ω)

)
µ-a.e.

}
. (16.47)



16.4 Subdifferential Calculus 239

Proof. Take x and u in H. It follows from Proposition 13.13 that

ϕ
(
x(ω)

)
+ ϕ∗

(
u(ω)

)
− 〈x(ω) | u(ω)〉

H
≥ 0 µ-a.e.. (16.48)

On the other hand, Proposition 13.43(i) yields f ∈ Γ0(H). Hence, we derive
from Proposition 13.43(ii) and Theorem 16.23 that

u ∈ ∂f(x)⇔ f(x) + f∗(u)− 〈x | u〉 = 0

⇔
∫

Ω

(
ϕ
(
x(ω)

)
+ ϕ∗

(
u(ω)

)
− 〈x(ω) | u(ω)〉

H

)
µ(dω) = 0

⇔ ϕ
(
x(ω)

)
+ ϕ∗

(
u(ω)

)
− 〈x(ω) | u(ω)〉

H
= 0 µ-a.e.

⇔ u(ω) ∈ ∂ϕ
(
x(ω)

)
µ-a.e., (16.49)

which provides (16.47). ⊓⊔
Example 16.51 Let (Ω,F, µ) be a complete σ-finite measure space and
let (H, ‖ · ‖H) be a separable real Hilbert space. Suppose that H =
L2((Ω,F, µ);H). Set

f : H → ]−∞,+∞]

x 7→





∫

Ω

‖x(ω)‖H µ(dω), if x ∈ L1
(
(Ω,F, µ);H

)
;

+∞, otherwise,

(16.50)

and define

(∀ω ∈ Ω) u(ω) =

{
x(ω)/‖x(ω)‖H, if x(ω) 6= 0;

0, otherwise.
(16.51)

Then u ∈ ∂f(x).
Proof. Apply Proposition 16.50 with ϕ = ‖ · ‖H and use Example 16.25. ⊓⊔
Proposition 16.52 Let F ∈ Γ0(H × H) be autoconjugate and let (x, u) ∈
H×H. Then the following are equivalent:

(i) F (x, u) = 〈x | u〉.
(ii) F ∗(u, x) = 〈x | u〉.
(iii) (u, x) ∈ ∂F (x, u).
(iv) (x, u) = ProxF (x + u, x+ u).

Proof. (i) ⇔ F ⊺(u, x) = 〈x | u〉 ⇔ F ∗(u, x) = 〈x | u〉 ⇔ (ii). Hence, Proposi-
tion 13.31, (i), Proposition 16.9, and (16.31) yield (ii)⇔ F (x, u)+F ∗(u, x) =
2 〈x | u〉 ⇔ F (x, u) + F ∗(u, x) = 〈(x, u) | (u, x)〉 ⇔ (u, x) ∈ ∂F (x, u) ⇔ (iii)
⇔ (x, u) + (u, x) ∈ (Id + ∂F )(x, u) ⇔ (iv). ⊓⊔
Proposition 16.53 Set L : H × H → H × H : (x, u) 7→ (u, x) and let F ∈
Γ0(H×H). Then ProxF ∗⊺ = Id− LProxF L.
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Proof. Since L∗ = L = L−1, it follows that Id + ∂F ∗⊺ = LL + L(∂F ∗)L =
L(Id+∂F ∗)L. Hence ProxF∗⊺ = (L(Id+∂F ∗)L)−1 = L−1(Id+∂F ∗)−1L−1 =
LProxF∗ L = L(Id − ProxF )L = LL− LProxF L = Id− LProxF L. ⊓⊔

Exercises

Exercise 16.1 Provide a function f ∈ Γ0(R) and a point x ∈ dom f such
that ∂f(x) = ∅. Compare to Proposition 16.3(iv).

Exercise 16.2 Define f : R× R→ ]−∞,+∞] by

(x1, x2) 7→
{
x1x2, if x1 > 0 and x2 > 0;

+∞, otherwise.
(16.52)

Show that (16.4) fails at every point (x1, x2) ∈ R++ × R++.

Exercise 16.3 Provide f and g in Γ0(H), x ∈ dom(f �g), and y ∈ H such
that (f �g)(x) = f(y) + g(x− y) and ∂(f �g)(x) = ∅.

Exercise 16.4 Suppose that H = ℓ2(N) and set f : H → ]−∞,+∞] : x =
(ξn)n∈N 7→

∑
n∈N

nξ2nn . Prove the following: f ∈ Γ0(H), dom f = H, and f∗

is not supercoercive.

Exercise 16.5 Let f : H → ]−∞,+∞] be proper. Suppose that dom f is
convex and that dom∂f = dom f . Show that f is convex.

Exercise 16.6 Provide an example in which ∂f(x) is unbounded in Corol-
lary 16.15.

Exercise 16.7 Prove Proposition 16.19.

Exercise 16.8 Prove the implication (16.33).

Exercise 16.9 Use Corollary 16.29 to provide a different proof of Corol-
lary 16.41.

Exercise 16.10 Is the converse of Corollary 16.41 true, i.e., if f ∈ Γ0(H)
and 0 ∈ ran∂f , must f be bounded below?

Exercise 16.11 Use Theorem 16.45 to prove Corollary 16.29.

Exercise 16.12 Let C be a convex subset of H such that 0 ∈ C and let
x ∈ H. Set y = x/mC(x) and assume that y ∈ C. Let u ∈ H. Show that
u ∈ ∂mC(x) if and only if u ∈ NCy and 〈y | u〉 = 1.

Exercise 16.13 Let f ∈ Γ0(H) be sublinear and set C = ∂f(0). Use Propo-
sition 14.11 to show that f = σC and that epi f∗ = C × R+.

Exercise 16.14 Let f and g be two sublinear functions in Γ0(H). Use Ex-
ercise 12.2 and Exercise 15.1 to prove the equivalence (f + g)∗ = f∗

⊡ g∗ ⇔
∂(f + g)(0) = ∂f(0) + ∂g(0).



Chapter 17

Differentiability of Convex Functions

Fréchet differentiability, Gâteaux differentiability, directional differentiability,
subdifferentiability, and continuity are notions that are closely related to each
other. In this chapter, we provide fundamental results on these relationships,
as well as basic results on the steepest descent direction, the Chebyshev
center, and the max formula that relates the directional derivative to the
support function of the subdifferential at a given point.

17.1 Directional Derivatives

Definition 17.1 Let f : H → ]−∞,+∞] be proper, let x ∈ dom f , and let
y ∈ H. The directional derivative of f at x in the direction y is

f ′(x; y) = lim
α↓0

f(x+ αy)− f(x)
α

, (17.1)

provided that this limit exists in [−∞,+∞].

Proposition 17.2 Let f : H → ]−∞,+∞] be proper and convex, let x ∈
dom f , and let y ∈ H. Then the following hold:

(i) φ : R++ → ]−∞,+∞] : α 7→ (f(x+ αy)− f(x))/α is increasing.
(ii) f ′(x; y) exists in [−∞,+∞] and

f ′(x; y) = inf
α∈R++

f(x+ αy)− f(x)
α

. (17.2)

(iii) f ′(x; y − x) + f(x) ≤ f(y).
(iv) f ′(x; ·) is sublinear and f ′(x; 0) = 0.
(v) f ′(x; ·) is proper, convex, and dom f ′(x; ·) = cone(dom f − x).
(vi) Suppose that x ∈ coredom f . Then f ′(x; ·) is real-valued and sublinear.
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Proof. (i): Fix α and β in R++ such that α < β, and set λ = α/β and z =
x+βy. If f(z) = +∞, then certainly φ(α) ≤ φ(β) = +∞. Otherwise, by (8.1),
f(x+αy) = f(λz+(1−λ)x) ≤ λf (z)+ (1−λ)f(x) = f(x)+λ(f(z)− f(x));
hence φ(α) ≤ φ(β).

(ii): An easy consequence of (i).
(iii): If y /∈ dom f , the inequality is trivial. Otherwise, it follows from (8.1)

that (∀α ∈ ]0, 1[) f((1 − α)x + αy) − f(x) ≤ α(f(y) − f(x)). Dividing by α
and letting α ↓ 0, we obtain f ′(x; y − x) ≤ f(y) − f(x).

(iv): It is clear that f ′(x; 0) = 0 and that f ′(x; ·) is positively homogeneous.
Now take (y, η) and (z, ζ) in epi f ′(x; ·), λ ∈ ]0, 1[, and ε ∈ R++. Then, for
all α ∈ R++ sufficiently small, we have (f(x + αy) − f(x))/α ≤ η + ε and
(f(x+ αz)− f(x))/α ≤ ζ + ε. For such small α, Corollary 8.10 yields

f
(
x+ α((1 − λ)y + λz)

)
− f(x)

= f
(
(1− λ)(x+ αy) + λ(x + αz)

)
− f(x)

≤ (1− λ)
(
f(x+ αy)− f(x)

)
+ λ
(
f(x+ αz)− f(x)

)
. (17.3)

Consequently,

f
(
x+ α((1 − λ)y + λz)

)
− f(x)

α

≤ (1− λ)f(x+ αy)− f(x)
α

+ λ
f(x + αz)− f(x)

α
≤ (1− λ)(η + ε) + λ(ζ + ε). (17.4)

Letting α ↓ 0 and then ε ↓ 0, we deduce that f ′(x; (1 − λ)y + λz) ≤ (1 −
λ)η + λζ. Therefore, f ′(x; ·) is convex.

(v): This follows from (ii) and (iv).
(vi): There exists β ∈ R++ such that [x − βy, x + βy] ⊂ dom f . Now,

take α ∈ ]0, β]. Then, by (8.1), f(x) ≤ (f(x− αy) + f(x + αy))/2 and thus,
appealing to (i), we obtain

−
(
f(x− βy) − f(x)

β

)
≤ −

(
f(x− αy)− f(x)

α

)

=
f(x)− f(x− αy)

α

≤ f(x+ αy) − f(x)
α

≤ f(x+ βy)− f(x)
β

. (17.5)

Letting α ↓ 0, we deduce that

f(x)− f(x− βy)
β

≤ −f ′(x;−y) ≤ f ′(x; y) ≤ f(x+ βy)− f(x)
β

. (17.6)
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Since the leftmost and the rightmost terms in (17.6) are in R, so are the
middle terms. Therefore, f ′(x; ·) is real-valued on H. ⊓⊔

Proposition 17.3 Let f : H → ]−∞,+∞] be proper and convex, and let
x ∈ dom f . Then x ∈ Argmin f ⇔ f ′(x; ·) ≥ 0.

Proof. Let y ∈ H. We have x ∈ Argmin f ⇒ (∀α ∈ R++) (f(x + αy) −
f(x))/α ≥ 0 ⇒ f ′(x; y) ≥ 0. Conversely, suppose that f ′(x; ·) ≥ 0. Then,
by Proposition 17.2(iii), f(x) ≤ f ′(x; y − x) + f(x) ≤ f(y) and, therefore,
x ∈ Argmin f . ⊓⊔

Let x ∈ dom f and suppose that f ′(x; ·) is linear and continuous on H.
Then, by analogy with Definition 2.43 and Remark 2.44 (which concern real-
valued functions, while f maps to ]−∞,+∞]), f is said to be Gâteaux differ-
entiable at x and, by Riesz–Fréchet representation (Fact 2.17), there exists a
unique vector ∇f(x) ∈ H such that

(∀y ∈ H) f ′(x; y) = 〈y | ∇f(x)〉 , (17.7)

namely the Gâteaux gradient of f at x. Alternatively, as in (2.33),

(∀y ∈ H) 〈y | ∇f(x)〉 = lim
α→0

f(x+ αy)− f(x)
α

. (17.8)

In a similar fashion, the Hessian of f at x, if it exists, is defined as in Re-
mark 2.44. Furthermore, by analogy with Definition 2.45, if the convergence
in (17.8) is uniform with respect to y on bounded sets, then ∇f(x) is called
the Fréchet gradient of f at x; equivalently,

lim
0 6=y→0

f(x+ y)− f(x) − 〈y | ∇f(x)〉
‖y‖ = 0. (17.9)

Lemma 2.49(ii) implies that, if f is Fréchet differentiable at x ∈ int dom f ,
then it is continuous at x.

Proposition 17.4 Let f : H → ]−∞,+∞] be convex, let x ∈ H, and suppose
that f is Gâteaux differentiable at x. Then x ∈ Argmin f ⇔ ∇f(x) = 0.

Proof. Proposition 17.3 and (17.7) yield x ∈ Argmin f ⇔ (∀y ∈ H)
〈y | ∇f(x)〉 = f ′(x; y) ≥ 0 ⇔ ∇f(x) = 0. ⊓⊔

Corollary 17.5 Let f ∈ Γ0(H), let x ∈ H, and let γ ∈ R++. Then the
following are equivalent:

(i) x ∈ Argmin f .
(ii) x ∈ Argmin γf .
(iii) x = Proxγf x.
(iv) f(x) = γf(x).
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Proof. (i)⇔(iii): Proposition 12.28.
(ii)⇔(iii): Proposition 12.29 and Proposition 17.4.
(iii)⇔(iv): Remark 12.24 and Definition 12.23. ⊓⊔

Corollary 17.6 Let f ∈ Γ0(H), and let x and p be in H. Suppose that dom f
is open and that f is Gâteaux differentiable on dom f . Then p = Proxf x ⇔
∇f(p) + p− x = 0.

Proof. Set g : y 7→ f(y) + (1/2)‖x − y‖2. Then g is convex and Gâteaux
differentiable on dom f with (∀y ∈ dom f) ∇g(y) = ∇f(y) + y − x. Hence,
the equivalence follows from Definition 12.23 and Proposition 17.4. ⊓⊔

Example 17.7 Let K be a real Hilbert space, let L ∈ B(H,K), let r ∈ K,
let γ ∈ R++, and set

f : H→ ]−∞,+∞] : x 7→ 1
2
‖Lx− r‖2. (17.10)

Then it follows from Corollary 17.6 and Example 2.48 that (∀x ∈ H)
Proxγf x = (Id + γL∗L)−1(x+ γL∗r).

Example 17.8 Let γ ∈ R++ and set

f : R→ ]−∞,+∞] : x 7→
{
−γ ln(x), if x > 0;

+∞, if x ≤ 0.
(17.11)

Then Corollary 17.6 yields (∀x ∈ R) Proxf x = (x+
√
x2 + 4γ)/2.

Proposition 17.9 Let f : H → ]−∞,+∞] be convex, let x ∈ H, and suppose
that f is Gâteaux differentiable at x. Then (∀y ∈ H) 〈y − x | ∇f(x)〉+f(x) ≤
f(y).

Proof. Combine Proposition 17.2(iii) and (17.7). ⊓⊔

17.2 Characterizations of Convexity

Convexity can be characterized in terms of first- and second-order differen-
tiability properties.

Proposition 17.10 Let f : H → ]−∞,+∞] be proper. Suppose that dom f
is open and convex, and that f is Gâteaux differentiable on dom f . Then the
following are equivalent:

(i) f is convex.
(ii) (∀x ∈ dom f)(∀y ∈ dom f) 〈x− y | ∇f(y)〉+ f(y) ≤ f(x).
(iii) (∀x ∈ dom f)(∀y ∈ dom f) 〈x− y | ∇f(x)−∇f(y)〉 ≥ 0. In other

words, ∇f is monotone.
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Moreover, if f is twice Gâteaux differentiable on dom f , then each of the
above is equivalent to

(iv) (∀x ∈ dom f)(∀z ∈ H)
〈
z | ∇2f(x)z

〉
≥ 0.

Proof. Fix x ∈ dom f , y ∈ dom f , and z ∈ H. Since dom f is open, there
exists ε ∈ R++ such that x + ε(x − y) ∈ dom f and y + ε(y − x) ∈ dom f .
Furthermore, set C = ]−ε, 1 + ε[ and

φ : R→ ]−∞,+∞] : α 7→ f
(
y + α(x− y)

)
+ ιC(α). (17.12)

Then φ is Gâteaux differentiable on C and

(∀α ∈ C) φ′(α) =
〈
x− y | ∇f

(
y + α(x− y)

)〉
. (17.13)

(i)⇒(ii): Proposition 17.9.
(ii)⇒(iii): It follows from (ii) that 〈x− y | ∇f(y)〉 + f(y) ≤ f(x) and

〈y − x | ∇f(x)〉 + f(x) ≤ f(y). Adding up these two inequalities, we obtain
〈x− y | ∇f(x)−∇f(y)〉 ≥ 0.

(iii)⇒(i): Take α and β in C such that α < β, and set yα = y + α(x− y)
and yβ = y + β(x − y). Then (iii) and (17.13) imply that φ′(β) − φ′(α) =
〈yβ − yα | ∇f(yβ)−∇f(yα)〉 /(β − α) ≥ 0. Consequently, φ′ is increasing on
C and φ is therefore convex by Proposition 8.12(i). In particular,

f
(
αx+(1−α)y

)
= φ(α) ≤ αφ(1)+(1−α)φ(0) = αf (x)+(1−α)f(y). (17.14)

(iii)⇒(iv): Let z ∈ H. Since dom f is open, for α ∈ R++ small enough,
x+ αz ∈ dom f , and (iii) yields

〈z | ∇f(x+ αz)−∇f(x)〉 = 1

α
〈(x+ αz)− x | ∇f(x+ αz)−∇f(x)〉

≥ 0. (17.15)

In view of (2.32), dividing by α and letting α ↓ 0, we obtain
〈
z | ∇2f(x)z

〉
≥

0.
(iv)⇒(i): Note that φ is twice Gâteaux differentiable on C with (∀α ∈ C)

φ′′(α) =
〈
x− y | ∇2f

(
y + α(x− y)

)
(x− y)

〉
≥ 0. Hence, φ′ is increasing on

C and, by Proposition 8.12(i), φ is convex. We conclude with (17.14). ⊓⊔

Example 17.11 Let A ∈ B(H) and set f : H → R : x 7→ 〈x | Ax〉. Then f is
convex if and only if (∀x ∈ H) 〈x | (A+ A∗)x〉 ≥ 0.

Proof. Combine Example 2.46 with Proposition 17.10(iv). ⊓⊔

Proposition 17.12 Let h : H → ]−∞,+∞] be such that D = domh is
nonempty, open, and convex. Suppose that h is Fréchet differentiable on D
and that one of the following holds:

(i) (∀x ∈ D)(∀y ∈ D) 〈x− y | ∇h(x) −∇h(y)〉 ≥ 0.
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(ii) h is twice Fréchet differentiable on D and (∀x ∈ D)(∀z ∈ H)〈
z | ∇2h(x)z

〉
≥ 0.

Take y ∈ D and set

f : x 7→





h(x), if x ∈ D;

lim
α↓0

h
(
(1− α)x+ αy

)
, if x ∈ bdryD;

+∞, if x /∈ D.

(17.16)

Then f ∈ Γ0(H), D ⊂ dom f ⊂ D, and f |D = h|D.

Proof. Proposition 17.10 guarantees that h is convex. Moreover, since h is
Fréchet differentiable on D, it is continuous on D by Lemma 2.49(ii). Hence,
the result follows from Corollary 16.16. ⊓⊔

17.3 Characterizations of Strict Convexity

Some of the results of Section 17.2 have counterparts for strictly convex
functions. However, as Example 17.16 will illustrate, subtle differences exist.
The proofs of the following results are left as Exercise 17.3, Exercise 17.6,
and Exercise 17.9.

Proposition 17.13 Let f : H → ]−∞,+∞] be proper. Suppose that dom f
is open and convex, and that f is Gâteaux differentiable on dom f . Then the
following are equivalent:

(i) f is strictly convex.
(ii) (∀x ∈ dom f)(∀y ∈ dom f) x 6= y ⇒ 〈x− y | ∇f(y)〉 + f(y) < f (x).
(iii) (∀x ∈ dom f)(∀y ∈ dom f) x 6= y ⇒ 〈x− y | ∇f(x)−∇f(y)〉 > 0.

Moreover, if f is twice Gâteaux differentiable on dom f , then each of the
above is implied by

(iv) (∀x ∈ dom f)(∀z ∈ Hr {0})
〈
z | ∇2f(x)z

〉
> 0.

Example 17.14 Let A ∈ B(H) and set f : H → R : x 7→ 〈x | Ax〉. Then f is
strictly convex if and only if A+ A∗ is strictly positive, i.e., (∀x ∈ H r {0})
〈x | (A+A∗)x〉 > 0.

Proof. Combine Example 2.46 with Proposition 17.13. ⊓⊔
Corollary 17.15, which complements Proposition 9.28, provides a conve-

nient sufficient condition for strict convexity (see Exercise 17.8); extensions
to RN can be obtained as described in Remark 9.31.
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Corollary 17.15 Let h : R → ]−∞,+∞] be such that D = domh is a
nonempty open interval. Suppose that h is twice differentiable on D and such
that, for every x ∈ D, h′′(x) > 0. Take y ∈ D and set

f : x 7→






h(x), if x ∈ D;

lim
α↓0

h
(
(1− α)x+ αy

)
, if x ∈ bdryD;

+∞, if x /∈ D.

(17.17)

Then f ∈ Γ0(R), f |D = h|D, D ⊂ dom f ⊂ D, and f is strictly convex.

Corollary 17.15 and the following example illustrate the absence of a
strictly convex counterpart to Proposition 17.12, even in the Euclidean plane.

Example 17.16 The function

h : R2 → ]−∞,+∞] : (ξ, η) 7→
{
η2 + η2/ξ, if ξ > 0 and η > 0;

+∞, otherwise,
(17.18)

is twice Fréchet differentiable on its domain R2
++. Now let f be as in (17.16).

Then

f : R2 → ]−∞,+∞] : (ξ, η) 7→





η2 + η2/ξ, if ξ > 0 and η ≥ 0;

0, if ξ = η = 0;

+∞, otherwise,

(17.19)

belongs to Γ0(R
2) but f is not strictly convex.

17.4 Directional Derivatives and Subgradients

Proposition 17.17 Let f : H → ]−∞,+∞] be proper and convex, suppose
that x ∈ dom∂f , and let u ∈ H. Then the following hold:

(i) u ∈ ∂f(x) ⇔ 〈· | u〉 ≤ f ′(x; ·).
(ii) f ′(x; ·) is proper and sublinear.

Proof. (i): Let α ∈ R++. Then (16.1) yields u ∈ ∂f(x) ⇒ (∀y ∈ H) 〈y | u〉 =
〈(x + αy)− x | u〉 /α ≤ (f(x+αy)−f(x))/α. Taking the limit as α ↓ 0 yields
(∀y ∈ H) 〈y | u〉 ≤ f ′(x; y). Conversely, it follows from Proposition 17.2(iii)
and (16.1) that (∀y ∈ H) 〈y − x | u〉 ≤ f ′(x; y− x) ⇒ (∀y ∈ H) 〈y − x | u〉 ≤
f(y)− f(x) ⇒ u ∈ ∂f(x).

(ii): Take u ∈ ∂f(x). Then (i) yields f ′(x; ·) ≥ 〈· | u〉 and therefore
−∞ /∈ f ′(x;H). Hence, in view of Proposition 17.2(iv), f ′(x; ·) is proper
and sublinear. ⊓⊔
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Proposition 17.18 Let f : H → ]−∞,+∞] be proper and convex, and let
x ∈ dom f . Then (f ′(x; ·))∗ = ι∂f(x).

Proof. Define ϕ : H → [−∞,+∞] : y 7→ f ′(x; y) and let u ∈ H. Then, using
Proposition 17.2(ii) and (13.1), we obtain

ϕ∗(u) = sup
α∈R++

sup
y∈H

(
〈y | u〉 − f(x+ αy) − f(x)

α

)

= sup
α∈R++

f(x) + supy∈H

(
〈x+ αy | u〉 − f(x+ αy)

)
− 〈x | u〉

α

= sup
α∈R++

f(x) + f∗(u)− 〈x | u〉
α

. (17.20)

However, Proposition 16.9 asserts that u ∈ ∂f(x)⇔ f(x)+f∗(u)−〈x | u〉 = 0.
Hence, u ∈ ∂f(x) ⇒ ϕ∗(u) = 0 and, moreover, Fenchel–Young (Proposi-
tion 13.13) yields u /∈ ∂f(x) ⇒ f(x) + f∗(u) − 〈x | u〉 > 0 ⇒ ϕ∗(u) = +∞.
Altogether, ϕ∗ = ι∂f(x). ⊓⊔

Theorem 17.19 (max formula) Let f : H → ]−∞,+∞] be proper and
convex, and suppose that x ∈ cont f . Then f ′(x; ·) = max 〈· | ∂f(x)〉.

Proof. Define ϕ : H → ]−∞,+∞] : y 7→ f ′(x; y) and fix y ∈ H. Since x ∈
cont f , Theorem 8.29 asserts that there exist ρ ∈ R++ and β ∈ R++ such
that f is β-Lipschitz continuous relative to B(x; ρ). Hence, for α ∈ R++ small
enough to ensure that x+αy ∈ B(x; ρ), we have |f(x+αy)−f(x)|/α ≤ β‖y‖.
Taking the limit as α ↓ 0, we obtain |ϕ(y)| ≤ β‖y‖. Consequently, ϕ is
locally bounded at every point in H and domϕ = H. Moreover, ϕ is convex
by Proposition 17.2(v). We thus deduce from Corollary 8.30(i) that ϕ is
continuous. Altogether, ϕ ∈ Γ0(H) and it follows from Theorem 13.32 and
Proposition 17.18 that

ϕ(y) = ϕ∗∗(y) = sup
u∈domϕ∗

(〈u | y〉 − ϕ∗(u)) = sup
u∈∂f(x)

〈y | u〉 . (17.21)

However, ∂f(x) is nonempty and weakly compact by Proposition 16.14(ii).
On the other hand, 〈y | ·〉 is weakly continuous. Hence, we derive from The-
orem 1.28 that ϕ(y) = maxu∈∂f(x) 〈y | u〉. ⊓⊔

Definition 17.20 Let f : H → ]−∞,+∞] be proper and convex, let x ∈
dom f , and let y ∈ H. Then y is a descent direction of f at x if there exists
ε ∈ R++ such that (∀α ∈ ]0, ε]) f(x+ αy) < f(x).

Proposition 17.21 Let f : H → ]−∞,+∞] be proper and convex, let x ∈
dom f , and let y ∈ H. Then the following hold:

(i) y is a descent direction of f at x if and only if f ′(x; y) < 0.
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(ii) Suppose that f is differentiable at x and that x /∈ Argmin f . Then
−∇f(x) is a descent direction of f at x.

Proof. (i): By Proposition 17.2(i)&(ii), (f(x + αy) − f(x))/α ↓ f ′(x; y) as
α ↓ 0.

(ii): By (17.7) and Proposition 17.4, f ′(x;−∇f(x)) = −‖∇f(x)‖2 < 0. ⊓⊔

Proposition 17.22 (steepest descent direction) Let f : H → ]−∞,+∞]
be proper and convex, and suppose that x ∈ (cont f) r (Argmin f). Set
u = P∂f(x)0 and z = −u/‖u‖. Then z is the unique minimizer of f ′(x; ·)
over B(0; 1).

Proof. Proposition 16.14(ii), Proposition 16.3(iii), and Theorem 16.2 im-
ply that ∂f(x) is a nonempty closed convex set that does not contain 0.
Hence u 6= 0 and Theorem 3.14 yields max 〈−u | ∂f(x)− u〉 = 0, i.e.,
max 〈−u | ∂f(x)〉 = −‖u‖2. Using Theorem 17.19, we deduce that

f ′(x; z) = max 〈z | ∂f(x)〉 = −‖u‖ (17.22)

and that

(
∀y ∈ B(0; 1)

)
f ′(x; y) = max 〈y | ∂f(x)〉 ≥ 〈y | u〉 ≥ −‖u‖. (17.23)

Therefore, z is a minimizer of f ′(x; ·) over B(0; 1) and uniqueness follows
from Fact 2.10. ⊓⊔

Example 17.23 Let f : H → ]−∞,+∞] be proper and convex, and suppose
that x ∈ dom f r Argmin f and that u ∈ ∂f(x). If f is not differentiable
at x, −u may not be a descent direction. For instance, take H = R2, set
f : (ξ1, ξ2) 7→ |ξ1| + 2|ξ2|, set x = (1, 0), and set u = (1,±δ), where δ ∈
[1/2, 3/2]. Then one easily checks that u ∈ ∂f(x) and (∀α ∈ R++) f(x−αu) ≥
f(x).

Proposition 17.24 Let f : H → ]−∞,+∞] be proper and convex. Suppose
that x ∈ cont f and that C is a nonempty subset of H such that f ′(x; ·) = σC .
Then ∂f(x) = convC.

Proof. In view of Theorem 17.19, we have σC = σ∂f(x). Taking conjugates
and using Example 13.37(i) and Proposition 16.3(iii), we obtain ιconvC =
σ∗
C = σ∗

∂f(x) = ιconv ∂f(x) = ι∂f(x). ⊓⊔

Proposition 17.25 (Chebyshev center) Let C be a nonempty compact
subset of H, set f : H → R : x 7→ maxy∈C ‖x− y‖2, and set

ΦC : H → 2H : x 7→
{
r ∈ C

∣∣∣ ‖x− r‖ = max
y∈C
‖x− y‖

}
. (17.24)

Then the following hold:
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(i) f is continuous, strongly convex, and supercoercive.
(ii) domΦC = H, graΦC is closed, and the sets (ΦC(x))x∈H are compact.
(iii) (∀x ∈ H)(∀z ∈ H) f ′(x; z) = 2max 〈z | x− ΦC(x)〉.
(iv) (∀x ∈ H) ∂f(x) = 2(x− convΦC(x)).
(v) The function f has a unique minimizer r, called the Chebyshev center

of C, and characterized by

r ∈ convΦC(r). (17.25)

Proof. (i): Since the functions (‖ · −y‖2)y∈C are convex and lower semicon-
tinuous, it follows from Proposition 9.3 that f is likewise. It follows from
Corollary 8.30(ii) that f is continuous. Arguing similarly, we note that

g : H → R : x 7→ max
y∈C

(
‖y‖2 − 2 〈x | y〉

)
(17.26)

is convex and continuous, and that f = g + ‖ · ‖2 is strongly convex, hence
supercoercive by Corollary 11.16.

(ii): It is clear that domΦC = H. Now let (xn, yn)n∈N be a sequence in
graΦC converging to (x, y) ∈ H ×H. Then y ∈ C by closedness of C. Since
f is continuous, we have f(x) ← f(xn) = ‖xn − yn‖2 → ‖x − y‖2. Thus,
y ∈ ΦC(x) and hence graΦC is closed. Therefore, ΦC(x) is compact.

(iii): Let x and z be in H, let y ∈ ΦC(x), and let t ∈ R++. Then f(x) =
‖x−y‖2 and f(x+tz) ≥ ‖x+tz−y‖2. Hence, (f(x+tz)−f(x))/t ≥ t‖x−y‖2
+2 〈z | x− y〉. This implies that f ′(x; z) ≥ 2 〈z | x− y〉 and, furthermore,
that

f ′(x; z) ≥ 2max 〈z | x− ΦC(x)〉 . (17.27)

To establish the reverse inequality, let (tn)n∈N be a sequence in R++ such
that tn → 0. For every n ∈ N, set xn = x + tnz, and let rn ∈ ΦC(xn).
Then xn → x. Due to the compactness of C, after passing to a subsequence
and relabeling if necessary, we assume that there exists r ∈ C such that
rn → r. For every n ∈ N, since f(xn) = ‖xn − rn‖2 and f(x) ≥ ‖x − rn‖2,
we have (f(xn)− f(x))/tn ≤ (‖xn‖2−‖x‖2)/tn− 2 〈z | rn〉. Taking the limit
as n→ +∞, we deduce that

f ′(x; z) ≤ 2 〈z | x− r〉 ≤ 2max 〈z | x− ΦC(x)〉 . (17.28)

Combining (17.27) and (17.28), we obtain (iii).
(iv): Combine (iii) and Proposition 17.24.
(v): In view of (i) and Corollary 11.16, f has a unique minimizer over H,

say r. Finally, Theorem 16.2 and (iv) yield the characterization (17.25). ⊓⊔



17.5 Gâteaux and Fréchet Differentiability 251

17.5 Gâteaux and Fréchet Differentiability

In this section, we explore the relationships between Gâteaux derivatives,
Fréchet derivatives, and single-valued subdifferentials.

Proposition 17.26 Let f : H → ]−∞,+∞] be proper and convex, and let
x ∈ dom f . Then the following hold:

(i) Suppose that f is Gâteaux differentiable at x. Then ∂f(x) = {∇f(x)}.
(ii) Suppose that x ∈ cont f and that ∂f(x) consists of a single element u.

Then f is Gâteaux differentiable at x and u = ∇f(x).

Proof. (i): It follows from (16.1) and Proposition 17.9 that ∇f(x) ∈ ∂f(x).
Now let u ∈ ∂f(x). By Proposition 17.17(i) and (17.7), 〈u−∇f(x) | u〉 ≤
f ′(x;u−∇f(x)) = 〈u−∇f(x) | ∇f(x)〉; hence ‖u−∇f(x)‖2 ≤ 0. Therefore
u = ∇f(x). Altogether, ∂f(x) = {∇f(x)}.

(ii): Theorem 17.19 and (17.7) yield (∀y ∈ H) f ′(x; y) = 〈y | u〉 =
〈y | ∇f(x)〉. ⊓⊔

Proposition 17.27 Let f : H → ]−∞,+∞] be proper and convex, let x ∈
H, and suppose that f is Gâteaux differentiable at x. Then f∗(∇f(x)) =
〈x | ∇f(x)〉 − f(x).

Proof. This follows from Proposition 16.9 and Proposition 17.26(i). ⊓⊔

Proposition 17.28 Let A ∈ B(H) be positive and self-adjoint. Suppose that
ranA is closed, set qA : H → R : x 7→ (1/2) 〈x | Ax〉, and define qA† likewise.
Then the following hold:

(i) qA is convex, continuous, Fréchet differentiable, and ∇qA = A.
(ii) qA† = qA ◦A† = ιkerA⊡ q∗A.
(iii) q∗A = ιranA + qA† .
(iv) q∗A ◦A = qA.

Proof. (i): Clearly, dom qA = H and qA is continuous. The convexity of qA
follows from Example 17.11. The Fréchet differentiability and the gradient
formula were already observed in Example 2.46.

(ii)&(iii): Take u ∈ H. Using Exercise 3.11 and Corollary 3.30(ii),
we obtain 2qA†(u) =

〈
u | A†u

〉
=
〈
u | A†AA†u

〉
=
〈
A†∗u | AA†u

〉
=〈

A∗†u | AA†u
〉
=
〈
A†u | AA†u

〉
= 2qA(A

†u). Hence qA† = qA ◦ A† is con-
vex and continuous, and the first identity in (ii) holds.

Let us now verify (iii) since it will be utilized in the proof of the second
identity in (ii). Set V = kerA. Then it follows from Fact 2.18(iii) that V ⊥ =
ranA∗ = ranA. We assume first that u /∈ ranA, i.e., PV u 6= 0. Then q∗A(u) ≥
supn∈N(〈nPV u | u〉 − (1/2) 〈nPV u | A(nPV u)〉) = supn∈N n‖PV u‖2 = +∞ =
(ιranA + qA†)(u), as required. Next, assume that u ∈ ranA, say u = Az =
∇qA(z), where z ∈ H. Since AA† = PranA by Proposition 3.28(ii), it follows
from Proposition 17.27 that q∗A(u) = 〈z | u〉− (1/2) 〈z | Az〉 = (1/2) 〈z | u〉 =
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(1/2)
〈
z | AA†u

〉
= (1/2)

〈
Az | A†u

〉
= (1/2)

〈
u | A†u

〉
= qA†(u). This com-

pletes the proof of (iii).
The fact that dom(q∗A)

∗ = dom qA = H, Theorem 15.3, Proposi-
tion 3.28(v), Corollary 3.30(i), (i), and Corollary 13.33 imply that ιkerA ⊡ q∗A =
(ιranA + qA)

∗ = (ιranA† + qA††)∗ = (q∗A†)
∗ = qA† .

(iv): In view of (iii), (ii), and Corollary 3.30(i), we have q∗A ◦ A = ιranA ◦
A + qA† ◦A = qA† ◦A†† = qA†† = qA. ⊓⊔

The following example extends Example 16.25, which corresponds to the
case φ = | · |.

Example 17.29 Set f = φ ◦ ‖ · ‖, where φ : R → R is convex, even, and
differentiable on Rr {0}. Then ∂φ(0) = [−ρ, ρ] for some ρ ∈ R+ and

(∀x ∈ H) ∂f(x) =





{
φ′
(
‖x‖

) x

‖x‖

}
, if x 6= 0;

B(0; ρ), if x = 0.

(17.29)

Proof. Let x ∈ H. We first suppose that x 6= 0. Then φ is Fréchet differentiable
at ‖x‖ (Exercise 2.10) and it follows from Fact 2.51 and Example 2.52 that f is
Fréchet differentiable at x with ∇f(x) = φ′(‖x‖)(‖ ·‖)′(x) = (φ′(‖x‖)/‖x‖)x.
Hence, Proposition 17.26(i) yields ∂f(x) = {(φ′(‖x‖)/‖x‖)x}. Now suppose
that x = 0 and let u ∈ H. Then we derive from Theorem 16.23 and Exam-
ple 13.7 that u ∈ ∂f(x) ⇔ 0 ‖u‖ = 〈x | u〉 = f(x) + f∗(u) = φ(0) + φ∗(‖u‖)
⇔ ‖u‖ ∈ ∂φ(0). However, since φ is continuous by Corollary 8.31, Proposi-
tion 16.14(ii) implies that ∂φ(0) is a closed bounded interval. Hence, since φ
is even, ∂φ(0) = [−ρ, ρ] for some ρ ∈ R+. Thus, u ∈ ∂f(x) ⇔ ‖u‖ ≤ ρ. ⊓⊔

The implication in Proposition 17.26(i) is not reversible.

Example 17.30 Let C be the nonempty closed convex set of Exam-
ple 6.11(iii) and let u ∈ H. Then

0 ∈ C ⊂ coneC = spanC 6= coneC = spanC = H (17.30)

and u ∈ ∂ιC(0) ⇔ sup 〈C | u〉 ≤ 0 ⇔ sup 〈coneC | u〉 ≤ 0 ⇔ sup 〈H | u〉 ≤ 0
⇔ u = 0. Therefore, ∂ιC(0) = {0} and hence ιC possesses a unique sub-
gradient at 0. On the other hand, 0 /∈ coreC and thus ιC is not Gâteaux
differentiable at 0.

Proposition 17.31 Let f ∈ Γ0(H) and suppose that x ∈ int dom f . Then
the following are equivalent:

(i) f is Gâteaux differentiable at x.
(ii) Every selection of ∂f is strong-to-weak continuous at x.

Proof. (i)⇒(ii): Let G be a selection of ∂f and let (xn)n∈N be a sequence
in int dom f converging to x. In view of Fact 1.37 and Lemma 2.23, it is
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enough to show that Gxn ⇀ Gx. Since Proposition 16.14(iii) implies that
(Gxn)n∈N is bounded, let (Gxkn)n∈N be a weakly convergent subsequence of
(Gxn)n∈N, say Gxkn ⇀u. Then (xkn , Gxkn)n∈N lies in gra∂f and we derive
from Proposition 16.26 that (x, u) ∈ gra∂f . By Proposition 17.26(i), u =
∇f(x) and, using Lemma 2.38, we deduce that Gxn⇀∇f(x).

(ii)⇒(i): Let G be a strong-to-weak continuous selection of ∂f and fix
y ∈ H. Then there exists β ∈ R++ such that [x, x + βy] ⊂ int dom f . Take
α ∈ ]0, β]. Then α 〈y | Gx〉 = 〈(x+ αy) − x | Gx〉 ≤ f(x + αy) − f(x) and
−α 〈y | G(x+ αy)〉 = 〈x− (x+ αy) | G(x+ αy)〉 ≤ f(x) − f(x+ αy). Thus

0 ≤ f(x+ αy) − f(x)− α 〈y | Gx〉 ≤ α 〈y | G(x+ αy)−Gx〉 (17.31)

and hence

0 ≤ f(x+ αy)− f(x)
α

− 〈y | Gx〉 ≤ 〈y | G(x+ αy) −Gx〉 . (17.32)

This implies that

lim
α↓0

f(x+ αy) − f(x)
α

= 〈y | Gx〉 , (17.33)

and therefore that f is Gâteaux differentiable at x. ⊓⊔

Proposition 17.32 Let f ∈ Γ0(H) and suppose that x ∈ int dom f . Then
the following are equivalent:

(i) f is Fréchet differentiable at x.
(ii) Every selection of ∂f is continuous at x.

Proof. (i)⇒(ii): Assume that this implication is false and set u = ∇f(x).
Then there exist a sequence (xn, un)n∈N in gra∂f and ε ∈ R++ such that
xn → x and

(∀n ∈ N) ‖un − u‖ > 2ε. (17.34)

Note that

(∀n ∈ N)(∀y ∈ H) 〈y | un〉 ≤ 〈xn − x | un〉+ f(x+ y)− f(xn). (17.35)

The Fréchet differentiability of f at x ensures the existence of δ ∈ R++ such
that (

∀y ∈ B(0; δ)
)

f(x+ y)− f(x) − 〈y | u〉 ≤ ε‖y‖. (17.36)

In view of (17.34), there exists a sequence (zn)n∈N in B(0; 1) such that
(∀n ∈ N) 〈zn | un − u〉 > 2ε. Hence, using (17.35), (17.36), the boundedness
of (un)n∈N, which is guaranteed by Proposition 16.14(iii), and the continuity
of f at x, which is guaranteed by Corollary 8.30(ii), we obtain

2εδ < δ 〈zn | un − u〉
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= 〈δzn | un〉 − 〈δzn | u〉
≤ 〈xn − x | un〉 + f(x+ δzn)− f(xn)− 〈δzn | u〉
=
(
f(x+ δzn)− f(x) − 〈δzn | u〉

)
+ 〈xn − x | un〉+ f(x)− f(xn)

≤ εδ + ‖xn − x‖‖un‖+ f(x) − f(xn)
→ εδ, (17.37)

which is absurd.
(ii)⇒(i): Let G be a selection of ∂f . There exists δ ∈ R++ such that

B(x; δ) ⊂ domG = dom∂f . Now take y ∈ B(0; δ). Then 〈y | Gx〉 ≤ f(x +
y)− f(x) and 〈−y | G(x+ y)〉 ≤ f(x)− f(x+ y). Thus

0 ≤ f(x+ y)− f(x) − 〈y | Gx〉
≤ 〈y | G(x + y)−Gx〉
≤ ‖y‖ ‖G(x+ y)−Gx‖. (17.38)

Since G is continuous at x, this implies that

lim
0 6=‖y‖→0

f(x+ y)− f(x)− 〈Gx | y〉
‖y‖ = 0. (17.39)

Therefore, f is Fréchet differentiable at x. ⊓⊔
Item (ii) of the next result shows that the sufficient condition for Fréchet

differentiability discussed in Fact 2.50 is also necessary for functions in Γ0(H).

Corollary 17.33 Let f ∈ Γ0(H) be Gâteaux differentiable in a neighborhood
D of a point x ∈ dom f . Then the following hold:

(i) ∇f is strong-to-weak continuous on D.
(ii) f is Fréchet differentiable at x if and only if ∇f is continuous at x.

Proof. This is clear from Proposition 17.31 and Proposition 17.32. ⊓⊔

Corollary 17.34 Let f ∈ Γ0(H) be Fréchet differentiable on int dom f . Then
∇f is continuous on int dom f .

Corollary 17.35 Suppose that H is finite-dimensional. Then Gâteaux and
Fréchet differentiability are the same notions for functions in Γ0(H).

Proof. Combine Proposition 17.31 and Proposition 17.32. ⊓⊔
The finite-dimensional setting allows for the following useful variant of

Proposition 17.26.

Proposition 17.36 Suppose that H is finite-dimensional, let f ∈ Γ0(H),
let x ∈ H, and let u ∈ H. Then ∂f(x) = {u} if and only if f is Fréchet
differentiable at x and u = ∇f(x).
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Proof. Suppose first that ∂f(x) = {u} and set C = dom f . By Corollary 16.29,
C = dom∂f . Hence, using Theorem 20.40 and Proposition 21.14, we de-
duce that NCx = NCx = rec(∂f(x)) = rec{u} = {0}. By Corollary 6.44
and Corollary 8.30(iii), x ∈ intC = cont f . It thus follows from Proposi-
tion 17.26(ii) that f is Gâteaux differentiable at x and that ∇f(x) = u.
Invoking Corollary 17.35, we obtain that f is Fréchet differentiable at x. The
reverse implication is a consequence of Proposition 17.26(i). ⊓⊔

Example 17.37 Let (un)n∈N be a sequence in B(0; 1) that converges weakly
to 0 and let (αn)n∈N be a sequence in R++ such that αn ↓ 0. Set

f : H → ]−∞,+∞] : x 7→ sup
n∈N

(
〈x | un〉 − αn

)
. (17.40)

Then the following hold:

(i) f ∈ Γ0(H), dom f = H, and f is Lipschitz continuous with constant 1.
(ii) f ≥ 0, f(0) = 0, and f is Gâteaux differentiable at 0 with ∇f(0) = 0.
(iii) f is Fréchet differentiable at 0 if and only if un → 0.

Proof. Fix x ∈ H.
(i): As a supremum of lower semicontinuous and convex functions, the

function f is also lower semicontinuous and convex by Proposition 9.3. Since
un⇀ 0, it follows that 〈x | un〉 − αn → 0. Thus, dom f = H. Now let y ∈ H.
Then (∀n ∈ N) 〈x | un〉−αn = 〈x− y | un〉+ 〈y | un〉 −αn ≤ ‖x− y‖+ f(y).
Hence f(x) ≤ ‖x − y‖ + f(y), which supplies the Lipschitz continuity of f
with constant 1.

(ii): Since 0 = lim(〈x | un〉 − αn) ≤ supn∈N(〈x | un〉 − αn), it is clear
that f ≥ 0, that f(0) = 0, and that 0 ∈ ∂f(0). Hence f ′(0; ·) ≥ 0 by
Proposition 17.3. Now fix y ∈ H and let m ∈ N. Then there exists β ∈ R++

such that (∀n ∈ {0, . . . ,m − 1}) (∀α ∈ ]0, β]) α 〈y | un〉 < αn. For every
α ∈ ]0, β], max0≤n≤m−1(〈y | un〉 − αn/α) < 0 and hence

0 ≤ f(αy)/α
= sup
n∈N

(
〈y | un〉 − αn/α

)

= max
{

max
0≤n≤m−1

(
〈y | un〉 − αn/α

)
, sup
n≥m

(
〈y | un〉 − αn/α

)}

= sup
n≥m

(
〈y | un〉 − αn/α

)

≤ sup
n≥m
〈y | un〉 . (17.41)

In view of Proposition 17.2(ii), we deduce that

(∀m ∈ N) 0 ≤ f ′(0; y) = lim
α↓0

f(αy)

α
≤ sup
n≥m

〈y | un〉 . (17.42)
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Hence

0 ≤ f ′(0; y) ≤ inf
m∈N

sup
n≥m
〈y | un〉 = lim 〈y | un〉 = 0. (17.43)

Therefore, f ′(0; ·) ≡ 0, i.e., f is Gâteaux differentiable at 0 with ∇f(0) = 0.
(iii): Since f ≥ 0 = f(0), it suffices to show that

un → 0 ⇔ lim
0 6=‖y‖→0

f(y)

‖y‖ = 0. (17.44)

Assume first that un 6→ 0. Then there exist δ ∈ R++ and a subsequence
(ukn)n∈N of (un)n∈N such that infn∈N ‖ukn‖ ≥ δ. Set

(∀n ∈ N) yn =
√
αkn

ukn
‖ukn‖

. (17.45)

Then (∀n ∈ N) ‖yn‖ = √αkn and f(yn) ≥ 〈yn | ukn〉 − αkn =
√
αkn‖ukn‖ −

αkn ≥
√
αknδ − αkn . Hence

yn → 0 and lim
f(yn)

‖yn‖
≥ lim

(
δ −√αkn

)
= δ > 0. (17.46)

Now assume that un → 0 and fix ε ∈ ]0, 1[. There exists m ∈ N such that
for every integer n ≥ m we have ‖un‖ ≤ ε, and hence (∀y ∈ H r {0})
〈y | un〉 − αn ≤ 〈y | un〉 ≤ ‖y‖ ‖un‖ ≤ ‖y‖ε. Thus

(
∀y ∈ H r {0}

)(
∀n ∈ N

)
n ≥ m ⇒ 〈y | un〉 − αn

‖y‖ ≤ ε. (17.47)

Set δ = min0≤n≤m−1 αn/(1− ε). Then
(
∀y ∈ B(0; δ)

)(
∀n ∈ {0, . . . ,m− 1}

)
〈y | un〉 − αn ≤ ‖y‖ − αn ≤ ε‖y‖.

(17.48)
Hence

(
∀y ∈ B(0; δ)r {0}

)(
∀n ∈ {0, . . . ,m− 1}

) 〈y | un〉 − αn
‖y‖ ≤ ε. (17.49)

Altogether,

(
∀y ∈ B(0; δ)r {0}

) f(y)

‖y‖ = sup
n∈N

〈y | un〉 − αn
‖y‖ ≤ ε, (17.50)

which completes the proof of (17.44). ⊓⊔
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17.6 Differentiability and Continuity

We first illustrate the fact that, at a point, a convex function may be Gâteaux
differentiable but not continuous.

Example 17.38 Let C be as in Example 8.33 and set f = ιC . Then
0 ∈ (coreC) r (intC), ∂f(0) = {0} is a singleton, and f is Gâteaux dif-
ferentiable at 0 with ∇f(0) = 0. Moreover, f is lower semicontinuous at
0 by Proposition 16.3(iv). However, since 0 /∈ int dom f = intC, f is not
continuous at 0.

Proposition 17.39 Let f : H → ]−∞,+∞] be convex and Gâteaux differ-
entiable at x ∈ dom f . Then the following hold:

(i) f is lower semicontinuous at x.
(ii) Suppose that H is finite-dimensional. Then x ∈ int dom f and f is con-

tinuous on int dom f .

Proof. (i): It follows from Proposition 17.26(i) that x ∈ dom∂f and hence
from Proposition 16.3(iv) that f is lower semicontinuous at x.

(ii): Note that x ∈ core(dom f) by definition of Gâteaux differentiability.
Proposition 6.12(iii) implies that x ∈ int dom f . By Corollary 8.30(iii), f is
continuous on int dom f . ⊓⊔

The next example shows that Proposition 17.39 is sharp and that the im-
plication in Proposition 17.26(ii) cannot be reversed even when x ∈ int dom f .

Example 17.40 Let f be the discontinuous linear functional of Exam-
ple 2.20 and set g = f2. Then g is convex, dom g = H, and g is Gâteaux
differentiable at 0. By Proposition 17.39, g is lower semicontinuous at 0.
However, g is neither continuous nor Fréchet differentiable at 0.

We conclude with two additional continuity results.

Proposition 17.41 Let f ∈ Γ0(H) be Gâteaux differentiable at x ∈ dom f .
Then x ∈ int dom f and f is continuous on int dom f .

Proof. Since x is a point of Gâteaux differentiability, we have x ∈ core dom f .
By Corollary 8.30(ii) and Fact 9.16, cont f = int dom f = core dom f . ⊓⊔

Proposition 17.42 Let f : H → ]−∞,+∞] be convex, and suppose that f is
Gâteaux differentiable on some open subset U of dom f . Then f is continuous
on int dom f .

Proof. Observe that U ⊂ int dom f . Let x ∈ U , take ρ ∈ R++ such that
C = B(x; ρ) ⊂ U , and set g = f + ιC . Proposition 17.39 implies that f is
lower semicontinuous and real-valued on C. Consequently, g ∈ Γ0(H). Hence,
Corollary 8.30(ii) asserts that g is continuous and real-valued on int dom g =
intC. Since g|C = f |C and since x ∈ intC, we deduce that x ∈ cont f . Thus,
the conclusion follows from Theorem 8.29. ⊓⊔
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Exercises

Exercise 17.1 Let A ∈ B(H) be self-adjoint and positive, and set qA : H →
R : x 7→ (1/2) 〈x | Ax〉. Suppose that ranA is closed. Show that the following
are equivalent:

(i) qA is supercoercive.
(ii) dom q∗A = H.
(iii) A is surjective.

Exercise 17.2 Let A ∈ B(H) be self-adjoint, and set qA : H → R : x 7→
(1/2) 〈x | Ax〉. Show that A is positive if and only if A† is.

Exercise 17.3 Prove Proposition 17.13.

Exercise 17.4 Set f : R → R : x 7→ x4. Use condition (ii) of Proposi-
tion 17.13 to show that f is strictly convex. Since f ′′(0) = 0, this demon-
strates that strict convexity does not imply condition (iv) of Proposi-
tion 17.13.

Exercise 17.5 (Bregman distance) Let f : H → ]−∞,+∞] be strictly
convex, proper, and Gâteaux differentiable on int dom f 6= ∅. Show that the
Bregman distance

D : H×H → ]−∞,+∞]

(x, y) 7→
{
f(x)− f(y)− 〈x− y | ∇f(y)〉 , if y ∈ int dom f ;

+∞, otherwise,
(17.51)

satisfies (∀(x, y) ∈ int dom f × int dom f) D(x, y) ≥ 0 and [D(x, y) = 0 ⇔
x = y].

Exercise 17.6 Use Proposition 17.12, Proposition 17.13, and Exercise 8.7
to prove Corollary 17.15.

Exercise 17.7 Explain why the function f constructed in Proposition 17.12
and Corollary 17.15 is independent of the choice of the vector y.

Exercise 17.8 Revisit Example 9.29 and Example 9.30 via Corollary 17.15.

Exercise 17.9 Verify the details of Example 17.16.

Exercise 17.10 Let f : H → ]−∞,+∞] be proper and convex, let x ∈
dom f , and suppose that f ′(x; ·) is continuous at y ∈ H. Use Theorem 17.19
to show that f ′(x; y) = max 〈y | ∂f(x)〉.

Exercise 17.11 Let f and g be in Γ0(H), and suppose that f+g is Gâteaux
differentiable on H. Show that both f and g are Gâteaux differentiable.
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Exercise 17.12 (partial derivatives) Consider Proposition 16.6 and sup-
pose in addition that f is proper and convex, that x = (xi)i∈I ∈ contf , and
that for every i ∈ I, f ◦ Qi is Gâteaux differentiable at xi. Show that f is
Gâteaux differentiable at x and that

∇f (x) =×
i∈I

∇(f ◦Qi)(xi). (17.52)

Exercise 17.13 Suppose that H is finite-dimensional, and let C be a
bounded closed convex subset of H such that 0 ∈ intC. Suppose further
that, for every y ∈ bdryC, NCy is a ray. Show that mC is Gâteaux differen-
tiable on Hr {0}.

Exercise 17.14 Consider Example 17.30, which deals with a nonempty
closed convex set C and a point x ∈ C at which ιC is not Gâteaux differen-
tiable, and yet NCx = {0}. Demonstrate the impossibility of the existence of
a nonempty closed convex subset C of H such that ranND = {0} and ιD is
nowhere Gâteaux differentiable.





Chapter 18

Further Differentiability Results

Further results concerning derivatives and subgradients are collected in this
chapter. The Ekeland–Lebourg theorem gives conditions under which the
set of points of Fréchet differentiability is a dense Gδ subset of the domain
of the function. Formulas for the subdifferential of a maximum and of an
infimal convolution are provided, and the basic duality between differentia-
bility and strict convexity is presented. Another highlight of this chapter is
the Baillon–Haddad theorem, which states that nonexpansiveness and firm
nonexpansiveness are identical properties for gradients of convex functions.
Finally, the subdifferential operator of the distance to a convex set is analyzed
in detail.

18.1 The Ekeland–Lebourg Theorem

Proposition 18.1 Let f : H → ]−∞,+∞] be convex and suppose that x ∈
cont f . Then f is Fréchet differentiable at x if and only if

(∀ε ∈ R++)(∃ η ∈ R++)(∀y ∈ H)
‖y‖ = 1 ⇒ f(x+ ηy) + f(x− ηy)− 2f(x) < ηε. (18.1)

Proof. We assume that H 6= {0}. Let ε ∈ R++ and let y ∈ H be such that
‖y‖ = 1. Assume that f is Fréchet differentiable at x. Then there exists
η ∈ R++ such that

(∀z ∈ H) ‖z‖ = 1 ⇒ f(x+ ηz)− f(x) − 〈ηz | ∇f(x)〉 < (ε/2)η. (18.2)

Letting z be successively y and then −y in (18.2) and adding the two resulting
inequalities yields (18.1). Conversely, let η ∈ R++ be such that (18.1) holds.
Using Proposition 16.14(ii), we take u ∈ ∂f(x). Then
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0 ≤ f(x+ ηy)− f(x)− 〈ηy | u〉
< ηε + f(x)− f(x− ηy) + 〈−ηy | u〉
≤ ηε. (18.3)

Let α ∈ ]0, η]. Then Proposition 17.2(i) implies that (f(x+αy)− f(x))/α ≤
(f(x+ηy)−f(x))/η. Hence, since u ∈ ∂f(x), (18.3) yields (∀z ∈ B(0; 1)) 0 ≤
f(x+ ηz)− f(x)−〈ηz | u〉 ≤ η‖z‖ε. It follows that f is Fréchet differentiable
at x and that ∇f(x) = u. ⊓⊔
Proposition 18.2 Let f : H → ]−∞,+∞] be proper and convex, let ε ∈
R++, and set

Sε =
⋃

η∈R++

{
x ∈ cont f

∣∣∣∣ sup
y∈H,‖y‖=1

f(x+ ηy) + f(x− ηy)− 2f(x)

η
< ε

}
.

(18.4)
Then Sε is open.

Proof. If cont f = ∅ or H = {0}, the result is clear. We therefore assume
otherwise. Take x ∈ Sε. Since f is continuous at x, Theorem 8.29 implies the
existence of η1 ∈ R++ and β ∈ R++ such that

(
∀y ∈ B(x; η1)

)(
∀z ∈ B(x; η1)

)
|f(y)− f(z)| ≤ β‖y − z‖. (18.5)

Furthermore, using the definition of Sε and Proposition 17.2(i), we deduce
the existence of η ∈ ]0, η1[ such that

σ = sup
y∈H,‖y‖=1

f(x+ ηy) + f(x− ηy)− 2f(x)

η
< ε. (18.6)

Take η2 ∈ [0,min{η1 − η, η(ε− σ)/(4β)}[. Then for every z ∈ B(x; η2) and
every y ∈ H such that ‖y‖ = 1, we have

f(z + ηy) + f(z − ηy)− 2f(z)

η
≤ f(x+ ηy) + f(x− ηy)− 2f(x)

η

+
f(z + ηy)− f(x+ ηy)

η

+
f(z − ηy)− f(x− ηy)

η

+ 2
f(x) − f(z)

η

≤ σ +
4β

η
‖x− z‖

≤ σ +
4β

η
η2

< ε. (18.7)
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Consequently, B(x; η2) ⊂ Sε. ⊓⊔

Theorem 18.3 (Ekeland–Lebourg) Let f : H → ]−∞,+∞] be convex,
and suppose that cont f 6= ∅. Then the set of points at which f is Fréchet
differentiable is a dense Gδ subset of dom f .

Proof. We assume thatH 6= {0}. Set X = dom f . It follows from Theorem 8.29
that cont f = int dom f and from Proposition 3.36(iii) that int dom f = X .
Take y ∈ int dom f . Then there exists ρ ∈ R++ such that B(y; ρ) ⊂ int dom f
and f is bounded on B(y; ρ). Now let ψ : R → R be such that ψ is dif-
ferentiable on [0, ρ], ψ|]0,ρ[ > 0, and ψ(0) = ψ(ρ) = 0 (for instance,
ψ : t 7→ sin(tπ/ρ)). Set

ϕ : B(y; ρ)→ [0,+∞] : x 7→
{
1/ψ(‖x− y‖), if 0 < ‖x− y‖ < ρ;

+∞, otherwise,
(18.8)

and U = (intB(y; ρ)) r {y}. Then ϕ is proper and lower semicontinuous.
Combining Example 2.52 and Fact 2.51, we see that ϕ is Fréchet differentiable
on U . Fix ε ∈ R++. Applying Theorem 1.45(i)&(iii) in the metric space
B(y; ρ) to the function ϕ− f , we deduce the existence of zε ∈ B(y; ρ) such
that

(ϕ− f)(zε) ≤ ε+ inf(ϕ− f)
(
B(y; ρ)

)
(18.9)

and

(
∀x ∈ B(y; ρ)

)
(ϕ − f)(zε)− (ϕ− f)(x) ≤ ε‖x− zε‖. (18.10)

Since ϕ−f is bounded below and takes on the value +∞ only on B(y; ρ)rU ,
(18.9) implies that zε ∈ U . Hence, ϕ is Fréchet differentiable at zε and there
exists η ∈ R++ such that B(zε; η) ⊂ U and

(
∀x ∈ B(zε; η)

)
ϕ(x) − ϕ(zε)− 〈x− zε | ∇ϕ(zε)〉 ≤ ε‖x− zε‖. (18.11)

Adding (18.10) and (18.11), we obtain

(
∀x ∈ B(zε; η)

)
f(x)− f(zε)− 〈x− zε | ∇ϕ(zε)〉 ≤ 2ε‖x− zε‖. (18.12)

Hence

(∀r ∈ H) ‖r‖ = 1 ⇒ f(zε + ηr) − f(zε)− 〈ηr | ∇ϕ(zε)〉 ≤ 2εη. (18.13)

Invoking the convexity of f , and considering (18.13) for r and −r, we deduce
that for every r ∈ H such that ‖r‖ = 1, we have

0 ≤ f(zε + ηr) + f(zε − ηr)− 2f(zε)

η
≤ 4ε. (18.14)

It follows that
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sup
r∈H
‖r‖=1

(
f(zε + ηr) + f(zε − ηr)− 2f(zε)

)
< 5ηε. (18.15)

For the remainder of this proof, we adopt the notation (18.4). Since zε ∈
S5ε, it follows from Proposition 18.2 that Sε is dense and open in X . Thus,
by Corollary 1.44, the set S =

⋂
n∈Nr{0} S1/n is a dense Gδ subset of X .

Using (18.15) and Proposition 18.1, we therefore conclude that f is Fréchet
differentiable on S. ⊓⊔

Proposition 18.4 Let C be a nonempty bounded subset of H, and let ε ∈
R++. Then there exist x ∈ H and α ∈ R++ such that

diam
({
u ∈ C

∣∣ σC(x)− α < 〈x | u〉
})
≤ ε. (18.16)

Proof. The support function σC is real-valued, convex, and continuous on H
by Example 11.2. In view of Theorem 18.3, there exists a point x ∈ H at
which σC is Fréchet differentiable. In turn, by Proposition 18.1, there exists
δ ∈ R++ such that

(∀y ∈ H) ‖y‖ = 1 ⇒ σC(x+ δy)+ σC(x− δy)− 2σC(x) < δε/3. (18.17)

Now set α = δε/3 and assume that diam
({
u ∈ C

∣∣ σC(x) − α < 〈x | u〉
})

>
ε. Then there exist u and v in C such that 〈x | u〉 > σC(x) − α, 〈x | v〉 >
σC(x) − α, and ‖u − v‖ > ε. Set z = (u − v)/‖u − v‖. Then ‖z‖ = 1 and
〈z | u− v〉 > ε. Hence,

σC(x+ δz) + σC(x− δz) ≥ 〈x+ δz | u〉+ 〈x− δz | v〉
> 2σC(x) − 2α+ δε

= 2σC(x) + δε/3, (18.18)

which contradicts (18.17). ⊓⊔

18.2 The Subdifferential of a Maximum

Theorem 18.5 Let (fi)i∈I be a finite family of convex functions from H to
]−∞,+∞], and suppose that x ∈ ⋂i∈I cont fi. Set f = maxi∈I fi and let

I(x) =
{
i ∈ I

∣∣ fi(x) = f(x)
}
. Then

∂f(x) = conv
⋃

i∈I(x)

∂fi(x). (18.19)

Proof. Let i ∈ I(x) and u ∈ ∂fi(x). Then (∀y ∈ H) 〈y − x | u〉 ≤ fi(y) −
fi(x) ≤ f(y) − f(x) and hence u ∈ ∂f(x). This and Proposition 16.3(iii)
imply that conv

⋃
i∈I(x) ∂fi(x) ⊂ ∂f(x). We now argue by contradiction and
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assume that this inclusion is strict, i.e., that there exists

u ∈ ∂f(x)r conv
⋃

i∈I(x)

∂fi(x). (18.20)

By Theorem 3.38 and Theorem 17.19, there exist y ∈ H r {0} and ε ∈ R++

such that

〈y | u〉 ≥ ε+ max
i∈I(x)

sup 〈y | ∂fi(x)〉 = ε+ max
i∈I(x)

f ′
i(x; y). (18.21)

Since y and ε can be rescaled, we assume that

x+ y ∈
⋂

i∈I

dom fi = dom f. (18.22)

Now let (αn)n∈N be a sequence in ]0, 1[ such that αn ↓ 0. Since I is finite,
there exist a subsequence of (αn)n∈N, which we still denote by (αn)n∈N, and
j ∈ I such that

(∀n ∈ N) f(x+ αny) = fj(x+ αny). (18.23)

Now let n ∈ N. Then fj(x + αny) ≤ (1 − αn)fj(x) + αnfj(x + y) and thus,
by (18.23) and (18.20),

(1− αn)fj(x) ≥ fj(x+ αny)− αnfj(x+ y)

≥ f(x+ αny)− αnf(x+ y)

≥ f(x) + 〈αny | u〉 − αnf(x+ y)

≥ fj(x) + αn 〈y | u〉 − αnf(x+ y). (18.24)

Letting n→ +∞ and using (18.22), we deduce that

fj(x) = f(x). (18.25)

In view of (18.23), (18.25), (18.20), and (18.21), we obtain

f ′
j(x; y)←

fj(x+ αny)− fj(x)
αn

=
f(x+ αny)− f(x)

αn
≥ 〈y | u〉
≥ ε+ f ′

j(x; y), (18.26)

which is the desired contradiction. ⊓⊔
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18.3 Differentiability of Infimal Convolutions

Proposition 18.6 Let f and g be in Γ0(H), and let x and y be in H. Suppose
that x ∈ dom∂(f �g), that (f �g)(x) = f(y)+g(x−y), and that f is Gâteaux
differentiable at y. Then ∂(f �g)(x) = {∇f(y)}.

Proof. Proposition 16.48(i) and Proposition 17.26(i) imply that

∂(f � g)(x) = ∂f(y)∩ ∂g(x− y) = {∇f(y)} ∩ ∂g(x− y) ⊂ {∇f(y)}. (18.27)

Since ∂(f � g)(x) 6= ∅, we conclude that ∂(f � g)(x) = {∇f(y)}. ⊓⊔

Proposition 18.7 Let f and g be in Γ0(H), and let x and y be in H. Suppose
that f �g ∈ Γ0(H), that (f �g)(x) = f(y) + g(x− y), and that f is Gâteaux
differentiable at y. Then x ∈ cont(f � g), f � g is Gâteaux differentiable at x,
and

∇(f �g)(x) = ∇f(y). (18.28)

In addition, if f is Fréchet differentiable at y, then f �g is Fréchet differen-
tiable at x.

Proof. Proposition 17.41 and Proposition 12.6(ii) imply that x = y +
(x − y) ∈ (int dom f) + dom g ⊂ dom f + dom g = dom(f �g). However,
dom g+ int dom f =

⋃
z∈dom g(z+ int dom f) is open as a union of open sets.

Thus, x ∈ int dom(f �g) and, since f � g ∈ Γ0(H), Proposition 16.21 im-
plies that x ∈ cont(f �g) ⊂ dom∂(f �g). Next, we combine Proposition 18.6
and Proposition 17.26(ii) to deduce the Gâteaux differentiability of f �g at
x and (18.28). Now assume that f is Fréchet differentiable at y. Then, for
every z ∈ H r {0},

0 ≤ (f �g)(x+ z)− (f �g)(x)− 〈z | ∇f(y)〉
≤ f(y + z) + g(x− y)−

(
f(y) + g(x− y)

)
− 〈z | ∇f(y)〉

= f(y + z)− f(y)− 〈z | ∇f(y)〉 (18.29)

and hence

0 ≤ lim
06=‖z‖→0

(f � g)(x+ z)− (f �g)(x) − 〈z | ∇f(y)〉
‖z‖

≤ lim
06=‖z‖→0

f(y + z)− f(y)− 〈z | ∇f(y)〉
‖z‖

= 0. (18.30)

Therefore, f �g is Fréchet differentiable at x. ⊓⊔

Corollary 18.8 Let f and g be in Γ0(H). Suppose that f is real-valued,
supercoercive, and Fréchet differentiable on H. Then f �g is Fréchet differ-
entiable on H.
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Proof. By Proposition 12.14(i), f �g = f ⊡g ∈ Γ0(H). Now let x ∈ H.
Since dom(f �g) = H by Proposition 12.6(ii), there exists y ∈ H such that
(f �g)(x) = f(y) + g(x− y). Now apply Proposition 18.7. ⊓⊔

18.4 Differentiability and Strict Convexity

In this section, we examine the interplay between Gâteaux differentiability
and strict convexity via duality.

Proposition 18.9 Let f ∈ Γ0(H) be such that f∗ is strictly convex on every
nonempty convex subset of dom∂f∗. Then f is Gâteaux differentiable on
int dom f .

Proof. Suppose that x ∈ int dom f and that [u1, u2] ⊂ ∂f(x). Then it follows
from Corollary 16.24 that [u1, u2] ⊂ ran∂f = dom(∂f)−1 = dom ∂f∗. Hence,
Proposition 16.27(i) implies that f∗ is affine on [u1, u2]. Consequently, u1 =
u2 and ∂f(x) is a singleton. Furthermore, x ∈ cont f by Corollary 8.30(ii)
and the conclusion thus follows from Proposition 17.26(ii). ⊓⊔

Proposition 18.10 Let f ∈ Γ0(H) be Gâteaux differentiable on int dom f .
Then f∗ is strictly convex on every nonempty convex subset of ∇f(int dom f).

Proof. Assume to the contrary that there exist two distinct points u1 and
u2 such that f∗ is affine on [u1, u2] ⊂ ∇f(int dom f). Choose x ∈ int dom f
such that ∇f(x) ∈ ]u1, u2[. Then Proposition 16.27(ii) implies that [u1, u2] ⊂
∂f(x), which contradicts the Gâteaux differentiability of f at x. ⊓⊔

Corollary 18.11 Let f ∈ Γ0(H) be such that dom∂f = int dom f . Then f is
Gâteaux differentiable on int dom f if and only if f∗ is strictly convex on every
nonempty convex subset of dom∂f∗, in which case dom ∂f∗ = ∇f(int dom f).

Proof. If f∗ is strictly convex on every nonempty convex subset of dom∂f∗,
then f is Gâteaux differentiable on int dom f by Proposition 18.9. Let us
now assume that f is Gâteaux differentiable on int dom f . Using Proposi-
tion 17.26(i) and Corollary 16.24, we see that

∇f(int dom f) = ∂f(int dom f) = ∂f(dom ∂f) = ran∂f = dom∂f∗.
(18.31)

The result thus follows from Proposition 18.10. ⊓⊔

Corollary 18.12 Let f ∈ Γ0(H) be such that dom ∂f = int dom f and
dom ∂f∗ = int dom f∗. Then the following hold:

(i) f is Gâteaux differentiable on int dom f if and only if f∗ is strictly
convex on int dom f∗.
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(ii) f is strictly convex on int dom f if and only if f∗ is Gâteaux differen-
tiable on int dom f∗.

Proof. (i): This follows from Corollary 18.11.
(ii): Apply (i) to f∗ and use Corollary 13.33. ⊓⊔

18.5 Stronger Notions of Differentiability

In this section, we investigate certain properties of the gradient of convex
functions.

Theorem 18.13 Let f : H → R be a Fréchet differentiable convex function,
and let φ : R → R+ be an even convex function that vanishes only at 0. For
every s ∈ R, define

ψ(s) =

{
φ(s)/|s|, if s 6= 0;

0, if s = 0,
θ(s) =

∫ 1

0

φ(st)

t
dt,

and ̺(s) = sup
{
ν ∈ R+

∣∣ 2θ∗(ν) ≤ νs
}
. (18.32)

Now consider the following statements:

(i) (∀x ∈ H)(∀y ∈ H) ‖∇f(x)−∇f(y)‖ ≤ ψ(‖x− y‖).
(ii) (∀x ∈ H)(∀y ∈ H) 〈x− y | ∇f(x)−∇f(y)〉 ≤ φ(‖x − y‖).
(iii) (∀x ∈ H)(∀y ∈ H) f(y) ≤ f(x) + 〈y − x | ∇f(x)〉+ θ(‖x− y‖).
(iv) (∀x ∈ H)(∀y ∈ H) f∗(∇f(y)) ≥

f∗(∇f(x)) + 〈x | ∇f(y)−∇f(x)〉+ θ∗(‖∇f(x) −∇f(y)‖).
(v) (∀x ∈ H)(∀y ∈ H) 〈x− y | ∇f(x)−∇f(y)〉 ≥ 2θ∗(‖∇f(x) −∇f(y)‖).
(vi) (∀x ∈ H)(∀y ∈ H) ‖∇f(x)−∇f(y)‖ ≤ ̺(‖x− y‖).
Then (i)⇒(ii)⇒(iii)⇒(iv)⇒(v)⇒(vi).

Proof. Let x and y be in H, and set u = ∇f(x) and v = ∇f(y).
(i)⇒(ii): Cauchy–Schwarz.
(ii)⇒(iii): Since the Gâteaux derivative of t 7→ f(x + t(y − x)) is t 7→

〈y − x | ∇f(x+ t(y − x))〉, we have

f(y)− f(x) − 〈y − x | u〉 =
∫ 1

0

〈y − x | ∇f(x+ t(y − x))−∇f(x)〉 dt

=

∫ 1

0

1

t
〈t(y − x) | ∇f(x+ t(y − x)) −∇f(x)〉 dt

≤
∫ 1

0

1

t
φ
(
‖y − x‖t

)
dt

= θ(‖y − x‖). (18.33)
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(iii)⇒(iv): For every z ∈ H, we derive from Proposition 17.27 that

−f(z) ≥ −f(x) + 〈x | u〉 − 〈z | u〉 − θ(‖z − x‖)
= f∗(u)− 〈z | u〉 − θ(‖z − x‖) (18.34)

and, in turn, we obtain

f∗(v) ≥ 〈z | v〉 − f(z)
≥ 〈z | v〉+ f∗(u)− 〈z | u〉 − θ(‖z − x‖)
= f∗(u) + 〈x | v − u〉+ 〈z − x | v − u〉 − θ(‖z − x‖). (18.35)

However, since φ is even, so is θ and, therefore, it follows from Example 13.7
that (θ ◦ ‖ · ‖)∗ = θ∗ ◦ ‖ · ‖. Hence, we derive from (18.35) that

f∗(v) ≥ f∗(u) + 〈x | v − u〉+ sup
z∈H

(
〈z − x | v − u〉 − θ(‖z − x‖)

)

= f∗(u) + 〈x | v − u〉+ θ∗(‖v − u‖). (18.36)

(iv)⇒(v): We have

f∗(u) ≥ f∗(v) + 〈y | u− v〉+ θ∗(‖u− v‖). (18.37)

Adding (18.36) and (18.37) yields (v).
(v)⇒(vi): Cauchy–Schwarz. ⊓⊔
The following special case concerns convex functions with Hölder contin-

uous gradients.

Corollary 18.14 Let f : H → R be Fréchet differentiable and convex, let
β ∈ R++, and let p ∈ ]0, 1]. Consider the following statements:

(i) (∀x ∈ H)(∀y ∈ H) ‖∇f(x)−∇f(y)‖ ≤ β‖x− y‖p.
(ii) (∀x ∈ H)(∀y ∈ H) 〈x− y | ∇f(x)−∇f(y)〉 ≤ β‖x− y‖p+1.
(iii) (∀x ∈ H)(∀y ∈ H) f(y) ≤ f(x)+〈y − x | ∇f(x)〉+β(p+1)−1‖x−y‖p+1.
(iv) (∀x ∈ H)(∀y ∈ H) f∗(∇f(y)) ≥ f∗(∇f(x)) + 〈x | ∇f(y)−∇f(x)〉

+β−1/pp(p + 1)−1‖∇f(x)−∇f(y)‖1+1/p.
(v) (∀x ∈ H)(∀y ∈ H) 〈x− y | ∇f(x)−∇f(y)〉 ≥

2β−1/pp(p + 1)−1‖∇f(x)−∇f(y)‖1+1/p.
(vi) (∀x ∈ H)(∀y ∈ H) ‖∇f(x)−∇f(y)‖ ≤ β((p+ 1)/(2p))p‖x− y‖p.
Then (i)⇒(ii)⇒(iii)⇒(iv)⇒(v)⇒(vi).

Proof. This follows from Theorem 18.13 with φ = β| · |p+1. Indeed, φ is an
even convex function vanishing only at 0. Moreover, θ : t 7→ β|t|p+1/(p + 1)
and we deduce from Example 13.2(i) and Proposition 13.20(i) that θ∗ : ν 7→
β−1/pp(p+ 1)−1|ν|1+1/p. ⊓⊔

Next, we provide several characterizations of convex functions with Lip-
schitz continuous gradients.
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Theorem 18.15 Let f ∈ Γ0(H), let β ∈ R++, and set h = f∗ − (1/β)q,
where q = (1/2)‖ · ‖2. Then the following are equivalent:

(i) f is Fréchet differentiable on H and ∇f is β-Lipschitz continuous.
(ii) f is Fréchet differentiable on H and

(∀x ∈ H)(∀y ∈ H) 〈x− y | ∇f(x)−∇f(y)〉 ≤ β‖x− y‖2.

(iii) (descent lemma) f is Fréchet differentiable on H and

(∀x ∈ H)(∀y ∈ H) f(y) ≤ f(x) + 〈y − x | ∇f(x)〉+ (β/2)‖x− y‖2.

(iv) f is Fréchet differentiable on H and

(∀x ∈ H)(∀y ∈ H) f∗(∇f(y)) ≥
f∗(∇f(x)) + 〈x | ∇f(y) −∇f(x)〉+ (1/(2β))‖∇f(x)−∇f(y)‖2.

(v) f is Fréchet differentiable on H and ∇f is (1/β)-cocoercive.
(vi) βq − f is convex.
(vii) f∗ − (1/β)q is convex (i.e., f∗ is 1/β-strongly convex).
(viii) h ∈ Γ0(H) and f = 1/β(h∗) = βq − βh ◦ βId.
(ix) h ∈ Γ0(H) and ∇f = Proxβh ◦ βId = β(Id − Proxh∗/β).

Proof. (i)⇔(ii)⇔(iii)⇔(iv)⇔(v): Set p = 1 in Corollary 18.14.
(v)⇒(vi): Since (1/β)∇f is firmly nonexpansive, so is Id − (1/β)∇f by

Proposition 4.2. Hence, ∇(βq − f) = βId − ∇f is monotone and it follows
from Proposition 17.10 that βq − f is convex.

(vi)⇔(vii): Proposition 14.2.
(vii)⇒(viii): Since f ∈ Γ0(H) and h is convex, Corollary 13.33 yields

h ∈ Γ0(H) and h∗ ∈ Γ0(H). Hence, using successively Corollary 13.33, Propo-
sition 14.1, and Theorem 14.3(i), we obtain f = f∗∗ = (h + (1/β)q)∗ =
1/β(h∗) = βq − βh ◦ βId.

(viii)⇒(ix)⇒(i): Proposition 12.29. ⊓⊔
As seen in Example 4.9, nonexpansive operators may not be firmly nonex-

pansive. Remarkably, the equivalence (i)⇔(v) in Theorem 18.15 asserts that
this is true for the gradient of a convex function f : H → R. We record this
result next, which is known as the Baillon–Haddad theorem.

Corollary 18.16 (Baillon–Haddad) Let f : H → R be a Fréchet differ-
entiable convex function and let β ∈ R++. Then ∇f is β-Lipschitz continuous
if and only if ∇f is (1/β)-cocoercive. In particular, ∇f is nonexpansive if and
only if ∇f is firmly nonexpansive.

Corollary 18.17 Let L ∈ B(H) be self-adjoint and positive, and let x ∈ H.
Then ‖L‖ 〈Lx | x〉 ≥ ‖Lx‖2.
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Proof. Set f : H → R : y 7→ 〈Ly | y〉 /2. It follows from Example 2.46 that
∇f = L is Lipschitz continuous with constant ‖L‖. Hence, the result follows
from the implication (i)⇒(v) in Theorem 18.15. ⊓⊔

Corollary 18.18 Let f ∈ Γ0(H), let β ∈ R++, and set q = (1/2)‖ · ‖2. Then
f is Fréchet differentiable on H with a β-Lipschitz continuous gradient if and
only if f is the Moreau envelope of parameter 1/β of a function in Γ0(H);
more precisely,

f =

(
f∗ − 1

β
q

)∗

� βq. (18.38)

Proof. This follows from the equivalence (i)⇔(viii) in Theorem 18.15. ⊓⊔

Corollary 18.19 Let (fi)i∈I be a finite family of functions in Γ0(H), let
(αi)i∈I be a finite family of real numbers in ]0, 1] such that

∑
i∈I αi = 1,

and set q = (1/2)‖ · ‖2. Then ∑i∈I αi Proxfi is the proximity operator of a
function in Γ0(H); more precisely,

m∑

i=1

αi Proxfi = Proxh, where h =

(∑

i∈I

αi
(
f∗
i �q

))∗

− q. (18.39)

Proof. Set f =
∑

i∈I αi(f
∗
i �q). We derive from Proposition 12.15, Propo-

sition 8.15, and Proposition 12.29 that f : H → R is convex and Fréchet
differentiable on H. Moreover, it follows from (14.7) and Proposition 12.27
that ∇f =

∑
i∈H αi Proxfi is nonexpansive as a convex combination of non-

expansive operators. Hence, using the implication (i)⇒(ix) in Theorem 18.15
with β = 1, we deduce that ∇f = Proxh, where h = f∗ − q ∈ Γ0(H), which
gives (18.39). ⊓⊔

Remark 18.20 Suppose that I = {1, 2} and that α1 = α2 = 1/2 in Corol-
lary 18.19. Then, in view of Corollary 14.8(iv), the function h in (18.39) is
the proximal average pav (f1, f2).

18.6 Differentiability of the Distance to a Set

Proposition 18.21 Let C be a nonempty closed convex subset of H and let
x ∈ C. Then the following are equivalent:

(i) dC is Gâteaux differentiable at x and ∇dC(x) = 0.
(ii) x /∈ sptsC, i.e., (∀u ∈ H r {0}) σC(u) > 〈x | u〉.
(iii) TCx = H, i.e., cone (C − x) = H.

Proof. (i)⇒(ii): Suppose that u ∈ Hr {0}. Since σC and 〈· | u〉 are positively
homogeneous, we assume that ‖u‖ = 1. Let y ∈ H. Then, since dC(x) = 0,
Cauchy–Schwarz yields
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0 = 〈y | ∇dC(x)〉
= lim

α↓0
α−1

(
dC(x+ αy)− dC(x)

)

= lim
α↓0

α−1 inf
z∈C
‖x+ αy − z‖

≥ lim
α↓0

α−1 inf
z∈C
〈x+ αy − z | u〉

= 〈y | u〉+ lim
α↓0

(−α−1) sup
z∈C
〈z − x | u〉

= 〈y | u〉 − lim
α↓0

α−1
(
σC(u)− 〈x | u〉

)

=

{
〈y | u〉 , if σC(u) = 〈x | u〉;
−∞, if σC(u) > 〈x | u〉.

(18.40)

Thus, if σC(u) = 〈x | u〉, then 〈y | u〉 ≤ 0. Since y is an arbitrary point in H,
we obtain u = 0, in contradiction to our hypothesis. Hence σC (u) > 〈x | u〉.

(ii)⇒(iii): Assume that cone (C − x) =
⋃
λ∈R++

λ(C − x) 6= H and take

y ∈ H r cone (C − x). By Theorem 3.38, there exists u ∈ H r {0} such
that 〈y | u〉 > supγ∈R++

γ sup 〈C − x | u〉 = supγ∈R++

(
γ(σC(u) − 〈x | u〉)

)
.

We deduce that σC(u) = 〈x | u〉, which is impossible.
(iii)⇒(i): It follows from Example 16.49 that dom∂dC = H. Hence, in

view of Proposition 17.26(ii), it suffices to check that ∂dC(x) = {0}. Take
u ∈ ∂dC(x). Then (∀y ∈ C) 〈y − x | u〉 ≤ dC(y) − dC(x) = 0. Hence
sup 〈C − x | u〉 ≤ 0, which implies that supλ∈R++

sup 〈λ(C − x) | u〉 ≤ 0 and
thus that sup 〈H | u〉 = sup 〈cone (C − x) | u〉 ≤ 0. Therefore, u = 0. ⊓⊔

The next result complements Corollary 12.30 and Example 16.49.

Proposition 18.22 Let C be a nonempty closed convex subset of H and let
x ∈ H. Then exactly one of the following holds:

(i) Suppose that x ∈ intC. Then dC is Fréchet differentiable at x with
∇dC(x) = 0.

(ii) Suppose that x ∈ bdryC. Then the following hold:

(a) Suppose that x /∈ sptsC. Then dC is not Fréchet differentiable at x,
but dC is Gâteaux differentiable at x with ∇dC(x) = 0.

(b) Suppose that x ∈ sptsC. Then dC is not Gâteaux differentiable at x
and ∂dC(x) = NCx ∩B(0; 1).

(iii) Suppose that x /∈ C. Then dC is Fréchet differentiable at x with
∇dC(x) = (x− PCx)/dC (x).

Proof. (i): There exists ε ∈ R++ such that dC |B(x;ε) = 0, which implies that
dC is Fréchet differentiable at x with ∇dC(x) = 0.

(ii)(a): Proposition 18.21 implies that ∇dC(x) = 0. Since Theorem 7.4
yields sptsC = bdryC, there exists a sequence (xn)n∈N of support points of
C such that xn → x. Let (un)n∈N be such that (∀n ∈ N) σC (un) = 〈xn | un〉
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and ‖un‖ = 1. By Example 16.49, (∀n ∈ N) un ∈ NCxn∩B(0; 1) = ∂dC(xn).
Altogether, (xn, un)n∈N is a sequence in gra∂dC such that xn → x and
un 6→ 0 = ∇dC(x). In view of Proposition 17.32, we conclude that dC is
not Fréchet differentiable at x.

(ii)(b): Let u ∈ NCx r {0}. Then {0, u/‖u‖} ⊂ NCx ∩ B(0; 1) = ∂dC(x)
by Example 16.49. Thus, dC is not Gâteaux differentiable at x by Proposi-
tion 17.26(i).

(iii): Set f = ‖ · ‖ and g = ιC . Then dC = f �g and dC(x) = f(x−PCx)+
g(PCx). Since ‖ ·‖ is Fréchet differentiable at x−PCx with ∇‖·‖(x−PCx) =
(x − PCx)/‖x − PCx‖ by Example 2.52, it follows from Proposition 18.7
that dC is Fréchet differentiable at x and that ∇dC(x) = (x− PCx)/dC(x).
Alternatively, combine Example 16.49, Proposition 17.26(ii), Proposition 4.8,
and Fact 2.50. ⊓⊔

Exercises

Exercise 18.1 Let (ua)a∈A be a family in H, let (ρa)a∈A be a family
in ]−∞,+∞], and set f = supa∈A(〈· | ua〉 − ρa). Show that ran∂f ⊂
conv {ua}a∈A.

Exercise 18.2 Let f : R → R : x 7→ |x|. Compute ∂f(0) (see also Ex-
ample 16.25) in two different ways, using Theorem 18.5 and Proposi-
tion 18.22(ii)(b).

Exercise 18.3 Let f ∈ Γ0(H) and let γ ∈ R++. Use Corollary 18.8 to
establish the Fréchet differentiability of the Moreau envelope γf (see Propo-
sition 12.29).

Exercise 18.4 By providing a counterexample, show that the equivalence
in Corollary 18.11 fails if the assumption dom ∂f = int dom f is removed.

Exercise 18.5 Let K be a real Hilbert space, let L ∈ B(H,K), let r ∈ K,
and let C be a nonempty closed convex subset of H. Set f : H → R : x 7→
‖Lx− r‖2 + ‖x‖2 + d2C(x). Show that f is the Moreau envelope of a function
in Γ0(H).

Exercise 18.6 (Legendre function) Let f ∈ Γ0(H) be such that
dom ∂f = int dom f and dom ∂f∗ = int dom f∗. Suppose that f is Gâteaux
differentiable on int dom f and that f∗ is Gâteaux differentiable on int dom f∗.
These assumptions together mean that f is a Legendre function, as is f∗.
Show that both f and f∗ are strictly convex on the interior of their do-
mains, respectively. Furthermore, show that ∇f : int dom f → int dom f∗ is
a bijection, with inverse ∇f∗.
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Exercise 18.7 Provide five examples of Legendre functions (see Exer-
cise 18.6) and five examples of functions in Γ0(H) that are not Legendre
functions.

Exercise 18.8 Let A ∈ B(H) be positive, self-adjoint, and surjective. Using
Proposition 17.28 and its notation, deduce from Exercise 18.6 that qA is
strictly convex, that q∗A is strictly convex, and that A is bijective.

Exercise 18.9 . Use Fact 2.51 and Corollary 12.30 to give an alternative
proof of Proposition 18.22(iii).

Exercise 18.10 Use Example 7.7 and Proposition 18.22 to construct a func-
tion f ∈ Γ0(H) and a point x ∈ H such that dom f = H, f is Gâteaux
differentiable at x, but f is not Fréchet differentiable at x.

Exercise 18.11 Suppose that H is infinite-dimensional, that C is as in Ex-
ample 6.18, and that Q is as in Exercise 8.17. Set

f : H → R : x 7→ mQ

(
‖x‖2, dC(x)

)
. (18.41)

Prove the following:

(i) f is continuous, convex, and min f(H) = 0 = f(0).
(ii) f is Gâteaux differentiable at 0 and ∇f(0) = 0.
(iii) f is Fréchet differentiable on Hr {0}.
(iv) f is not Fréchet differentiable at 0.



Chapter 19

Duality in Convex Optimization

A convex optimization problem can be paired with a dual problem involv-
ing the conjugates of the functions appearing it its (primal) formulation. In
this chapter, we study the interplay between primal and dual problems in the
context of Fenchel–Rockafellar duality and, more generally, for bivariate func-
tions. The latter approach leads naturally to saddle points and Lagrangians.
Special attention is given to minimization under equality constraints and un-
der inequality constraints. We start with a discussion of instances in which
all primal solutions can be recovered from an arbitrary dual solution.

Throughout this chapter, K is a real Hilbert space.

19.1 Primal Solutions via Dual Solutions

In this section we investigate the connections between primal and dual
solutions in the context of the minimization problem discussed in Defini-
tion 15.19. We recall that given f : H → ]−∞,+∞], g : K → ]−∞,+∞], and
L ∈ B(H,K), the primal problem associated with the composite function
f + g ◦ L is

minimize
x∈H

f(x) + g(Lx), (19.1)

its dual problem is
minimize

v∈K
f∗(L∗v) + g∗(−v), (19.2)

the primal optimal value is µ = inf (f+g ◦L)(H), and the dual optimal value
is µ∗ = inf(f∗ ◦ L∗ + g∗∨)(K). We saw in Proposition 15.21 that µ ≥ −µ∗.
A solution to (19.1) is called a primal solution, and a solution to (19.2) is
called a dual solution. As noted in Remark 15.20, in principle, dual solutions
depend on the ordered triple (f, g, L), and we follow the common convention
adopted in Definition 15.19.
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Theorem 19.1 Let f ∈ Γ0(H), let g ∈ Γ0(K), and let L ∈ B(H,K) be such
that dom g ∩ L(dom f) 6= ∅. Furthermore, set µ = inf(f + g ◦ L)(H), set
µ∗ = inf(f∗ ◦L∗ + g∗∨)(K), let x ∈ H, and let v ∈ K. Then the following are
equivalent:

(i) x is a primal solution, v is a dual solution, and µ = −µ∗.
(ii) L∗v ∈ ∂f(x) and −v ∈ ∂g(Lx).
(iii) x ∈ ∂f∗(L∗v) ∩ L−1(∂g∗(−v)).

Proof. (i)⇔(ii): Since f + g ◦ L is proper, we derive from Theorem 16.23 the
equivalences

(i)⇔ f(x) + g(Lx) = µ = −µ∗ = −
(
f∗(L∗v) + g∗(−v)

)

⇔
(
f(x) + f∗(L∗v)− 〈x | L∗v〉

)
+
(
g(Lx) + g∗(−v) − 〈Lx | −v〉

)
= 0

⇔ L∗v ∈ ∂f(x) and − v ∈ ∂g(Lx). (19.3)

(ii)⇔(iii): Corollary 16.24. ⊓⊔

Corollary 19.2 Let f ∈ Γ0(H), let g ∈ Γ0(K), and let L ∈ B(H,K) be such
that inf(f + g ◦L)(H) = −min(f∗ ◦L∗ + g∗∨)(K) (e.g., one of the conditions
listed in Theorem 15.23, Proposition 15.24, or Fact 15.25 holds), and let v be
an arbitrary solution to the dual problem (19.2). Then the (possibly empty)
set of primal solutions is

Argmin(f + g ◦ L) = ∂f∗(L∗v) ∩ L−1
(
∂g∗(−v)

)
. (19.4)

Next, we present an instance in which the primal solution is uniquely
determined by a dual solution.

Proposition 19.3 Let f ∈ Γ0(H), let g ∈ Γ0(K), and let L ∈ B(H,K) be
such that the following hold:

(i) inf(f + g ◦L)(H) = −min(f∗ ◦L∗+ g∗∨)(K) (e.g., one of the conditions
listed in Theorem 15.23, Proposition 15.24, or Fact 15.25 holds).

(ii) There exists a solution v to the dual problem (19.2) such that f∗ is
Gâteaux differentiable at L∗v.

Then either the primal problem (19.1) has no solution or it has a unique
solution, namely

x = ∇f∗(L∗v). (19.5)

Proof. We derive from Corollary 19.2, (ii), and Proposition 17.26(i) that
Argmin(f + g ◦ L) = ∂f∗(L∗v) ∩ L−1(∂g∗(−v)) ⊂ {∇f∗(L∗v)}, which yields
(19.5). ⊓⊔

Here is an important application of Proposition 19.3. It implies that, if
the objective function of the primal problem is strongly convex, then the
dual problem can be formulated in terms of a Moreau envelope (see Defini-
tion 12.20).
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Proposition 19.4 Let ϕ ∈ Γ0(H), let ψ ∈ Γ0(K), let z ∈ H, let r ∈ K,
and let L ∈ B(H,K) be such that r ∈ sri(domψ − L(domϕ)). Consider the
problem

minimize
x∈H

ϕ(x) + ψ(Lx− r) + 1
2
‖x− z‖2, (19.6)

together with the problem

minimize
v∈K

1(ϕ∗)(L∗v + z) + ψ∗(−v)− 〈v | r〉 , (19.7)

which can also be written as

minimize
v∈K

1
2
‖L∗v + z‖2 − 1ϕ(L∗v + z) + ψ∗(−v)− 〈v | r〉 . (19.8)

Let v be a solution to (19.7). Then (19.6) has a unique solution, namely

x = Proxϕ(L
∗v + z). (19.9)

Proof. The fact that (19.6) admits a unique solution follows from Defini-
tion 12.23, and the fact that (19.7) and (19.8) are identical from (14.6).
Now set f = ϕ + (1/2)‖ · −z‖2 and g = ψ(· − r). Then (19.1) reduces
to (19.6). Moreover, using Proposition 14.1 and Proposition 13.20(iii), we
obtain f∗ : u 7→ 1 (ϕ∗)(u + z) − (1/2)‖z‖2 and g∗ : v 7→ ψ∗(v) + 〈r | v〉,
so that (19.2) reduces to (19.7). Furthermore, it follows from (14.7) that
∇f∗ : u 7→ Proxϕ(u+ z). Thus, the result follows from Proposition 19.3 and
Theorem 15.23. ⊓⊔

Remark 19.5 The (primal) problem (19.6) involves the sum of a composite
convex function and of another convex function. Such problems are not easy
to solve. By contrast, the (dual) problem (19.7) involves a Moreau envelope,
i.e., an everywhere defined differentiable convex function with a Lipschitz
continuous gradient (see Proposition 12.29). As will be seen in Corollary 27.9,
such problems are much easier to solve. This observation will be exploited in
Section 27.5.

Corollary 19.6 Let ϕ ∈ Γ0(H), let z ∈ H, let r ∈ K, let L ∈ B(H,K)
be such that ‖L‖ ≤ 1 and −r ∈ sri(L(domϕ)), and set T : K → K : v 7→
r + v − L(Proxϕ(L∗v + z)). Then T is firmly nonexpansive, FixT 6= ∅, and
for every v ∈ FixT , the unique solution of the problem

minimize
x∈H
Lx=r

ϕ(x) + 1
2
‖x− z‖2 (19.10)

is x = Proxϕ(L
∗v + z).

Proof. Set S =
{
v ∈ K

∣∣ L(Proxϕ(L∗v + z)) = r
}
. The result follows from

Proposition 19.4 with ψ = ι{0}. Indeed, (19.6) turns into (19.10), and the

function to minimize in (19.7) is v 7→ 1(ϕ∗)(L∗v + z)− 〈v | r〉, the gradient
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of which is v 7→ L(Proxϕ(L
∗v + z)) − r. Hence, S is the nonempty set of

solutions of (19.7). Since v 7→ L(Proxϕ(L
∗v + z)) is firmly nonexpansive by

Exercise 4.7, we deduce that T is firmly nonexpansive and that FixT = S.
The conclusion follows from Proposition 19.4. ⊓⊔

We close this section with some applications of Proposition 19.4.

Example 19.7 LetK be a nonempty closed convex cone ofH, let ψ ∈ Γ0(K)
be positively homogeneous, set D = ∂ψ(0), let z ∈ H, let r ∈ K, and let
L ∈ B(H,K) be such that r ∈ sri(domψ − L(K)). Consider the problem

minimize
x∈K

ψ(Lx− r) + 1
2
‖x− z‖2, (19.11)

together with the problem

minimize
−v∈D

1
2
d2K⊖(L∗v + z)− 〈v | r〉 . (19.12)

Let v be a solution to (19.12). Then the unique solution to (19.11) is x =
PK(L∗v + z).

Proof. This is an application of Proposition 19.4 with ϕ = ιK . Indeed, Exam-
ple 13.3(ii) yields ϕ∗ = ιK⊖ , and Proposition 16.18 yields ψ∗ = σ∗

D = ιD. ⊓⊔

Example 19.8 Let K be a nonempty closed convex cone of H, let z ∈ H,
let r ∈ K, and let L ∈ B(H,K). Consider the problem

minimize
x∈K

‖Lx− r‖+ 1
2
‖x− z‖2, (19.13)

together with the problem

minimize
v∈K, ‖v‖≤1

1
2
d2K⊖(L∗v + z)− 〈v | r〉 . (19.14)

Let v be a solution to (19.14). Then the unique solution to (19.13) is x =
PK(L∗v + z).

Proof. This is a special case of Example 19.7 with ψ = ‖ · ‖. Indeed, domψ−
L(K) = K − L(K) = K and Example 16.25 yields D = ∂ψ(0) = B(0; 1). ⊓⊔

Example 19.9 Let C and D be closed convex subsets of H, let z ∈ H,
and let L ∈ B(H,K) be such that 0 ∈ sri(D − L(C)). Consider the best
approximation problem

minimize
x∈C
Lx∈D

‖x− z‖, (19.15)

together with the problem

minimize
v∈K

1
2
‖L∗v + z‖2 − 1

2
d2C(L

∗v + z) + σD(−v). (19.16)
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Let v be a solution to (19.16). Then the unique solution to (19.15) is x =
PC(L

∗v + z).

Proof. Apply Proposition 19.4 with ϕ = ιC , ψ = ιD, and r = 0. ⊓⊔

19.2 Parametric Duality

We explore an abstract duality framework defined on the product H×K.

Definition 19.10 Let F : H×K → ]−∞,+∞]. The associated primal prob-
lem is

minimize
x∈H

F (x, 0), (19.17)

the associated dual problem is

minimize
v∈K

F ∗(0, v), (19.18)

and the associated value function is

ϑ : K → [−∞,+∞] : y 7→ inf F (H, y). (19.19)

Furthermore, x ∈ H is a primal solution if it solves (19.17), and v ∈ K is a
dual solution if it solves (19.18).

Proposition 19.11 Let F : H×K → ]−∞,+∞] and let ϑ be the associated
value function. Then the following hold:

(i) ϑ∗ = F ∗(0, ·).
(ii) − inf F ∗(0,K) = ϑ∗∗(0) ≤ ϑ(0) = inf F (H, 0).

Proof. We assume that F is proper.
(i): Apply Proposition 13.28.
(ii): The first equality follows from (i) and Proposition 13.9(i), and the

second equality follows from (19.19). The inequality follows from Proposi-
tion 13.14(i) applied to ϑ. ⊓⊔

The next result gives a condition under which the inequality in Proposi-
tion 19.11(ii) becomes an equality.

Proposition 19.12 Let F ∈ Γ0(H×K) and suppose that the associated value
function ϑ is lower semicontinuous at 0 with ϑ(0) ∈ R. Then

inf F (H, 0) = − inf F ∗(0,K) ∈ R. (19.20)

Proof. Since F is convex, it follows from Proposition 8.26 that ϑ is convex.
Hence, Proposition 13.38 yields ϑ∗∗(0) = ϑ(0) and the result follows. ⊓⊔
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We now describe the set of dual solutions using the subdifferential of the
(biconjugate of the) value function at 0.

Proposition 19.13 Let F : H×K → ]−∞,+∞], suppose that the associated
value function ϑ is convex and that ϑ∗ is proper, and denote the set of dual
solutions by U . Then the following hold:

(i) U = ∂ϑ∗∗(0).
(ii) ∂ϑ(0) 6= ∅ if and only if ϑ is lower semicontinuous at 0 with

ϑ(0) ∈ R and U 6= ∅, in which case U = ∂ϑ(0) and inf F (H, 0) =
−minF ∗(0,K) ∈ R.

Proof. (i): In view of Proposition 19.11(i), Theorem 16.2, and Corollary 16.24,
we have U = Argminϑ∗ = (∂ϑ∗)−1(0) = ∂ϑ∗∗(0).

(ii): Suppose that ∂ϑ(0) 6= ∅. Using Proposition 16.3(i), Proposition 16.4,
(i), and Proposition 19.12, we obtain 0 ∈ domϑ, ϑ∗∗(0) = ϑ(0), U =
∂ϑ∗∗(0) = ∂ϑ(0) 6= ∅, and hence inf F (H, 0) = −minF ∗(0,K) ∈ R. Now
assume that 0 ∈ domϑ, that ϑ is lower semicontinuous at 0, and that
U 6= ∅. By Proposition 13.38 and (i), ϑ(0) = ϑ∗∗(0) and U = ∂ϑ∗∗(0) 6= ∅.
Now take u ∈ ∂ϑ∗∗(0). Since ϑ∗∗ ≤ ϑ, it follows that (∀x ∈ H) 〈x | u〉 ≤
ϑ∗∗(x) − ϑ∗∗(0) ≤ ϑ(x)− ϑ(0). Therefore, ∅ 6= U = ∂ϑ∗∗(0) ⊂ ∂ϑ(0). ⊓⊔

Proposition 19.14 Let F ∈ Γ0(H × K) and let (x, v) ∈ H × K. Then the
following are equivalent:

(i) x is a primal solution, v is a dual solution, and (19.20) holds.
(ii) F (x, 0) + F ∗(0, v) = 0.
(iii) (0, v) ∈ ∂F (x, 0).
(iv) (x, 0) ∈ ∂F ∗(0, v).

Proof. (i)⇒(ii): F (x, 0) = inf F (H, 0) = − inf F ∗(0,K) = −F ∗(0, v) ∈ R.
Hence F (x, 0) + F ∗(0, v) = 0.

(ii)⇒(i): By Proposition 19.11(ii),

−F ∗(0, v) ≤ − inf F ∗(0,K) ≤ inf F (H, 0) ≤ F (x, 0). (19.21)

(ii)⇔(iii)⇔(iv): It follows from Theorem 16.23 that (ii) ⇔ F (x, 0) +
F ∗(0, v) = 〈(x, 0) | (0, v)〉 ⇔ (iii) ⇔ (iv). ⊓⊔

Definition 19.15 Let F : H×K → ]−∞,+∞]. The Lagrangian of F is the
function

L : H×K → [−∞,+∞] : (x, v) 7→ inf
y∈K

(
F (x, y) + 〈y | v〉

)
. (19.22)

Moreover, (x, v) ∈ H×K is a saddle point of L if

supL(x,K) = L(x, v) = inf L(H, v). (19.23)
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Proposition 19.16 Let F : H × K → ]−∞,+∞] and let L : H × K →
[−∞,+∞] be its Lagrangian. Then the following hold:

(i) For every x ∈ H, L(x, ·) is upper semicontinuous and concave.
(ii) Suppose that F ∈ Γ0(H×K). Then (∀x ∈ H) supL(x,K) = F (x, 0).
(iii) Suppose that F is convex. Then, for every v ∈ K, L(·, v) is convex.
(iv) (∀v ∈ K) inf L(H, v) = −F ∗(0,−v).

Proof. (i): Let x ∈ H and set ϕ = F (x, ·). Then, for every v ∈ K,

L(x, v) = inf
y∈K

(
F (x, y)− 〈y | −v〉

)
= − sup

y∈K

(
〈y | −v〉 − ϕ(y)

)
= −ϕ∗(−v).

(19.24)
Since ϕ∗ is lower semicontinuous and convex by Proposition 13.11, we deduce
that L(x, ·) = −ϕ∗∨ is upper semicontinuous and concave.

(ii): Let x ∈ H and set ϕ = F (x, ·). Then either ϕ ≡ +∞ or ϕ ∈ Γ0(K). It
follows from Corollary 13.33 that ϕ∗∗ = ϕ. In view of (19.24) and Proposi-
tion 13.9(i), we obtain supL(x,K) = − inf ϕ∗(K) = ϕ∗∗(0) = ϕ(0) = F (x, 0).

(iii): Let v ∈ K. Since (x, y) 7→ F (x, y) + 〈y | v〉 is convex, the conclusion
follows from Proposition 8.26.

(iv): For every x ∈ H, L(x, v) = − supy∈K(〈x | 0〉 + 〈y | −v〉 − F (x, y)).
Therefore, inf L(H, v) = − supx∈H supy∈K(〈(x, y) | (0,−v)〉 − F (x, y)) =
−F ∗(0,−v). ⊓⊔

Corollary 19.17 Let F ∈ Γ0(H×K), let L be its Lagrangian, and let (x, v) ∈
H×K. Then the following are equivalent:

(i) x is a primal solution, v is a dual solution, and inf F (H, 0) =
− inf F ∗(0,K) ∈ R.

(ii) F (x, 0) + F ∗(0, v) = 0.
(iii) (0, v) ∈ ∂F (x, 0).
(iv) (x, 0) ∈ ∂F ∗(0, v).
(v) (x,−v) is a saddle point of L.

Proof. (i)⇔(ii)⇔(iii)⇔(iv): Proposition 19.14.
(ii)⇒(v): By Proposition 19.16(iv)&(ii),

F (x, 0) = −F ∗(0, v) = inf L(H,−v) ≤ L(x,−v) ≤ supL(x,K) = F (x, 0).
(19.25)

(v)⇒(ii): Using Proposition 19.16(iv)&(ii), we get

−F ∗(0, v) = inf L(H,−v) = L(x,−v) = supL(x,K) = F (x, 0). (19.26)

Hence, since F is proper, −F ∗(0, v) = F (x, 0) ∈ R. ⊓⊔
The following proposition illustrates how a bivariate function can be as-

sociated with a minimization problem, its second variable playing the role
of a perturbation. In this particular case, we recover the Fenchel–Rockafellar
duality framework discussed in Section 15.3 and in Section 19.1.
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Proposition 19.18 Let f ∈ Γ0(H), let g ∈ Γ0(K), and let L ∈ B(H,K) be
such that dom g ∩ L(dom f) 6= ∅. Set

F : H×K → ]−∞,+∞] : (x, y) 7→ f(x) + g(Lx− y). (19.27)

Then the following hold:

(i) F ∈ Γ0(H×K).
(ii) The primal problem is

minimize
x∈H

f(x) + g(Lx). (19.28)

(iii) The dual problem is

minimize
v∈K

f∗(L∗v) + g∗(−v). (19.29)

(iv) The Lagrangian is

L : H×K → [−∞,+∞]

(x, v) 7→





−∞, if x ∈ dom f and v /∈ dom g∗;

f(x) + 〈Lx | v〉 − g∗(v), if x ∈ dom f and v ∈ dom g∗;

+∞, if x /∈ dom f.

(19.30)

(v) Suppose that the optimal values µ of (19.28) and µ∗ of (19.29) satisfy
µ = −µ∗ ∈ R, and let (x̄, v̄) ∈ H × K. Then (x̄, v̄) is a saddle point of
L if and only if

−L∗v̄ ∈ ∂f(x̄) and v̄ ∈ ∂g(Lx̄). (19.31)

Proof. (i): This follows easily from the assumptions on f , g, and L.
(ii): This follows from (19.17) and (19.27).
(iii): Let v ∈ K. Then

F ∗(0, v) = sup
(x,y)∈H×K

(
〈y | v〉 − f(x)− g(Lx− y)

)

= sup
x∈H

(
〈x | L∗v〉 − f(x) + sup

z∈K

(
〈z | −v〉 − g(z)

))

=
(
f∗ ◦ L∗

)
(v) + g∗(−v). (19.32)

Hence, the result follows from (19.18).
(iv): For every (x, v) ∈ H×K, we derive from (19.22) and (19.27) that

L(x, v) = f(x) + inf
y∈K

(
g(Lx− y) + 〈y | v〉

)
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=

{
f(x) + 〈Lx | v〉 + inf

z∈K

(
g(z)− 〈z | v〉

)
, if x ∈ dom f ;

+∞, if x /∈ dom f

=




f(x) + 〈Lx | v〉 − sup

z∈K

(
〈z | v〉 − g(z)

)
, if x ∈ dom f ;

+∞, if x /∈ dom f

=

{
f(x) + 〈Lx | v〉 − g∗(v), if x ∈ dom f ;

+∞, if x /∈ dom f,
(19.33)

which yields (19.30).
(v): Since F ∈ Γ0(H×K), we derive from Corollary 19.17 that (x̄, v̄) is a

saddle point of L if and only if x̄ is a solution to (19.28) and −v̄ is a solution
to (19.29). Hence, the conclusion follows from Theorem 19.1. ⊓⊔

19.3 Minimization under Equality Constraints

In this section, we apply the setting of Section 19.2 to convex optimization
problems with affine equality constraints.

Proposition 19.19 Let f ∈ Γ0(H), let L ∈ B(H,K), and let r ∈ L(dom f).
Set

F : H×K → ]−∞,+∞] : (x, y) 7→
{
f(x), if Lx = y + r;

+∞, if Lx 6= y + r.
(19.34)

Then the following hold:

(i) F ∈ Γ0(H×K).
(ii) The primal problem is

minimize
x∈H
Lx=r

f(x). (19.35)

(iii) The dual problem is

minimize
v∈K

f∗(L∗v)− 〈v | r〉 . (19.36)

(iv) The Lagrangian is

L : H×K → ]−∞,+∞]

(x, v) 7→
{
f(x) + 〈Lx− r | v〉 , if x ∈ dom f ;

+∞, if x /∈ dom f.
(19.37)

(v) Suppose that the optimal values µ of (19.35) and µ∗ of (19.36) satisfy
µ = −µ∗ ∈ R, and let (x̄, v̄) ∈ H × K. Then (x̄, v̄) is a saddle point of
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L if and only if −L∗v̄ ∈ ∂f(x̄) and Lx̄ = r. In this case,

f(x̄) = min f
(
L−1({r})

)
= minL(H, v̄). (19.38)

Proof. All the results, except (19.38), are obtained by setting g = ι{r} in
Proposition 19.18. To prove (19.38), note that Corollary 19.17 and Proposi-
tion 19.16 yield f(x̄) = F (x̄, 0) = −F ∗(0,−v̄) = inf L(H, v) = L(x̄, v̄). ⊓⊔

Remark 19.20 In the setting of Proposition 19.19, let (x̄, v̄) be a saddle
point of the Lagrangian (19.37). Then v̄ is called a Lagrange multiplier asso-
ciated with the solution x̄ to (19.35). In view of (19.38) and (19.37), x̄ solves
the unconstrained minimization problem

minimize
x∈H

f(x) + 〈x | L∗v̄〉 . (19.39)

An important application of Proposition 19.19 is in the context of problems
involving finitely many scalar affine equalities.

Corollary 19.21 Let f ∈ Γ0(H), let m be a strictly positive integer, set I =
{1, . . . ,m}, let (ui)i∈I ∈ Hm, and let (ρi)i∈I ∈

{
(〈x | ui〉)i∈I

∣∣ x ∈ dom f
}
.

Set

F : H× Rm → ]−∞,+∞] (19.40)

(
x, (ηi)i∈I

)
7→
{
f(x), if (∀i ∈ I) 〈x | ui〉 = ηi + ρi;

+∞, otherwise.
(19.41)

Then the following hold:

(i) F ∈ Γ0(H×K).
(ii) The primal problem is

minimize
x∈H

〈x|u1〉=ρ1,...,〈x|um〉=ρm

f(x). (19.42)

(iii) The dual problem is

minimize
(νi)i∈I∈R

m
f∗

(∑

i∈I

νiui

)
−
∑

i∈I

νiρi. (19.43)

(iv) The Lagrangian is

L : H× Rm → [−∞,+∞]

(
x, (νi)i∈I

)
7→





f(x) +

∑

i∈I

νi(〈x | ui〉 − ρi), if x ∈ dom f ;

+∞, if x /∈ dom f.
(19.44)
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(v) Suppose that the optimal values µ of (19.42) and µ∗ of (19.43) satisfy
µ = −µ∗ ∈ R, and let (x̄, (ν̄i)i∈I) ∈ H × Rm. Then (x̄, (ν̄i)i∈I) is a
saddle point of L if and only if

−
∑

i∈I

ν̄iui ∈ ∂f(x̄) and (∀i ∈ I) 〈x̄ | ui〉 = ρi, (19.45)

in which case x̄ is a solution to both (19.42) and the unconstrained
minimization problem

minimize
x∈H

f(x) +
∑

i∈I

ν̄i 〈x | ui〉. (19.46)

Proof. Apply Proposition 19.19 with K = Rm, r = (ρi)i∈I , and L : x 7→
(〈x | ui〉)i∈I . ⊓⊔

19.4 Minimization under Inequality Constraints

To use a fairly general notion of inequality, we require the following notion
of convexity with respect to a cone.

Definition 19.22 Let K be a nonempty closed convex cone in K and let
R : H → K. Then R is convex with respect to K if

(∀x ∈ H)(∀y ∈ H)(∀α ∈ ]0, 1[)

R
(
αx+ (1− α)y

)
− αRx− (1− α)Ry ∈ K. (19.47)

Proposition 19.23 Let f ∈ Γ0(H), let K be a nonempty closed convex cone
in K, and let R : H → K be continuous, convex with respect to K, and such
that K ∩R(dom f) 6= ∅. Set

F : H×K → ]−∞,+∞] : (x, y) 7→
{
f(x), if Rx ∈ y +K;

+∞, if Rx /∈ y +K.
(19.48)

Then the following hold:

(i) F ∈ Γ0(H×K).
(ii) The primal problem is

minimize
x∈H
Rx∈K

f(x). (19.49)

(iii) The dual problem is

minimize
v∈K⊕

ϕ(v), where ϕ : v 7→ sup
x∈H

(
〈Rx | v〉 − f(x)

)
. (19.50)
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(iv) The Lagrangian is

L : H×K → [−∞,+∞]

(x, v) 7→





−∞, if x ∈ dom f and v /∈ K⊖;

f(x) + 〈Rx | v〉 , if x ∈ dom f and v ∈ K⊖;

+∞, if x /∈ dom f.

(19.51)

(v) Let (x̄, v̄) ∈ H×K. Then (x̄, v̄) is a saddle point of L if and only if





x̄ ∈ dom f,

Rx̄ ∈ K,
v̄ ∈ K⊖,

f(x̄) = inf
x∈H

(
f(x) + 〈Rx | v̄〉

)
,

(19.52)

in which case 〈Rx̄ | v̄〉 = 0 and x̄ is a primal solution.

Proof. (i): The assumptions imply that F is proper and that F1 : (x, y) 7→ f(x)
is lower semicontinuous and convex. Hence, by Corollary 9.4, it remains to
check that F2 : (x, y) 7→ ιK(Rx−y) is likewise, which amounts to showing that
C =

{
(x, y) ∈ H×K

∣∣ Rx− y ∈ K
}
is closed and convex. The closedness of

C follows easily from the continuity of R and the closedness of K. Now take
(x1, y1) and (x2, y2) in C and α ∈ ]0, 1[. Then Rx1 − y1 ∈ K, Rx2 − y2 ∈ K ,
and, by convexity of K , αRx1 + (1− α)Rx2 − (αy1 + (1− α)y2) = α(Rx1 −
y1) + (1−α)(Rx2 − y2) ∈ K. On the other hand, it follows from (19.47) that
R(αx1 + (1− α)x2)− αRx1 − (1− α)Rx2 ∈ K . Adding these two inclusions
yields R(αx1 + (1 − α)x2)− (αy1 + (1 − α)y2) ∈ K +K = K. We conclude
that α(x1, y1) + (1− α)(x2, y2) ∈ C and hence that C is convex.

(ii): This follows from (19.17) and (19.48).
(iii): Let v ∈ K. Then

F ∗(0, v) = sup
(x,y)∈H×K

(
〈y | v〉 − f(x)− ιK(Rx− y)

)

= sup
x∈H

(
〈Rx | v〉 − f(x) + sup

y∈K
Rx−y∈K

〈Rx− y | −v〉
)

= sup
x∈H

(
〈Rx | v〉 − f(x) + sup

z∈K
〈z | −v〉

)

= sup
x∈H

(
〈Rx | v〉 − f(x)

)
+ ιK⊖(−v)

= sup
x∈H

(
〈Rx | v〉 − f(x)

)
+ ιK⊕(v). (19.53)

Hence, the result follows from (19.18).
(iv): Let (x, v) ∈ H ×K. Then (19.22) and (19.48) yield



19.4 Minimization under Inequality Constraints 287

L(x, v) = inf
y∈K

(
f(x) + ιK(Rx− y) + 〈y | v〉

)
. (19.54)

If x /∈ dom f , then, for every y ∈ K, f(x) + ιK(Rx− y) + 〈y | v〉 = +∞ and,
therefore, L(x, v) = +∞. Now suppose that x ∈ dom f . Then f(x) ∈ R and
we derive from (19.54) that

L(x, v) = f(x) + inf
y∈K

Rx−y∈K

〈y | v〉

= f(x) + 〈Rx | v〉 − sup
z∈K
〈z | v〉

= f(x) + 〈Rx | v〉 − ιK⊖(v), (19.55)

which yields (19.51).
(v): We derive from (19.48) and (19.53) that

F (x̄, 0) + F ∗(0,−v̄) = 0⇔





x̄ ∈ dom f,

Rx̄ ∈ K,
−v̄ ∈ K⊕,

f(x̄) + sup
x∈H

(
〈Rx | −v̄〉 − f(x)

)
= 0

⇔ (19.52). (19.56)

Using the equivalence (v)⇔(ii) in Corollary 19.17, we obtain the first result.
Next, we derive from (19.52) that 〈Rx̄ | v̄〉 ≤ 0 and f(x̄) ≤ f(x̄) + 〈Rx̄ | v̄〉.
Hence, since f(x̄) ∈ R, 〈Rx̄ | v̄〉 = 0. Finally, x̄ is a primal solution by Corol-
lary 19.17. ⊓⊔

Remark 19.24 In the setting of Proposition 19.23, suppose that (x̄, v̄) is a
saddle point of the Lagrangian (19.51). Then v̄ is called a Lagrange multiplier
associated with the solution x̄ to (19.49). It follows from Proposition 19.23(v)
that x̄ solves the unconstrained minimization problem

minimize
x∈H

f(x) + 〈Rx | v̄〉 . (19.57)

Conditions for the existence of Lagrange multipliers will be discussed in Sec-
tion 26.3, in Section 26.4, and in Section 26.5. For specific examples, see
Chapter 28.

Example 19.25 Let f ∈ Γ0(H), let z ∈ H, and let K be a closed convex
cone in H such that z ∈ (dom f)−K. Set

F : H×H → ]−∞,+∞] : (x, y) 7→
{
f(x), if x ∈ y + z +K ;

+∞, if x /∈ y + z +K.
(19.58)

Then the following hold:
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(i) F ∈ Γ0(H×H).
(ii) The primal problem is

minimize
x∈z+K

f(x). (19.59)

(iii) The dual problem is

minimize
u∈K⊕

f∗(u)− 〈z | u〉 . (19.60)

(iv) The Lagrangian is

L : H×H → [−∞,+∞]

(x, u) 7→





−∞, if x ∈ dom f and u /∈ K⊖;

f(x) + 〈x− z | u〉 , if x ∈ dom f and u ∈ K⊖;

+∞, if x /∈ dom f.

(19.61)

(v) Let (x̄, ū) ∈ H×H. Then (x̄, ū) is a saddle point of L if and only if





x̄ ∈ (z +K) ∩ dom f,

ū ∈ K⊖,

x̄ ∈ Argmin
(
f + 〈· | ū〉

)
,

(19.62)

in which case 〈x̄ | ū〉 = 〈z | ū〉 and x̄ is a primal solution.

Proof. Apply Proposition 19.23 to K = H and R : x 7→ x− z. ⊓⊔

Example 19.26 Suppose that H = R2, let φ ∈ Γ0(R) be such that 0 ∈
domφ, set γ = inf φ(R), and set

F : H× R→ ]−∞,+∞]

(
(ξ1, ξ2), y

)
7→
{
φ(ξ2), if ‖(ξ1, ξ2)‖ − ξ1 ≤ y;
+∞, otherwise.

(19.63)

Then the following hold:

(i) F ∈ Γ0(H× R).
(ii) The primal problem is

minimize
(ξ1,ξ2)∈H

‖(ξ1,ξ2)‖≤ξ1

φ(ξ2), (19.64)

the optimal value of (19.64) is µ = φ(0), and the set of primal solutions
is R+ × {0}.

(iii) The dual problem is
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minimize
v∈R−

sup
(ξ1,ξ2)∈H

(
v
(
‖(ξ1, ξ2)‖ − ξ1

)
− φ(ξ2)

)
, (19.65)

the optimal value of (19.65) is µ∗ = −γ, and the set of dual solutions is
R−.

(iv) The Lagrangian is

L : H× R→ [−∞,+∞]

(
(ξ1, ξ2), v

)
7→





−∞, if ξ2 ∈ domφ and v < 0;

φ(ξ2) + v
(
‖(ξ1, ξ2)‖ − ξ1

)
, if ξ2 ∈ domφ and v ≥ 0;

+∞, if ξ2 /∈ domφ.

(19.66)

(v) The Lagrangian L admits a saddle point if and only if φ(0) = γ, in
which case the set of saddle points is (R+ × {0})× R+.

(vi) The value function (see (19.19)) is

ϑ : R→ [−∞,+∞] : y 7→






γ, if y > 0;

φ(0), if y = 0;

+∞, if y < 0.

(19.67)

Proof. Set f : H → ]−∞,+∞] : (ξ1, ξ2) 7→ φ(ξ2). Then f ∈ Γ0(H). Set K = R,
K = R−, andR : H → R : (ξ1, ξ2) 7→ ‖(ξ1, ξ2)‖−ξ1. Then (0, 0) ∈ R×domφ =
dom f and hence 0 ∈ K ∩ R(dom f). Moreover, the bivariate function F in
(19.48) is that deriving from (19.63).

(i): Proposition 19.23(i).
(ii): Proposition 19.23(ii) yields (19.64). Now let (ξ1, ξ2) ∈ H. Since 0 ≤

‖(ξ1, ξ2)‖ − ξ1, it follows that ‖(ξ1, ξ2)‖ ≤ ξ1 ⇔ ‖(ξ1, ξ2)‖ = ξ1 ⇔ (ξ1, ξ2) ∈
R+ × {0}, in which case f(ξ1, ξ2) = φ(0).

(iii): Proposition 19.23(iii) yields (19.65). Let us determine

ϕ : R− → ]−∞,+∞] : v 7→ sup
(ξ1,ξ2)∈H

(
v
(
‖(ξ1, ξ2)‖ − ξ1

)
− φ(ξ2)

)
. (19.68)

Let v ∈ R− and let (ξ1, ξ2) ∈ H. Then v(‖(ξ1, ξ2)‖ − ξ1)− φ(ξ2) ≤ −φ(ξ2) ≤
−γ and thus ϕ(v) ≤ −γ. On the other hand, since ‖(ξ1, ξ2)‖ − ξ1 → 0 as
ξ1 → +∞, we deduce that ϕ(v) = −γ.

(iv): Proposition 19.23(iv).
(v): This follows from Proposition 19.23(v) and computation of ϕ in (iii).
(vi): The details are left as Exercise 19.9. ⊓⊔

Remark 19.27 Consider the setting of Example 19.26. If γ < φ(0), then L

has no saddle point and it follows from Corollary 19.17 that the duality gap is
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nonzero, even though primal and dual solutions exist. The choice φ = exp∨,
for which γ = 0 < 1 = φ(0), then leads to Duffin’s duality gap.

The application presented next is referred to as the convex programming
problem.

Corollary 19.28 Let f ∈ Γ0(H), let m and p be integers such that m >
p > 0, set I = {1, . . . , p}, set J = {p + 1, . . . ,m}, let (gi)i∈I be real-valued
functions in Γ0(H), suppose that (uj)j∈J are vectors in H, and let (ρj)j∈J ∈
Rm−p be such that
{
x ∈ dom f

∣∣∣ max
i∈I

gi(x) ≤ 0 and max
j∈J
| 〈x | uj〉 − ρj | = 0

}
6= ∅. (19.69)

Set

F : H× Rm → ]−∞,+∞] (19.70)

(
x, (ηi)i∈I∪J

)
7→





f(x), if

{
(∀i ∈ I) gi(x) ≤ ηi,
(∀j ∈ J) 〈x | uj〉 = ηj + ρj ;

+∞, otherwise.

(19.71)

Then the following hold:

(i) F ∈ Γ0(H× Rm).
(ii) The primal problem is

minimize
x∈H

g1(x)≤0,...,gp(x)≤0
〈x|up+1〉=ρp+1,...,〈x|um〉=ρm

f(x). (19.72)

(iii) The dual problem is

minimize
(νi)i∈I∈R

p
−

(νj)j∈J∈R
m−p

sup
x∈H

(∑

i∈I

νigi(x) +
∑

j∈J

νj
(
〈x | uj〉 − ρj

)
− f(x)

)
.

(19.73)

(iv) The Lagrangian is

L : H× Rm → [−∞,+∞]
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(
x, (νi)i∈I∪J

)
7→






−∞, if x ∈ dom f and (νi)i∈I /∈ R
p
+;

f(x) +
∑

i∈I

νigi(x) +
∑

j∈J

νj
(
〈x | uj〉 − ρj

)
,

if x ∈ dom f and (νi)i∈I ∈ R
p
+;

+∞, if x /∈ dom f.

(19.74)

(v) Suppose that (x̄, (ν̄i)i∈I∪J ) is a saddle point of L. Then x̄ is a solution
to both (19.72) and the unconstrained minimization problem

minimize
x∈H

f(x) +
∑

i∈I

ν̄igi(x) +
∑

j∈J

ν̄j 〈x | uj〉. (19.75)

Moreover,

(∀i ∈ I)
{
ν̄i = 0, if gi(x̄) < 0;

ν̄i < 0, if gi(x̄) = 0.
(19.76)

Proof. Apply Proposition 19.23 with K = Rm, K = R
p
− × {0}m−p

(hence K⊖ = R
p
+ × Rm−p and K⊕ = R

p
− × Rm−p), and R : x 7→

(g1(x), . . . , gp(x), 〈x | up+1〉 − ρp+1, . . . , 〈x | um〉 − ρm). Note that the con-
tinuity of R follows from Corollary 8.30(ii). ⊓⊔

Remark 19.29 As in Remark 19.24, the parameters (ν̄i)i∈I in Corol-
lary 19.28(v) are the Lagrange multipliers associated with the solution x̄
to (19.72). Condition (19.76) on the multipliers (ν̄i)i∈I corresponding to the
inequality constraints is a complementary slackness condition.

Exercises

Exercise 19.1 Let F ∈ Γ0(H×K) and suppose that

inf F (H, 0) = − inf F ∗(0,K) ∈ R. (19.77)

Show that the associated value function defined in (19.19) is lower semicon-
tinuous at 0.

Exercise 19.2 Let F ∈ Γ0(H ×K) with associated value function ϑ. Show
that inf F (H, 0) = − inf F ∗(0,K) ∈ R if and only if ϑ(0) ∈ R and ϑ is lower
semicontinuous at 0.

Exercise 19.3 Let L : H×K → [−∞,+∞], let (x̄, v̄) ∈ H ×K, and denote
the set of saddle points of L by S. Prove the following:
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(i) sup
v∈K

inf
x∈H

L(x, v) ≤ inf
x∈H

sup
v∈K

L(x, v).

(ii) (x̄, v̄) ∈ S ⇔ inf
x∈H

L(x, v̄) = sup
v∈K

L(x̄, v).

(iii) Suppose that (x̄, v̄) ∈ S. Then

sup
v∈K

inf
x∈H

L(x, v) = L(x̄, v̄) = inf
x∈H

sup
v∈K

L(x, v). (19.78)

Exercise 19.4 Let f : H → R, and let K ∈ {{0},R+,R−,R}. In each case,
what does it means to say that f is convex with respect to K (see Defini-
tion 19.22)?

Exercise 19.5 Derive Proposition 19.23(iii) from Proposition 19.16(iv) and
Proposition 19.23(iv).

Exercise 19.6 Recover Corollary 19.21 from Corollary 19.28.

Exercise 19.7 In the setting of Proposition 19.23, prove that −v is a dual
solution if and only if

inf
x∈dom f

L(x, v) = sup
w∈K⊖

inf
x∈dom f

L(x,w). (19.79)

Exercise 19.8 Consider Corollary 19.28 when H = R, f : x 7→ x, p = 1,
m = 2, g1 : x 7→ x2, u2 = 0, and ρ2 = 0. Determine F , the primal problem,
the dual problem, the Lagrangian, all saddle points, and the value function.

Exercise 19.9 Check the details in Example 19.26(vi).

Exercise 19.10 In the setting of Example 19.26(vi), determine when the
value function ϑ is lower semicontinuous at 0 and when ∂ϑ(0) 6= ∅. Is it
possible that ϑ(0) = −∞?



Chapter 20

Monotone Operators

The theory of monotone set-valued operators plays a central role in many
areas of nonlinear analysis. A prominent example of a monotone operator is
the subdifferential operator investigated in Chapter 16. Single-valued mono-
tone operators will be seen to be closely related to the nonexpansive operators
studied in Chapter 4. Our investigation of monotone operators will rely heav-
ily on the Fitzpatrick function.

The conventions introduced in Section 1.2 will be used. In particular, an
operator A : H → 2H such that, for every x ∈ H, Ax is either empty or a
singleton will be identified with the corresponding (at most) single-valued
operator. Conversely, if D is a nonempty subset of H and T : D→ H, then T
will be identified with the set-valued operator A : H → 2H, where, for every
x ∈ H, Ax = {Tx} if x ∈ D, and Ax = ∅ otherwise.

20.1 Monotone Operators

Definition 20.1 Let A : H → 2H. Then A is monotone if

(
∀(x, u) ∈ graA

)(
∀(y, v) ∈ graA

)
〈x− y | u− v〉 ≥ 0. (20.1)

A subset of H×H is monotone if it is the graph of a monotone operator.

Proposition 20.2 Let A : H → 2H. Then the following are equivalent:

(i) A is monotone.
(ii) A is accretive, i.e.,

(
∀(x, u) ∈ graA

)(
∀(y, v) ∈ graA

)(
∀α ∈ [0, 1]

)

‖x− y + α(u− v)‖ ≥ ‖x− y‖. (20.2)

(iii) The following holds.
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(
∀(x, u) ∈ graA

)(
∀(y, v) ∈ graA

)

‖y − u‖2 + ‖x− v‖2 ≥ ‖x− u‖2 + ‖y − v‖2. (20.3)

Proof. (20.2)⇔(20.1): This follows from (20.1) and Lemma 2.12(i).
(20.3)⇔(20.1): Use Lemma 2.11(i). ⊓⊔

Example 20.3 Let f : H → ]−∞,+∞] be proper. Then ∂f is monotone.

Proof. Take (x, u) and (y, v) in gra∂f . Then, by (16.1), 〈x− y | u〉 + f(y) ≥
f(x) and 〈y − x | v〉 + f(x) ≥ f(y). Adding these inequalities, we conclude
that 〈x− y | u− v〉 ≥ 0. ⊓⊔

Example 20.4 Suppose that H = R, let D be a nonempty subset of H, and
let A : D → H be increasing. Then A is monotone.

Example 20.5 Let D be a nonempty subset of H and let T : D → H be
cocoercive (in particular, firmly nonexpansive). Then T is monotone.

Proof. See (4.5). ⊓⊔

Example 20.6 Let D be a nonempty subset of H and let T : D → H be
α-averaged, with α ∈ ]0, 1/2]. Then T is monotone.

Proof. Combine Remark 4.27 with Example 20.5, or use the equivalence
(i)⇔(iv) in Proposition 4.25. ⊓⊔

Example 20.7 Let D be a nonempty subset of H, let T : D → H be non-
expansive, let α ∈ [−1, 1], and set A = Id + αT . Then, for every x ∈ D and
every y ∈ D,

〈x− y | Ax− Ay〉 = ‖x− y‖2 + α 〈x− y | Tx− Ty〉
≥ ‖x− y‖

(
‖x− y‖ − |α| ‖Tx− Ty‖

)

≥ 0. (20.4)

Consequently, A is monotone.

Example 20.8 Let D be a nonempty subset of H, let T : D → H, and set
A = Id− T . Then the following are equivalent:

(i) T is pseudononexpansive (or pseudocontractive), i.e.,

(∀x ∈ D)(∀y ∈ D) ‖Tx−Ty‖2 ≤ ‖x− y‖2+ ‖(Id−T )x− (Id−T )y‖2.
(20.5)

(ii) A is monotone.

Proof. Take x and y in D. Then ‖x−y‖2+‖(Id−T )x− (Id−T )y‖2 ≥ ‖Tx−
Ty‖2⇔ ‖x−y‖2+‖x−y‖2−2 〈x− y | Tx− Ty〉+‖Tx−Ty‖2 ≥ ‖Tx−Ty‖2
⇔ ‖x− y‖2 − 〈x− y | Tx− Ty〉 ≥ 0 ⇔ 〈x− y | Ax−Ay〉 ≥ 0. ⊓⊔
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Example 20.9 Let H be a real Hilbert space, let T ∈ R++, and suppose
that H = L2([0, T ];H) (see Example 2.7). Furthermore, let A be the time-
derivative operator (see Example 2.9)

A : H → 2H : x 7→
{
{x′}, if x ∈ D;

∅, otherwise,
(20.6)

where (initial condition)

D =
{
x ∈ W 1,2([0, T ];H)

∣∣ x(0) = x0

}
for some x0 ∈ H (20.7)

or (periodicity condition)

D =
{
x ∈W 1,2([0, T ];H)

∣∣ x(0) = x(T )
}
. (20.8)

Then A is monotone.

Proof. Take x and y in D = domA. Then

〈x− y | Ax− Ay〉 =
∫ T

0

〈x(t)− y(t) | x′(t)− y′(t)〉
H
dt

=
1

2

∫ T

0

d‖x(t) − y(t)‖2
H

dt
dt

=
1

2

(
‖x(T )− y(T )‖2

H
− ‖x(0)− y(0)‖2

H

)

≥ 0, (20.9)

which shows that A is monotone. ⊓⊔
Further examples can be constructed via the following monotonicity-

preserving operations.

Proposition 20.10 Let K be a real Hilbert space, let A : H → 2H and
B : K → 2K be monotone operators, let L ∈ B(H,K), and let γ ∈ R+. Then
the operators A−1, γA, and A+ L∗BL are monotone.

Proposition 20.11 Let (Ω,F, µ) be a measure space, let (H, 〈· | ·〉
H
) be a

real Hilbert space, and let A : H → 2H be a monotone operator. Suppose that
H = L2((Ω,F, µ);H) and define A : H → 2H via

graA =
{
(x, u) ∈ H ×H

∣∣ (x(ω), u(ω)
)
∈ graA µ-a.e. on Ω

}
. (20.10)

Then A is monotone.

Proof. Take (x, u) and (y, v) in graA. By monotonicity of A,

〈x(ω)− y(ω) | u(ω)− v(ω)〉
H
≥ 0 µ-a.e. on Ω. (20.11)
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In view of Example 2.5, integrating these inequalities over Ω with respect to
µ, we obtain

〈x− y | u− v〉 =
∫

Ω

〈x(ω)− y(ω) | u(ω)− v(ω)〉
H
µ(dω) ≥ 0, (20.12)

which shows that A is monotone. ⊓⊔
Monotone operators also arise naturally in the study of best approximation

and farthest-point problems.

Example 20.12 Let C be a nonempty subset of H and let ΠC be the set-
valued projector onto C defined in (3.12). Then ΠC is monotone.

Proof. Take (x, u) and (y, v) in graΠC . Then ‖x−u‖ = dC(x) ≤ ‖x− v‖ and
‖y− v‖ = dC(y) ≤ ‖y−u‖. Hence ‖x−u‖2+ ‖y− v‖2 ≤ ‖x− v‖2+ ‖y−u‖2.
Now expand the squares and simplify to obtain the monotonicity of ΠC . ⊓⊔

Example 20.13 Let C be a nonempty bounded subset of H and denote by

ΦC : H → 2H : x 7→
{
u ∈ C

∣∣ ‖x− u‖ = sup ‖x− C‖
}

(20.13)

its farthest-point operator. Then −ΦC is monotone.

Proof. Suppose that (x, u) and (y, v) are in graΦC . Then ‖x− u‖ ≥ ‖x− v‖
and ‖y − v‖ ≥ ‖y − u‖. Hence ‖x − u‖2 + ‖y − v‖2 ≥ ‖x − v‖2 + ‖y − u‖2.
Now expand the squares and simplify to see that −ΦC is monotone. ⊓⊔

Next, we provide two characterizations of monotonicity.

Proposition 20.14 Let A : H → 2H and set F = 〈· | ·〉. Then the following
are equivalent:

(i) A is monotone.
(ii) For all finite families (αi)i∈I in ]0, 1[ such that

∑
i∈I αi = 1 and

(xi, ui)i∈I in graA, we have

F

(∑

i∈I

αi(xi, ui)

)
≤
∑

i∈I

αiF (xi, ui). (20.14)

(iii) F is convex on graA.

Proof. This follows from Lemma 2.13(i). ⊓⊔
We devote the remainder of this section to linear monotone operators.

Example 20.15 Let A : H → H be linear. Then A is monotone if and only
if (∀x ∈ H) 〈Ax | x〉 ≥ 0.

Example 20.16 Let A ∈ B(H). Then the following hold:
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(i) A is monotone ⇔ A+ A∗ is monotone ⇔ A∗ is monotone.
(ii) A∗A, AA∗, A− A∗, and A∗ −A are monotone.

Proposition 20.17 Let A ∈ B(H) be monotone. Then kerA = kerA∗ and
ranA = ranA∗.

Proof. Take x ∈ kerA and v ∈ ranA, say v = Ay. Then (∀α ∈ R)
0 ≤ 〈αx+ y | A(αx + y)〉 = α 〈x | v〉 + 〈y | Ay〉. Hence 〈x | v〉 = 0 and thus
kerA ⊂ (ranA)⊥ = kerA∗ by Fact 2.18(iv). Since A∗ ∈ B(H) is also mono-
tone, we obtain kerA∗ ⊂ kerA∗∗ = kerA. Altogether, kerA = kerA∗ and
therefore ranA = ranA∗ by Fact 2.18(iii). ⊓⊔

Fact 20.18 [214, Chapter VII] Let A and B be self-adjoint monotone oper-
ators in B(H) such that AB = BA. Then AB is monotone.

Example 20.19 Set

A =

[
1 1
1 1

]
, B =

[
1 0
0 0

]
, and C =

[
0 −1
1 0

]
. (20.15)

Then A, B, C, and −C are continuous, linear, and monotone operators from
R2 to R2. However, neither AB nor C2 is monotone. This shows that the as-
sumption on self-adjointness and commutativity in Fact 20.18 are important.

20.2 Maximally Monotone Operators

Definition 20.20 Let A : H → 2H be monotone. Then A is maximally
monotone (or maximal monotone) if there exists no monotone operator
B : H → 2H such that graB properly contains graA, i.e., for every (x, u) ∈
H×H,

(x, u) ∈ graA ⇔ (∀(y, v) ∈ graA) 〈x− y | u− v〉 ≥ 0. (20.16)

Theorem 20.21 Let A : H → 2H be monotone. Then there exists a maxi-
mally monotone extension of A, i.e., a maximally monotone operator Ã : H →
2H such that graA ⊂ gra Ã.

Proof. Assume first that graA 6= ∅ and set

M =
{
B : H → 2H

∣∣ B is monotone and graA ⊂ graB
}
. (20.17)

Then M is nonempty and partially ordered via (∀B1 ∈ M)(∀B2 ∈ M)
B1 4 B2 ⇔ graB1 ⊂ graB2. Let C be a chain in M. Then the operator
the graph of which is

⋃
C∈C graC is an upper bound of C. Therefore, Zorn’s

lemma (Fact 1.1) guarantees the existence of a maximal element Ã ∈M. The

operator Ã possesses the required properties. Now assume that graA = ∅.
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Then any maximally monotone extension Ã of the operator the graph of
which is {(0, 0)} is as required. ⊓⊔

The proofs of the next two propositions are left as exercises.

Proposition 20.22 Let A : H → 2H be maximally monotone, let z ∈ H, let
u ∈ H, and let γ ∈ R++. Then A−1 and x 7→ u + γA(x+ z) are maximally
monotone.

Proposition 20.23 Let A : H → 2H and B : K → 2K be maximally mono-
tone. Then A×B : H×K → 2H×K : (x, y) 7→ Ax×By is maximally monotone.

Proposition 20.24 Let A : H → H be monotone and hemicontinuous, i.e.,
for every (x, y, z) ∈ H3, limα↓0 〈z | A(x+ αy)〉 = 〈z | Ax〉. Then A is maxi-
mally monotone.

Proof. Let (x, u) ∈ H × H be such that (∀y ∈ H) 〈x− y | u− Ay〉 ≥ 0. We
must show that u = Ax. For every α ∈ ]0, 1], set yα = x + α(u − Ax) and
observe that 〈u−Ax | u− Ayα〉 = − 〈x− yα | u− Ayα〉 /α ≤ 0. Since A is
hemicontinuous, we conclude that ‖u−Ax‖2 ≤ 0, i.e., that u = Ax. ⊓⊔

Corollary 20.25 Let A : H → H be monotone and continuous. Then A is
maximally monotone.

Example 20.26 Let T : H → H be nonexpansive and let α ∈ [−1, 1]. Then
Id + αT is maximally monotone.

Proof. Combine Example 20.7 with Corollary 20.25. ⊓⊔

Example 20.27 Let T : H → H be α-averaged, with α ∈ ]0, 1/2] (in partic-
ular, firmly nonexpansive). Then T is maximally monotone.

Proof. This follows from Corollary 20.25 since T is continuous and, by Ex-
ample 20.6, monotone. ⊓⊔

Example 20.28 Let T : H → H be β-cocoercive, with β ∈ R++. Then T is
maximally monotone.

Proof. Since βT is firmly nonexpansive, it is maximally monotone by Exam-
ple 20.27. ⊓⊔

Example 20.29 Let A ∈ B(H) be monotone. Then A is maximally mono-
tone.

Proof. This follows from Example 20.15 and Proposition 20.24. ⊓⊔

Example 20.30 Let A ∈ B(H) be such that A∗ = −A. Then A is maximally
monotone.
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Fig. 20.1 Extensions of a monotone operator A : H → 2H (H = R). Top left: Graph of

A. Top right: Graph of a nonmonotone extension of A. Center left: Graph of a monotone
extension of A. Center right, bottom left, and bottom right: Graphs of maximally monotone

extensions of A.
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Proof. We have (∀x ∈ H) 〈x | Ax〉 = 0. Hence A is monotone, and maximally
so by Example 20.29. ⊓⊔

We now present some basic properties of maximally monotone operators.

Proposition 20.31 Let A : H → 2H be maximally monotone and let x ∈ H.
Then Ax is closed and convex.

Proof. We assume that x ∈ domA. Then (20.16) yields

Ax =
⋂

(y,v)∈graA

{
u ∈ H

∣∣ 〈x− y | u− v〉 ≥ 0
}
, (20.18)

which is an intersection of closed convex sets. ⊓⊔
The next two propositions address various closedness properties of the

graph of a maximally monotone operator.

Proposition 20.32 Let A : H → 2H be maximally monotone, let (xb, ub)b∈B
be a bounded net in graA, and let (x, u) ∈ H×H. Then the following hold:

(i) Suppose that xb → x and ub⇀u. Then (x, u) ∈ graA.
(ii) Suppose that xb⇀x and ub → u. Then (x, u) ∈ graA.

Proof. (i): Take (y, v) ∈ graA. Then (∀b ∈ B) 〈xb − y | ub − v〉 ≥ 0 by (20.16).
In turn, Lemma 2.36 implies that 〈x− y | u− v〉 ≥ 0. Hence (x, u) ∈ graA
by (20.16).

(ii): Apply (i) to A−1. ⊓⊔

Proposition 20.33 Let A : H → 2H be maximally monotone. Then the fol-
lowing hold:

(i) graA is sequentially closed in Hstrong ×Hweak, i.e., for every sequence
(xn, un)n∈N in graA and every (x, u) ∈ H ×H, if xn → x and un⇀u,
then (x, u) ∈ graA.

(ii) graA is sequentially closed in Hweak ×Hstrong, i.e., for every sequence
(xn, un)n∈N in graA and every (x, u) ∈ H ×H, if xn⇀x and un → u,
then (x, u) ∈ graA.

(iii) graA is closed in Hstrong ×Hstrong.

Proof. (i): Combine Lemma 2.38 and Proposition 20.32(i).
(ii): Apply (i) to A−1.
(iii): A consequence of (i) (see Section 1.12). ⊓⊔
As we shall see in Example 21.5 and Remark 21.6, Proposition 20.32(i) is

sharp in the sense that the boundedness assumption on the net cannot be
removed. Regarding Proposition 20.33(i), the next example shows that it is
not possible to replace Hstrong ×Hweak by Hweak ×Hweak.
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Example 20.34 The graph of a maximally monotone operator need not be
sequentially closed in Hweak×Hweak. Indeed, suppose that H = ℓ2(N) and set
C = B(0; 1). Then Id−PC is firmly nonexpansive by Corollary 4.10, and hence
maximally monotone by Example 20.27. Consider the sequence (xn)n∈N =
(e1+e2n)n∈N, where (en)n∈N is the sequence of standard unit vectors in ℓ2(N).
Then the sequence (xn, (1−1/

√
2)xn)n∈N lies in gra(Id−PC) and it converges

weakly to (e1, (1−1/
√
2)e1). However, the weak limit (e1, (1−1/

√
2)e1) does

not belong to gra(Id− PC).

Proposition 20.35 Let A : H → 2H be maximally monotone and at most
single-valued. Suppose that domA is a linear subspace, that A|domA is linear,
and that (∀x ∈ domA)(∀y ∈ domA) 〈x | Ay〉 = 〈Ax | y〉. Set

h : H → ]−∞,+∞] : x 7→
{

1
2
〈x | Ax〉 , if x ∈ domA;

+∞, otherwise,
(20.19)

and
f : H → ]−∞,+∞] : x 7→ sup

y∈domA

(
〈x | Ay〉 − h(y)

)
. (20.20)

Then the following hold:

(i) f + ιdomA = h.
(ii) f ∈ Γ0(H).
(iii) ∂f = A.
(iv) f = h∗∗.

Proof. Take x ∈ domA = domh.
(i): For every y ∈ domA, 0 ≤ 〈x− y | Ax− Ay〉 = 〈x | Ax〉 + 〈y | Ay〉 −

2 〈x | Ay〉, which implies that 〈x | Ay〉−h(y) ≤ h(x). Hence f(x) ≤ h(x). On
the other hand, f(x) ≥ 〈x | Ax〉 − h(x) = h(x). Altogether, f + ιdomA = h.

(ii): As a supremum of continuous affine functions, f ∈ Γ (H) by Proposi-
tion 9.3. In addition, since f(0) = 0, f is proper.

(iii): For every y ∈ H, we have f(x)+〈y − x | Ax〉 = 〈y | Ax〉−h(x) ≤ f(y).
Consequently, Ax ∈ ∂f(x). It follows that graA ⊂ gra∂f , which implies that
A = ∂f since A is maximally monotone, while ∂f is monotone by Exam-
ple 20.3.

(iv): Using (ii), Corollary 16.31, (iii), and (i), we see that f = (f +
ιdom ∂f )

∗∗ = (f + ιdomA)
∗∗ = h∗∗. ⊓⊔

Example 20.36 Suppose that H is infinite-dimensional and separable with
an orthonormal basis (en)n∈N, let (βn)n∈N be a sequence in ]0, 1] such that
βn ↓ 0, and set B : H → H : x 7→

∑
n∈N

βn 〈x | en〉 en. Then B ∈ B(H), B is
maximally monotone and self-adjoint, and ranB is a proper linear subspace
of H that is dense in H. Now set A = B−1 and

f : H → ]−∞,+∞] : x 7→ sup
y∈domA

(
〈x | Ay〉 − 1

2
〈y | Ay〉

)
. (20.21)
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Then A is maximally monotone, domA is a dense and proper linear subspace
of H, f is nowhere Gâteaux differentiable, and ∂f = A is at most single-
valued.

Proof. Clearly, B is linear and bounded, ‖B‖ ≤ 1, B is self-adjoint, and B
is strictly positive and thus injective. By Example 20.29, B is maximally
monotone and so is A by Proposition 20.22. Note that A is linear and single-
valued on its domain, and that {βnen}n∈N ⊂ ranB. Thus, domA = ranB
is a dense linear subspace of H. Since supn∈N

‖Aen‖ = supn∈N
β−1
n = +∞,

it follows that A is not continuous and hence that domA 6= H. Proposi-
tion 20.35(ii)&(iii) implies that f ∈ Γ0(H) and that ∂f = A is at most
single-valued. Since int dom∂f = int domA = ∅, f is nowhere Gâteaux dif-
ferentiable by Proposition 17.41. ⊓⊔

20.3 Bivariate Functions and Maximal Monotonicity

We start with a technical fact.

Lemma 20.37 Let (z, w) ∈ H×H, and set

G : H×H → R

(x, u) 7→ − 〈x | u〉+ 〈z − x | w − u〉+ 1
2
‖z − x‖2 + 1

2
‖w − u‖2

= − 〈x | u〉+ 1
2
‖(x− z) + (u− w)‖2

= 〈z | w〉 − 〈(x, u) | (w, z)〉+ 1
2
‖(x, u)− (z, w)‖2 (20.22)

and L : H×H → H×H : (u, x) 7→ (−x,−u). Then G∗ = G◦L. Furthermore,
let (x, u) ∈ H×H. Then the following hold:

(i) G(x, u) + 〈x | u〉 ≥ 0.
(ii) G(x, u) + 〈x | u〉 = 0 ⇔ x− z = w − u.
(iii) [ G(x, u) + 〈x | u〉 = 0 and 〈z − x | w − u〉 ≥ 0 ] ⇔ (x, u) = (z, w).

Proof. The formula G∗(u, x) = G(−x,−u) is a consequence of Proposi-
tion 13.16 (applied in H × H) and Proposition 13.20(iii). The remaining
statements follow from (20.22). ⊓⊔

Theorem 20.38 Let F : H×H → ]−∞,+∞] be a convex function such that
F ∗ is proper and F ∗ ≥ 〈· | ·〉. Define A : H → 2H by

graA =
{
(x, u) ∈ H×H

∣∣ F ∗(u, x) = 〈x | u〉
}
. (20.23)

Then the following hold:

(i) A is monotone.
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(ii) Suppose that F ≥ 〈· | ·〉. Then A is maximally monotone.

Proof. (i): Suppose that (x, u) and (y, v) belong to graA. Then by convexity
of F ∗,

〈x | u〉 + 〈y | v〉 = F ∗(u, x) + F ∗(v, y)

≥ 2F ∗
(
1
2
(u+ v), 1

2
(x+ y)

)

≥ 1
2
〈x+ y |u+ v〉 . (20.24)

Hence 〈x− y | u− v〉 ≥ 0 and A is therefore monotone.
(ii): Since F ∗ is proper, Proposition 13.9(iii) and Proposition 13.10(ii)

imply that F is convex and that it possesses a continuous affine minorant.
Using Proposition 13.40(iii) and the continuity of 〈· | ·〉, we obtain F ≥ 〈· | ·〉
⇒ (∀(x, u) ∈ H) lim(y,v)→(x,u) F (y, v) ≥ lim(y,v)→(x,u) 〈y | v〉. Hence F ∗∗ ≥
〈· | ·〉. Now suppose that (z, w) ∈ H×H satisfies

(∀(x, u) ∈ graA) 〈z − x | w − u〉 ≥ 0. (20.25)

We must show that (z, w) ∈ graA. Define G and L as in Lemma 20.37,
where it was observed that G∗ = G ◦ L and that G + 〈· | ·〉 ≥ 0. Since
F ∗∗ − 〈· | ·〉 ≥ 0, we see that F ∗∗ + G ≥ 0. By Proposition 13.14(iii) and
Corollary 15.15 (applied to F ∗∗, G, and L), there exists (v, y) ∈ H×H such
that 0 ≥ F ∗(v, y) + (G ◦ L)(−v,−y) = F ∗(v, y) + G(y, v). The assumption
that F ∗ ≥ 〈· | ·〉 and Lemma 20.37(i) then result in

0 ≥ F ∗(v, y) +G(y, v) ≥ 〈y | v〉+G(y, v) ≥ 0. (20.26)

Hence
〈y | v〉+G(y, v) = 0 (20.27)

and F ∗(v, y) = 〈y | v〉, i.e.,

(y, v) ∈ graA. (20.28)

In view of (20.25) and (20.28), we obtain

〈z − y | w − v〉 ≥ 0. (20.29)

Lemma 20.37(iii) shows that (20.27) and (20.29) are equivalent to (z, w) =
(y, v). Therefore, using (20.28), we deduce that (z, w) ∈ graA. ⊓⊔

Corollary 20.39 Let F ∈ Γ0(H×H) be autoconjugate and define A via

graA =
{
(x, u) ∈ H×H

∣∣ F (x, u) = 〈x | u〉
}
. (20.30)

Then A is maximally monotone.
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Proof. This follows from Proposition 13.31, Proposition 16.52, and Theo-
rem 20.38(ii). ⊓⊔

A fundamental consequence of Corollary 20.39 is the following result on
the maximality of the subdifferential.

Theorem 20.40 Let f ∈ Γ0(H). Then ∂f is maximally monotone.

Proof. On the one hand, f ⊕ f∗ is autoconjugate. On the other hand,{
(x, u) ∈ H ×H

∣∣ (f ⊕ f∗)(x, u) = 〈x | u〉
}

= gra∂f by Proposition 16.9.
Altogether, ∂f is maximally monotone by Corollary 20.39. ⊓⊔

Example 20.41 Let C be a nonempty closed convex subset of H. Then NC
is maximally monotone.

Proof. Apply Theorem 20.40 to f = ιC and use Example 16.12. ⊓⊔

20.4 The Fitzpatrick Function

Definition 20.42 Let A : H → 2H be monotone. The Fitzpatrick function
of A is

FA : H×H → [−∞,+∞]

(x, u) 7→ sup
(y,v)∈graA

(
〈y | u〉+ 〈x | v〉 − 〈y | v〉

)
(20.31)

= 〈x | u〉 − inf
(y,v)∈graA

〈x− y | u− v〉 . (20.32)

Example 20.43 FId : H×H → ]−∞,+∞] : (x, u) 7→ (1/4)‖x+ u‖2.

Example 20.44 Let A ∈ B(H) be such that A∗ = −A. Then FA = ιgraA.

Example 20.45 Let A ∈ B(H) be monotone and set qA : H → R : x 7→
(1/2) 〈x | Ax〉. Then (∀(x, u) ∈ H×H) FA(x, u) = 2q∗A

(1
2
u+ 1

2
A∗x

)
.

Proof. Take (x, u) ∈ H ×H. Then

FA(x, u) = sup
y∈H

(
〈y | u〉+ 〈x | Ay〉 − 〈y | Ay〉

)

= 2 sup
y∈H

(〈
y

∣∣∣∣
1
2
u+ 1

2
A∗x

〉
− 1

2
〈y | Ay〉

)

= 2q∗A

(
1
2
u+ 1

2
A∗x

)
. (20.33)

⊓⊔

Example 20.46 Let f ∈ Γ0(H). Then F∂f ≤ f ⊕ f∗ and dom f × dom f∗ ⊂
domF∂f .
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Proof. Take (x, u) ∈ dom f × dom f∗ and (y, v) ∈ gra∂f . Then 〈y | u〉 +
〈x | v〉 − 〈y | v〉 = (〈y | u〉 − f(y)) + (〈x | v〉 − f∗(v)) ≤ f∗(u) + f∗∗(x) by
Proposition 16.9 and Proposition 13.13. Hence, F∂f ≤ f ⊕ f∗. ⊓⊔
Proposition 20.47 Let A : H → 2H be a monotone operator such that
graA 6= ∅ and let (x, u) ∈ H×H. Then the following hold:

(i) Suppose that (x, u) ∈ graA. Then FA(x, u) = 〈x | u〉.
(ii) FA =

(
ιgraA−1 + 〈· | ·〉

)∗ ∈ Γ0(H×H).
(iii) FA(x, u) ≤ 〈x | u〉 if and only if {(x, u)} ∪ graA is monotone.
(iv) FA(x, u) ≤ F ∗

A(u, x).
(v) Suppose that (x, u) ∈ graA. Then F ∗

A(u, x) = 〈x | u〉.
(vi) FA(x, u) = FA−1(u, x).
(vii) Let γ ∈ R++. Then FγA(x, u) = γFA(x, u/γ).
(viii) Suppose that (x, u) ∈ graA. Then (x, u) = ProxFA

(x + u, x+ u).

Proof. (i): We have inf(y,v)∈graA 〈x− y | u− v〉 = 0, and so (20.32) implies
that FA(x, u) = 〈x | u〉.

(ii): The identity FA = (ιgraA−1 + 〈· | ·〉)∗ is clear from (20.31). Hence, (i)
and Proposition 13.11 yield FA ∈ Γ0(H×H).

(iii): Clear from (20.32).
(iv): We derive from (i) that

FA(x, u) = sup
(y,v)∈graA

(
〈y | u〉+ 〈x | v〉 − 〈y | v〉

)

= sup
(y,v)∈graA

(
〈y | u〉+ 〈x | v〉 − FA(y, v)

)

≤ sup
(y,v)∈H×H

(
〈y | u〉+ 〈x | v〉 − FA(y, v)

)

= sup
(y,v)∈H×H

(
〈(y, v) | (u, x)〉 − FA(y, v)

)

= F ∗
A(u, x). (20.34)

(v): By (ii) and Proposition 13.14(i), F ∗
A = (ιgraA−1 +〈· | ·〉)∗∗ ≤ ιgraA−1 +

〈· | ·〉. This, (i), and (iv) imply that F ∗
A(u, x) ≤ 〈x | u〉 = FA(x, u) ≤ F ∗

A(u, x),
as required.

(vi)&(vii): Direct consequences of (20.31).
(viii): By (i) and (v), FA(x, u) + F ∗

A(u, x) = 2 〈x | u〉 = 〈(x, u) | (u, x)〉.
Hence (u, x) ∈ ∂FA(x, u) and thus (x + u, x + u) ∈ (Id + ∂FA)(x, u), which
yields the result. ⊓⊔
Proposition 20.48 Let A : H → 2H be maximally monotone. Then FA ≥
〈· | ·〉 and

graA =
{
(x, u) ∈ H×H

∣∣ FA(x, u) = 〈x | u〉
}
. (20.35)

Proof. Take (x, u) ∈ H × H. If (x, u) ∈ graA, then FA(x, u) = 〈x | u〉 by
Proposition 20.47(i). On the other hand, if (x, u) /∈ graA, then {(x, u)}∪graA
is not monotone, and Proposition 20.47(iii) yields FA(x, u) > 〈x | u〉. ⊓⊔



306 20 Monotone Operators

Corollary 20.49 Let A : H → 2H be maximally monotone, let x and u be
in H, and let (xn, un)n∈N be a sequence in graA such that (xn, un)⇀ (x, u).
Then the following hold:

(i) 〈x | u〉 ≤ lim 〈xn | un〉.
(ii) Suppose that lim 〈xn | un〉 = 〈x | u〉. Then (x, u) ∈ graA.
(iii) Suppose that lim 〈xn | un〉 ≤ 〈x | u〉. Then 〈xn | un〉 → 〈x | u〉 and

(x, u) ∈ graA.

Proof. (i): By Proposition 20.47(ii) and Theorem 9.1, FA is weakly lower
semicontinuous. Hence, Proposition 20.48 and the assumptions imply that

〈x | u〉 ≤ FA(x, u) ≤ limFA(xn, un) = lim 〈xn | un〉 . (20.36)

(ii): In this case, (20.36) implies that 〈x | u〉 = FA(x, u). By Proposi-
tion 20.48, (x, u) ∈ graA.

(iii): Using (i), we see that 〈x | u〉 ≤ lim 〈xn | un〉 ≤ lim 〈xn | un〉 ≤ 〈x | u〉.
Hence 〈xn | un〉 → 〈x | u〉 and, by (ii), (x, u) ∈ graA. ⊓⊔

Proposition 20.50 Let C and D be closed affine subspaces of H such that
D−D = (C −C)⊥, let A : H → 2H be maximally monotone, let (xn, un)n∈N

be a sequence in graA, and let (x, u) ∈ H×H. Suppose that

xn⇀x, un⇀u, xn − PCxn → 0, and un − PDun → 0. (20.37)

Then (x, u) ∈ (C ×D) ∩ graA and 〈xn | un〉 → 〈x | u〉.

Proof. Set V = C − C. Since PCxn⇀x and C is weakly sequentially closed
by Theorem 3.32, we have x ∈ C and likewise u ∈ D. Hence, C = x+ V and
D = u+ V ⊥. Thus, using Corollary 3.20(i),

PC : w 7→ PV w + PV ⊥x and PD : w 7→ PV ⊥w + PV u. (20.38)

Therefore, since PV and PV⊥ are weakly continuous by Proposition 4.11(i),
it follows from Lemma 2.41(iii) that

〈xn | un〉 = 〈PV xn + PV ⊥xn | PV un + PV ⊥un〉
= 〈PV xn | PV un〉+ 〈PV ⊥xn | PV⊥un〉
= 〈PV xn | un − PV ⊥un〉+ 〈xn − PV xn | PV ⊥un〉
= 〈PV xn | un − (PDun − PV u)〉+ 〈xn − (PCxn − PV⊥x) | PV ⊥un〉
= 〈PV xn | un − PDun〉+ 〈PV xn | PV u〉
+ 〈xn − PCxn | PV ⊥un〉+ 〈PV ⊥x | PV⊥un〉
→ 〈PV x | PV u〉+ 〈PV ⊥x | PV ⊥u〉
= 〈x | u〉 . (20.39)

Thus, the result follows from Corollary 20.49(iii). ⊓⊔
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Proposition 20.51 Let A : H → 2H be a monotone operator such that
graA 6= ∅. Then the following hold:

(i) F ∗
A = (ιgraA−1 + 〈· | ·〉)∗∗.

(ii) conv graA−1 ⊂ domF ∗
A ⊂ conv graA−1 ⊂ conv ranA× conv domA.

(iii) F ∗
A ≥ 〈· | ·〉.

(iv) Suppose that A is maximally monotone. Then

graA =
{
(x, u) ∈ H ×H

∣∣ F ∗
A(u, x) = 〈x | u〉

}
. (20.40)

Proof. (i): Proposition 20.47(ii).
(ii): Combine (i), Proposition 9.8(iv), and Proposition 13.39.
(iii)&(iv): Let B be a maximally monotone extension of A and take (x, u) ∈

H ×H. Since FA ≤ FB , we derive from Proposition 13.14(ii) that F ∗
A ≥ F ∗

B .
Hence, Proposition 20.47(iv) and Proposition 20.48 imply that

F ∗
A(u, x) ≥ F ∗

B(u, x) ≥ FB(x, u) ≥ FA(x, u) ≥ 〈x | u〉 = 〈u | x〉 , (20.41)

which yields (iii). If (x, u) /∈ graB, then (20.41) and (20.35) yield F ∗
B(u, x) ≥

FB(x, u) > 〈x | u〉. Now assume that (x, u) ∈ graB and take (y, v) ∈ H×H.
Then FB(y, v) ≥ 〈(y, v) | (u, x)〉−〈x | u〉 and hence 〈x | u〉 ≥ 〈(y, v) | (u, x)〉−
FB(y, v). Taking the supremum over (y, v) ∈ H × H, we obtain 〈x | u〉 ≥
F ∗
B(u, x). In view of (20.41), 〈x | u〉 = F ∗

B(u, x). Thus, if A is maximally
monotone, then B = A and (20.40) is verified. ⊓⊔

Remark 20.52 Proposition 20.48 and Proposition 20.51 provide converses
to Theorem 20.38.

Using the proximal average, it is possible to construct maximally monotone
extensions.

Theorem 20.53 Let A : H → 2H be a monotone operator such that graA 6=
∅. Set G = pav (FA, F

∗⊺
A ) and define B : H → 2H via

graB =
{
(x, u) ∈ H ×H

∣∣ G(x, u) = 〈x | u〉
}
. (20.42)

Then B is a maximally monotone extension of A.

Proof. By Proposition 20.47(ii), FA belongs to Γ0(H×H) and hence so does
F ∗⊺
A . Using Corollary 14.8(i)&(ii), Proposition 13.30, Proposition 14.7(i),

and Proposition 14.10, we obtain that G ∈ Γ0(H × H) and that G∗ =
(pav (FA, F

∗⊺
A ))∗ = pav (F ∗

A, F
∗⊺∗
A ) = pav (F ∗

A, F
⊺∗∗
A ) = pav (F ∗

A, F
⊺

A) =
pav (F ⊺

A, F
∗
A) = pav (F ⊺

A, F
∗⊺⊺
A ) = (pav (FA, F

∗⊺
A ))⊺ = G⊺. Hence G is au-

toconjugate and Corollary 20.39 implies that B is maximally monotone. Set
L : H × H → H × H : (x, u) 7→ (u, x), and let (x, u) ∈ graA. Using Corol-
lary 14.8(iv), Proposition 20.47(viii), and Proposition 16.53, we see that

ProxG(x+ u, x+ u) = 1
2
ProxFA

(x+ u, x+ u) + 1
2
ProxF∗⊺

A
(x+ u, x+ u)
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= 1
2
(x, u) + 1

2
(Id− LProxFA

L)(x+ u, x+ u)

= 1
2
(x, u) + 1

2

(
(x+ u, x+ u)− (u, x)

)

= (x, u). (20.43)

In view of Proposition 16.52, it follows that G(x, u) = 〈x | u〉 and hence that
(x, u) ∈ graB. Therefore, graA ⊂ graB and the proof is complete. ⊓⊔

Exercises

Exercise 20.1 Prove Proposition 20.10.

Exercise 20.2 Verify Example 20.15 and Example 20.16.

Exercise 20.3 Provide a proof rooted in linear algebra for Fact 20.18 when
H = RN .

Exercise 20.4 Let A : H → 2H be maximally monotone and suppose that
graA is a convex set. Prove that graA is an affine subspace.

Exercise 20.5 Prove Proposition 20.22.

Exercise 20.6 Deduce Proposition 20.33(i)&(ii) from Proposition 20.50.

Exercise 20.7 Suppose that H is infinite-dimensional. Use Exercise 18.11 to
construct a maximally monotone operator A : H → H that is strong-to-weak
continuous and hence hemicontinuous on H, strong-to-strong continuous on
Hr {0}, but not strong-to-strong continuous at 0.

Exercise 20.8 Verify Example 20.43.

Exercise 20.9 Verify Example 20.44.

Exercise 20.10 Consider Example 20.46. Find f ∈ Γ0(H) such that dom f×
dom f∗ = domF∂f = domF∂f .

Exercise 20.11 Consider Example 20.46 when H = R and f is the nega-
tive Burg entropy function (defined in Example 9.30(viii)). Demonstrate that
domF∂f is closed and properly contains dom f × dom f∗.

Exercise 20.12 Suppose that H = L2([0, 1]) (see Example 2.7) and de-
fine the Volterra integration operator A : H → H by (∀x ∈ H)(∀t ∈ [0, 1])

(Ax)(t) =
∫ t
0
x(s) ds. Show that A is continuous, linear, and monotone, and

that ranA 6= ranA∗. Conclude that the closures in Proposition 20.17 are
important.
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Exercise 20.13 Let C be a nonempty closed convex subset of H. Show that
FNC

= ιC ⊕ ι∗C .

Exercise 20.14 Let C be a nonempty closed convex subset of H. Show that
for every (x, u) ∈ H ×H,

FPC
(x, u) =





〈
PC
(
1
2
x+ 1

2
u
) ∣∣∣∣ x+ u

〉
−
∥∥∥PC

(
1
2
x+ 1

2
u
)∥∥∥

2

, if u ∈ C;

+∞, if u /∈ C.
(20.44)

Exercise 20.15 Let A : H → 2H be maximally monotone, and let ε ∈ R+.
The ε-enlargement of A is

Aε : H → 2H : x 7→
⋂

(z,w)∈graA

{
u ∈ H

∣∣ 〈x− z | u− w〉 ≥ −ε
}
. (20.45)

Now let (x, u) and (y, v) be in graAε. Use Proposition 20.48 to show that
〈x− y | u− v〉 ≥ −4ε.





Chapter 21

Finer Properties of Monotone
Operators

In this chapter, we deepen our study of (maximally) monotone operators. The
main results are Minty’s theorem, which conveniently characterizes maximal
monotonicity, and the Debrunner–Flor theorem, which concerns the existence
of a maximally monotone extension with a prescribed domain localization.
Another highlight is the fact that the closures of the range and of the domain
of a maximally monotone operator are convex, which yields the classical
Bunt–Motzkin result concerning the convexity of Chebyshev sets in Euclidean
spaces. Results on local boundedness, surjectivity, and single-valuedness are
also presented.

21.1 Minty’s Theorem

A very useful characterization of maximal monotonicity is provided by the
following theorem. Recall that FA designates the Fitzpatrick function of a
monotone operator A : H → 2H (see Definition 20.42).

Theorem 21.1 (Minty) Let A : H → 2H be monotone. Then A is maxi-
mally monotone if and only if ran(Id +A) = H.
Proof. Suppose first that ran(Id + A) = H and fix (x, u) ∈ H×H such that

(
∀(y, v) ∈ graA

)
〈x− y | u− v〉 ≥ 0. (21.1)

Since ran(Id +A) = H, there exists (y, v) ∈ H such that

v ∈ Ay and x+ u = y + v ∈ (Id +A)y. (21.2)

It follows from (21.1) and (21.2) that 0 ≤ 〈y − x | v − u〉 = 〈y − x | x− y〉 =
−‖y − x‖2 ≤ 0. Hence y = x and thus v = u. Therefore, (x, u) = (y, v) ∈
graA, and A is maximally monotone. Conversely, assume that A is maximally
monotone. Then Proposition 20.48 implies that
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(
∀(x, u) ∈ H×H

)
2FA(x, u) + ‖(x, u)‖2 = 2FA(x, u) + ‖x‖2 + ‖u‖2

≥ 2 〈x | u〉+ ‖x‖2 + ‖u‖2

= ‖x+ u‖2

≥ 0. (21.3)

Hence, Corollary 15.17 guarantees the existence of a vector (v, y) ∈ H × H
such that

(
∀(x, u) ∈ H ×H

)
FA(x, u) +

1
2
‖(x, u)‖2 ≥ 1

2
‖(x, u) + (v, y)‖2, (21.4)

which yields

(
∀(x, u) ∈ H ×H

)
FA(x, u) ≥ 1

2
‖v‖2 + 〈x | v〉+ 1

2
‖y‖2 + 〈y | u〉

≥ − 〈y | v〉 + 〈x | v〉+ 〈y | u〉 . (21.5)

This and Proposition 20.47(i) imply that

(∀(x, u) ∈ graA) 〈x | u〉 ≥ 1
2‖v‖

2 + 〈x | v〉+ 1
2‖y‖

2 + 〈y | u〉 (21.6)

≥ − 〈y | v〉+ 〈x | v〉+ 〈y | u〉 , (21.7)

and hence that 〈x− y | u− v〉 ≥ 0. Since A is maximally monotone, we de-
duce that

v ∈ Ay. (21.8)

Using (21.8) in (21.6), we obtain 2 〈y | v〉 ≥ ‖v‖2+2 〈y | v〉+ ‖y‖2+2 〈y | v〉.
Hence 0 ≥ ‖v‖2 + 2 〈y | v〉+ ‖y‖2 = ‖y + v‖2 and thus

−v = y. (21.9)

Combining (21.8) and (21.9) yields 0 ∈ (Id + A)y ⊂ ran(Id + A). Now fix
w ∈ H and define a maximally monotone operator B : H → 2H : x 7→ −w +
Ax. Then the above reasoning shows that 0 ∈ ran(Id + B) and hence that
w ∈ ran(Id +A). ⊓⊔

We now provide some applications of Theorem 21.1. First, we revisit The-
orem 20.40 with an alternative proof.

Theorem 21.2 Let f ∈ Γ0(H). Then ∂f is maximally monotone.

Proof. Combine Example 20.3, Proposition 16.35, and Theorem 21.1. ⊓⊔
Proposition 21.3 Let H be a real Hilbert space, let x0 ∈ H, suppose that
H = L2([0, T ];H), and let A be the time-derivative operator (see Example 2.9)

A : H → 2H : x 7→
{
{x′}, if x ∈W 1,2([0, T ];H) and x(0) = x0;

∅, otherwise.
(21.10)

Then A is maximally monotone.
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Proof. Monotonicity is shown in Example 20.9. To show maximality, let us
fix u ∈ L2([0, T ];H). In view of Theorem 21.1, we must show that there exists
a solution x ∈W 1,2([0, T ];H) to the evolution equation

{
x(t) + x′(t) = u(t) a.e. on ]0, T [

x(0) = x0.
(21.11)

Let us set v : [0, T ]→ H : t 7→ etu(t). Then v ∈ L2([0, T ];H) and the function
y ∈W 1,2([0, T ];H) given by

y(0) = x0 and (∀t ∈ [0, T ]) y(t) = y(0) +

∫ t

0

v(s)ds (21.12)

is therefore well defined. Now set x : [0, T ] → H : t 7→ e−ty(t). Then x ∈
L2([0, T ];H), x(0) = x0, and

x′(t) = −e−ty(t) + e−ty′(t) = −x(t) + u(t) a.e. on ]0, T [ . (21.13)

Thus, x′ ∈ L2([0, T ];H), x ∈ W 1,2([0, T ];H), and x solves (21.11). ⊓⊔

Proposition 21.4 Let C be a nonempty compact subset of H. Suppose that
the farthest-point operator ΦC of C defined in (20.13) is single-valued. Then
−ΦC is maximally monotone and C is a singleton.

Proof. It is clear that domΦC = H since C is nonempty and compact. Set
fC : H → R : x 7→ ‖x− ΦCx‖, and take x and y in H. Then for every z ∈ C,
we have ‖x − z‖ ≤ ‖x − y‖ + ‖y − z‖ and hence fC(x) = sup ‖x − C‖ ≤
‖x − y‖ + sup ‖y − C‖ = ‖x − y‖ + fC(y). It follows that fC is Lipschitz
continuous with constant 1. Now let (xn)n∈N be a sequence in H converging
to x. Then

‖xn − ΦCxn‖ = fC(xn)→ fC(x) = ‖x− ΦCx‖. (21.14)

Assume that
ΦCxn 6→ ΦCx. (21.15)

After passing to a subsequence and relabeling if necessary, we assume that
there exist ε ∈ R++ and u ∈ C such that ‖ΦCxn−ΦCx‖ ≥ ε and ΦCxn → u.
Taking the limit in (21.14) yields ‖x− u‖ = ‖x−ΦCx‖, and hence u = ΦCx,
which is impossible. Hence (21.15) is false and ΦC is therefore continuous. In
view of Example 20.13 and Corollary 20.25, −ΦC is maximally monotone. By
Theorem 21.1, ran(Id−ΦC) = H and thus 0 ∈ ran(Id−ΦC). We deduce the
existence of w ∈ H such that 0 = ‖w − ΦCw‖ = sup ‖w − C‖. Hence w ∈ C
and therefore C = {w}. ⊓⊔

Example 21.5 Set P = Nr {0}, let H = ℓ2(P), let (en)n∈P be the canonical
orthonormal basis of H, and set
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f : H → ]−∞,+∞] : x 7→ max

{
1 + 〈x | e1〉 , sup

2≤n∈N

〈
x |
√
nen

〉}
. (21.16)

Then f ∈ Γ0(H) and ∂f is maximally monotone. However, gra∂f is not
closed in Hstrong ×Hweak. Furthermore,

Argmin f =

{
(ξn)n∈P ∈ H

∣∣∣ ξ1 ≤ −1, sup
2≤n∈N

ξn ≤ 0

}
. (21.17)

Proof. It follows from Proposition 9.3 that f ∈ Γ (H). Note that, for every
integer n ≥ 2, 0 = f(−e1) < 1 = f(0) = f(en/

√
n) < 2 = f(e1); hence f ∈

Γ0(H) and ∂f is maximally monotone by Theorem 21.2. Since 0 /∈ Argmin f ,
it follows from Theorem 16.2 that

(0, 0) /∈ gra∂f. (21.18)

Now take an integer n ≥ 2 and x ∈ H. Then f(x)− f(en/
√
n) = f(x)− 1 ≥

〈x | √nen〉 − 〈en/
√
n | √nen〉 = 〈x− en/

√
n | √nen〉. Furthermore, f(x) −

f(e1) = f(x) − 2 ≥ 1 + 〈x | e1〉 − 2 = 〈x− e1 | e1〉. Consequently, (∀n ∈ P)√
nen ∈ ∂f(en/

√
n) and thus

{(
en/
√
n,
√
nen

)}
n∈P
⊂ gra∂f. (21.19)

In view of Example 3.31, there exists a net (
√
n(a)en(a))a∈A that converges

weakly to 0. Now set C = {0} ∪ {en/
√
n}n∈P. Since en/

√
n→ 0, the set C is

compact and the net (en(a)/
√
n(a))a∈A lies in C. Thus, by Fact 1.11, there ex-

ists a subnet (en(b)/
√
n(b))b∈B of (en(a)/

√
n(a))a∈A that converges strongly

to some point in C. Since (
√
n(b)en(b))b∈B is a subnet of (

√
n(a)en(a))a∈A,

it is clear that √
n(b)en(b) ⇀ 0. (21.20)

We claim that
en(b)/

√
n(b)→ 0. (21.21)

Assume that this is not true. Then em/
√
m = limb∈B en(b)/

√
n(b) for some

m ∈ P. Since em/
√
m is an isolated point of C, the elements of the net

(en(b)/
√
n(b))b∈B are eventually equal to this point. In turn, this implies that

the elements of the net (
√
n(b)en(b))b∈B are eventually equal to

√
mem, which

contradicts (21.20). We thus have verified (21.21). To sum up, (21.18)–(21.21)
imply that (en(b)/

√
n(b),

√
n(b)en(b))b∈B lies in gra ∂f , that it converges to

(0, 0) in Hstrong ×Hweak, and that its limit lies outside gra∂f . Now fix ε ∈
R++ and assume that x = (ξn)n∈P ∈ ℓ2(P) satisfies f(x) ≤ −ε. Then for
every integer n ≥ 2,

√
nξn ≤ −ε ⇒ ε2/n ≤ ξ2n ⇒ ‖x‖2 = +∞, which is

impossible. Hence inf f(H) ≥ 0, and (21.17) is proven. ⊓⊔

Remark 21.6 The proof of Example 21.5 implies that gra ∂f is not closed
in Hstrong ×Hweak due to the existence of a net
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(xb, ub)b∈B =
(
en(b)/

√
n(b),

√
n(b)en(b)

)
b∈B

(21.22)

in gra∂f converging to (0, 0) /∈ gra∂f in Hstrong × Hweak, and that is un-
bounded. Clearly,

lim 〈xb | ub〉 = 1 6= 〈0 | 0〉 , (21.23)

which shows that Lemma 2.36 is false without the assumption on bounded-
ness.

21.2 The Debrunner–Flor Theorem

Theorem 21.7 (Debrunner–Flor) Let A : H → 2H be a monotone oper-
ator such that graA 6= ∅. Then

(∀w ∈ H)(∃x ∈ conv domA) 0 ≤ inf
(y,v)∈graA

〈y − x | v − (w − x)〉 . (21.24)

Proof. Set C = conv domA. In view of Proposition 20.47(iii), we must show
that (∀w ∈ H) (∃x ∈ C) FA(x,w − x) ≤ 〈x | w − x〉, i.e., that

(∀w ∈ H) min
x∈H

(
FA(x,w − x) + ‖x‖2 − 〈x | w〉+ ιC(x)

)
≤ 0. (21.25)

Let w ∈ H. We consider two cases.
(a) w = 0 : It suffices to show that

min
x∈H

(
FA(x,−x) +

(
‖x‖2 + ιC(x)

))
≤ 0. (21.26)

Set q = (1/2)‖ · ‖2, f : H ×H → ]−∞,+∞] : (y, x) 7→ (1/2)F ∗
A(2y, 2x), g =

(q+ιC)
∗ = q−(1/2)d2C (by Example 13.5), and L : H×H → H : (y, x)→ x−y.

We claim that
inf

(y,x)∈H×H

(
f(y, x) + g

(
L(y, x)

))
≥ 0. (21.27)

To see this, fix (y, x) ∈ H × H. By Proposition 20.51(ii), domF ∗
A ⊂

conv ranA×conv domA, and we thus have to consider only the case 2x ∈ C.
Then, since 〈· | ·〉 ≤ F ∗

A by Proposition 20.51(iii), we obtain

0 = 4 〈y | x〉 + ‖x− y‖2 − ‖x+ y‖2

= 〈2y | 2x〉+ ‖x− y‖2 − ‖(x− y)− 2x‖2

≤ F ∗
A(2y, 2x) + ‖x− y‖2 − d2C(x− y)

= 2
(
f(y, x) + g(x− y)

)

= 2
(
f(y, x) + g

(
L(y, x)

))
. (21.28)



316 21 Finer Properties of Monotone Operators

Since dom g = H, Theorem 15.23 implies that

min
x∈H

(
f∗(−L∗x) + g∗(x)

)
≤ 0. (21.29)

Since f∗ = (1/2)FA, g
∗ = q + ιC , and L

∗ : H → H×H : x 7→ (−x, x), we see
that (21.29) is equivalent to (21.26).

(b) w 6= 0 : Let B : H → 2H be defined via graB = −(0, w) + graA. The
above reasoning yields a point (x,−x) ∈ C ×H such that {(x,−x)} ∪ graB
is monotone. Therefore, {(x,w − x)} ∪ graA is monotone. ⊓⊔

Theorem 21.8 Let A : H → 2H be monotone. Then there exists a maximally
monotone extension Ã of A such that dom Ã ⊂ conv domA.

Proof. Set C = conv domA and letM be the set of all monotone extensions
B of A such that domB ⊂ C. OrderM partially via (∀B1 ∈ M)(∀B2 ∈ M)
B1 � B2⇔ graB1 ⊂ graB2. Since every chain inM has its union as an upper
bound, Zorn’s lemma (Fact 1.1) yields a maximal element Ã. Now let w ∈ H
and assume that w ∈ Hrran(Id+Ã). Theorem 21.7 provides x ∈ C such that

0 ≤ inf
(y,v)∈gra Ã

〈y − x | v − (w − x)〉. Thus, (x,w − x) /∈ gra Ã and hence

{(x,w − x)} ∪ gra Ã is the graph of an operator inM that properly extends

Ã. This contradicts the maximality of Ã. We deduce that ran(Id + Ã) = H
and, by Theorem 21.1, that Ã is maximally monotone. ⊓⊔

21.3 Domain and Range

Definition 21.9 Let A : H → 2H and let x ∈ H. Then A is locally bounded
at x if there exists δ ∈ R++ such that A(B(x; δ)) is bounded.

Proposition 21.10 Let A : H → 2H be monotone, set Q1 : H × H →
H : (x, u) 7→ x, and suppose that z ∈ intQ1(domFA). Then A is locally
bounded at z.

Proof. Define

f : H → ]−∞,+∞] : x 7→ sup
(y,v)∈graA

〈x− y | v〉
1 + ‖y‖ , (21.30)

and observe that f ∈ Γ (H) by Proposition 9.3. Fix (x, u) ∈ H × H and
let (y, v) ∈ graA. Then 〈x | v〉 + 〈y | u〉 − 〈y | v〉 ≤ FA(x, u) and hence
〈x− y | v〉 ≤ FA(x, u) − 〈y | u〉 ≤ max

{
FA(x, u), ‖u‖

}(
1 + ‖y‖

)
. Dividing

by 1 + ‖y‖ and then taking the supremum over (y, v) ∈ graA yields

f(x) ≤ max
{
FA(x, u), ‖u‖

}
. (21.31)
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Hence Q1(domFA) ⊂ dom f and thus z ∈ int dom f . Corollary 8.30 implies
the existence of δ ∈ R++ such that sup f(B(z; 2δ)) ≤ 1 + f(z). Hence, for
every (y, v) ∈ graA and every w ∈ B(0; 2δ), 〈z + w − y | v〉 ≤ (1 + f(z))(1 +
‖y‖) or, equivalently,

2δ‖v‖+ 〈z − y | v〉 ≤
(
1 + f(z)

)(
1 + ‖y‖

)
. (21.32)

Now assume that (y, v) ∈ graA and y ∈ B(z; δ). Using Cauchy–Schwarz and
(21.32), we deduce that

δ‖v‖ = 2δ‖v‖ − δ‖v‖
≤ 2δ‖v‖+ 〈z − y | v〉
≤
(
1 + f(z)

)(
1 + ‖y‖

)

≤
(
1 + f(z)

)(
1 + ‖y − z‖+ ‖z‖

)

≤
(
1 + f(z)

)(
1 + δ + ‖z‖

)
. (21.33)

It follows that sup ‖A(B(z; δ))‖ ≤ (1 + f(z))(1 + δ + ‖z‖)/δ < +∞. ⊓⊔

Proposition 21.11 Let A : H → 2H be maximally monotone and set
Q1 : H×H → H : (x, u) 7→ x. Then

int domA ⊂ intQ1(domFA) ⊂ domA ⊂ Q1(domFA) ⊂ domA. (21.34)

Consequently, int domA = intQ1(domFA) and domA = Q1(domFA).

Proof. Fix x ∈ H. If x ∈ domA, then there exists u ∈ H such that (x, u) ∈
graA. Hence, by Proposition 20.47(i), FA(x, u) = 〈x | u〉 ∈ R, which implies
that x ∈ Q1(domFA). As a result, the third, and thus the first, inclusions in
(21.34) are verified. Now assume that x ∈ Q1(domFA), say FA(x, u) < +∞
for some u ∈ H. Let ε ∈ ]0, 1[, set

β = max
{
FA(x, u), ‖u‖, ‖x‖ ‖u‖

}
, (21.35)

and pick λ ∈
]
0, ε2/(9β)

[
. Define B : H → 2H via

graB =
{(

(y − x)/λ, v
) ∣∣ (y, v) ∈ graA

}
. (21.36)

Then B is maximally monotone and therefore Theorem 21.1 yields 0 ∈
ran(Id +B). Hence there exists z ∈ H such that −z ∈ Bz, and thus (y, v) ∈
graA such that (z,−z) = ((y − x)/λ, v). In turn, 〈x | v〉+ 〈y | u〉 − 〈y | v〉 ≤
FA(x, u) ≤ β and

− 〈y − x | v〉+ 〈y − x | u〉 ≤ β − 〈x | u〉 ≤ β + ‖x‖ ‖u‖ ≤ 2β. (21.37)

Consequently, − 〈y − x | v〉 = − 〈y − x | −z〉 = ‖y − x‖2/λ, 〈y − x | u〉 ≥
−‖y − x‖ ‖u‖ ≥ −β‖y − x‖, and we obtain
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‖y − x‖2 − λβ‖y − x‖ − 2λβ ≤ 0. (21.38)

Hence ‖y − x‖ lies between the roots of the quadratic function ρ 7→ ρ2 −
λβρ − 2λβ and so, in particular, ‖y − x‖ ≤ (λβ +

√
(λβ)2 + 8(λβ))/2 ≤√

λβ(λβ + 8) <
√

(ε2/9)(1 + 8) = ε. Thus, the fourth inclusion in (21.34)
holds, i.e.,

Q1(domFA) ⊂ domA. (21.39)

It remains to verify the second inclusion in (21.34). Assume that x ∈
intQ1(domFA). By (21.39), there exists a sequence (xn)n∈N in domA such
that xn → x. Let (un)n∈N be a sequence in H such that (xn, un)n∈N lies
in graA. It follows from Proposition 21.10 that (un)n∈N is bounded. Hence
(un)n∈N possesses a weakly convergent subsequence, say ukn⇀u ∈ H. Propo-
sition 20.33(i) implies that (x, u) ∈ graA and thus x ∈ domA. ⊓⊔

Corollary 21.12 Let A : H → 2H be maximally monotone, and set Q1 : H×
H → H : (x, u) 7→ x and Q2 : H × H → H : (x, u) 7→ u. Then domA =
Q1(domFA), int domA = intQ1(domFA), ranA = Q2(domFA), and
int ranA = intQ2(domFA). Consequently, the sets domA, int domA, ranA,
and int ranA are convex.

Proof. The first claims follow from Proposition 21.11, applied to A and A−1,
and from Proposition 20.47(vi). On the one hand, since FA is convex, its
domain is convex. On the other hand, since Q1 and Q2 are linear, the sets
Q1(domFA) and Q2(domFA) are convex by Proposition 3.5, and so are their
closures and interiors by Proposition 3.36(i)&(ii). ⊓⊔

Corollary 21.13 (Bunt–Motzkin) Suppose that H is finite-dimensional
and let C be a Chebyshev subset of H. Then C is closed and convex.

Proof. It is clear that domPC = H and that PC is single-valued. Remark 3.9(i)
implies that C is closed. Thus C = C = ranPC . On the one hand, PC is con-
tinuous by Proposition 3.10. On the other hand, PC is monotone by Exam-
ple 20.12. Altogether, we deduce from Corollary 20.25 that PC is maximally
monotone. Therefore, by Corollary 21.12, ranPC = C = C is convex. ⊓⊔

21.4 Local Boundedness and Surjectivity

Proposition 21.14 Let A : H → 2H be maximally monotone and let x ∈
domA. Then rec(Ax) = NdomAx.

Proof. Fix u ∈ Ax and w ∈ H, and assume that w ∈ NdomAx. Then (∀(y, v) ∈
graA) 0 ≤ 〈x− y | w〉 ≤ 〈x− y | w〉+〈x− y | u− v〉 = 〈x− y | (u+ w)− v〉.
The maximal monotonicity of A implies that u + w ∈ Ax. Hence w + Ax ⊂
Ax, i.e., w ∈ rec(Ax). Now assume that w ∈ rec(Ax), which implies that
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(∀ρ ∈ R++) u + ρw ∈ Ax. Let y ∈ domA and v ∈ Ay. Then (∀ρ ∈ R++)
0 ≤ 〈x− y | (u+ ρw) − v〉 = 〈x− y | u− v〉 + ρ 〈x− y | w〉. Since ρ can be
arbitrarily large, we have 0 ≤ 〈x− y | w〉. Therefore, w ∈ NdomAx. ⊓⊔

The next result, combined with Theorem 21.2, provides an extension to
Proposition 16.14(iii).

Theorem 21.15 (Rockafellar–Veselý) Let A : H → 2H be maximally
monotone and let x ∈ H. Then A is locally bounded at x if and only if
x /∈ bdry domA.

Proof. Let S be the set of all points at which A is locally bounded. Clearly,
Hr domA ⊂ S. In addition, Proposition 21.10 and Proposition 21.11 imply
that int domA ⊂ S. We claim that

S ∩ domA = S ∩ domA. (21.40)

Let x ∈ S ∩ domA. Then there exists a sequence (xn, un)n∈N in graA such
that xn → x and such that (un)n∈N is bounded. After passing to a subse-
quence if necessary, we assume that un⇀u. Now Proposition 20.33(i) yields
(x, u) ∈ graA. Hence x ∈ domA, which verifies (21.40). It remains to show
that S ∩ bdry domA = ∅. Assume to the contrary that x ∈ S ∩ bdry domA
and take δ ∈ R++ such that A(B(x; 2δ)) is bounded. Set C = domA,
which is convex by Corollary 21.12. Theorem 7.4 guarantees the existence
of a support point z of C in (bdryC) ∩B(x; δ). Take w ∈ NCz r {0}. Since
B(z; δ) ⊂ B(x; 2δ), z ∈ S∩bdryC. Hence, by (21.40), z ∈ S∩domA∩bdryC.
Consequently, Az 6= ∅ and, by Proposition 21.14, w ∈ rec(Az). This implies
that Az is unbounded, which, since z ∈ S, is impossible. ⊓⊔

Corollary 21.16 Let A : H → 2H be maximally monotone. Then A is locally
bounded everywhere on H if and only if domA = H.

Corollary 21.17 Let A : H → 2H be maximally monotone and at most
single-valued. Then A is strong-to-weak continuous everywhere on int domA.

Proof. Fix a point x ∈ int domA and a sequence (xn)n∈N that converges to
x ∈ int domA. By Theorem 21.15, (Axn)n∈N is bounded. Let y be a weak
sequential cluster point of (Axn)n∈N, say Axkn ⇀ y. Proposition 20.33(i)
implies that (x, y) ∈ graA. Since A is at most single-valued, we deduce that
y = Ax. It follows from Lemma 2.38 that Axn⇀Ax. ⊓⊔

The verification of the next result is left as Exercise 21.7.

Example 21.18 Let H = ℓ2(N) and set A : H → H : x = (ξn)n∈N 7→
(ξn/2

n)n∈N. Then A is maximally monotone, locally bounded everywhere
on H, and domA = H. Now set B = A−1. Then B is maximally monotone,
nowhere locally bounded, nowhere continuous, and domB is a dense proper
linear subspace of H.
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Corollary 21.19 Let A : H → 2H be maximally monotone. Then A is sur-
jective if and only if A−1 is locally bounded everywhere on H.

Corollary 21.20 Let A : H → 2H be a maximally monotone operator such
that

lim
‖x‖→+∞

inf ‖Ax‖ = +∞. (21.41)

Then A is surjective.

Proof. In view of Corollary 21.19, let us show that A−1 is locally bounded
on H. Assume that A−1 is not locally bounded at u ∈ H. Then there exists
a sequence (xn, un)n∈N in graA such that un → u and ‖xn‖ → +∞. Hence,
+∞ = lim‖x‖→+∞ inf ‖Ax‖ = lim inf ‖Axn‖ ≤ lim ‖un‖ = ‖u‖, which is
impossible. ⊓⊔

Corollary 21.21 Let A : H → 2H be maximally monotone with bounded do-
main. Then A is surjective.

21.5 Kenderov’s Theorem and Fréchet Differentiability

Theorem 21.22 (Kenderov) Let A : H → 2H be a maximally monotone
operator such that int domA 6= ∅. Then there exists a subset C of int domA
that is a dense Gδ subset of domA and such that, for every point x ∈ C, Ax
is a singleton and every selection of A is strong-to-strong continuous at x.

Proof. Let (εn)n∈N be a sequence in R++ converging to 0, fix n ∈ N, and
define the set Cn by requiring that y ∈ Cn if and only if there exists an
open neighborhood V of y such that diamA(V ) < εn. It is clear that Cn
is an open subset of int domA. To show that Cn is dense in int domA, take
y ∈ int domA. Since A is locally bounded at y by Theorem 21.15, there exists
an open bounded set D such that A(D) is bounded. Proposition 18.4 yields
z ∈ H and α ∈ R++ such that

diamS < εn, where S =
{
u ∈ A(D)

∣∣ 〈z | u〉 > σA(D)(z)− α
}
. (21.42)

Take u1 ∈ S. Then there exists x1 ∈ D such that u1 ∈ Ax1. Now let γ ∈ R++

be small enough to satisfy x0 = x1 + γz ∈ D, and take u0 ∈ Ax0. Then
u0 ∈ A(D) and 0 ≤ 〈x0 − x1 | u0 − u1〉 = γ 〈z | u0 − u1〉, which implies that
〈z | u0〉 ≥ 〈z | u1〉 and so u0 ∈ S. Thus,

x0 ∈ D and Ax0 ⊂ S. (21.43)

In view of Proposition 20.33(i), there exists ρ ∈ R++ such that

B(x0; ρ) ⊂ D and A
(
B(x0; ρ)

)
⊂
{
u ∈ H

∣∣ 〈z | u〉 > σA(D)(z)− α
}
.

(21.44)
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Consequently, A(B(x0; ρ)) ⊂ S; hence diamA(B(x0; ρ)) < εn, and thus x0 ∈
Cn.

We have shown that for every n ∈ N, Cn is a dense open subset of
int domA. Set C =

⋂
n∈N

Cn. By Corollary 1.44, C is a dense Gδ subset

of domA. Take x ∈ C. From the definition of C, it is clear that Ax is a
singleton and that every selection of A is norm-to-norm continuous at x. ⊓⊔

Corollary 21.23 Let f ∈ Γ0(H) be such that int dom f 6= ∅. Then there
exists a subset C of int dom f such that C is a dense Gδ subset of dom f , and
such that f is Fréchet differentiable on C.

Exercises

Exercise 21.1 Let N be strictly positive integer, and let A ∈ RN×N be
such that (∀x ∈ RN) 〈x | Ax〉 ≥ 0. Show that Id + A is surjective without
appealing to Theorem 21.1.

Exercise 21.2 Let A : H → 2H be maximally monotone, let ε ∈ R++, de-
note the ε-enlargement of A by Aε (see Exercise 20.15), and let (x, u) ∈
graAε. Use Theorem 21.1 to show that dgraA(x, u) ≤

√
2ε.

Exercise 21.3 Let f ∈ Γ0(H) be Gâteaux differentiable on H. Show that
∇f is strong-to-weak continuous without appealing to Corollary 17.33(i).

Exercise 21.4 Let A : H → H be monotone. Show the equivalence of the
following: (i) A is maximally monotone; (ii) A is strong-to-weak continuous;
(iii) A is hemicontinuous.

Exercise 21.5 Let f ∈ Γ0(H) be Gâteaux differentiable on H. Show that if
lim‖x‖→+∞ ‖∇f(x)‖ = +∞, then dom f∗ = H.

Exercise 21.6 Let A : H → H be monotone and hemicontinuous. Suppose
that H is finite-dimensional or that A is linear. Show that A is maximally
monotone and continuous.

Exercise 21.7 Verify Example 21.18.

Exercise 21.8 Suppose that H 6= {0}, let A : H → 2H be a monotone opera-

tor such that graA is bounded, and let Ã be a maximally monotone extension
of A. Show that dom Ã or ran Ã is unbounded.

Exercise 21.9 Prove Corollary 21.23.

Exercise 21.10 Show that Theorem 21.22 fails if int domA = ∅.





Chapter 22

Stronger Notions of Monotonicity

This chapter collects basic results on various stronger notions of monotonicity
(para, strict, uniform, strong, and cyclic) and their relationships to properties
of convex functions. A fundamental result is Rockafellar’s characterization of
maximally cyclically monotone operators as subdifferential operators and a
corresponding uniqueness result for the underlying convex function.

22.1 Para, Strict, Uniform, and Strong Monotonicity

Definition 22.1 An operator A : H → 2H is

(i) paramonotone if it is monotone and

(∀(x, u) ∈ graA)(∀(y, v) ∈ graA)

〈x− y | u− v〉 = 0 ⇒ (x, v) ∈ graA; (22.1)

(ii) strictly monotone if

(∀(x, u) ∈ graA)(∀(y, v) ∈ graA) x 6= y ⇒ 〈x− y | u− v〉 > 0;
(22.2)

(iii) uniformly monotone with modulus φ : R+ → [0,+∞] if φ is increasing,
vanishes only at 0, and

(∀(x, u) ∈ graA)(∀(y, v) ∈ graA) 〈x− y | u− v〉 ≥ φ
(
‖x− y‖

)
;

(22.3)
(iv) strongly monotone with constant β ∈ R++ if A− βId is monotone, i.e.,

(∀(x, u) ∈ graA)(∀(y, v) ∈ graA) 〈x− y | u− v〉 ≥ β‖x−y‖2. (22.4)
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It is clear that strong monotonicity implies uniform monotonicity, which
itself implies strict monotonicity, which itself implies paramonotonicity, which
itself implies monotonicity.

Remark 22.2 The notions of strict, uniform, and strong monotonicity of
A : H → 2H can naturally be localized to a subset C of domA. For instance,
A is uniformly monotone on C if there exists an increasing function φ : R+ →
[0,+∞] vanishing only at 0 such that

(∀x ∈ C)(∀y ∈ C)(∀u ∈ Ax)(∀v ∈ Ay) 〈x− y | u− v〉 ≥ φ(‖x− y‖). (22.5)

Example 22.3 Let f : H → ]−∞,+∞] be proper and convex. Then the
following hold:

(i) ∂f is paramonotone.
(ii) Suppose that f is strictly convex. Then ∂f is strictly monotone.
(iii) Suppose that f is uniformly convex with modulus φ. Then ∂f is uni-

formly monotone with modulus 2φ.
(iv) Suppose that f is strongly convex with constant β ∈ R++. Then ∂f is

strongly monotone with constant β.

Proof. We assume that dom∂f contains at least two elements since the con-
clusion is clear otherwise. Take (x, u) and (y, v) in gra∂f , and α ∈ ]0, 1[.
Then (16.1) yields

α 〈x− y | v〉 = 〈(αx + (1− α)y)− y | v〉 ≤ f
(
αx+ (1− α)y

)
− f(y). (22.6)

(i): Assume that 〈x− y | u− v〉 = 0. It follows from Proposition 16.9 that
0 = 〈x− y | u− v〉 = 〈x | u〉+〈y | v〉−〈x | v〉−〈y | u〉 = f(x)+f∗(u)+f(y)+
f∗(v)− 〈x | v〉 − 〈y | u〉 = (f(x) + f∗(v)− 〈x | v〉) + (f(y) + f∗(u)− 〈y | u〉).
Hence, by Proposition 13.13, v ∈ ∂f(x) and u ∈ ∂f(y).

(ii): Assume that x 6= y. Then (22.6) and (8.3) imply that 〈x− y | v〉 <
f(x)−f(y). Likewise, 〈y − x | u〉 < f(y)−f(x). Adding these two inequalities
yields (22.2).

(iii): It follows from (22.6) and (10.1) that 〈x− y | v〉+(1−α)φ(‖x−y‖) ≤
f(x)− f(y). Letting α ↓ 0, we obtain 〈x− y | v〉+ φ(‖x− y‖) ≤ f(x)− f(y).
Likewise, 〈y − x | u〉+φ(‖x−y‖) ≤ f(y)−f(x). Adding these two inequalities
yields 〈x− y | u− v〉 ≥ 2φ(‖x− y‖).

(iv): Since f is uniformly convex with modulus t 7→ (1/2)βt2, we deduce
from (iii) that ∂f is uniformly monotone with modulus t 7→ βt2, i.e., that ∂f
is strongly monotone with constant β. ⊓⊔
Example 22.4 Let f : H → ]−∞,+∞] be proper and convex, let C be a
nonempty subset of dom ∂f , and suppose that f is uniformly convex on C.
Then ∂f is uniformly monotone on C.

Proof. Use Remark 22.2 and proceed as in the proof of Example 22.3(iii). ⊓⊔
The next result refines Example 20.7.
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Example 22.5 Let D be a nonempty subset of H, let T : D → H, let α ∈
[−1, 1], and set A = Id + αT . Then the following hold:

(i) Suppose that T is strictly nonexpansive, i.e., (∀x ∈ D)(∀y ∈ D) x 6= y
⇒ ‖Tx− Ty‖ < ‖x− y‖. Then A is strictly monotone.

(ii) Suppose that T is β-Lipschitz continuous, with β ∈ [0, 1[. Then A is
strongly monotone with modulus 1− |α|β.

Proof. (i): This follows from (20.4).
(ii): It follows from (20.4) that, for every x and y inD, 〈x− y | Ax−Ay〉 ≥

(1− |α|β)‖x − y‖2. ⊓⊔

Example 22.6 Let D be a nonempty subset of H, let β ∈ R++, let T : D →
H, and set A = T−1. Then T is β-cocoercive if and only if A is strongly
monotone with constant β.

Proof. Take (x, u) and (y, v) in graA. Then u ∈ T−1x and v ∈ T−1y. Hence,
x = Tu, y = Tv, and 〈u− v | x− y〉 ≥ β‖x − y‖2 ⇔ 〈u− v | Tu− Tv〉 ≥
β‖Tu− Tv‖2. Thus, the conclusion follows from (4.5) and (22.4). ⊓⊔

Example 22.7 Let A : H → H be linear. Then

(i) A is strictly monotone if and only if (∀x ∈ Hr {0}) 〈x | Ax〉 > 0.
(ii) A is strongly monotone with constant β ∈ R++ if and only if (∀x ∈ H)
〈x | Ax〉 ≥ β‖x‖2.

Proposition 22.8 Let A : H → 2H be maximally monotone and suppose that
one of the following holds:

(i) A is uniformly monotone with a supercoercive modulus.
(ii) A is strongly monotone.

Then lim‖x‖→+∞ inf ‖Ax‖ = +∞ and A is surjective.

Proof. (i): Let φ be the modulus of uniform convexity of A and fix (y, v) ∈
graA. Then (22.3) and Cauchy–Schwarz yield

(∀(x, u) ∈ graA) ‖x− y‖ ‖u‖ ≥ 〈x− y | u〉
= 〈x− y | u− v〉+ 〈x− y | v〉
≥ φ

(
‖x− y‖

)
− ‖x− y‖ ‖v‖. (22.7)

Accordingly, since limt→+∞ φ(t)/t = +∞, we have infu∈Ax ‖u‖ → +∞ as
‖x‖ → +∞. In view of Corollary 21.20, the proof is complete.

(ii)⇒(i): Clear. ⊓⊔

Example 22.9 Let A : H → H be monotone and hemicontinuous, and let
r ∈ H. Suppose that one of the following holds:

(i) A is strictly monotone and lim‖x‖→+∞ ‖Ax‖ = +∞.
(ii) A is uniformly monotone with a supercoercive modulus.
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(iii) A is strongly monotone.

Then the equation Ax = r has exactly one solution.

Proof. By Proposition 20.24, A is maximally monotone.
(i): The existence of a solution follows from Corollary 21.20, and the

uniqueness from (22.2).
(ii)&(iii): On the one hand, A is strictly monotone. On the other hand,

lim‖x‖→+∞ ‖Ax‖ = +∞ by Proposition 22.8. Altogether, the conclusion fol-
lows from (i). ⊓⊔

22.2 Cyclic Monotonicity

Definition 22.10 Let A : H → 2H and let n ∈ N be such that n ≥ 2.
Then A is n-cyclically monotone if, for every (x1, . . . , xn+1) ∈ Hn+1 and
(u1, . . . , un) ∈ Hn,

(x1, u1) ∈ graA,
...

(xn, un) ∈ graA,
xn+1 = x1,





⇒

n∑

i=1

〈xi+1 − xi | ui〉 ≤ 0. (22.8)

If A is n-cyclically monotone for every integer n ≥ 2, then A is cyclically
monotone. If A is cyclically monotone and if there exists no cyclically mono-
tone operator B : H → 2H such that graB properly contains graA, then A
is maximally cyclically monotone.

It is clear that the notions of monotonicity and 2-cyclic monotonicity coin-
cide, and that n-cyclic monotonicity implies m-cyclic monotonicity for every
m ∈ {2, . . . , n}. A maximally monotone operator that is cyclically monotone
is also maximally cyclically monotone.

Proposition 22.11 Let f : H → ]−∞,+∞] be proper. Then ∂f is cyclically
monotone.

Proof. Fix an integer n ≥ 2. For every i ∈ {1, . . . , n}, take (xi, ui) ∈ gra∂f .
Set xn+1 = x1. Then (16.1) yields

(∀i ∈ {1, . . . , n}) 〈xi+1 − xi | ui〉 ≤ f(xi+1) − f(xi). (22.9)

Adding up these inequalities, we obtain
∑n
i=1 〈xi+1 − xi | ui〉 ≤ 0. ⊓⊔

However, there are maximally monotone operators that are not 3-cyclically
monotone.
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Example 22.12 Suppose that H = R2, and set

A =

[
0 −1
1 0

]
. (22.10)

Then A is maximally monotone but not 3-cyclically monotone.

Proof. The maximal monotonicity of A follows from Example 20.30. Observe
that A2 = −Id and that (∀x ∈ H) ‖Ax‖ = ‖x‖ and 〈x | Ax〉 = 0. Now let
x1 ∈ H r {0}, and set x2 = Ax1, x3 = Ax2 = A2x1 = −x1, and x4 = x1.
Then

3∑

i=1

〈xi+1 − xi | Axi〉 = 〈x2 | Ax1〉 + 〈x3 | Ax2〉+ 〈x1 | Ax3〉

= ‖Ax1‖2 + 〈−x1 | −x1〉+ 〈x1 | −Ax1〉
= 2‖x1‖2

> 0. (22.11)

Therefore, A is not 3-cyclically monotone. ⊓⊔

Remark 22.13 The operator A of Example 22.12 is the rotator by π/2.
More generally, let θ ∈ [0, π/2], let n ≥ 2 be an integer, and let A be the
rotator in R2 by θ. Then A is n-cyclically monotone if and only if θ ∈ [0, π/n];
see [4] and [27].

22.3 Rockafellar’s Cyclic Monotonicity Theorem

Theorem 22.14 (Rockafellar) Let A : H → 2H. Then A is maximally
cyclically monotone if and only if there exists f ∈ Γ0(H) such that A = ∂f .

Proof. Suppose that A = ∂f for some f ∈ Γ0(H). Theorem 21.2 and Propo-
sition 22.11 imply that A is maximally monotone and cyclically monotone.
Hence A is maximally cyclically monotone. Conversely, suppose that A is
maximally cyclically monotone. Then graA 6= ∅. Take (x0, u0) ∈ graA and
set

f : H → [−∞,+∞]

x 7→ sup
n∈N

n≥1

sup
(x1,u1)∈graA

...
(xn,un)∈graA

{
〈x− xn | un〉+

n−1∑

i=0

〈xi+1 − xi | ui〉
}
. (22.12)

Since graA 6= ∅, we deduce that −∞ /∈ f(H). On the other hand, it follows
from Proposition 9.3 that f ∈ Γ (H). The cyclic monotonicity of A implies
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that f(x0) = 0. Altogether, f ∈ Γ0(H). Now take (x, u) ∈ graA and η ∈
]−∞, f(x)[. Then there exist finitely many points (x1, u1), . . . , (xn, un) in
graA such that

〈x− xn | un〉+
n−1∑

i=0

〈xi+1 − xi | ui〉 > η. (22.13)

Set (xn+1, un+1) = (x, u). Using (22.13), we deduce that, for every y ∈ H,

f(y) ≥ 〈y − xn+1 | un+1〉+
n∑

i=0

〈xi+1 − xi | ui〉

= 〈y − x | u〉+ 〈x− xn | un〉+
n−1∑

i=0

〈xi+1 − xi | ui〉

> 〈y − x | u〉+ η. (22.14)

Letting η ↑ f(x), we deduce that (∀y ∈ H) f(y) ≥ f(x) + 〈y − x | u〉, i.e.,
u ∈ ∂f(x). Therefore,

graA ⊂ gra∂f. (22.15)

Since ∂f is cyclically monotone by Proposition 22.11, and since A is maxi-
mally cyclically monotone, we conclude that A = ∂f . ⊓⊔
Proposition 22.15 Let f and g be functions in Γ0(H) such that ∂f = ∂g.
Then there exists γ ∈ R such that f = g + γ.

Proof. Consider first the special case in which f and g are differentiable
on H. Fix x and y in H, and set ϕ : R → R : t 7→ f(x + t(y − x)) and
ψ : R→ R : t 7→ g(x+ t(y − x)). We have

(∀t ∈ R) ϕ′(t) = 〈y − x | ∇f(x+ t(y − x))〉
= 〈y − x | ∇g(x+ t(y − x))〉
= ψ′(t). (22.16)

Hence, using Corollary 17.33, f(y) − f(x) = ϕ(1) − ϕ(0) =
∫ 1

0
ϕ′(t)dt =∫ 1

0
ψ′(t)dt = ψ(1)−ψ(0) = g(y)− g(x). We conclude that f − g is a constant.

Now we turn our attention to the general case. Set q = (1/2)‖ · ‖2 and recall
from Example 13.6 that q∗ = q. Using Corollary 16.38(iii), Corollary 16.24,
and Proposition 14.1, we obtain the equivalences ∂f = ∂g ⇔ Id + ∂f =
Id + ∂g ⇔ ∂(q + f) = ∂(q + g) ⇔ (∂(q + f))−1 = (∂(q + g))−1 ⇔ ∂(q +
f)∗ = ∂(q + g)∗ ⇔ ∂(f∗

⊡q∗) = ∂(g∗⊡q∗) ⇔ ∂(f∗
⊡ q) = ∂(g∗⊡ q). The

functions f∗
⊡q and g∗⊡ q are differentiable onH and their gradients coincide

by Proposition 12.29 and Proposition 17.26(i). Thus, by the already verified
special case, there exists γ ∈ R such that f∗

⊡q = g∗⊡g − γ. Hence f + q =
f∗∗+ q∗ = (f∗

⊡ q)∗ = (g∗⊡ q−γ)∗ = (g∗⊡ q)∗+γ = g∗∗+ q∗+γ = g+ q+γ,
and we conclude that f = g + γ. ⊓⊔
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22.4 Monotone Operators on R

We introduce a binary relation on R2 via

(
∀x1 = (x1, u1) ∈ R2

)(
∀x2 = (x2, u2) ∈ R2

)

x1 4 x2 ⇔ x1 ≤ x2 and u1 ≤ u2; (22.17)

and we shall write x1 ≺ x2 if x1 4 x2 and x1 6= x2.
We leave the proof of the following results as Exercise 22.7 and Exer-

cise 22.8. (See Section 1.3 for a discussion of order.)

Proposition 22.16 (R2,4) is directed and partially ordered, but not totally
ordered.

Proposition 22.17 Let A : R → 2R be such that graA 6= ∅. Then A is
monotone if and only if graA is a chain in (R2,4).

Theorem 22.18 Let A : R → 2R be such that graA 6= ∅. Then A is mono-
tone if and only if it is cyclically monotone.

Proof. It is clear that cyclic monotonicity implies monotonicity. We assume
that A is n-cyclically monotone, and we shall show that A is (n+1)-cyclically
monotone. To this end, let x1 = (x1, u1), . . . ,xn+1 = (xn+1, un+1) be in
graA, and set xn+2 = x1. It suffices to show that

n+1∑

i=1

(xi+1 − xi)ui ≤ 0. (22.18)

The n-cyclic monotonicity of A yields
∑n−1

i=1 (xi+1− xi)ui+(x1 − xn)un ≤ 0,
i.e.,

n−1∑

i=1

(xi+1 − xi)ui ≤ −(x1 − xn)un. (22.19)

Now define B : R→ 2R by graB = {x1, . . . ,xn+1}. Since A is monotone, so is
B. By Proposition 22.17, graB is a chain in (R2,4). Since graB contains only
finitely many elements, it possesses a least element, which—after cyclically
relabelling if necessary—we assume to be xn+1. After translating graA if
necessary, we assume in addition that xn+1 = (xn+1, un+1) = (0, 0), so that
graB ⊂ R2

+. Using (22.19), we thus obtain

n+1∑

i=1

(xi+1 − xi)ui =
n−1∑

i=1

(xi+1 − xi)ui + (0− xn)un + (xn+2 − 0)0 ≤

− (x1 − xn)un − xnun = −x1un ≤ 0. (22.20)

This verifies (22.18). Therefore, by induction, A is cyclically monotone. ⊓⊔
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In view of Example 22.12, the following result fails already in the Euclidean
plane.

Corollary 22.19 Let A : R→ 2R be maximally monotone. Then there exists
f ∈ Γ0(R) such that A = ∂f .

Proof. Combine Theorem 22.18 and Theorem 22.14. ⊓⊔

Exercises

Exercise 22.1 Provide an example of a maximally monotone operator that
is not paramonotone.

Exercise 22.2 Provide an example of a maximally monotone operator that
is paramonotone, but not strictly monotone.

Exercise 22.3 Provide an example of a maximally monotone operator that
is strictly monotone, but not uniformly monotone.

Exercise 22.4 Provide an example of a maximally monotone operator that
is uniformly monotone, but not strongly monotone.

Exercise 22.5 Suppose that H is finite-dimensional, and let A ∈ B(H).
Show that A is strictly monotone if and only if it is strongly monotone.

Exercise 22.6 Let A : H → 2H and let n ∈ N be such that n ≥ 2. Denote
the Hilbert direct sumHn byH and the cyclic right-shift operator onH byR

so that R : H→H : (x1, x2, . . . , xn) 7→ (xn, x1, . . . , xn−1). Show that A is n-
cyclically monotone if and only if for all (x1, u1) ∈ graA, . . . , (xn, un) ∈ graA
we have

‖x− u‖ ≤ ‖x−Ru‖, (22.21)

where x = (x1, . . . , xn) and u = (u1, . . . , un); equivalently,

n∑

i=1

‖xi − ui‖2 ≤
n∑

i=1

‖xi − ui−1‖2, (22.22)

where u0 = un.

Exercise 22.7 Prove Proposition 22.16.

Exercise 22.8 Prove Proposition 22.17.

Exercise 22.9 Let A : H → 2H and let n ∈ N be such that n ≥ 2. The
Fitzpatrick function of order n at (x, u) ∈ H×H is defined by
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sup

(
〈x | u〉+

( n−2∑

i=1

〈yi+1 − yi | vi〉
)
+ 〈x− yn−1 | vn−1〉+ 〈y1 − x | u〉

)
,

(22.23)
where the supremum is taken over (y1, v1), . . . , (yn−1, vn−1) in graA, and set
FA,∞ = supn∈{2,3,...} FA,n. Show that FA,n : H × H → [−∞,+∞] is lower
semicontinuous and convex, and that FA,n ≥ 〈 · | · 〉 on graA. What is FA,2?

Exercise 22.10 Let A : H → 2H and let n ∈ N be such that n ≥ 2. Show
that A is n-cyclically monotone if and only if FA,n = 〈· | ·〉 on graA.

Exercise 22.11 Let A : H → 2H. Show that A is cyclically monotone if and
only if FA,∞ = 〈· | ·〉 on graA.

Exercise 22.12 Let f ∈ Γ0(H). Show that F∂f,∞ = f ⊕ f∗.

Exercise 22.13 Let C be a nonempty closed convex subset of H and let
n ∈ N be such that n ≥ 2. Use Exercise 20.13 and Exercise 22.12 to determine
FNC ,n and FNC ,∞.

Exercise 22.14 Let A ∈ B(H) be such that A∗ = −A and let n ∈ N be
such that n ≥ 2. Determine FA,n and FA,∞.





Chapter 23

Resolvents of Monotone Operators

Two quite useful single-valued, Lipschitz continuous operators can be associ-
ated with a monotone operator, namely its resolvent and its Yosida approx-
imation. This chapter is devoted to the investigation of these operators. It
exemplifies the tight interplay between firmly nonexpansive mappings and
monotone operators. Indeed, firmly nonexpansive operators with full domain
can be identified with maximally monotone operators via resolvents and the
Minty parametrization. When specialized to subdifferential operators, resol-
vents become proximity operators. Numerous calculus rules for resolvents
are derived. Finally, we address the problem of finding a zero of a maximally
monotone operator, via the proximal-point algorithm and via approximating
curves.

23.1 Definition and Basic Identities

Definition 23.1 Let A : H → 2H and let γ ∈ R++. The resolvent of A is

JA = (Id + A)−1 (23.1)

and the Yosida approximation of A of index γ is

γA =
1

γ

(
Id− JγA

)
. (23.2)

The following properties follow at once from the above definition and (1.7).

Proposition 23.2 Let A : H → 2H, let γ ∈ R++, let x ∈ H, and let p ∈ H.
Then the following hold:

(i) dom JγA = dom γA = ran(Id + γA) and ranJγA = domA.
(ii) p ∈ JγAx ⇔ x ∈ p+ γAp ⇔ x− p ∈ γAp ⇔ (p, γ−1(x− p)) ∈ graA.
(iii) p ∈ γAx ⇔ p ∈ A(x − γp) ⇔ (x− γp, p) ∈ graA.
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Example 23.3 Let f ∈ Γ0(H) and let γ ∈ R++. Then Proposition 16.34
yields

Jγ∂f = Proxγf . (23.3)

In turn, it follows from Proposition 12.29 that the Yosida approximation of
the subdifferential of f is the Fréchet derivative of the Moreau envelope; more
precisely,

γ(∂f) = ∇(γf ). (23.4)

Example 23.4 Let C be a nonempty closed convex subset of H and let
γ ∈ R++. Setting f = ιC in Example 23.3 and invoking Example 12.25 and
Example 16.12 yields

JNC
= (Id +NC)

−1 = ProxιC = PC and γNC =
1

γ
(Id − PC). (23.5)

Example 23.5 Let H be a real Hilbert space, let x0 ∈ H, suppose that
H = L2([0, T ];H), and let A be the time-derivative operator (see Example 2.9)

A : H → 2H : x 7→
{
{x′}, if x ∈ W 1,2([0, T ];H) and x(0) = x0;

∅, otherwise.
(23.6)

Then domJA = H and, for every x ∈ H,

JAx : [0, T ]→ H : t 7→ e−tx0 +

∫ t

0

es−tx(s)ds. (23.7)

Proof. Let x ∈ H and set y : t 7→ e−tx0 +
∫ t
0
es−tx(s)ds. As shown in Propo-

sition 21.3 and its proof, A is maximally monotone; hence domJA = H by
Theorem 21.1, and y ∈ W 1,2([0, T ];H), y(0) = x0, and x(t) = y(t) + y′(t)
a.e. on ]0, T [. Thus, x = (Id + A)y and we deduce that y ∈ JAx. Now let
z ∈ JAx, i.e., x = z+Az. Then, by monotonicity of A, 0 = 〈y − z | x− x〉 =
‖y − z‖2 + 〈y − z | Ay − Az〉 ≥ ‖y − z‖2 and therefore z = y. ⊓⊔

Proposition 23.6 Let A : H → 2H, let γ ∈ R++, and let µ ∈ R++. Then
the following hold:

(i) gra γA ⊂ gra(A ◦ JγA).
(ii) γA = (γId + A−1)−1 = (Jγ−1A−1) ◦ γ−1Id.
(iii) γ+µA = γ (µA).
(iv) J

γ(
µ
A)

= Id + γ/(γ + µ)(J(γ+µ)A − Id).

Proof. Let x and u be in H.
(i): We derive from (23.2) and Proposition 23.2(ii) that (x, u) ∈ gra γA ⇒

(∃ p ∈ JγAx) u = γ−1(x− p) ∈ Ap ⇒ u ∈ A(JγAx).
(ii): u ∈ γAx⇔ γu ∈ x−JγAx⇔ x−γu ∈ JγAx⇔ x ∈ x−γu+γA(x−γu)

⇔ u ∈ A(x − γu) ⇔ x ∈ γu + A−1u ⇔ u ∈ (γId + A−1)−1x. Moreover,
x ∈ γu+ A−1u ⇔ γ−1x ∈ u+ γ−1A−1u ⇔ u ∈ Jγ−1A−1(γ−1x).
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(iii): Let p ∈ H. Proposition 23.2 yields p ∈ γ+µAx⇔ p ∈ A(x−(γ+µ)p) =
A((x− γp)− µp) ⇔ p ∈ (µA)(x− γp) ⇔ p ∈ γ (µA)x.

(iv): This follows from (iii), (23.1), and elementary manipulations. ⊓⊔

23.2 Monotonicity and Firm Nonexpansiveness

In this section, we focus on the close relationship between firmly nonexpansive
mappings and monotone operators.

Proposition 23.7 Let D be a nonempty subset of H, let T : D → H, and
set A = T−1 − Id. Then the following hold:

(i) T = JA.
(ii) T is firmly nonexpansive if and only if A is monotone.
(iii) T is firmly nonexpansive and D = H if and only if A is maximally

monotone.

Proof. (i): See (23.1).
(ii): Suppose that T is firmly nonexpansive, and take (x, u) and (y, v) in

graA. Then x+u ∈ T−1x, i.e., x = T (x+ u). Likewise, y = T (y+ v). Hence,
Proposition 4.2(v) yields

〈x− y | u− v〉 =
〈T (x+ u)− T (y + v) | (Id− T )(x+ u)− (Id− T )(y + v)〉 ≥ 0, (23.8)

which proves the monotonicity of A. Now assume that A is monotone, and
let x and y be in D. Then x− Tx ∈ A(Tx) and y − Ty ∈ A(Ty). Hence, by
monotonicity, 〈Tx− Ty | (x− Tx)− (y − Ty)〉 ≥ 0. By Proposition 4.2, T is
firmly nonexpansive.

(iii): It follows from (ii) and Theorem 21.1 that A is maximally monotone
if and only if H = ran(Id + A) = ranT−1 = domT = D. ⊓⊔

Corollary 23.8 Let T : H → H. Then T is firmly nonexpansive if and only
if it is the resolvent of a maximally monotone operator A : H → 2H.

Proposition 23.9 Let A : H → 2H be such that domA 6= ∅, set D =
ran(Id +A), and set T = JA|D. Then the following hold:

(i) A = T−1 − Id.
(ii) A is monotone if and only if T is firmly nonexpansive.
(iii) A is maximally monotone if and only if T is firmly nonexpansive and

D = H.

Proof. (i): Clear.
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(ii): Assume that A is monotone, and take (x, u) and (y, v) in graJA.
Then x − u ∈ Au. Likewise, y − v ∈ Av. Hence, by monotonicity,
〈u− v | (x− u)− (y − v)〉 ≥ 0, i.e.,

〈x− y | u− v〉 ≥ ‖u− v‖2. (23.9)

In particular, for x = y, we obtain u = v. Therefore T is single-valued and
we rewrite (23.9) as 〈x− y | Tx− Ty〉 ≥ ‖Tx − Ty‖2. In view of Proposi-
tion 4.2(iv), T is firmly nonexpansive. The reverse statement follows from
Proposition 23.7(ii).

(iii): Combine (i), (ii), and Proposition 23.7(iii). ⊓⊔
Further connections between monotonicity and nonexpansiveness are listed

next.

Corollary 23.10 Let A : H → 2H be maximally monotone and let γ ∈ R++.
Then the following hold:

(i) JγA : H → H and Id− JγA : H → H are firmly nonexpansive and maxi-
mally monotone.

(ii) The reflected resolvent

RγA : H → H : x 7→ 2JγAx− x (23.10)

is nonexpansive.
(iii) γA : H → H is γ-cocoercive.
(iv) γA is maximally monotone.
(v) γA : H → H is γ−1-Lipschitz continuous.

Proof. (i): See Corollary 23.8 and Proposition 4.2 for firm nonexpansiveness,
and Example 20.27 for maximal monotonicity.

(i)⇒(ii): See Proposition 4.2.
(i)⇒(iii): See (23.2).
(iii)⇒(iv): See Example 20.28.
(iii)⇒(v): Cauchy–Schwarz. ⊓⊔

Proposition 23.11 Let A : H → 2H be monotone and let β ∈ R++. Then A
is strongly monotone with constant β if and only if JA is (β + 1)-cocoercive,
in which case JA is Lipschitz continuous with constant 1/(β + 1) ∈ ]0, 1[.

Proof. Let x, y, u, and v be in H. First, suppose that A is β-strongly mono-
tone. Then, using Proposition 23.2(ii), (u, v) = (JAx, JAy)⇔ (x−u, y−v) ∈
Au × Av ⇒ 〈(x− u)− (y − v) | u− v〉 ≥ β‖u − v‖2 ⇔ 〈x− y | u− v〉 ≥
(β + 1)‖u − v‖2. This shows that JA is (β + 1)-cocoercive. Conversely,
suppose that JA is (β + 1)-cocoercive. Then (u, v) ∈ Ax × Ay ⇔ ((u +
x) − x, (v + y) − y) ∈ Ax × Ay ⇔ (x, y) = (JA(u + x), JA(v + y)) ⇒
〈x− y | (u+ x) − (v + y)〉 ≥ (β + 1)‖x− y‖2 ⇔ 〈x− y | u− v〉 ≥ β‖x− y‖2.
Thus, A is β-strongly monotone. The last assertion follows from Cauchy–
Schwarz. ⊓⊔
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Proposition 23.12 Let β ∈ R++ and let A : H → 2H be maximally β-
cohypomonotone in the sense that A−1 + β Id is maximally monotone. Let
γ ∈ ]β,+∞[ and set λ = 1 − β/γ. Then Id + λ(JγA − Id) : H → H is firmly
nonexpansive.

Proof. Set B = βA. In view of Proposition 23.6(ii) and Proposition 20.22,
B is maximally monotone. Hence, by Corollary 23.10(i), J(γ−β)B : H → H is
firmly nonexpansive. The result therefore follows from Proposition 23.6(iv),
which provides Id + λ(JγA − Id) = J(γ−β)B. ⊓⊔

The last two results of this section concern the problem of extending a
(firmly) nonexpansive operator defined on D ⊂ H to a (firmly) nonexpansive
operator defined on the whole space H.

Theorem 23.13 Let D be a nonempty subset of H and let T : D → H
be firmly nonexpansive. Then there exists a firmly nonexpansive operator
T̃ : H → H such that T̃

∣∣
D
= T and ran T̃ ⊂ conv ranT .

Proof. Proposition 23.7 asserts that there exists a monotone operatorA : H →
2H such that ran(Id + A) = D and T = JA. However, by Theorem 21.8, A

admits a maximally monotone extension Ã : H → 2H such that dom Ã ⊂
conv domA. Now set T̃ = JÃ. Then it follows from Corollary 23.10(i) that

T̃ is firmly nonexpansive with dom T̃ = H. On the other hand, ran T̃ =
dom(Id + Ã) = dom Ã ⊂ conv domA = conv dom(Id + A) = conv ranJA =

conv ranT . Finally, let x ∈ D. Then Tx = JAx ⇒ x−Tx ∈ A(Tx) ⊂ Ã(Tx)
⇒ Tx = JÃx = T̃ x. Thus, T̃

∣∣
D

= T . ⊓⊔

Corollary 23.14 (Kirszbraun–Valentine) Let D be a nonempty subset
of H and let T : D→ H be a nonexpansive operator. Then there exists a non-
expansive operator T̃ : H → H such that T̃

∣∣
D

= T and ran T̃ ⊂ conv ranT .

Proof. Set R = (Id+T )/2. Then R : D → H is firmly nonexpansive by Propo-
sition 4.2 and, by Theorem 23.13, it admits a firmly nonexpansive extension
R̃ : H → H. Hence, T̃ = PC ◦ (2R̃ − Id), where C = conv ranT , has the
required properties. ⊓⊔

23.3 Resolvent Calculus

In this section we establish formulas for computing resolvents of transforma-
tions of maximally monotone operators.

Proposition 23.15 Let A : H → 2H be maximally monotone. Then the fol-
lowing hold:

(i) Let α ∈ R+ and set B = A + αId. Then JB = J(1+α)−1A((1 + α)−1Id).
(ii) Let z ∈ H and set B = z +A. Then JB = τzJA.
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(iii) Let z ∈ H and set B = τzA. Then JB = z + τzJA.

Proof. Let x and p be in H. Then we derive from Proposition 23.2(iii) the
following equivalences:

(i): p = JBx ⇔ x− p ∈ Ap+αp ⇔ x− (1+α)p ∈ Ap ⇔ (1+α)−1x− p ∈
(1 + α)−1Ap ⇔ p = J(1+α)−1A((1 + α)−1x).

(ii): p = JBx ⇔ x− p ∈ z + Ap ⇔ (x− z)− p ∈ Ap ⇔ p = JA(x− z).
(iii): p = JBx ⇔ x − p ∈ A(p − z) ⇔ (x − z) − (p − z) ∈ A(p − z) ⇔

p− z = JA(x− z). ⊓⊔

Proposition 23.16 Let (Hi)i∈I be a totally ordered finite family of real
Hilbert spaces, set H =

⊕
i∈I Hi, and, for every i ∈ I, let Ai : Hi → 2Hi

be maximally monotone. Set A = ×
i∈I

Ai. Then A is maximally monotone

and
JA =×

i∈I

JAi
. (23.11)

Proof. It is clear that A is monotone. On the other hand, it follows from
Theorem 21.1 that (∀i ∈ I) ran(Id + Ai) = Hi. Hence, ran(Id + A) =

×i∈I ran(Id + Ai) = H, and A is therefore maximally monotone. Now let
x = (xi)i∈I be an arbitrary point in H, set p = JAx, and let (pi)i∈I ∈ H.
We derive from Proposition 23.2(ii) that

(∀i ∈ I) pi = JAi
xi ⇔ (∀i ∈ I) xi − pi ∈ Aipi
⇔ x− (pi)i∈I ∈ (Aipi)i∈I = A(pi)i∈I

⇔ p = (pi)i∈I , (23.12)

which establishes (23.11). ⊓⊔
Given a maximally monotone operator A : H → 2H and γ ∈ R++, no sim-

ple formula is known to express JγA in terms of JA. However, a simple formula
relates the graphs of these two resolvents (the proof is left as Exercise 23.9).

Proposition 23.17 Let A : H → 2H be maximally monotone, let γ ∈ R++,
and set L : H × H → H × H : (x, u) 7→ (γx + (1 − γ)u, u). Then graJγA =
L(graJA).

The next result relates the resolvent of an operator to that of its inverse.

Proposition 23.18 Let A : H → 2H be maximally monotone and let γ ∈
R++. Then

Id = JγA + γJγ−1A−1 ◦ γ−1Id. (23.13)

In particular,
JA−1 = Id− JA. (23.14)

Proof. Since JγA and JA−1/γ are single-valued, (23.13) follows from (23.2)
and Proposition 23.6(ii). ⊓⊔
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Remark 23.19 Let f ∈ Γ0(H), let γ ∈ R++, and let x ∈ H. In view of
Example 23.3 and Corollary 16.24, setting A = ∂f in (23.13) yields Theo-
rem 14.3(ii), namely x = Proxγf x+ γ Proxγ−1f∗(γ−1x).

The next result characterizes cocoercive operators.

Proposition 23.20 Let T : H → H and let γ ∈ R++. Then T is γ-cocoercive
if and only if it is the Yosida approximation of index γ of a maximally mono-
tone operator from H to 2H.

Proof. The Yosida approximation of index γ of a maximally monotone op-
erator is γ-cocoercive by Corollary 23.10(iii). Conversely, suppose that T is
γ-cocoercive. Then it follows from Corollary 23.8 and (23.14) that there exists
a maximally monotone operator B : H → 2H such that γT = JB = Id−JB−1 .
Now set A = γ−1B−1. Then Proposition 20.22 asserts that A is maximally
monotone, and (23.2) yields T = γA. ⊓⊔

Proposition 23.21 Let A : H → 2H be maximally monotone, let γ ∈ R++,
and let x, y, and v be in H. Then

(y, v) = (JγAx,
γAx) ⇔

{
(y, v) ∈ graA,

x = y + γv.
(23.15)

Proof. Using Proposition 23.2(ii), (23.1), and (23.2), we obtain

{
y = JγAx,

v = γAx,
⇔

{
(y, x− y) ∈ graγA,

v = (x− y)/γ,
⇔

{
(y, v) ∈ graA,

x = y + γv,

(23.16)
as required. ⊓⊔

Remark 23.22 Here are some consequences of Proposition 23.21.

(i) Set R : H → graA : x 7→ (JγAx,
γAx). Then R is a bijection and, more

precisely, a Lipschitz homeomorphism from H to graA, viewed as a
subset of H⊕H. Indeed, for every x and y in H, Corollary 23.10(i)&(v)
yields ‖Rx − Ry‖2 = ‖JγAx − JγAy‖2 + ‖ γAx − γAy‖2 ≤ ‖x − y‖2 +
γ−2‖x− y‖2. Hence, R is

√
1 + 1/γ2-Lipschitz continuous. Conversely,

if (x, u) and (y, v) are in graA then, by Cauchy–Schwarz,

‖R−1(x, u)−R−1(y, v)‖2 = ‖(x− y) + γ(u− v)‖2

≤ (‖x− y‖+ γ‖u− v‖)2

≤ (1 + γ2)(‖x− y‖2 + ‖u− v‖2)
= (1 + γ2)‖(x, u)− (y, v)‖2. (23.17)

Therefore, R−1 is
√

1 + γ2–Lipschitz continuous.
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(ii) Setting γ = 1 in (i), we obtain via (23.2) and (23.14) the Minty
parametrization

H → graA : x 7→ (JAx, JA−1x) = (JAx, x− JAx) (23.18)

of graA.

We now investigate resolvents of composite operators.

Proposition 23.23 Let K be a real Hilbert space, suppose that L ∈ B(H,K)
is such that LL∗ is invertible, let A : K → 2K be maximally monotone, and
set B = L∗AL. Then the following hold:

(i) B : H → 2H is maximally monotone.
(ii) JB = Id− L∗ ◦ (LL∗ + A−1)−1 ◦ L.
(iii) Suppose that LL∗ = µId for some µ ∈ R++. Then JB = Id−L∗◦ µA◦L.

Proof. (i): Since K = L(L∗(K)) ⊂ L(H) = ranL, we have ranL = K and
therefore cone(ranL− domA) = span (ranL− domA). Thus, as will be seen
in Theorem 24.5, B : H → 2H is maximally monotone.

(ii): It follows from (i) and Corollary 23.10(i) that JB is single-valued with
domain H. Now set T = (LL∗+A−1)−1. Since LL∗ is invertible, it is strictly
monotone by Fact 2.18(v), and so is LL∗+A−1. As a result, T is single-valued
on domT = ran(LL∗ + A−1). On the other hand, by Example 24.13, LL∗ is
3∗ monotone. Hence, it follows from Corollary 24.4(i) and Corollary 24.22(ii)
that domT = H. Now let x ∈ H, note that v = T (Lx) = (LL∗+A−1)−1(Lx)
is well defined, and set p = x − L∗v. Then Lx ∈ LL∗v + A−1v and hence
Lp = L(x − L∗v) ∈ A−1v. In turn, v ∈ A(Lp) and, therefore, x− p = L∗v ∈
L∗(A(Lp)) = Bp. Thus, p = JBx, as claimed.

(iii): This follows from (ii) and Proposition 23.6(ii). ⊓⊔

Corollary 23.24 Let A : H → 2H be maximally monotone, let ρ ∈ Rr {0},
and set B = ρA(ρ ·). Then B : H → 2H is maximally monotone and

JB = ρ−1Jρ2A(ρ ·). (23.19)

Proof. Apply Proposition 23.23(iii) to K = H and L = ρId. ⊓⊔

Corollary 23.25 Let A : H → 2H be maximally monotone, let L ∈ B(H) be
an invertible operator such that L−1 = L∗, and set B = L∗ ◦ A ◦ L. Then B
is maximally monotone and JB = L∗ ◦ JA ◦ L.

Proof. Apply Proposition 23.23(iii) to K = H and µ = 1. ⊓⊔

Corollary 23.26 Let A : H → 2H be maximally monotone and set B =
−A∨. Then B is maximally monotone and JB = −(JA)∨.

Proof. Apply Corollary 23.25 to L = −Id. ⊓⊔
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Proposition 23.27 Let A : H → 2H be maximally monotone, let γ ∈ R++,
and set B = γ−1Id− γA = γ−1JγA. Then B : H → H is maximally monotone
and

JB = Id− 1

γ
J γ2

γ+1
A
◦
(

γ

γ + 1
Id

)
. (23.20)

Proof. It follows from Corollary 23.10(i) that B = γ−1JγA is maximally
monotone and single-valued with domain H. Hence, for every x and p in H,
Proposition 23.2(ii) yields

p = JBx⇔ γ(x− p) = γBp = JγAp

⇔ p− γ(x− p) ∈ γA
(
γ(x− p)

)

⇔ γx

γ + 1
− γ(x− p) ∈ γ2

γ + 1
A
(
γ(x− p)

)

⇔ γ(x− p) = J γ2

γ+1
A

(
γx

γ + 1

)

⇔ p = x− 1

γ
J γ2

γ+1
A

(
γx

γ + 1

)
, (23.21)

which gives (23.20). ⊓⊔

Proposition 23.28 Let A : H → 2H be maximally monotone, let γ ∈ R++,
let λ ∈ R++, and let x ∈ H. Then the following hold:

(i) JγAx = JλγA
(
λx+ (1− λ)JγAx

)
.

(ii) Suppose that λ ≤ 1. Then ‖JλγAx− x‖ ≤ (2− λ)‖JγAx− x‖.
(iii) ‖JγAx− JλγAx‖ ≤ |1− λ| ‖JγAx− x‖.

Proof. Set µ = λγ.
(i): We have x ∈ (Id + γA)(Id + γA)−1x = (Id + γA)JγAx. Hence x −

JγAx ∈ γA(JγAx) and therefore λ(x − JγAx) ∈ µA(JγAx). In turn, λx +
(1 − λ)JγAx ∈ JγAx + µA(JγAx) = (Id + µA)(JγAx) and therefore JγAx =
JµA (λx+ (1− λ) JγAx).

(ii): By (i) and Corollary 23.10(i),

‖JµAx− x‖ ≤ ‖JµAx− JγAx‖+ ‖JγAx− x‖
= ‖JµAx− JµA (λx+ (1− λ)JγAx) ‖+ ‖JγAx− x‖
≤ ‖x− λx− (1− λ)JγAx‖+ ‖JγAx− x‖
≤ (2− λ)‖JγAx− x‖. (23.22)

(iii): By (i) and Corollary 23.10(i), we have

‖JγAx− JµAx‖ = ‖JµA
(
λx + (1− λ)JγAx

)
− JµAx‖

≤ ‖λx+ (1− λ)JγAx− x‖
= |1− λ| ‖JγAx− x‖, (23.23)
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which concludes the proof. ⊓⊔
Using Example 23.3, we derive easily properties of proximity operators

from those of resolvents.

Proposition 23.29 Let f ∈ Γ0(H), let x ∈ H, and let γ ∈ R++. Then the
following hold:

(i) Set g = f + (α/2)‖ · ‖2 + 〈· | u〉+ β, where u ∈ H, α ∈ R+, and β ∈ R.
Then Proxg x = Prox(α+1)−1f ((α + 1)−1(x− u)).

(ii) Set g = τzf , where z ∈ H. Then Proxg x = z + Proxf (x− z).
(iii) Set g = f ◦ L, where L ∈ B(H) is an invertible operator such that

L−1 = L∗. Then Proxg x = L∗(Proxf (Lx)).
(iv) Set g = f(ρ ·), where ρ ∈ R r {0}. Then Proxg x = ρ−1 Proxρ2f (ρx).
(v) Set g = f∨. Then Proxg x = −Proxf (−x).
(vi) Set g = γf . Then Proxg x = x+ (γ + 1)−1(Prox(γ+1)f x− x).
(vii) Set g = (2γ)−1‖ · ‖2 − γf . Then

Proxg x = x− 1

γ
Prox γ2

γ+1
f

(
γ

γ + 1
x

)
.

(viii) Set g = γf∗. Then Proxg x = x− γ Proxγ−1f (γ
−1x).

Proof. These properties are specializations to A = ∂f and B = ∂g of some of
the above results.

(i): Proposition 23.15(i)&(ii) (note that Corollary 16.38(iii) and Proposi-
tion 17.26(i) imply that ∂g = ∂f + αId + u).

(ii): Proposition 23.15(iii).
(iii): Corollary 23.25 (note that, since ranL = H, Corollary 16.42(i) yields

∂g = L∗ ◦ (∂f) ◦ L).
(iv): Corollary 23.24.
(v): Corollary 23.26.
(vi): Proposition 23.6(iv) and (23.4).
(vii): It follows from Example 13.12 that ϕ = (γ/2)‖ · ‖2− γf(γ·) ∈ Γ0(H)

and therefore that g = ϕ(γ−1·) ∈ Γ0(H). Furthermore, (23.4) yields ∇g =
γ−1Id− γ(∂f). Hence, the result follows from Proposition 23.27.

(viii): Remark 23.19. ⊓⊔

Proposition 23.30 Let (Hi)i∈I be a totally ordered finite family of real
Hilbert spaces, set H =

⊕
i∈I Hi, and, for every i ∈ I, let fi ∈ Γ0(Hi) and

xi ∈ Hi. Set x = (xi)i∈I and f =
⊕

i∈I fi. Then Proxf x = (Proxfi xi)i∈I .

Proof. It is clear that f ∈ Γ0(H). The result therefore follows from Proposi-
tion 23.16, where (∀i ∈ I) Ai = ∂fi. ⊓⊔

Proposition 23.31 Let (φi)i∈I be a totally ordered family of functions in
Γ0(R) such that (∀i ∈ I) φi ≥ φi(0) = 0. Suppose that H = ℓ2(I), set
f =

⊕
i∈I φi, and let x = (ξi)i∈I ∈ H. Then the following hold:
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(i) f ∈ Γ0(H).
(ii) (∀(ξi)i∈I ∈ H) Proxf (ξi)i∈I = (Proxφi

ξi)i∈I .
(iii) Proxf is weakly sequentially continuous.

Proof. (i): For every i ∈ I, define ϕi : H → ]−∞,+∞] : (ξj)j∈I 7→ φi(ξi).
Then the family (ϕi)i∈I lies in Γ0(H) and, since f(0) = 0, it follows from
Corollary 9.4(ii) that f =

∑
i∈I ϕi ∈ Γ0(H).

(ii): Let x = (ξi)i∈I ∈ H, and set p = (πi)i∈I = (Proxφi
ξi)i∈I . For every

i ∈ I, since 0 ∈ Argminφi, it follows from Theorem 16.2 that 0 − 0 ∈
∂φi(0) and therefore from (16.30) that Proxφi

0 = 0. Hence, we derive from
Proposition 12.27 that

(∀i ∈ I) |πi|2 = |Proxφi
ξi − Proxφi

0|2 ≤ |ξi − 0|2 = |ξi|2. (23.24)

This shows that p ∈ H. Now let y = (ηi)i∈I ∈ H. It it follows from Proposi-
tion 12.26 that

(∀i ∈ I) (ηi − πi)(ξi − πi) + φi(πi) ≤ φi(ηi). (23.25)

Summing over I, we obtain 〈y − p | x− p〉+ f(p) ≤ f(y). In view of (12.25),
we conclude that p = Proxf x.

(iii): Let (xn)n∈N be a sequence in H and let x ∈ H be such that xn⇀x.
Then Proposition 2.40 asserts that (xn)n∈N is bounded. On the other hand,
arguing as in (23.24), since 0 ∈ Argmin f , Proxf 0 = 0 and, by nonexpansive-
ness of Proxf , we obtain (∀n ∈ N) ‖Proxf xn‖ ≤ ‖xn‖. Hence,

(
Proxf xn

)
n∈N

is bounded. (23.26)

Now set x = (ξi)i∈I and (∀n ∈ N) xn = (ξi,n)i∈I . Denoting the standard unit
vectors in H by (ei)i∈I , we obtain (∀i ∈ I) ξi,n = 〈xn | ei〉 → 〈x | ei〉 = ξi.
Since, by Proposition 12.27, the operators (Proxφi

)i∈I are continuous, (ii)
yields (∀i ∈ I) 〈Proxf xn | ei〉 = Proxφi

ξi,n → Proxφi
ξi = 〈Proxf x | ei〉. It

then follows from (23.26) and Proposition 2.40 that Proxf xn⇀ Proxf x. ⊓⊔

Proposition 23.32 Let K be a real Hilbert space, let L ∈ B(H,K) be such
that LL∗ = µId for some µ ∈ R++, let f ∈ Γ0(K), and let x ∈ H. Then
f ◦ L ∈ Γ0(H) and Proxf◦L x = x+ µ−1L∗(Proxµf (Lx)− Lx).

Proof. Since ranL = K by Fact 2.18(v) and Fact 2.19, Corollary 16.42(i)
yields ∂(f ◦ L) = L∗ ◦ (∂f) ◦ L. Hence, the result follows by setting A = ∂f
in Proposition 23.23(iii) and using (23.2). ⊓⊔

Corollary 23.33 Suppose that u is a nonzero vector in H, let φ ∈ Γ0(R),
set g = φ(〈· | u〉), and let x ∈ H. Then

Proxg x = x+
Prox‖u‖2φ 〈x | u〉 − 〈x | u〉

‖u‖2 u. (23.27)
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Proof. Apply Proposition 23.32 to K = R, f = φ, and L = 〈· | u〉. ⊓⊔

Proposition 23.34 Suppose that (ek)k∈N is an orthonormal basis of H, let
(φk)k∈N be a family of functions in Γ0(R) such that (∀k ∈ N) φk ≥ φk(0) = 0,
and set

f : H → ]−∞,+∞] : x 7→
∑

k∈N

φk
(
〈x | ek〉

)
. (23.28)

Then f ∈ Γ0(H) and

(∀x ∈ H) Proxf x =
∑

k∈N

(
Proxφk

〈x | ek〉
)
ek. (23.29)

Proof. Set L : H → ℓ2(N) : x 7→ (〈x | ek〉)k∈N. Then L is linear, bounded,
and invertible with L−1 = L∗ : ℓ2(N) → H : (ξk)k∈N 7→

∑
k∈N

ξkek. Now set
ϕ : ℓ2(N) → ]−∞,+∞] : (ξk)k∈N 7→

∑
k∈N

φk(ξk). Then f = ϕ ◦ L and we
derive from Proposition 23.32 that Proxf◦L = L∗ ◦ Proxϕ ◦L. In turn, using
Proposition 23.31(i)&(ii), we obtain the announced results. ⊓⊔

23.4 Zeros of Monotone Operators

In this section we study the properties of the zeros of monotone operators
(see (1.8)) and describe a basic algorithm to construct them iteratively.

Proposition 23.35 Let A : H → 2H be strictly monotone. Then zerA is at
most a singleton.

Proof. Suppose that x and y are distinct points in zerA. Then 0 ∈ Ax, 0 ∈ Ay,
and (22.2) yields 0 = 〈x− y | 0− 0〉 > 0, which is impossible. ⊓⊔

Proposition 23.36 Let A : H → 2H be maximally monotone and suppose
that one of the following holds:

(i) A−1 is locally bounded everywhere.
(ii) lim‖x‖→+∞ inf ‖Ax‖ = +∞.
(iii) domA is bounded.

Then zerA 6= ∅.

Proof. The conclusion follows from (i), (ii), and (iii) via Corollary 21.19,
Corollary 21.20, and Corollary 21.21, respectively. ⊓⊔

Corollary 23.37 Let A : H → 2H be maximally monotone and suppose that
one of the following holds:

(i) A is uniformly monotone with a supercoercive modulus.
(ii) A is strongly monotone.
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Then zerA is a singleton.

Proof. (i): In view of Proposition 22.8, zerA 6= ∅. Furthermore, since A is
strictly monotone, we derive from Proposition 23.35 that zerA is a singleton.

(ii)⇒(i): Definition 22.1. ⊓⊔

Proposition 23.38 Let A : H → 2H be monotone and let γ ∈ R++. Then
Fix JγA = zerA = zer γA.

Proof. Let x ∈ H. Then Proposition 23.2(ii) yields 0 ∈ Ax ⇔ x − x ∈ γAx
⇔ x = JγA x ⇔ γAx = 0. ⊓⊔

Proposition 23.39 Let A : H → 2H be maximally monotone. Then zerA is
closed and convex.

Proof. This is a consequence of Proposition 20.31 since zerA = A−10 and
A−1 is maximally monotone. ⊓⊔

Let A : H → 2H be maximally monotone and let γ ∈ R++. Then zerA =
zer(γA) and, in view of Proposition 23.38, a zero of A can be approximated
iteratively by suitable resolvent iterations. Such algorithms are known as
proximal-point algorithms.

Example 23.40 Let A : H → 2H be maximally monotone, let γ ∈ R++, and
let x0 ∈ H. Set

(∀n ∈ N) xn+1 = JγAxn. (23.30)

Then the following hold:

(i) Suppose that zerA 6= ∅. Then (xn)n∈N converges weakly to a point in
zerA.

(ii) Suppose that A is strongly monotone with constant β ∈ R++. Then
(xn)n∈N converges strongly (actually linearly) to the unique point in
zerA.

Proof. Proposition 23.38 yields Fix JγA = zer(γA) = zerA.
(i): In view of Corollary 23.10(i), the result is an application of Exam-

ple 5.17 with T = JγA.
(ii): Proposition 23.11 asserts that JγA is Lipschitz continuous with con-

stant 1/(βγ + 1) ∈ ]0, 1[. Therefore, the result follows by setting T = JγA in
Theorem 1.48(i)&(iii). ⊓⊔

A finer proximal-point algorithm is described in the following theorem.

Theorem 23.41 (proximal-point algorithm) Let A : H → 2H be a max-
imally monotone operator such that zerA 6= ∅, let (γn)n∈N be a sequence in
R++ such that

∑
n∈N

γ2n = +∞, and let x0 ∈ H. Set

(∀n ∈ N) xn+1 = JγnAxn. (23.31)

Then the following hold:
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(i) (xn)n∈N converges weakly to a point in zerA.
(ii) Suppose that A is uniformly monotone on every bounded subset of H (see

Remark 22.2). Then (xn)n∈N converges strongly to the unique point in
zerA.

Proof. Set (∀n ∈ N) un = (xn − xn+1)/γn. Then (∀n ∈ N) un ∈ Axn+1 and
xn+1 − xn+2 = γn+1un+1. Hence, by monotonicity and Cauchy–Schwarz,

(∀n ∈ N) 0 ≤ 〈xn+1 − xn+2 | un − un+1〉 /γn+1

= 〈un+1 | un − un+1〉
= 〈un+1 | un〉 − ‖un+1‖2

≤ ‖un+1‖(‖un‖ − ‖un+1‖), (23.32)

which implies that (‖un‖)n∈N converges. Now let z ∈ zerA. Since Proposi-
tion 23.38 asserts that z ∈

⋂
n∈N

FixJγnA, we deduce from (23.31), Corol-
lary 23.10(i), and (4.1) that

(∀n ∈ N) ‖xn+1 − z‖2 = ‖JγnAxn − JγnAz‖2

≤ ‖xn − z‖2 − ‖xn − JγnAxn‖2

= ‖xn − z‖2 − γ2n‖un‖2. (23.33)

Thus, (xn)n∈N is bounded and Fejér monotone with respect to zerA, and∑
n∈N

γ2n‖un‖2 < +∞. In turn, since
∑
n∈N

γ2n = +∞, we have lim ‖un‖ = 0
and therefore un → 0 since (‖un‖)n∈N converges.

(i): Let x be a weak sequential cluster point of (xn)n∈N, say xkn+1 ⇀ x.
Since 0 ← ukn ∈ Axkn+1, Proposition 20.33(ii) yields 0 ∈ Ax and we derive
the result from Theorem 5.5.

(ii): The assumptions imply that A is strictly monotone. Hence, by Propo-
sition 23.35, zerA reduces to a singleton. Now let x be the weak limit in
(i). Then 0 ∈ Ax and (∀n ∈ N) un ∈ Axn+1. Hence, since (xn)n∈N lies in
a bounded set, there exists an increasing function φ : R+ → [0,+∞] that
vanishes only at 0 such that

(∀n ∈ N) 〈xn+1 − x | un〉 ≥ φ
(
‖xn+1 − x‖

)
. (23.34)

Since un → 0 and xn+1 ⇀x, Lemma 2.41(iii) yields ‖xn+1 − x‖ → 0. ⊓⊔

23.5 Asymptotic Behavior

In view of Proposition 20.31 and Theorem 3.14, the following notion is well
defined.

Definition 23.42 Let A : H → 2H be maximally monotone and let x ∈
domA. Then 0Ax denotes the element in Ax of minimal norm.
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Proposition 23.43 Let A : H → 2H be maximally monotone, let γ ∈ R++,
let µ ∈ R++, and let x ∈ domA. Then the following hold:

(i) ‖γAx‖ ≤ inf ‖Ax‖.
(ii) ‖γ+µAx‖ ≤ ‖γAx‖ ≤ ‖ 0Ax‖.

Proof. (i): Set p = γAx and let u ∈ Ax. Proposition 23.2(iii) and the mono-
tonicity of A yield 〈u− p | p〉 = 〈u− p | x− (x− γp)〉 /γ ≥ 0. Hence, by
Cauchy–Schwarz, ‖p‖ ≤ ‖u‖.

(ii): By (i), ‖ µAx‖ ≤ ‖ 0Ax‖. Applying this inequality to γA, which is
maximally monotone by Corollary 23.10(iv), and, using Proposition 23.6(iii),
we get ‖γ+µAx‖ = ‖µ(γA)x‖ ≤ ‖0(γA)x‖ = ‖γAx‖. ⊓⊔

We now present a central perturbation result.

Theorem 23.44 Let A : H → 2H be a maximally monotone operator and let
x ∈ H. Then the inclusions

(
∀γ ∈ ]0, 1[

)
0 ∈ Axγ + γ(xγ − x) (23.35)

define a unique curve (xγ)γ∈]0,1[. Moreover, exactly one of the following holds:

(i) zerA 6= ∅ and xγ → PzerAx as γ ↓ 0.
(ii) zerA = ∅ and ‖xγ‖ → +∞ as γ ↓ 0.

Proof. It follows from (23.35), Proposition 23.2(ii), and Corollary 23.8 that,
for every γ ∈ ]0, 1[,

xγ = JA/γ x (23.36)

is well defined. We now proceed in two steps.
(a) zerA 6= ∅ ⇒ xγ → PzerAx as γ ↓ 0: Set x0 = PzerAx, which is well

defined and characterized by

x0 ∈ zerA and (∀z ∈ zerA) 〈z − x0 | x− x0〉 ≤ 0 (23.37)

by virtue of Proposition 23.39 and Theorem 3.14. Now let z ∈ zerA. Then
Proposition 23.38 yields (∀γ ∈ ]0, 1[) z = JA/γz. Therefore, it follows from
(23.36) and Corollary 23.10(i) that

(
∀γ ∈ ]0, 1[

)
〈z − xγ | z − x〉 ≥ ‖z − xγ‖2. (23.38)

Thus, by Cauchy–Schwarz, (xγ)γ∈]0,1[ is bounded. Now let (γn)n∈N be a
sequence in ]0, 1[ such that γn ↓ 0 as n → +∞. Then it is enough to
show that xγn → x0. To this end, let y be a weak sequential cluster
point of (xγn)n∈N, say xγkn ⇀ y. Since (xγkn

)n∈N is bounded, the sequence
(γkn(x− xγkn ), xγkn )n∈N, which lies in graA by virtue of (23.35), converges

to (0, y) in Hstrong ×Hweak. Hence, it follows from Proposition 20.33(i) that
y ∈ zerA. In turn, we derive from (23.38) that 0 ←

〈
y − x | y − xγkn

〉
≥

‖y − xγkn ‖2 and therefore that xγkn
→ y. However, (23.38) yields 0 ≥
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‖z − xγkn ‖2 −
〈
z − xγkn | z − x

〉
=
〈
z − xγkn | x− xγkn

〉
→ 〈z − y | x− y〉

and, in view of the characterization (23.37), we obtain y = x0. Altogether, x0
is the only weak sequential cluster point of the bounded sequence (xγn)n∈N,
and it follows from Lemma 2.38 that xγn ⇀ x0. Invoking (23.38), we obtain
‖xγn − x0‖2 ≤ 〈x− x0 | xγn − x0〉 → 0 and therefore xγn → x0.

(b) ‖xγ‖ 6→ +∞ as γ ↓ 0 ⇒ zerA 6= ∅: Take a sequence (γn)n∈N in
]0, 1[ such that γn ↓ 0 and (xγn)n∈N is bounded. Then (23.35) yields 0 ←
γn(x − xγn) ∈ Axγn . Furthermore, (xγn)n∈N possesses a weak sequential
cluster point y, and Proposition 20.33(ii) forces y ∈ zerA. ⊓⊔

We now revisit the approximating curve investigated in Proposition 4.20
and analyze it with different tools.

Corollary 23.45 Let T : H → H be nonexpansive and let x ∈ H. Then the
equations

(∀γ ∈ ]0, 1[) xγ = γx+ (1 − γ)Txγ (23.39)

define a unique curve (xγ)γ∈]0,1[. Moreover, exactly one of the following holds:

(i) FixT 6= ∅ and xγ → PFix T x as γ ↓ 0.
(ii) FixT = ∅ and ‖xγ‖ → +∞ as γ ↓ 0.

Proof. Set A = Id − T . Then zerA = FixT , A is maximally monotone by
Example 20.26, and (23.39) becomes

(
∀γ ∈ ]0, 1[

)
0 = Axγ +

γ

1− γ (xγ − x). (23.40)

Since limγ↓0 γ/(1− γ) = 0, the conclusion follows from Theorem 23.44. ⊓⊔

Corollary 23.46 Let A : H → 2H be maximally monotone and let x ∈ H.
Then exactly one of the following holds:

(i) x ∈ domA, and γAx→ 0Ax and ‖ γAx‖ ↑ ‖ 0Ax‖ as γ ↓ 0.
(ii) x /∈ domA and ‖ γAx‖ ↑ +∞ as γ ↓ 0.

Proof. Set B = A−1 − x. Then zerB = Ax. Moreover, B is maximally mono-
tone and, by Theorem 23.44, the inclusions

(
∀γ ∈ ]0, 1[

)
0 ∈ Bxγ + γ(xγ − 0) (23.41)

define a unique curve (xγ)γ∈]0,1[. However, it follows from Proposition 23.6(ii)
that (∀γ ∈ ]0, 1[) 0 ∈ Bxγ+γxγ ⇔ 0 ∈ A−1xγ−x+γxγ ⇔ x ∈ (γId+A−1)xγ
⇔ xγ = γAx.

(i): Suppose that x ∈ domA. Then zerB 6= ∅, and it follows from The-
orem 23.44(i) that γAx = xγ → PzerB0 = 0Ax as γ ↓ 0. In turn, we derive
from Proposition 23.43(ii) that ‖ γAx‖ ↑ ‖ 0Ax‖ as γ ↓ 0.

(ii): Suppose that x /∈ domA. Then zerB = ∅, and the assertion therefore
follows from Theorem 23.44(ii). ⊓⊔
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Theorem 23.47 Let A : H → 2H be maximally monotone and let x ∈ H.
Set

(∀γ ∈ R++) xγ = JγAx. (23.42)

Then xγ → PdomAx as γ ↓ 0, and exactly one of the following holds:

(i) zerA 6= ∅ and xγ → PzerAx as γ ↑ +∞.
(ii) zerA = ∅ and ‖xγ‖ → +∞ as γ ↑ +∞.

Proof. Set D = domA and Z = zerA. It follows from Corollary 21.12 that D
is nonempty, closed, and convex. Hence, by Theorem 3.14, PD is well defined.
Now let γ ∈ ]0, 1[ and let (y, v) ∈ graA. It follows from Proposition 23.2(ii)
and the monotonicity of A that 〈xγ − y | x− xγ − γv〉 ≥ 0, which yields

‖xγ − y‖2 ≤ 〈xγ − y | x− y〉+ γ‖xγ − y‖ ‖v‖. (23.43)

As a result, ‖xγ − y‖ ≤ ‖x− y‖+ γ‖v‖, and (xγ)γ∈]0,1[ is therefore bounded.
Now let (γn)n∈N be a sequence in ]0, 1[ such that γn ↓ 0 as n → +∞. Let
z be a weak sequential cluster point of (xγn)n∈N, say xγkn ⇀ z. Note that
z ∈ D since (xγkn )n∈N lies in domA ⊂ D and since D is weakly sequentially
closed by Theorem 3.32. On the other hand, since (xγkn )n∈N is bounded,
Lemma 2.35 and (23.43) yield ‖z − y‖2 ≤ lim ‖xγkn

− y‖2 ≤ 〈z − y | x− y〉
and therefore 〈x− z | y − z〉 ≤ 0. Since y is an arbitrary point in domA, this
inequality holds for every y ∈ D and, in view of Theorem 3.14, it follows that
z = PDx is the only weak sequential cluster point of the bounded sequence
(xγn )n∈N. Hence, by Lemma 2.38, xγn ⇀PDx. It follows from (23.43) that

lim ‖xγn − y‖2 ≤ 〈PDx− y | x− y〉 . (23.44)

Now set f : H → R : z 7→ lim ‖xγn − z‖2. Then f ≥ 0 and it follows from
Example 8.17 that f is continuous. Now let (yn)n∈N be a sequence in domA
that converges strongly to PDx. Then, using (23.44), we obtain 0 ≤ f(PDx) =
lim f(yn) ≤ lim 〈PDx− yn | x− yn〉 = 0. Hence 0 = f(PDx) = lim ‖xγn −
PDx‖2 and therefore xγn → PDx. Thus, xγ → PDx as γ ↓ 0.

(i)&(ii): Apply Theorem 23.44 since (23.42) is equivalent to (∀γ ∈ R++)
0 ∈ Axγ + γ−1(xγ − x). ⊓⊔

Exercises

Exercise 23.1 Let A : H → 2H be maximally monotone and at most single-
valued. Define the Cayley transform CA : H → H of A by CA = (Id−A)(Id+
A)−1. Show that CA = 2JA− Id and determine CCA

. What happens when A
is linear with domA = H?

Exercise 23.2 Let A : H → 2H be maximally monotone, let γ ∈ R++, and
let µ ∈ R++. Show that
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(∀x ∈ H) ‖JγAx− JµAx‖ ≤ |γ − µ| ‖ γAx‖. (23.45)

Exercise 23.3 Let A : H → 2H be maximally monotone and let γ ∈ R++.
Show that

Id = γId ◦ γA+ γ−1

(A−1) ◦ γ−1Id (23.46)

and deduce that Id = 1A+ 1(A−1).

Exercise 23.4 Let D be a nonempty subset of H and set T = Id|D. Deter-

mine T̃ , where T̃ is as in the conclusion of Theorem 23.13.

Exercise 23.5 Let D be a nonempty subset of H and set T = Id|D. De-

termine Fix T̃ and ran T̃ , where T̃ is as in the conclusion of Corollary 23.14.
Give examples in which (i) T̃ is unique, and (ii) T̃ is not unique.

Exercise 23.6 Let A : H → 2H be maximally monotone. Show that
dom(A) + ran(A) = H.

Exercise 23.7 Let f ∈ Γ0(H). Show that dom(∂f) + dom(∂f∗) = H. Com-
pare to Exercise 15.3.

Exercise 23.8 Let A : H → 2H be maximally monotone. Prove the follow-
ing:

(i) JA is injective if and only if A is at most single-valued.
(ii) JA is surjective if and only if domA = H.

Exercise 23.9 Prove Proposition 23.17.

Exercise 23.10 Let A : H → 2H be maximally monotone, let γ ∈ R++, and
set L : H×H → H×H : (x, u) 7→ (x+ γu, x). Show that graJγA = L(graA).

Exercise 23.11 Give the details of the proof of Corollary 23.33.

Exercise 23.12 Let A : H→ 2H be a maximally monotone operator and let
x ∈ H. Use Corollary 23.37(ii) to show that the inclusions (23.35) define a
unique curve (xγ)γ∈]0,1[.

Exercise 23.13 Without using Theorem 23.44, show directly that the equa-
tions (23.39) define a unique curve (xγ)γ∈]0,1[.

Exercise 23.14 Let A : H → 2H be a maximally monotone operator such
that zerA 6= ∅, and let x ∈ H. Show that γAx→ 0 as γ ↑ +∞.

Exercise 23.15 Let A ∈ B(H) be such that ranA is closed. Show that

0
(
A−1

)
= A†|ranA, (23.47)

where A−1 is the set-valued inverse.



Chapter 24

Sums of Monotone Operators

The sum of two monotone operators is monotone. However, maximal mono-
tonicity of the sum of two maximally monotone operators is not automatic
and requires additional assumptions. In this chapter, we provide flexible suf-
ficient conditions for maximality. Under additional assumptions, conclusions
can be drawn about the range of the sum, which is important for deriving
surjectivity results. Consideration is also given to the parallel sum of two
set-valued operators.

Throughout this chapter, FA designates the Fitzpatrick function of a
monotone operator A : H → 2H (see Definition 20.42).

24.1 Maximal Monotonicity of a Sum

As the following example shows, the sum of two maximally monotone oper-
ators may not be maximally monotone.

Example 24.1 Suppose that H = R2, and set C = B((−1, 0); 1) and D =
B((1, 0); 1). Then NC and ND are maximally monotone by Example 20.41,
with (domNC) ∩ (domND) 6= ∅. However, it follows from Corollary 21.21
and the fact that ran(NC +ND) = R× {0} that NC +ND is not maximally
monotone.

Theorem 24.2 Set Q1 : H×H → H : (x, u) 7→ x, and let A and B be max-
imally monotone operators from H to 2H such that

0 ∈ sriQ1

(
domFA − domFB

)
. (24.1)

Then A+B is maximally monotone.

Proof. Proposition 20.48 and Proposition 20.47(iv) imply that, for every
(x, u1, u2) in H3,
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〈x | u1 + u2〉 ≤ FA(x, u1) + FB(x, u2) ≤ F ∗
A(u1, x) + F ∗

B(u2, x). (24.2)

Thus the function

F : H×H → ]−∞,+∞] : (x, u) 7→
(
FA(x, ·)�FB(x, ·)

)
(u) (24.3)

is proper and convex, and it satisfies

F ≥ 〈· | ·〉 . (24.4)

Corollary 15.8 and (24.2) yield

(
∀(u, x) ∈ H ×H

)
F ∗(u, x) =

(
F ∗
A(·, x)⊡F ∗

B(·, x)
)
(u)

≥ F (x, u)

≥ 〈x | u〉 . (24.5)

Now fix (x, u) ∈ H×H and assume that F ∗(u, x) = 〈x | u〉. Then (24.5) and
Proposition 20.51(iii) guarantee the existence of u1 and u2 in H such that
u1 + u2 = u and 〈x | u〉 = F ∗(u, x) = F ∗

A(u1, x) + F ∗
B(u2, x) ≥ 〈x | u1〉 +

〈x | u2〉 = 〈x | u〉. It follows that F ∗
A(u1, x) = 〈x | u1〉 and that F ∗

B(u2, x) =
〈x | u2〉. By (20.40), (x, u) = (x, u1 + u2) ∈ gra(A + B). Now assume that
(x, u) ∈ gra(A + B). Then there exist u1 ∈ Ax and u2 ∈ Bx such that u =
u1+u2. Hence F

∗
A(u1, x) = 〈x | u1〉 and F ∗

B(u2, x) = 〈x | u2〉, by (20.40). This
and (24.5) imply that 〈x | u〉 = 〈x | u1〉+ 〈x | u2〉 = F ∗

A(u1, x) + F ∗
B(u2, x) ≥(

F ∗
A(·, x)⊡F ∗

B(·, x)
)
(u) = F ∗(u, x) ≥ 〈x | u〉. Therefore, F ∗(u, x) = 〈x | u〉.

Altogether, we have shown that

{
(x, u) ∈ H×H

∣∣ F ∗(u, x) = 〈x | u〉
}
= gra(A+B). (24.6)

Combining (24.5), (24.6), (24.4), and Theorem 20.38(ii), we conclude that
A+B is maximally monotone. ⊓⊔

Theorem 24.3 Let A and B be maximally monotone operators from H to
2H such that

cone(domA− domB) = span (domA− domB). (24.7)

Then A+B is maximally monotone.

Proof. Using Proposition 21.11 and its notation, we obtain

cone(domA− domB) ⊂ cone
(
Q1(domFA)−Q1(domFB)

)

⊂ span
(
Q1(domFA)−Q1(domFB)

)

⊂ span (domA− domB)

= span (domA− domB)

= cone(domA− domB). (24.8)
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Hence (24.1) holds and the result follows from Theorem 24.2. ⊓⊔

Corollary 24.4 Let A and B be maximally monotone operators from H to
2H such that one of the following holds:

(i) domB = H.
(ii) domA ∩ int domB 6= ∅.
(iii) 0 ∈ int(domA − domB).
(iv) (∀x ∈ H)(∃ ε ∈ R++) [0, εx] ⊂ domA− domB.
(v) domA and domB are convex and

0 ∈ sri(domA− domB). (24.9)

Then A+B is maximally monotone.

Proof. (i)⇒(ii)⇒(iii)⇒(iv)⇒(24.7): Clear.
(v): By (6.8), (24.7) is equivalent to (24.9). ⊓⊔

Theorem 24.5 Let K be a real Hilbert space, let A : K → 2K be maxi-
mally monotone, let L ∈ B(H,K), and suppose that cone(ranL − domA) =
span (ranL− domA). Then L∗AL is maximally monotone.

Proof. We work in H⊕K. Using Proposition 20.23, we see that the operators

B = NgraL and C : H×K → 2H×K : (x, y) 7→ {0} × Ay (24.10)

are maximally monotone with domB = graL and domC = H × domA.
Hence dom(B + C) ⊂ graL. We claim that

(∀(x, u) ∈ H ×H)(∀v ∈ K)
(u, v) ∈ (B + C)(x, Lx) ⇔ u+ L∗v ∈ L∗

(
A(Lx)

)
. (24.11)

Let (x, u) ∈ H×H and v ∈ K. Then (B+C)(x, Lx) = NgraL(x, Lx)+({0}×
A(Lx)) and hence

(u, v) ∈ (B + C)(x, Lx)⇔ (u, v) ∈ NgraL(x, Lx) +
(
{0} × A(Lx)

)

⇔ (u, v) ∈
{
(L∗w,−w)

∣∣ w ∈ K
}
+
(
{0} ×A(Lx)

)

⇔ (∃w ∈ K) u = L∗w and v + w ∈ A(Lx)
⇔ u+ L∗v ∈ L∗

(
A(Lx)

)
. (24.12)

This verifies (24.11). Since domB − domC = (graL)− (H× domA) = H×
(ranL−domA) and cone(ranL−domA) = span (ranL−domA), we deduce
that cone(domB − domC) = span (domB − domC). Hence, Theorem 24.3
implies that B +C is maximally monotone. Now let (z, w) be monotonically
related to gra(L∗AL), i.e.,

(∀x ∈ H) inf 〈x− z | L∗(A(Lx))− w〉 ≥ 0. (24.13)
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Now take (x, u) ∈ H×H and v ∈ K such that ((x, Lx), (u, v)) ∈ gra(B+C).
Then, by (24.11), u+ L∗v ∈ L∗(A(Lx)). Moreover, (24.13) yields

0 ≤ 〈x− z | u+ L∗v − w〉
= 〈x− z | u− w〉+ 〈Lx− Lz | v〉
= 〈(x, Lx) − (z, Lz) | (u, v)− (w, 0)〉 . (24.14)

The maximal monotonicity of B +C implies that ((z, Lz), (w, 0)) ∈ gra(B +
C). In view of (24.11), this is equivalent to w ∈ L∗(A(Lz)). Appealing to
(20.16), we conclude that L∗AL is maximally monotone. ⊓⊔

Remark 24.6 We have proved the composition result (Theorem 24.5) by
applying the sum result (Theorem 24.3) in a suitable product space. It is
also possible to proceed in the opposite direction. Indeed, let A and B be
maximally monotone operators from H to 2H. Then A×B : H×H → 2H×H

is maximally monotone. Set L : H → H×H : x 7→ (x, x). Then L∗ : H×H →
H : (u, v) 7→ u + v and hence L∗(A × B)L = A + B. Therefore, maximal
monotonicity of the composition L∗(A×B)L implies maximal monotonicity
of the sum A+B.

24.2 3∗ Monotone Operators

Definition 24.7 Let A : H → 2H be monotone. Then A is 3∗ monotone if

domA× ranA ⊂ domFA. (24.15)

Proposition 24.8 Let A : H → 2H be maximally monotone and 3∗ mono-
tone. Then domFA = domA× ranA.

Proof. Combine (24.15) and Corollary 21.12. ⊓⊔

Example 24.9 Let f ∈ Γ0(H). Then ∂f is 3∗ monotone.

Proof. Using Example 20.46, we obtain dom ∂f × ran∂f = dom∂f ×
dom ∂f∗ ⊂ dom f × dom f∗ ⊂ domF∂f . ⊓⊔

Example 24.10 Let C be a nonempty closed convex subset of H. Then NC
is 3∗ monotone.

Proof. Apply Example 24.9 to f = ιC and use Example 16.12. ⊓⊔

Example 24.11 Let A : H → 2H be maximally monotone and uniformly
monotone with a supercoercive modulus φ. Then A is 3∗ monotone.

Proof. Fix (x, u) ∈ graA and w ∈ H, and set γ = ‖u − w‖ and
ψ : R+ → [−∞,+∞[ : t 7→ γt − φ(t). Since limt→+∞ φ(t)/t = +∞, we
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can find τ ∈ R+ such that ψ(t) < 0 = ψ(0) whenever t > τ . Thus,
supt∈R+

ψ(t) = supt∈[0,τ ] ψ(t) ≤ γτ < +∞. Therefore, (20.32), (22.3), and
Cauchy–Schwarz yield

FA(x,w) − 〈x | w〉 = sup
(y,v)∈graA

(
〈x− y | v − u〉+ 〈x− y | u− w〉

)

≤ sup
y∈domA

ψ
(
‖x− y‖

)

< +∞. (24.16)

In other words, (x,w) ∈ domFA and hence

(domA)×H ⊂ domFA. (24.17)

Therefore, A is 3∗ monotone. ⊓⊔

Proposition 24.12 Let A ∈ B(H) be monotone. Then the following are
equivalent for some β ∈ R++:

(i) A is 3∗ monotone.
(ii) A is β-cocoercive.
(iii) A∗ is β-cocoercive.
(iv) A∗ is 3∗ monotone.

Proof.
(i)⇒(ii): Set

f : H → ]−∞,+∞] : x 7→ FA(x, 0). (24.18)

Then f ∈ Γ0(H) by Proposition 20.47(i)&(ii). Since A is 3∗ monotone, we
see that H× {0} ⊂ domA× ranA ⊂ domFA. Hence dom f = H. By Corol-
lary 8.30(ii), 0 ∈ cont f and thus there exist ρ ∈ R++ and µ ∈ R++ such that
(∀x ∈ B(0; ρ)) f(x) = FA(x, 0) = supy∈H(〈x | Ay〉 − 〈y | Ay〉) ≤ µ. Now let
x ∈ B(0; ρ) and y ∈ H. Then

(∀t ∈ R) 0 ≤ µ+ 〈ty | A(ty)〉 − 〈x | A(ty)〉
= µ+ t2 〈y | Ay〉 − t 〈x | Ay〉 . (24.19)

This implies that

(∀x ∈ B(0; ρ))(∀y ∈ H) 〈x | Ay〉2 ≤ 4µ 〈y | Ay〉 . (24.20)

Now let y ∈ H r kerA and set x = (ρ/‖Ay‖)Ay ∈ B(0; ρ). By (24.20), we
arrive at 4µ 〈y | Ay〉 ≥ (ρ/‖Ay‖)2‖Ay‖4, i.e., 〈y | Ay〉 ≥ ‖Ay‖2ρ2/(4µ). The
last inequality is also true when y ∈ kerA; hence we set β = ρ2/(4µ), and
we deduce that, for every y ∈ H, 〈y | βAy〉 ≥ ‖βAy‖2. Therefore, since A is
linear, we deduce that A is β-cocoercive.

(ii)⇔(iii): Clear from Corollary 4.3.
(ii)⇒(i) & (iii)⇒(i): Fix x and y in H, and take z ∈ H. Then
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〈x | Az〉 + 〈z | Ay〉 − 〈z | Az〉
=
(
〈x | Az〉 − 1

2
〈z | Az〉

)
+
(
〈A∗z | y〉 − 1

2
〈z | A∗z〉

)

≤
(
‖x‖ ‖Az‖ − 1

2
β‖Az‖2

)
+
(
‖A∗z‖ ‖y‖− 1

2
β‖A∗z‖2

)

≤ 1

2β

(
‖x‖2 + ‖y‖2

)
, (24.21)

where (24.21) was obtained by computing the maximum of the quadratic
functions t 7→ ‖x‖t − (1/2)βt2 and t 7→ ‖y‖t − (1/2)βt2. It follows from
(24.21) that

(∀x ∈ H)(∀y ∈ H) FA(x,Ay) ≤
1

2β

(
‖x‖2 + ‖y‖2

)
. (24.22)

Hence H× ranA ⊂ domFA.
(iii)⇔(iv): Apply the already established equivalence (i)⇔(ii) to A∗. ⊓⊔

Example 24.13 Let K be a real Hilbert space and let L ∈ B(H,K). Then
LL∗ is 3∗ monotone.

Proof. Combine Example 24.9, Example 2.48, and Proposition 17.26(i). Al-
ternatively, combine Corollary 18.17 and Proposition 24.12. ⊓⊔

Example 24.14 Let N be a strictly positive integer, and let R : HN →
HN : (x1, x2, . . . , xN ) 7→ (xN , x1, . . . , xN−1) be the cyclic right-shift operator
in HN . Then Id−R is 3∗ monotone.

Proof. By Proposition 4.2 and Proposition 24.12, −R is nonexpansive ⇔
2((1/2)(Id−R))− Id is nonexpansive⇔ (1/2)(Id−R) is firmly nonexpansive
⇒ Id−R is 3∗ monotone. ⊓⊔

Proposition 24.15 Let A : H → 2H be monotone and let γ ∈ R++. Then
the following hold:

(i) A is 3∗ monotone if and only if A−1 is 3∗ monotone.
(ii) A is 3∗ monotone if and only if γA is 3∗ monotone.

Proof. (i): By Proposition 20.47(vi), A is 3∗ monotone ⇔ domA × ranA ⊂
domFA ⇔ ranA× domA ⊂ domF ⊺

A ⇔ domA−1 × ranA−1 ⊂ domFA−1 ⇔
A−1 is 3∗ monotone.

(ii): By Proposition 20.47(vii), A is 3∗ monotone ⇔ domA × ranA ⊂
domFA ⇔ domA× γ ranA ⊂ (Id× γId)(domFA) ⇔ dom(γA)× ran(γA) ⊂
domFγA ⇔ γA is 3∗ monotone. ⊓⊔

Example 24.16 Let A : H → 2H be monotone and let γ ∈ R++. Then JγA
and γA are 3∗ monotone.
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Proof. Since Id+γA is strongly monotone, Example 24.11 implies that Id+γA
is 3∗ monotone. Therefore, by Proposition 24.15(i), JγA = (Id + γA)−1 is 3∗

monotone. It follows from (23.14) that Id−JγA = J(γA)−1 is 3∗ monotone. In
view of Proposition 24.15(ii), γA = γ−1(Id− JγA) is also 3∗ monotone. ⊓⊔

Proposition 24.17 Let A and B be monotone operators from H to 2H. Then
(∀x ∈ H)(∀u ∈ H) FA+B(x, u) ≤ (FA(x, ·)�FB(x, ·))(u).

Proof. Fix (x, u) ∈ H × H and suppose that (u1, u2) ∈ H × H satisfies u =
u1+u2. Take (y, v1) ∈ graA and (y, v2) ∈ graB. Then 〈x | v1 + v2〉+〈y | u〉−
〈y | v1 + v2〉 = (〈x | v1〉+ 〈y | u1〉− 〈y | v1〉)+ (〈x | v2〉+ 〈y | u2〉− 〈y | v2〉) ≤
FA(x, u1) + FB(x, u2) and hence FA+B(x, u) ≤ FA(x, u1) + FB(x, u2). In
turn, this implies that FA+B(x, u) ≤ infu1+u2=u FA(x, u1) + FB(x, u2) =
(FA(x, ·)�FB(x, ·))(u). ⊓⊔

Proposition 24.18 Let A and B be monotone operators from H to 2H such
that (domA ∩ domB) ×H ⊂ domFB . Then A+B is 3∗ monotone.

Proof. Let (x, v) ∈ dom(A + B) × H = (domA ∩ domB) × H and take
u ∈ Ax. By Proposition 20.47(i), FA(x, u) = 〈x | u〉 < +∞. Thus, by Propo-
sition 24.17, FA+B(x, v) ≤ (FA(x, ·)�FB(x, ·))(v) ≤ FA(x, u)+FB(x, v−u) <
+∞. Hence dom(A+B)× ran(A+B) = (domA∩domB)×H ⊂ domFA+B ,
and therefore A +B is 3∗ monotone. ⊓⊔

24.3 The Brézis–Haraux Theorem

Theorem 24.19 (Simons) Let A and B be monotone operators from H to
2H such that A+B is maximally monotone. Suppose that

(∀u ∈ ranA)(∀v ∈ ranB)(∃x ∈ H)
(x, u) ∈ domFA and (x, v) ∈ domFB. (24.23)

Then ran (A+B) = ranA+ ranB and int ran(A+B) = int(ranA+ ranB).

Proof. We set Q2 : H × H → H : (z, w) 7→ w. Fix u ∈ ranA and v ∈ ranB,
and let x ∈ H be such that (x, u) ∈ domFA and (x, v) ∈ domFB . Proposi-
tion 24.17 implies that

FA+B(x, u+ v) ≤ FA(x, u) + FB(x, v) < +∞, (24.24)

and thus that u+v ∈ Q2(domFA+B). Hence ranA+ranB ⊂ Q2(domFA+B)
and therefore

ranA+ ranB ⊂ Q2(domFA+B) and

int(ranA+ ranB) ⊂ intQ2(domFA+B). (24.25)
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Since A+B is maximally monotone, Corollary 21.12 yields

Q2(domFA+B) = ran (A +B) and

intQ2(domFA+B) = int ran(A+B). (24.26)

Altogether,

ranA+ ranB ⊂ ran (A +B) and

int(ranA+ ranB) ⊂ int ran(A+B). (24.27)

The results follow since the reverse inclusions in (24.27) always hold. ⊓⊔

Theorem 24.20 (Brézis–Haraux) Let A and B be monotone operators
from H to 2H such that A+B is maximally monotone and one of the following
conditions is satisfied:

(i) A and B are 3∗ monotone.
(ii) domA ⊂ domB and B is 3∗ monotone.

Then ran (A+B) = ranA+ ranB and int ran(A+B) = int(ranA+ ranB).

Proof. Let u ∈ ranA and v ∈ ranB. In view of Theorem 24.19, it suffices to
show that there exists x ∈ H such that (x, u) ∈ domFA and (x, v) ∈ domFB .

(i): For every x ∈ domA ∩ domB, (x, u) ∈ domA × ranA ⊂ domFA and
(x, v) ∈ domB × ranB ⊂ domFB .

(ii): Since u ∈ ranA, there exists x ∈ domA such that (x, u) ∈ graA.
Proposition 20.47(i) yields (x, u) ∈ domFA. Furthermore, since x ∈ domA
and domA ⊂ domB, we have (x, v) ∈ domB × ranB ⊂ domFB. ⊓⊔

Example 24.21 It follows from Example 24.10 that, in Example 24.1, NC
and ND are 3∗ monotone. However, ran (NC + ND) = R × {0} 6= R2 =
ranNC + ranND. The assumption that A + B be maximally monotone in
Theorem 24.20 is therefore critical.

Corollary 24.22 Let A and B be monotone operators from H to 2H such
that A + B is maximally monotone, A or B is surjective, and one of the
following conditions is satisfied:

(i) A and B are 3∗ monotone.
(ii) domA ⊂ domB and B is 3∗ monotone.

Then A+B is surjective.

Corollary 24.23 Let A and B be maximally monotone operators from H to
2H such that A + B is maximally monotone and B is uniformly monotone
with a supercoercive modulus φ. Suppose, in addition, that A is 3∗ monotone
or that domA ⊂ domB. Then the following hold:

(i) ran(A+B) = H.
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(ii) zer(A+B) is a singleton.

Proof. (i): Proposition 22.8(i) and Example 24.11 imply that B is surjective
and 3∗ monotone. We then deduce from Corollary 24.22 that ran(A+B) = H.

(ii): Since A is monotone and B is strictly monotone, A + B is strictly
monotone. Hence, the inclusion 0 ∈ Ax + Bx has at most one solution by
Proposition 23.35. Existence follows from (i). ⊓⊔

24.4 Parallel Sum

Definition 24.24 Let A and B be operators from H to 2H. The parallel sum
of A and B is

A�B =
(
A−1 +B−1

)−1
. (24.28)

Some elementary properties are collected in the next result.

Proposition 24.25 Let A and B be monotone operators from H to 2H. Then
the following hold:

(i) (A�B)x =
⋃
y∈H

(
Ay ∩B(x − y)

)
.

(ii) u ∈ (A�B)x ⇔ (∃ y ∈ H) y ∈ A−1u and x− y ∈ B−1u.
(iii) dom(A�B) = ran(A−1 +B−1).
(iv) ran(A�B) = ranA ∩ ranB.
(v) Suppose that A and B are monotone. Then A�B is monotone.

Proposition 24.26 Let A : H → 2H be at most single-valued and let
B : H → H be linear. Then

A�B = A(A+B)−1B. (24.29)

Proof. Let (x, u) ∈ H×H. Proposition 24.25(ii) yields

(x, u) ∈ gra(A�B)⇔ (∃ y ∈ H) y ∈ A−1u and x− y ∈ B−1u

⇔ (∃ y ∈ H) u = Ay = Bx−By
⇔ (∃ y ∈ H) u = Ay and (A+B)y = Bx

⇔ (∃ y ∈ H) u = Ay and y ∈ (A+B)−1Bx

⇔ (x, u) ∈ gra
(
A(A+B)−1B

)
. (24.30)

Hence (24.29) holds. ⊓⊔

Proposition 24.27 Let f ∈ Γ0(H), let g ∈ Γ0(H), and suppose that 0 ∈
sri(dom f∗ − dom g∗). Then

(∂f)� (∂g) = ∂(f ⊡g). (24.31)
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Proof. Using (24.28), Corollary 16.24, Corollary 16.38(i), Proposition 15.1,
and Proposition 15.7(i), we obtain (∂f)� (∂g) = ((∂f)−1 + (∂g)−1)−1 =
(∂f∗ + ∂g∗)−1 = (∂(f∗ + g∗))−1 = ∂(f∗ + g∗)∗ = ∂(f �g)˘= ∂(f ⊡g). ⊓⊔
Proposition 24.28 Let A and B be monotone operators from H to 2H such
that A+ B is maximally monotone. Then

JA�JB = J(1/2)(A+B) ◦ 1
2
Id. (24.32)

Proof. Take (x, u) ∈ gra(JA�JB). By Proposition 24.25(i), there exists y ∈ H
such that u ∈ JAy and u ∈ JB(x− y). Since JA and JB are single-valued, we
have u = JAy = JB(x − y). By Proposition 23.2(ii), (u, y − u) ∈ graA and
(u, x−y−u) ∈ graB. Now let (z, w) ∈ gra(A+B). Then there exist wA ∈ Az
and wB ∈ Bz such that w = wA+wB. By monotonicity of A and B, we have
〈u− z | y − u− wA〉 ≥ 0 and 〈u− z | x− y − u− wB〉 ≥ 0. Adding the last
two inequalities yields 〈u− z | x− 2u− w〉 ≥ 0. Since A + B is maximally
monotone, we deduce that (u, x − 2u) = (u, 2(x/2 − u)) ∈ gra(A + B). In
turn, by Proposition 23.2(ii), u = J(1/2)(A+B)(x/2). ⊓⊔
Corollary 24.29 Let A and B be monotone operators from H to 2H such
that A+ B is maximally monotone. Then JA+B = (J2A �J2B) ◦ 2Id.
Corollary 24.30 Let f and g be functions in Γ0(H) such that dom f ∩
dom g 6= ∅ and ∂f + ∂g = ∂(f + g). Then

Proxf+g = (Prox2f � Prox2g) ◦ 2Id. (24.33)

Corollary 24.31 Let C and D be closed convex subsets of H such that C ∩
D 6= ∅ and NC +ND = NC∩D. Then

PC∩D =
(
PC �PD

)
◦ 2Id. (24.34)

Proposition 24.32 Let C and D be closed linear subspaces of H such that
C +D is closed. Then the following hold:

(i) PC∩D = 2PC(PC + PD)
−1PD.

(ii) Suppose that ran(PC+PD) is closed. Then PC∩D = 2PC(PC+PD)
†PD.

Proof. Since C+D is closed, it follows from Corollary 15.35 that C⊥+D⊥ =
C⊥ +D⊥ = (C ∩D)⊥. Hence, NC +ND = NC∩D.

(i): Using Corollary 24.31, the linearity of PC∩D, and Proposition 24.26,
we see that PC∩D = 2(PC �PD) = 2PD(PC + PD)

−1PD.
(ii): Since, by Corollary 3.22 and Corollary 20.25 the projectors PC and

PD are continuous, maximally monotone, and self-adjoint, so is their sum
PC + PD. Furthermore, by Proposition 4.8 and Proposition 24.12, PC and
PD are 3∗ monotone. Theorem 24.20 therefore yields

ran(PC + PD) = ran (PC + PD) = ranPC + ranPD = C +D = C +D.
(24.35)
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In turn, Exercise 3.13 implies that

(PC + PD)
† = Pran(PC+PD)∗ ◦ (PC + PD)

−1 ◦ Pran(PC+PD)

= PC+D(PC + PD)
−1PC+D. (24.36)

On the other hand, by Exercise 4.9, we have PCPC+D = PC and PC+DPD =
PD. Altogether,

PC(PC + PD)
†PD = PC

(
PC+D(PC + PD)

−1PC+D

)
PD

=
(
PCPC+D

)
(PC + PD)

−1
(
PC+DPD

)

= PC(PC + PD)
−1PD. (24.37)

In view of (i), the proof is therefore complete. ⊓⊔

Corollary 24.33 (Anderson–Duffin) Suppose that H has finite dimen-
sion, and let C and D be linear subspaces of H. Then

PC∩D = 2PC(PC + PD)
†PD. (24.38)

Exercises

Exercise 24.1 Show that Theorem 24.5 fails if cone(ranL − domA) 6=
span (ranL− domA).

Exercise 24.2 Is the upper bound for FA+B provided in Proposition 24.17
sharp when A and B are operators in B(H) such that A∗ = −A and B∗ =
−B?

Exercise 24.3 Is the upper bound for FA+B provided in Proposition 24.17
sharp when A and B are operators in B(H) such that A is self-adjoint and
monotone, and B∗ = −B?

Exercise 24.4 Is the upper bound for FA+B provided in Proposition 24.17
sharp when V is a closed linear subspace of H, A = PV , and B = PV ⊥?

Exercise 24.5 Is the upper bound for FA+B provided in Proposition 24.17
sharp when H = R, A = PK , and B = PK⊥ , where K = R+?

Exercise 24.6 An operator A : H → 2H is angle bounded with constant
β ∈ R++ if, for all (x, u), (y, v), and (z, w) in H×H,

(x, u) ∈ graA,
(y, v) ∈ graA,
(z, w) ∈ graA




 ⇒ 〈y − z | w − u〉 ≤ β 〈x− y | u− v〉 . (24.39)

Let f ∈ Γ0(H). Show that ∂f is angle bounded with constant 1.
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Exercise 24.7 Show that every angle bounded monotone operator is 3∗

monotone.

Exercise 24.8 Provide an example of a maximally monotone operator that
is not 3∗ monotone.

Exercise 24.9 Provide an example of maximally monotone operators A and
B such that A+B is maximally monotone, ran(A +B) = {0}, and ranA =
ranB = H. Conclude that the assumptions (i) and (ii) of Theorem 24.20 are
critical.

Exercise 24.10 Let R be as in Example 24.14. Prove that

ker(Id−R) =
{
(x, . . . , x) ∈ HN

∣∣ x ∈ H
}

(24.40)

and that

ran(Id−R) =
(
ker(Id−R)

)⊥
=

{
(x1, . . . , xN ) ∈ HN

∣∣∣∣
N∑

i=1

xi = 0

}
. (24.41)

Exercise 24.11 Let A and B be monotone operators from H to 2H such
that dom(A�B) 6= ∅. Let (x, u1) and (x, u2) be in gra(A�B), and let y1
and y2 be such that u1 ∈ Ay1 ∩ B(x − y1) and u2 ∈ Ay2 ∩ B(x − y2). Show
that 〈y1 − y2 | u1 − u2〉 = 0.

Exercise 24.12 Let A : H → 2H be maximally monotone, and let γ ∈ R++.
Show that A� (γ−1Id) = γA.

Exercise 24.13 Let A and B be maximally monotone operators from H to
2H. Use Lemma 2.13(i) and Exercise 24.11 to show that, for every x ∈ H,
(A�B)x is convex.

Exercise 24.14 Let A and B be strictly positive self-adjoint surjective op-
erators in B(H). Set qA : x 7→ (1/2) 〈x | Ax〉. Show that A + B is surjective
and observe that the surjectivity assumption in Exercise 12.12 is therefore
superfluous. Furthermore, use Exercise 12.12 to deduce that qA�B = qA ⊡ qB .

Exercise 24.15 Let A ∈ B(H) be positive and self-adjoint, and set qA : x 7→
(1/2) 〈x | Ax〉. Show that qA is convex and Fréchet differentiable, with∇qA =
A and q∗A ◦A = qA. Moreover, prove that ranA ⊂ dom q∗A ⊂ ranA.

Exercise 24.16 Let A ∈ B(H) be positive and self-adjoint, and let B ∈
B(H) be such that B∗ = −B. Suppose that ranA is closed and set C = A+B.
Show that C is 3∗ monotone if and only if ranB ⊂ ranA.



Chapter 25

Zeros of Sums of Monotone Operators

Properties of the zeros of a single monotone operator were discussed in Sec-
tion 23.4. In this chapter, we first characterize the zeros of sums of monotone
operators and then present basic algorithms to construct such zeros itera-
tively. These are called splitting algorithms in the sense that they involve the
operators individually.

25.1 Characterizations

The solutions to problems in various areas of nonlinear analysis can be mod-
eled as the zeros of the sum of two monotone operators. These zeros can be
characterized as follows, where we use the notation (23.10).

Proposition 25.1 Let A : H → 2H, let B : H → 2H, and let γ ∈ R++. Then
the following hold:

(i) zer(A+B) = dom(A ∩ (−B)).
(ii) Suppose that A and B are monotone. Then

zer(A+B) = JγB
(
FixRγARγB

)
. (25.1)

(iii) Let C be a closed affine subspace of H, set V = C−C, and suppose that
A = NC . Then zer(A+B) =

{
x ∈ C

∣∣ V ⊥ ∩Bx 6= ∅
}
.

(iv) Suppose that A is monotone and that B is at most single-valued. Then

zer(A+B) = Fix JγA ◦ (Id− γB). (25.2)

Proof. Let x ∈ H.
(i): 0 ∈ Ax+Bx ⇔ (∃u ∈ Bx) −u ∈ Ax ⇔ Ax ∩ (−Bx) 6= ∅.
(ii): We have

0 ∈ Ax+Bx ⇔ (∃ y ∈ H) x− y ∈ γAx and y − x ∈ γBx
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⇔ (∃ y ∈ H) 2x− y ∈ (Id + γA)x and x = JγBy

⇔ (∃ y ∈ H) x = JγA(RγBy) and x = JγBy

⇔ (∃ y ∈ H) y = 2x−RγBy = RγA(RγBy) and x = JγBy

⇔ (∃ y ∈ FixRγARγB) x = JγBy. (25.3)

(iii): It follows from Example 6.42 that x ∈ zer(NC +B)⇔ 0 ∈ NCx+Bx
⇔ (∃u ∈ Bx) −u ∈ NCx ⇔ [x ∈ C and (∃u ∈ Bx) u ∈ V ⊥].

(iv): We have 0 ∈ Ax + Bx ⇔ −Bx ∈ Ax ⇔ x − γBx ∈ x + γAx ⇔
x ∈ ((Id + γA)−1 ◦ (Id− γB))x ⇔ x = (JγA ◦ (Id− γB))x. ⊓⊔

Proposition 25.2 Let A : H → 2H be maximally monotone, let B : H → H,
and let γ ∈ R++. Then Fix JA ◦ (Id + γ(B − Id)) = Fix Jγ−1A ◦B.

Proof. For every x ∈ H, we have x ∈ Fix Jγ−1A ◦ B ⇔ γ(Bx − x) ∈ Ax
⇔ (γB + (1 − γ)Id)x ∈ (Id + A)x ⇔ x = (Id + A)−1(γB + (1 − γ)Id)x ⇔
x ∈ Fix JA(Id + γ(B − Id)). ⊓⊔

The following asymptotic result complements Proposition 25.1(iii).

Proposition 25.3 Let V be a closed linear subspace of H, let B : H → 2H be
maximally monotone, let (xn, un)n∈N be a sequence in graB, and let (x, u) ∈
H×H. Suppose that

xn⇀x, un⇀u, PV ⊥xn → 0, and PV un → 0. (25.4)

Then the following hold:

(i) x ∈ zer(NV +B).

(ii) (x, u) ∈ (V × V ⊥) ∩ graB.

(iii) 〈xn | un〉 → 〈x | u〉 = 0.

Proof. (ii)&(iii): This follows from Proposition 20.50.
(i): Combine (ii) and Proposition 25.1(iii). ⊓⊔
In order to study the zeros of an arbitrary finite sum of maximally mono-

tone operators, we need a few technical facts.

Proposition 25.4 Let m be an integer such that m ≥ 2, set I = {1, . . . ,m},
and let (Ai)i∈I be maximally monotone operators from H to 2H. Furthermore,
set 




H =
⊕

i∈I H,
D =

{
(x, . . . , x) ∈H

∣∣ x ∈ H
}
,

j : H →D : x 7→ (x, . . . , x),

B =×
i∈I

Ai.

(25.5)

Then the following hold for every x = (xi)i∈I ∈H:
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(i) D⊥ =
{
u ∈H

∣∣ ∑
i∈I ui = 0

}
.

(ii) NDx =

{{
u ∈H

∣∣ ∑
i∈I ui = 0

}
, if x ∈D;

∅, otherwise.

(iii) PDx = j
(
(1/m)

∑
i∈I xi

)
.

(iv) PD⊥x =
(
xi − (1/m)

∑
j∈I xj

)
i∈I

.

(v) JγBx =
(
JγAi

xi
)
i∈I

.

(vi) j
(
zer
∑
i∈I Ai

)
= zer

(
ND +B

)
.

Proof. (i): This follows from (2.6).
(ii): Combine (i) and Example 6.42.
(iii): Set p = (1/m)

∑
i∈I xi and p = j(p), and let y = j(y), where

y ∈ H. Then p ∈ D, y is an arbitrary point in D, and 〈x − p | y〉 =∑
i∈I 〈xi − p | y〉 =

〈∑
i∈I xi −mp | y

〉
= 0. Hence, by Corollary 3.22(i),

p = PDx.
(iv): Corollary 3.22(v).
(v): Proposition 23.16.
(vi): Let x ∈ H. Then (ii) implies that

0 ∈
∑

i∈I

Aix ⇔
(
∃ (ui)i∈I ∈×

i∈I

Aix

) ∑

i∈I

ui = 0

⇔
(
∃u ∈ Bj(x)

)
− u ∈D⊥ = ND j(x)

⇔ j(x) ∈ zer(ND +B) ⊂ D, (25.6)

and we have obtained the announced identity. ⊓⊔

Corollary 25.5 Let m be an integer such that m ≥ 2, set I = {1, . . . ,m},
and let (Ai)i∈I be maximally monotone operators from H to 2H. For every
i ∈ I, let (xi,n, ui,n)n∈N be a sequence in graAi and let (xi, ui) ∈ H × H.
Suppose that

∑

i∈I

ui,n → 0 and (∀i ∈ I)






xi,n⇀xi,

ui,n⇀ui,

mxi,n −
∑

j∈I

xj,n → 0.
(25.7)

Then there exists x ∈ zer
∑
i∈I Ai such that the following hold:

(i) x = x1 = · · · = xm.

(ii)
∑

i∈I ui = 0.
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(iii) (∀i ∈ I) (x, ui) ∈ graAi.

(iv)
∑

i∈I 〈xi,n | ui,n〉 →
〈
x |∑i∈I ui

〉
= 0.

Proof. Define H, D, and B as in Proposition 25.4, set x = (xi)i∈I and
u = (ui)i∈I , and note that, by Proposition 23.16, B is maximally monotone.
Now set (∀n ∈ N) xn = (xi,n)i∈I and un = (ui,n)i∈I . Then (xn,un)n∈N

lies in graB and we derive from (25.7), Proposition 25.4(iii), and Proposi-
tion 25.4(iv), that xn⇀x, un⇀u, PD⊥xn → 0, and PDun → 0. The asser-
tions therefore follow from Proposition 25.3 and Proposition 25.4(i)&(vi). ⊓⊔

25.2 Douglas–Rachford Splitting

We now turn our attention to the central problem of finding a zero of the
sum of two maximally monotone operators A and B, i.e.,

find x ∈ H such that 0 ∈ Ax+Bx. (25.8)

When A + B is maximally monotone, one can approach this problem via
Theorem 23.41. Naturally, this approach is numerically viable only in those
cases in which it is easy to compute Jγ(A+B). A more widely applicable
alternative is to devise an operator splitting algorithm, in which the operators
A and B are employed in separate steps.

The following algorithm is referred to as the Douglas–Rachford algorithm
because, in a special linear case, it is akin to a method proposed by Douglas
and Rachford for solving certain matrix equations. Its main step consists in
alternating the reflected resolvents defined in (23.10).

Theorem 25.6 (Douglas–Rachford algorithm) Let A and B be max-
imally monotone operators from H to 2H such that zer(A + B) 6= ∅, let
(λn)n∈N be a sequence in [0, 2] such that

∑
n∈N

λn(2 − λn) = +∞, let
γ ∈ R++, and let x0 ∈ H. Set

(∀n ∈ N)


yn = JγBxn,
zn = JγA(2yn − xn),
xn+1 = xn + λn(zn − yn).

(25.9)

Then there exists x ∈ FixRγARγB such that the following hold:

(i) JγBx ∈ zer(A+B).
(ii) (yn − zn)n∈N converges strongly to 0.
(iii) (xn)n∈N converges weakly to x.
(iv) (yn)n∈N converges weakly to JγBx.
(v) (zn)n∈N converges weakly to JγBx.
(vi) Suppose that A = NC , where C is a closed affine subspace of H. Then

(PCxn)n∈N converges weakly to JγBx.
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(vii) Suppose that one of the following holds (see Remark 22.2):

(a) A is uniformly monotone on every nonempty bounded subset of
domA.

(b) B is uniformly monotone on every nonempty bounded subset of
domB.

Then (yn)n∈N and (zn)n∈N converge strongly to the unique point in
zer(A+B).

Proof. Set T = RγARγB. Since RγA and RγB are nonexpansive by Corol-
lary 23.10(ii), T is nonexpansive. Moreover, since Proposition 25.1(ii) states
that JγB(Fix T ) = zer(A + B), which is nonempty, we have FixT 6= ∅. We
also note that, using Proposition 4.21(i), we can rewrite (25.9) as

(∀n ∈ N) xn+1 = xn + µn
(
Txn − xn

)
, where µn =

λn
2
. (25.10)

It will be convenient to set

(∀n ∈ N) vn = xn − yn and wn = 2yn − xn − zn (25.11)

and to observe that (25.9) yields

(∀n ∈ N)





(zn, wn) ∈ graγA,

(yn, vn) ∈ graγB,

vn + wn = yn − zn.
(25.12)

(i): Proposition 25.1(ii).
(ii): This follows from (25.10) and Theorem 5.14(ii).
(iii): This follows from (25.10) and Theorem 5.14(iii).
(iv): By Corollary 23.10(i), (∀n ∈ N) ‖yn − y0‖ = ‖JγBxn − JγBx0‖ ≤

‖xn − x0‖. Hence, since (xn)n∈N is bounded by (iii), so is (yn)n∈N. Now let
y be a weak sequential cluster point of (yn)n∈N, say ykn ⇀y. It follows from
(25.11), (ii), and (iii) that

ykn ⇀ y, zkn ⇀ y, vkn ⇀x− y, and wkn ⇀y − x. (25.13)

In turn, (25.12), (ii), and Corollary 25.5 yield y ∈ zer(γA+γB) = zer(A+B),
(y, y − x) ∈ gra γA, and (y, x− y) ∈ graγB. Hence,

y = JγBx and y ∈ domA. (25.14)

Thus, JγBx is the unique weak sequential cluster point of (yn)n∈N and, ap-
pealing to Lemma 2.38, we conclude that yn⇀JγBx.

(v): Combine (ii) and (iv).
(vi): On the one hand, (iii), Proposition 4.11(i), and Example 23.4 yield

PCxn ⇀ PCx = JγAx. On the other hand, by Proposition 4.21(iii)&(iv),
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x ∈ FixT ⇔ x ∈ Fix(PCRγB + Id − JγB) ⇔ PCx = JγBx. Altogether,
PCxn⇀JγBx.

(vii): Set y = JγBx. As seen in (i) and (iii), y ∈ zer(A + B) and xn⇀ x.
Since A or B is strictly monotone, so is A+B. Hence Proposition 23.35 yields
zer(A+B) = {y}. It follows from (25.11), (iii), (iv), and (v) that

yn⇀ y, zn⇀ y, vn⇀x− y, and wn⇀y − x. (25.15)

We therefore deduce from (25.12), (25.15), (ii), and Corollary 25.5 that

(y, y − x) ∈ graγA and (y, x− y) ∈ graγB. (25.16)

(vii)(a): Set C = {y} ∪ {zn}n∈N. Since (v) and (25.12) imply that (zn)n∈N

is a bounded sequence in domA, and since y ∈ domA by (25.14), C is a
bounded subset of domA. Hence, it follows from (25.12), (25.16), and (22.5)
that there exists an increasing function φA : R+ → [0,+∞] that vanishes only
at 0 such that

(∀n ∈ N) γφA
(
‖zn − y‖

)
≤ 〈zn − y | wn − y + x〉 . (25.17)

On the other hand, by (25.12), (25.16), and the monotonicity of γB,

(∀n ∈ N) 0 ≤ 〈yn − y | vn − x+ y〉 . (25.18)

Thus,

(∀n ∈ N) γφA
(
‖zn − y‖

)
≤ 〈zn − y | wn − y + x〉 + 〈yn − y | vn − x+ y〉
= 〈zn − yn | wn − y + x〉+ 〈yn − y | wn − y + x〉

+ 〈yn − y | vn − x+ y〉
= 〈zn − yn | wn − y + x〉+ 〈yn − y | wn + vn〉
= 〈zn − yn | wn − y + x〉+ 〈yn − y | yn − zn〉
= 〈zn − yn | wn − yn + x〉 . (25.19)

However, it follows from (ii) that zn − yn → 0 and from (25.15) that wn −
yn+x⇀ 0. Thus, it follows from Lemma 2.41(iii) that φA(‖zn−y‖)→ 0 and
therefore zn → y. In turn, yn → y.

(vii)(b): We argue as in (vii)(a), except that the roles of A and B are
interchanged. Thus, (25.19) becomes

(∀n ∈ N) γφB
(
‖yn − y‖

)
≤ 〈yn − y | vn − x+ y〉 + 〈zn − y | wn − y + x〉
= 〈yn − zn | vn − x+ y〉+ 〈zn − y | vn − x+ y〉

+ 〈zn − y | wn − y + x〉
= 〈yn − zn | vn − x+ y〉+ 〈zn − y | vn + wn〉
= 〈yn − zn | vn + zn − x〉 . (25.20)
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Consequently, since yn−zn → 0 and vn+zn−x⇀0, we get φB(‖yn−y‖)→ 0,
hence yn → y and zn → y. ⊓⊔

By recasting the Douglas–Rachford algorithm (25.9) in a product space,
we obtain a parallel splitting algorithm for finding a zero of a finite sum of
maximally monotone operators.

Proposition 25.7 (parallel splitting algorithm) Let m be an integer
such that m ≥ 2, set I = {1, . . . ,m}, let (Ai)i∈I be maximally monotone
operators from H to 2H such that zer

∑
i∈I Ai 6= ∅, let (λn)n∈N be a sequence

in [0, 2] such that
∑
n∈N

λn(2 − λn) = +∞, let γ ∈ R++, and let (xi,0)i∈I ∈
Hm. Set

(∀n ∈ N)



pn =
1

m

∑

i∈I

xi,n,

(∀i ∈ I) yi,n = JγAi
xi,n,

qn =
1

m

∑

i∈I

yi,n,

(∀i ∈ I) xi,n+1 = xi,n + λn
(
2qn − pn − yi,n

)
.

(25.21)

Then (pn)n∈N converges weakly to a point in zer
∑
i∈I Ai.

Proof. Define H, D, j, and B as in (25.5), and set A = ND . It fol-
lows from Example 20.41, Example 23.4, Proposition 23.16, and Proposi-
tion 25.4(iii)&(v) that A and B are maximally monotone, with

(∀x ∈H) JγAx = j

(
1

m

∑

i∈I

xi

)
and JγBx =

(
JγAi

xi
)
i∈I
. (25.22)

Moreover, Proposition 25.4(vi) yields

j

(
zer
∑

i∈I

Ai

)
= zer

(
A+B

)
. (25.23)

Now set (∀n ∈ N) xn = (xi,n)i∈I , pn = j(pn), yn = (yi,n)i∈I , and qn = j(qn).
Then it follows from (25.22) that (25.21) can be rewritten as

(∀n ∈ N)



pn = PDxn,
yn = JγBxn,
qn = PDyn,
xn+1 = xn + λn

(
2qn − pn − yn

)
.

(25.24)

In turn, since JγA = PD is linear, this is equivalent to

(∀n ∈ N)


pn = JγAxn,
yn = JγBxn,
xn+1 = xn + λn

(
JγA(2yn − xn)− yn

)
.

(25.25)
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Hence, we derive from Theorem 25.6(vi) and (25.23) that (pn)n∈N converges
weakly to a point j(x), where x ∈ zer

∑
i∈I Ai. Thus, pn = j−1(pn)⇀x. ⊓⊔

25.3 Forward–Backward Splitting

We focus on the case when B is single-valued in (25.8). The algorithm de-
scribed next is known as a forward–backward algorithm. It alternates an
explicit step using the operator B with an implicit resolvent step involving
the operator A, i.e., in the language of numerical analysis, a forward step
with a backward step.

Theorem 25.8 (forward–backward algorithm) Let A : H → 2H be
maximally monotone, let β ∈ R++, let B : H → H be β-cocoercive, let γ ∈
]0, 2β[, and set δ = min{1, β/γ}+1/2. Furthermore, let (λn)n∈N be a sequence
in [0, δ] such that

∑
n∈N

λn(δ − λn) = +∞, and let x0 ∈ H. Suppose that
zer(A+B) 6= ∅ and set

(∀n ∈ N)

⌊
yn = xn − γBxn,
xn+1 = xn + λn

(
JγAyn − xn

)
.

(25.26)

Then the following hold:

(i) (xn)n∈N converges weakly to a point in zer(A+B).
(ii) Suppose that infn∈N λn > 0 and let x ∈ zer(A + B). Then (Bxn)n∈N

converges strongly to Bx.
(iii) Suppose that infn∈N λn > 0 and that one of the following holds:

(a) A is uniformly monotone on every nonempty bounded subset of
domA.

(b) B is uniformly monotone on every nonempty bounded subset of H.
Then (xn)n∈N converges strongly to the unique point in zer(A+B).

Proof. Set T = JγA ◦ (Id−γB) and α = 1/δ. On the one hand, Corollary 23.8
and Remark 4.24(iii) imply that JγA is 1/2-averaged. On the other hand,
Proposition 4.33 implies that Id − γB is γ/(2β)-averaged. Hence, Proposi-
tion 4.32 implies that T is α-averaged. Moreover, by Proposition 25.1(iv),
FixT = zer(A+ B). We also deduce from (25.26) that (xn)n∈N is generated
by (5.15).

(i): The claim follows from Proposition 5.15(iii).
(ii): Let x ∈ zer(A + B) = FixT and set ε = infn∈N λn. We derive from

the above and Proposition 4.25(iii) that, for every n ∈ N,

‖Txn − x‖2 = ‖JγA(xn − γBxn)− JγA(x− γBx)‖2

≤ ‖(Id− γB)xn − (Id− γB)x‖2
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≤ ‖xn − x‖2 − γ(2β − γ)‖Bxn −Bx‖2 (25.27)

and, therefore, using Corollary 2.14 and the inequality δ > 1, that

‖xn+1 − x‖2 = ‖(1− λn)(xn − x) + λn(Txn − x)‖2

= (1− λn)‖xn − x‖2 + λn‖Txn − x‖2

− λn(1− λn)‖Txn − xn‖2

≤ ‖xn − x‖2 − γ(2β − γ)λn‖Bxn −Bx‖2

− λn(1− λn)‖Txn − xn‖2

≤ ‖xn − x‖2 − γ(2β − γ)ε‖Bxn −Bx‖2

+ δ(δ − 1)‖Txn − xn‖2. (25.28)

Thus, using Proposition 5.15(i)&(ii) and Proposition 5.4(ii), we obtain

γ(2β − γ)ε‖Bxn −Bx‖2 ≤
(
‖xn − x‖2 − ‖xn+1 − x‖2

)

+ δ(δ − 1)‖Txn − xn‖2

→ 0, (25.29)

and the conclusion follows.
(iii): As seen in (i), there exists x ∈ zer(A+B) such that xn⇀x.
(iii)(a): Set (∀n ∈ N) zn = JγAyn. Then

−γBx ∈ γAx and (∀n ∈ N) xn−γBxn−zn = yn−zn ∈ γAzn. (25.30)

On the other hand, we derive from Proposition 5.15(ii) that

zn − xn = Txn − xn → 0. (25.31)

Thus, zn⇀ x and hence C = {x} ∪ {zn}n∈N is a bounded subset of domA.
In turn, it follows from (22.5) and (25.30) that there exists an increasing
function φA : R+ → [0,+∞] that vanishes only at 0 such that

(∀n ∈ N) 〈zn − x | xn − zn − γ(Bxn −Bx)〉 ≥ γφA
(
‖zn − x‖

)
. (25.32)

However, zn − x ⇀ 0, and it follows from (25.31) and (ii) that xn − zn −
γ(Bxn − Bx) → 0. We thus derive from (25.32) that φA(‖zn − x‖) → 0,
which forces zn → x. In view of (25.31), we conclude that xn → x.

(iii)(b): Since xn⇀x, C = {x}∪{xn}n∈N is a bounded subset of H. Hence,
it follows from (22.5) that there exists an increasing function φB : R+ →
[0,+∞] that vanishes only at 0 such that

(∀n ∈ N) 〈xn − x | Bxn −Bx〉 ≥ γφB
(
‖xn − x‖

)
. (25.33)

Thus, (ii) yields φB(‖xn − x‖)→ 0 and therefore xn → x. ⊓⊔
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We conclude this section with two instances of linear convergence of the
forward–backward algorithm.

Proposition 25.9 Let D be a nonempty closed subset of H, let A : H → 2H

be maximally monotone and such that domA ⊂ D, let B : D → H, let α ∈
R++, and let β ∈ R++. Suppose that one of the following holds:

(i) A is α-strongly monotone, B is β-cocoercive, and γ ∈ ]0, 2β[.
(ii) α ≤ β, B is α-strongly monotone and β-Lipschitz continuous, and γ ∈]

0, 2α/β2
[
.

Let x0 ∈ D and set

(∀n ∈ N)

⌊
yn = xn − γBxn
xn+1 = JγAyn.

(25.34)

Then (xn)n∈N converges linearly to the unique point in zer(A+B).

Proof. Set T = JγA ◦ (Id − γB) and note that, by Proposition 25.1(iv),
FixT = zer(A+B). Since Proposition 23.2(i) asserts that ranJγA = domA,
T is a well-defined operator from D to D, and (25.34) reduces to (∀n ∈ N)
xn+1 = Txn. Since D, as a closed subset of H, is a complete metric space, in
view of Theorem 1.48, it is enough to show that in both cases T is Lipschitz
continuous with a constant in [0, 1[.

(i): Set τ = 1/(αγ+1). On the one hand, we derive from Proposition 23.11
that JγA is Lipschitz continuous with constant τ . On the other hand, we
derive from Proposition 4.33 and Remark 4.24(i) that Id−γB is nonexpansive.
Altogether, T is Lipschitz continuous with constant τ ∈ ]0, 1[.

(ii): Observe that γ(2α− γβ2) ∈ ]0, 1] and set τ =
√

1− γ(2α− γβ2). On
the one hand, we derive from Corollary 23.10(i) that JγA is nonexpansive.
On the other hand, for every x and y in D, we have

‖(Id− γB)x− (Id− γB)y‖2 = ‖x− y‖2 − 2γ 〈x− y | Bx−By〉
+ γ2‖Bx−By‖2

≤ ‖x− y‖2 − 2γα‖x− y‖2 + γ2β2‖x− y‖2

=
(
1− γ

(
2α− γβ2

))
‖x− y‖2. (25.35)

Altogether, T is Lipschitz continuous with constant τ ∈ [0, 1[. ⊓⊔

25.4 Tseng’s Splitting Algorithm

In this section, we once again consider the case when B is single-valued in
(25.8), but relax the cocoercivity condition imposed by the forward–backward
algorithm in Theorem 25.8 at the expense of additional computations. More
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precisely, the algorithm presented below involves at each iteration two forward
steps, a backward step, and a projection step.

Theorem 25.10 (Tseng’s algorithm) Let D be a nonempty subset of H,
let A : H → 2H be maximally monotone and such that domA ⊂ D, and let
B : H → 2H be a monotone operator that is single-valued on D. Suppose that
A + B is maximally monotone, and that C is a closed convex subset of D
such that C ∩ zer(A+B) 6= ∅ and B is 1/β-Lipschitz continuous relative to
C ∪ domA, for some β ∈ R++. Let x0 ∈ C, let γ ∈ ]0, β[, and set

(∀n ∈ N)



yn = xn − γBxn,
zn = JγAyn,
rn = zn − γBzn,
xn+1 = PC

(
xn − yn + rn

)
.

(25.36)

Then the following hold:

(i) (xn − zn)n∈N converges strongly to 0.
(ii) (xn)n∈N and (zn)n∈N converge weakly to a point in C ∩ zer(A+B).
(iii) Suppose that A or B is uniformly monotone on every nonempty bounded

subset of domA. Then (xn)n∈N and (zn)n∈N converge strongly to the
unique point in C ∩ zer(A+B).

Proof. Suppose that, for some n ∈ N, xn ∈ C. Then xn ∈ D and yn is therefore
well defined. In turn, we derive from Proposition 23.2(i) that zn ∈ ranJγA =
domA ⊂ D, which makes rn well defined. Finally, xn+1 = PC(rn+xn−yn) ∈
C. This shows by induction that the sequences (xn)n∈N, (yn)n∈N, (zn)n∈N,
and (rn)n∈N are well defined. Let us set

(∀n ∈ N) un = γ−1(xn − zn) +Bzn −Bxn. (25.37)

Note that (25.36) yields

(∀n ∈ N) un = γ−1(yn − zn) +Bzn ∈ Azn +Bzn. (25.38)

Now let z ∈ C ∩ zer(A +B) and let n ∈ N. We first note that

z = PCz and (z,−γBz) ∈ gra γA. (25.39)

On the other hand, by Proposition 23.2(ii) and (25.36), (zn, yn−zn) ∈ graγA.
Hence, by (25.39) and monotonicity of γA, 〈zn − z | zn − yn − γBz〉 ≤ 0.
However, by monotonicity of B, 〈zn − z | γBz − γBzn〉 ≤ 0. Upon adding
these two inequalities, we obtain

〈zn − z | zn − yn − γBzn〉 ≤ 0. (25.40)

In turn, we derive from (25.36) that

2γ 〈zn − z | Bxn −Bzn〉 = 2 〈zn − z | zn − yn − γBzn〉
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+ 2 〈zn − z | γBxn + yn − zn〉
≤ 2 〈zn − z | γBxn + yn − zn〉
= 2 〈zn − z | xn − zn〉
= ‖xn − z‖2 − ‖zn − z‖2 − ‖xn − zn‖2 (25.41)

and, therefore, from Proposition 4.8 that

‖xn+1 − z‖2 = ‖PC(rn + xn − yn)− PCz‖2

≤ ‖rn + xn − yn − z‖2

= ‖(zn − z) + γ(Bxn −Bzn)‖2

= ‖zn − z‖2 + 2γ 〈zn − z | Bxn −Bzn〉 + γ2‖Bxn −Bzn‖2

≤ ‖xn − z‖2 − ‖xn − zn‖2 + γ2‖Bxn −Bzn‖2

≤ ‖xn − z‖2 − (1− γ2/β2)‖xn − zn‖2. (25.42)

This shows that

(xn)n∈N is Fejér monotone with respect to C ∩ zer(A+B). (25.43)

(i): An immediate consequence of (25.42).
(ii): It follows from (i), the relative Lipschitz continuity of B, and (25.37)

that
Bzn −Bxn → 0 and un → 0. (25.44)

Now let x be a weak sequential cluster point of (xn)n∈N, say xkn ⇀ x. Let
us show that x ∈ C ∩ zer(A + B). Since (xn)n∈N lies in C, which is weakly
sequentially closed by Theorem 3.32, we have x ∈ C and it remains to show
that (x, 0) ∈ gra(A + B). It follows from (i) that zkn ⇀ x, and from (25.44)
that ukn → 0. Altogether, (zkn , ukn)n∈N lies in gra(A+B) by (25.38), and it
satisfies

zkn ⇀x and ukn → 0. (25.45)

Since A+B is maximally monotone, it follows from Proposition 20.33(ii) that
(x, 0) ∈ gra(A+ B). In view of (25.43), Theorem 5.5, and (i), the assertions
are proved.

(iii): Since A+B is strictly monotone, it follows from Proposition 23.35 that
zer(A+B) is a singleton. As shown in (ii), there exists x ∈ C ∩ zer(A+B) ⊂
domA such that

zn⇀x. (25.46)

The assumptions imply that A+B is uniformly monotone on {x}∪{zn}n∈N ⊂
domA. Hence, since 0 ∈ (A + B)x, it follows from (25.38) and (22.5) that
there exists an increasing function φ : R+ → [0,+∞] that vanishes only at 0
such that

(∀n ∈ N) 〈zn − x | un〉 ≥ γφ
(
‖zn − x‖

)
. (25.47)
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We therefore deduce from (25.46) and (25.44) that φ(‖zn − x‖) → 0, which
implies that zn → x. In turn, (i) yields xn → x. ⊓⊔

Remark 25.11 Here are a few observations concerning Theorem 25.10.

(i) Sufficient conditions for the maximal monotonicity of A + B are dis-
cussed in Theorem 24.3 and Corollary 24.4.

(ii) The set C can be used to impose constraints on the zeros of A+B.
(iii) If domA is closed, then it follows from Corollary 21.12 that it is convex

and we can therefore choose C = domA.
(iv) If domB = H, we can choose C = H. In this case, it follows that B

is continuous and single-valued on H, hence maximally monotone by
Corollary 20.25. In turn, Corollary 24.4(i) implies that A + B is maxi-
mally monotone and (25.36) reduces to the forward–backward–forward
algorithm

(∀n ∈ N)


yn = xn − γBxn,
zn = JγAyn,
xn+1 = xn − yn + zn − γBzn.

(25.48)

25.5 Variational Inequalities

Definition 25.12 Let f ∈ Γ0(H) and let B : H → 2H be maximally mono-
tone. The associated variational inequality problem is to

find x ∈ H such that (∃u ∈ Bx)(∀y ∈ H) 〈x− y | u〉+f(x) ≤ f(y). (25.49)

Here are a few examples of variational inequalities (additional examples
will arise in the context of minimization problems in Section 26.1 and Sec-
tion 26.2).

Example 25.13 In Definition 25.12, let z ∈ H and set B : x 7→ x− z. Then
we obtain the variational inequality problem

find x ∈ H such that (∀y ∈ H) 〈x− y | x− z〉 + f(x) ≤ f(y). (25.50)

As seen in Proposition 12.26, the solution to this problem is Proxf z.

Example 25.14 In Definition 25.12, set f = ιC , where C is a nonempty
closed convex subset of H, and let B : H → H be maximally monotone. Then
we obtain the classical variational inequality problem

find x ∈ C such that (∀y ∈ C) 〈x− y | Bx〉 ≤ 0. (25.51)

In particular, if B : x 7→ x − z, where z ∈ H, we recover the variational
inequality that characterizes the projection of z onto C (see Theorem 3.14).
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Example 25.15 (complementarity problem) In Example 25.14, set
C = K , where K is a nonempty closed convex cone in H. Then we obtain
the complementarity problem

find x ∈ K such that x ⊥ Bx and Bx ∈ K⊕. (25.52)

Proof. If x ∈ K, then {x/2, 2x} ⊂ K and the condition supy∈K 〈x− y | Bx〉 ≤
0 implies that 〈x− x/2 | Bx〉 ≤ 0 and 〈x− 2x | Bx〉 ≤ 0, hence 〈x | Bx〉 = 0.
It therefore reduces to supy∈K 〈−y | Bx〉 ≤ 0, i.e., by Definition 6.21, to
Bx ∈ K⊕. ⊓⊔

Remark 25.16 In view of (16.1), the variational inequality problem (25.49)
can be recast as that of finding a point in zer(A + B), where A = ∂f is
maximally monotone by Theorem 20.40.

It follows from Remark 25.16 that we can apply the splitting algorithms
considered earlier in this chapter to solve variational inequalities. We start
with an application of the Douglas–Rachford algorithm.

Proposition 25.17 (Douglas–Rachford algorithm) Let f ∈ Γ0(H), let
B : H → 2H be maximally monotone, and suppose that the variational in-
equality

find x ∈ H such that (∃u ∈ Bx)(∀y ∈ H) 〈x− y | u〉+ f(x) ≤ f(y) (25.53)

admits at least one solution. Let (λn)n∈N be a sequence in [0, 2] such that∑
n∈N

λn(2− λn) = +∞, let γ ∈ R++, and let x0 ∈ H. Set

(∀n ∈ N)


yn = JγBxn,
zn = Proxγf(2yn − xn),
xn+1 = xn + λn(zn − yn).

(25.54)

Then there exists x ∈ H such that the following hold:

(i) JγBx is a solution to (25.53).
(ii) (xn)n∈N converges weakly to x.
(iii) (yn)n∈N and (zn)n∈N converge weakly to JγBx.
(iv) Suppose that one of the following holds:

(a) f is uniformly convex on every nonempty bounded subset of dom ∂f .
(b) B is uniformly monotone on every nonempty bounded subset of

domB.

Then (yn)n∈N and (zn)n∈N converge strongly to the unique solution to
(25.53).

Proof. Apply items (i), (iii), (iv), (v), and (vii) of Theorem 25.6 to A = ∂f ,
and use Example 23.3 and Example 22.4. ⊓⊔
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Next, we consider the case when B is single-valued, with an application of
the forward–backward algorithm (linear convergence results can be derived
from Proposition 25.9 in a similar fashion).

Proposition 25.18 (forward–backward algorithm) Let f ∈ Γ0(H),
let β ∈ R++, let B : H → H be β-cocoercive, let γ ∈ ]0, 2β[, and set δ =
min{1, β/γ}+ 1/2. Suppose that the variational inequality

find x ∈ H such that (∀y ∈ H) 〈x− y | Bx〉+ f(x) ≤ f(y) (25.55)

admits at least one solution. Furthermore, let (λn)n∈N be a sequence in [0, δ]
such that

∑
n∈N

λn(δ − λn) = +∞, let x0 ∈ H, and set

(∀n ∈ N)

⌊
yn = xn − γBxn,
xn+1 = xn + λn

(
Proxγf yn − xn

)
.

(25.56)

Then the following hold:

(i) (xn)n∈N converges weakly to a solution to (25.55).
(ii) Suppose that infn∈N λn > 0 and let x be a solution to (25.55). Then

(Bxn)n∈N converges strongly to Bx.
(iii) Suppose that infn∈N λn > 0 and that one of the following holds:

(a) f is uniformly convex on every nonempty bounded subset of dom ∂f .
(b) B is uniformly monotone on every nonempty bounded subset of H.
Then (xn)n∈N converges strongly to the unique point in zer(A+B).

Proof. This is an application of Theorem 25.8 to A = ∂f , Example 23.3, and
Example 22.4. ⊓⊔

Example 25.19 Let C be a nonempty closed convex subset of H, let
β ∈ R++, and let B : H → H be β-cocoercive. Suppose that the variational
inequality

find x ∈ C such that (∀y ∈ C) 〈x− y | Bx〉 ≤ 0 (25.57)

admits at least one solution. Let x0 ∈ H and set

(∀n ∈ N) xn+1 = PC(xn − βBxn). (25.58)

Then (xn)n∈N converges weakly to a solution x to (25.57) and, moreover,
(Bxn)n∈N converges strongly to Bx.

Proof. Apply Proposition 25.18 to f = ιC , γ = β, and λn ≡ 1, and use
Example 12.25. ⊓⊔

In instances in which B is not cocoercive on H, one can turn to Tseng’s
splitting algorithm of Section 25.4. Here is an illustration.
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Example 25.20 Let C be a nonempty closed convex subset of H, let β ∈
R++, and let B : H → 2H be a maximally monotone operator that is single-
valued and β-Lipschitz continuous relative to C. Suppose that

cone(C − domB) = span (C − domB), (25.59)

and that the variational inequality

find x ∈ C such that (∀y ∈ C) 〈x− y | Bx〉 ≤ 0 (25.60)

admits at least one solution. Let x0 ∈ C, let γ ∈ ]0, 1/β[, and set

(∀n ∈ N)



yn = xn − γBxn,
zn = PCyn,
rn = zn − γBzn,
xn+1 = PC

(
xn − yn + rn

)
.

(25.61)

Then the following hold:

(i) (xn − zn)n∈N converges strongly to 0.
(ii) (xn)n∈N and (zn)n∈N converge weakly to a solution to (25.60).
(iii) Suppose that B is uniformly monotone on every nonempty bounded

subset of C. Then (xn)n∈N and (zn)n∈N converge strongly to the unique
solution to (25.60).

Proof. It follows from Example 20.41, (25.59), and Theorem 24.3 that the
operator NC + B is maximally monotone. Hence, the results follow from
Theorem 25.10 applied to D = C and A = NC , and by invoking Exam-
ple 20.41 and Example 23.4. ⊓⊔

Exercises

Exercise 25.1 Let C and D be nonempty closed convex subsets of H. Show
that C ∩D = PD(Fix(2PC − Id) ◦ (2PD − Id)).

Exercise 25.2 Let A and B be maximally monotone operators from H to
2H. Use Exercise 24.13 to show that zer(A+B) is convex.

Exercise 25.3 Let A and B be operators from H to 2H.

(i) Show that zer(A+B) 6= ∅ ⇔ zer(A−1 − (B−1)∨) 6= ∅.
(ii) Let f and g be functions in Γ0(H) such that 0 ∈ sri(dom f − dom g),

and set A = ∂f and B = ∂g. Do we recover Proposition 15.13 from (i)?

Exercise 25.4 In the setting of Theorem 25.6, suppose that H is finite-
dimensional. Show that (yn)n∈N converges to a point in zer(A+ B) without
using items (iv) and (v).
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Exercise 25.5 In the setting of Theorem 25.6, suppose that B is affine and
continuous. Show that (yn)n∈N converges weakly to a point in zer(A + B)
without using items (iv) and (v).

Exercise 25.6 Let A and B be maximally monotone operators from H to
2H, let γ ∈ R++, and suppose that the problem

find x ∈ H such that 0 ∈ Ax+ µBx (25.62)

has at least one solution. Devise an algorithm using the resolvent of A and
B separately to solve (25.62), and establish rigorously a convergence result.

Exercise 25.7 Deduce the strong and weak convergence results of Exam-
ple 23.40 from Theorem 25.6.

Exercise 25.8 In Theorem 25.6 make the additional assumption that the
operators A and B are odd and that (∀n ∈ N) λn = 1. Prove the following:

(i) JγA and JγB are odd.
(ii) The convergence of the sequences (xn)n∈N, (yn)n∈N, and (zn)n∈N defined

in (25.9) is strong.

Exercise 25.9 Deduce the convergence results of Example 23.40 from The-
orem 25.8 and Proposition 25.9.

Exercise 25.10 In Theorem 25.8(i), make the additional assumption that
int zer(A + B) 6= ∅. Show that the sequence produced by the forward–
backward algorithm (25.26) converges strongly to a zero of A+B.

Exercise 25.11 In the setting of Proposition 25.9(ii), show that B is coco-
ercive.





Chapter 26

Fermat’s Rule in Convex Optimization

Fermat’s rule (Theorem 16.2) provides a simple characterization of the min-
imizers of a function as the zeros of its subdifferential. This chapter explores
various consequences of this fact.

Throughout, K is a real Hilbert space.

26.1 General Characterizations of Minimizers

Let us first provide characterizations of the minimizers of a function in Γ0(H).

Proposition 26.1 Let f ∈ Γ0(H). Then

Argmin f = zer ∂f = ∂f∗(0) = FixProxf = zerProxf∗ . (26.1)

Proof. Let x ∈ H. Then x ∈ Argmin f ⇔ 0 ∈ ∂f(x) (by Theorem 16.2) ⇔
x − 0 = x ∈ ∂f∗(0) (by Corollary 16.24) ⇔ Proxf∗ x = 0 (by (16.30)) ⇔
Proxf x = x (by (14.6)). ⊓⊔

The next theorem is an application of Fermat’s rule to the minimization
of the sum of two convex functions satisfying a constraint qualification.

Theorem 26.2 Let f ∈ Γ0(H), let g ∈ Γ0(K), let L ∈ B(H,K), and let
x̄ ∈ H. Suppose that one of the following holds:

(a) 0 ∈ sri(dom g − L(dom f)) (see Proposition 6.19 for special cases).
(b) K is finite-dimensional, g is polyhedral, and dom g ∩ riL(dom f) 6= ∅.
(c) H and K are finite-dimensional, f and g are polyhedral, and dom g ∩

L(dom f) 6= ∅.

Then the following are equivalent:

(i) x̄ is a solution to the problem

381

© Springer Science+Business Media, LLC 2011 

H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory  
in Hilbert Spaces, CMS Books in Mathematics, DOI 10.1007/978-1-4419-9467-7_26,  



382 26 Fermat’s Rule in Convex Optimization

minimize
x∈H

f(x) + g(Lx). (26.2)

(ii) x̄ ∈ zer(∂f + L∗ ◦ (∂g) ◦ L).
(iii) (∃ v ∈ ∂g(Lx̄)) −L∗v ∈ ∂f(x̄).
(iv) (∃ v ∈ ∂g(Lx̄))(∀y ∈ H) 〈x̄− y | L∗v〉+ f(x̄) ≤ f(y).
Moreover, if g is Gâteaux differentiable at Lx̄, each of items (i)–(iv) is also
equivalent to each of the following:

(v) −L∗(∇g(Lx̄)) ∈ ∂f(x̄).
(vi) (∀y ∈ H) 〈x̄− y | L∗(∇g(Lx̄))〉+ f(x̄) ≤ f(y).
(vii) (∀γ ∈ R++) x̄ = Proxγf (x̄− γL∗(∇g(Lx̄)).

Proof. (i)⇔(ii): It follows from Proposition 26.1 and Theorem 16.37 that
Argmin(f + g ◦ L) = zer∂(f + g ◦ L) = zer(∂f + L∗ ◦ (∂g) ◦ L).

(ii)⇔(iii): x̄ ∈ zer(∂f + L∗ ◦ (∂g) ◦ L) ⇔ 0 ∈ ∂f(x̄) + L∗(∂g(Lx̄)) ⇔
(∃ v ∈ ∂g(Lx̄)) −L∗v ∈ ∂f(x̄).

(iii)⇔(iv): Definition 16.1.
Now assume that g is Gâteaux differentiable at Lx̄.
(iii)⇔(v): Proposition 17.26(i).
(iv)⇔(vi): Proposition 17.26(i).
(v)⇔(vii): Let γ ∈ R++. Then (16.30) yields −L∗(∇g(Lx̄)) ∈ ∂f(x̄) ⇔

(x̄− γL∗(∇g(Lx̄)))− x̄ ∈ ∂(γf)(x̄) ⇔ x̄ = Proxγf (x̄− γL∗(∇g(Lx̄))). ⊓⊔

Corollary 26.3 Let f and g be functions in Γ0(H), let x̄ ∈ H, and let γ ∈
R++. Suppose that one of the following holds:

(a) 0 ∈ sri(dom g − dom f) (see Proposition 6.19 for special cases).
(b) H is finite-dimensional, g is polyhedral, and dom g ∩ ri dom f 6= ∅.
(c) H is finite-dimensional, f and g are polyhedral, and dom f∩dom g 6= ∅.

Then the following are equivalent:

(i) x̄ is a solution to the problem

minimize
x∈H

f(x) + g(x). (26.3)

(ii) x̄ ∈ zer(∂f + ∂g).
(iii) x̄ ∈ Proxγg(Fix(2 Proxγf −Id) ◦ (2 Proxγg −Id)).
(iv) (∃u ∈ ∂g(x̄)) −u ∈ ∂f(x̄).
(v) (∃u ∈ ∂g(x̄))(∀y ∈ H) 〈x̄− y | u〉+ f(x̄) ≤ f(y).

Moreover, if g is Gâteaux differentiable at x̄, each of items (i)–(v) is also
equivalent to each of the following:

(vi) −∇g(x̄) ∈ ∂f(x̄).
(vii) (∀y ∈ H) 〈x̄− y | ∇g(x̄)〉+ f(x̄) ≤ f(y).
(viii) x̄ = Proxγf(x̄− γ∇g(x̄)).
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Proof. Applying Theorem 26.2 to K = H and L = Id yields all the results,
except the equivalences involving (iii). The equivalence (ii)⇔(iii) follows from
Theorem 20.40, Proposition 25.1(ii), and Example 23.3. ⊓⊔

Remark 26.4 Condition (v) in Corollary 26.3 is an instance of the varia-
tional inequality featured in Definition 25.12.

26.2 Abstract Constrained Minimization Problems

The problem under consideration in this section is the characterization of the
minimizers of a function f ∈ Γ0(H) over a closed convex set.

Proposition 26.5 Let C be a closed convex subset of H, let f ∈ Γ0(H), let
x̄ ∈ H, and let γ ∈ R++. Suppose that one of the following holds:

(a) 0 ∈ sri(C − dom f) (see Proposition 6.19 for special cases).
(b) H is finite-dimensional, C is polyhedral, and C ∩ ri(dom f) 6= ∅.
(c) H is finite-dimensional, C is a polyhedral set, f is a polyhedral function,

and C ∩ dom f 6= ∅.

Then the following are equivalent:

(i) x̄ is a solution to the problem

minimize
x∈C

f(x). (26.4)

(ii) x̄ ∈ zer(NC + ∂f).
(iii) x̄ ∈ Proxγf(Fix(2PC − Id) ◦ (2 Proxγf −Id)).
(iv) (∃u ∈ NC x̄) −u ∈ ∂f(x̄).
(v) (∃u ∈ ∂f(x̄)) −u ∈ NC x̄.
(vi) x̄ ∈ C and (∃u ∈ ∂f(x̄))(∀y ∈ C) 〈x̄− y | u〉 ≤ 0.

Moreover, if f is Gâteaux differentiable at x̄, each of items (i)–(vi) is also
equivalent to each of the following:

(vi) −∇f(x̄) ∈ NC x̄.
(vii) x̄ ∈ C and (∀y ∈ C) 〈x̄− y | ∇f(x̄)〉 ≤ 0.
(viii) x̄ = PC(x̄− γ∇f(x̄)).

Proof. Apply Corollary 26.3 to the functions ιC and f , and use Example 16.12
and Example 12.25. ⊓⊔

Remark 26.6 Condition (vii) in Proposition 26.5 is an instance of the vari-
ational inequality considered in Example 25.14.
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C
∇f (x̄)

y

x̄

lev=ξ f

•

•

Fig. 26.1 Illustration of the equivalence (i)⇔(vii) in Proposition 26.5 when H = R2:

x̄ ∈ C is a minimizer of f over C if and only if, for every y ∈ C, 〈y − x̄ | ∇f(x̄)〉 ≥ 0, i.e.,

the vectors y − x̄ and ∇f(x̄) form an acute angle. Each dashed line represents a level line
lev=ξ f .

Example 26.7 Let C be a nonempty closed convex subset of H, let x ∈ H,
let p ∈ H, and set f = (1/2)‖·−x‖2. Then Example 2.48 yields ∇f : y 7→ y−x
and we deduce from Proposition 26.5 that p = PCx ⇔ x−p ∈ NCp. We thus
recover Proposition 6.46.

The following two results have found many uses in the study of partial
differential equations.

Example 26.8 (Stampacchia) Let F : H×H → R be a bilinear form such
that, for some α and β in R++,

(∀x ∈ H)(∀y ∈ H) |F (x, y)| ≤ β‖x‖ ‖y‖ and F (x, x) ≥ α‖x‖2, (26.5)

let C be a nonempty closed convex subset of H, and let ℓ ∈ B(H,R). Then
the following hold:

(i) There exists a unique point x̄ ∈ H such that

x̄ ∈ C and (∀y ∈ C) F (x̄, y − x̄) ≥ ℓ(y − x̄). (26.6)
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(ii) Suppose that F is symmetric, let x̄ ∈ H, and set f : H → R : x 7→
(1/2)F (x, x)− ℓ(x). Then the following are equivalent:

(a) x̄ solves (26.6).
(b) ArgminC f = {x̄}.

Proof. (i): By Fact 2.17, there exists u ∈ H such that ℓ = 〈· | u〉. Similarly,
for every x ∈ H, F (x, ·) ∈ B(H,R) and, therefore, there exists a vector in H,
which we denote by Lx, such that F (x, ·) = 〈· | Lx〉. We derive from (26.5)
and Example 20.29 that L is a strongly monotone, maximally monotone oper-
ator in B(H), and hence that B : x 7→ Lx−u is likewise. Furthermore, (6.31)
implies that the set of solutions to (26.6) is zer(NC+B), while Example 20.41
and Corollary 24.4(i) imply that NC+B is maximally monotone. Thus, since
NC +B is strongly monotone, the claim follows from Corollary 23.37(ii).

(ii): It is clear that f ∈ Γ0(H) and that dom f = H. Moreover, by Ex-
ample 2.47, Df(x) = F (x, ·) − ℓ. Hence, the result follows from (i) and the
equivalence (i)⇔(vii) in Proposition 26.5. ⊓⊔

Example 26.9 (Lax–Milgram) Let F : H × H → R be a bilinear form
such that, for some α and β in R++,

(∀x ∈ H)(∀y ∈ H) |F (x, y)| ≤ β‖x‖ ‖y‖ and F (x, x) ≥ α‖x‖2, (26.7)

and let ℓ ∈ B(H,R). Then the following hold:

(i) There exists a unique point x̄ ∈ H such that

(∀y ∈ H) F (x̄, y) = ℓ(y). (26.8)

(ii) Suppose that F is symmetric, let x̄ ∈ H, and set f : H → R : x 7→
(1/2)F (x, x)− ℓ(x). Then the following are equivalent:

(a) x̄ solves (26.8).
(b) Argmin f = {x̄}.

Proof. Set C = H in Example 26.8. ⊓⊔

Proposition 26.10 Let f ∈ Γ0(H) be such that int dom f 6= ∅, and let C be
a nonempty convex subset of int dom f . Suppose that f is Gâteaux differen-
tiable on C, and that x and y belong to ArgminC f . Then ∇f(x) = ∇f(y).

Proof. By the implication (i)⇒(vii) in Proposition 26.5, 〈x− y | ∇f(x)〉 ≤ 0
and 〈y − x | ∇f(y)〉 ≤ 0. Hence, 〈x− y | ∇f(x)−∇f(y)〉 ≤ 0 and, by Propo-
sition 17.10(iii), 〈x− y | ∇f(x) −∇f(y)〉 = 0. In turn, by Example 22.3(i)
and Proposition 17.26(i), f is paramonotone. Thus, ∇f(x) = ∇f(y). ⊓⊔
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26.3 Affine Constraints

We first revisit the setting of Proposition 19.19 in the light of Theorem 26.2.

Proposition 26.11 Let f ∈ Γ0(H), let L ∈ B(H,K), let x̄ ∈ H, and suppose
that

r ∈ sriL(dom f). (26.9)

Consider the problem
minimize

x∈H
Lx=r

f(x). (26.10)

Then x̄ is a solution to (26.10) if and only if

Lx̄ = r and (∃ v̄ ∈ K) − L∗v̄ ∈ ∂f(x̄), (26.11)

in which case v̄ is a Lagrange multiplier associated with x̄, and x̄ solves the
problem

minimize
x∈H

f(x) + 〈x | L∗v̄〉 . (26.12)

Moreover, if f is Gâteaux differentiable at x̄, (26.11) becomes

Lx̄ = r and (∃ v̄ ∈ K) ∇f(x̄) = −L∗v̄. (26.13)

Proof. Set g = ι{r}. Then Problem (26.10) is a special case of (26.2). More-
over, (26.9) implies that condition (a) in Theorem 26.2 is satisfied. Hence,
the characterization (26.11) follows from the equivalence (i)⇔(iii) in The-
orem 26.2, from which we deduce the characterization (26.13) via Proposi-
tion 17.26(i). Finally, it follows from Proposition 19.19(v), Theorem 15.23,
and Remark 19.20 that v̄ is a Lagrange multiplier associated with x̄, and that
x̄ solves (26.12). ⊓⊔

In the next corollary, we revisit the setting of Corollary 19.21 using the
tools of Proposition 26.11.

Corollary 26.12 Let f ∈ Γ0(H), let m be a strictly positive integer, set
I = {1, . . . ,m}, let (ui)i∈I ∈ Hm, and suppose that

(ρi)i∈I ∈ ri
{
(〈x | ui〉)i∈I

∣∣ x ∈ dom f
}
. (26.14)

Consider the problem

minimize
x∈H

〈x|u1〉=ρ1,...,〈x|um〉=ρm

f(x), (26.15)

and let x̄ ∈ H. Then x̄ is a solution to (26.15) if and only if

(∀i ∈ I) 〈x̄ | ui〉 = ρi and
(
∃ (ν̄i)i∈I ∈ Rm

)
−
∑

i∈I

ν̄iui ∈ ∂f(x̄), (26.16)
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in which case (ν̄i)i∈I are Lagrange multipliers associated with x̄, and x̄ solves
the problem

minimize
x∈H

f(x) +
∑

i∈I

ν̄i 〈x | ui〉 . (26.17)

Moreover, if f is Gâteaux differentiable at x̄, (26.16) becomes

(∀i ∈ I) 〈x̄ | ui〉 = ρi and
(
∃ (ν̄i)i∈I ∈ Rm

)
∇f(x̄) = −

∑

i∈I

ν̄iui.

(26.18)

Proof. Set K = Rm, L : H → K : x 7→ (〈x | ui〉)i∈I , and r = (ρi)i∈I . Then
(26.15) appears as a special case of (26.10), L∗ : (ηi)i∈I 7→

∑
i∈I ηiui, and it

follows from Fact 6.14(i) that (26.14) coincides with (26.9). Altogether, the
results follow from Proposition 26.11. ⊓⊔

Next, we consider a more geometrical formulation by revisiting Proposi-
tion 26.5 in the case when C is a closed affine subspace.

Proposition 26.13 Let f ∈ Γ0(H), let V be a closed linear subspace of H,
let z ∈ H, and let x̄ ∈ H. Suppose that

V + cone(z − dom f) is a closed linear subspace, (26.19)

and consider the problem
minimize
x∈z+V

f(x). (26.20)

Then x̄ is a solution to (26.20) if and only if

x̄− z ∈ V and (∃u ∈ ∂f(x̄)) u ⊥ V. (26.21)

Moreover, if f is Gâteaux differentiable at x̄, (26.21) becomes

x̄− z ∈ V and ∇f(x̄) ⊥ V. (26.22)

Proof. Set C = z+V . We have C−dom f = V +(z−dom f). Hence, it follows
from Proposition 6.19(iii) that 0 ∈ sri(V + (z − dom f)) = sri(C − dom f).
Thus, (26.19) implies that (a) in Proposition 26.5 is satisfied. Therefore, the
characterizations (26.21) and (26.22) follow from Example 6.42 and, respec-
tively, from the equivalences (i)⇔(v) and (i)⇔(vi) in Proposition 26.5. ⊓⊔

26.4 Cone Constraints

We consider the problem of minimizing a convex function over the inverse
linear image of a convex cone.
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Proposition 26.14 Let f ∈ Γ0(H), let K be a closed convex cone in K, let
L ∈ B(H,K), and let x̄ ∈ H. Suppose that one of the following holds:

(a) K − coneL(dom f) is a closed linear subspace.
(b) K is finite-dimensional, K is polyhedral, and K ∩ riL(dom f) 6= ∅.
(c) H and K are finite-dimensional, f is a polyhedral function, K is poly-

hedral, and K ∩ L(dom f) 6= ∅.

Consider the problem
minimize
Lx∈K

f(x). (26.23)

Then x̄ is a solution to (26.23) if and only if

Lx̄ ∈ K and
(
∃ v̄ ∈ K⊖

)
{
−L∗v̄ ∈ ∂f(x̄),
〈x̄ | L∗v̄〉 = 0,

(26.24)

in which case v̄ is a Lagrange multiplier associated with x̄, and x̄ solves the
problem

minimize
x∈H

f(x) + 〈x | L∗v̄〉 . (26.25)

Moreover, if f is Gâteaux differentiable at x̄, then (26.24) becomes

Lx̄ ∈ K and
(
∃ v̄ ∈ K⊖

)
{
∇f(x̄) = −L∗v̄,

〈x̄ | L∗v̄〉 = 0.
(26.26)

Proof. Set g = ιK . Then Problem (26.23) is a special case of (26.2). Us-
ing Proposition 6.19(iii) for (a), we note that conditions (a)–(c) imply their
counterparts in Theorem 26.2. In turn, we derive from Example 16.12 and
Example 6.39 that the characterization (26.24) follows from the equiva-
lence (i)⇔(iii) in Theorem 26.2, from which we deduce the characterization
(26.26) via Proposition 17.26(i). Finally, it follows from Proposition 26.1 that
−L∗v̄ ∈ ∂f(x̄)⇒ 0 ∈ ∂(f+〈· | L∗v̄〉)(x̄)⇒ x̄ solves (26.25). Hence, if x̄ solves
(26.23), we derive from (26.24), Proposition 19.23(v), and Remark 19.24 that
v̄ is a Lagrange multiplier associated with x̄. ⊓⊔
Example 26.15 Let M and N be strictly positive integers, let A ∈ RM×N ,
let f ∈ Γ0(R

N ), and let x̄ ∈ RN . Suppose that RM+ ∩ riA(dom f) 6= ∅ and
consider the problem

minimize
Ax∈R

M
+

f(x). (26.27)

Then x̄ is a solution to (26.27) if and only if

Ax̄ ∈ RM+ and
(
∃ v̄ ∈ RM−

)
{
−A⊤v̄ ∈ ∂f(x̄),〈
x̄ | A⊤v̄

〉
= 0,

(26.28)

in which case v̄ is a Lagrange multiplier associated with x̄, and x̄ solves the
problem
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minimize
x∈R

N
f(x) +

〈
x | A⊤v̄

〉
. (26.29)

Proof. Suppose that H = RN , K = RM+ , and L = A. Then K is a closed
convex polyhedral cone and condition (b) in Proposition 26.14 is satisfied.
Hence, the result follows from Proposition 26.14. ⊓⊔
Corollary 26.16 Let K be a closed convex cone in H, let f ∈ Γ0(H), and
let x̄ ∈ H. Suppose that one of the following holds:

(a) K − cone(dom f) is a closed linear subspace.
(b) H is finite-dimensional, K is polyhedral, and K ∩ ri dom f 6= ∅.
(c) H is finite-dimensional, f is a polyhedral function, K is polyhedral, and

K ∩ dom f 6= ∅.

Consider the problem
minimize

x∈K
f(x). (26.30)

Then x̄ is a solution to (26.30) if and only if

x̄ ∈ K and
(
∃u ∈ K⊕ ∩ ∂f(x̄)

)
〈x̄ | u〉 = 0. (26.31)

Proof. Apply Proposition 26.14 to K = H and L = Id. ⊓⊔

26.5 Convex Inequality Constraints

In this section, we turn our attention to the minimization of a convex function
subject to convex inequality constraints. The following result will be required.

Lemma 26.17 Let g : H → ]−∞,+∞] be a convex function such that
lev<0 g 6= ∅, set C = lev≤0 g, and let x ∈ C. Then

NCx =

{
Ndom g x ∪ cone ∂g(x), if g(x) = 0;

Ndom g x, if g(x) < 0.
(26.32)

Proof. Clearly, C ⊂ dom g. Hence,

(∀u ∈ H) u ∈ Ndom g x ⇔ sup 〈dom g − x | u〉 ≤ 0

⇒ sup 〈C − x | u〉 ≤ 0

⇔ u ∈ NCx. (26.33)

Thus,
Ndom g x ⊂ NCx. (26.34)

We consider two cases.
(a) g(x) < 0 : Take u ∈ NCx and fix y ∈ dom g. Then sup 〈C − x | u〉 ≤ 0.

Moreover, for α ∈ ]0, 1[ sufficiently small, g((1 − α)x+ αy) ≤ (1 − α)g(x) +
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αg(y) ≤ 0 and therefore α 〈y − x | u〉 = 〈((1 − α)x+ αy)− x | u〉 ≤ 0. Thus
〈y − x | u〉 ≤ 0 and it follows that u ∈ Ndom g x. In view of (26.34), we obtain
NCx = Ndom g x.

(b) g(x) = 0 : Set
K = cone

(
lev<0 g − x

)
. (26.35)

Then K is a nonempty convex cone and, using Proposition 6.23(iii) and
Corollary 9.11, we deduce that

NCx = (C − x)⊖ = (C − x)⊖ = (lev<0 g − x)⊖ = (lev<0 g − x)⊖ = K⊖.
(26.36)

We claim that
K =

{
y ∈ H

∣∣ g′(x; y) < 0
}
. (26.37)

Let y ∈ H. If y ∈ K , then y = α(z − x), for some z ∈ lev<0 g and some
α ∈ R++. Hence, g

′(x; y) = g′(x;α(z−x)) = αg′(x; z−x) ≤ α(g(z)−g(x)) =
αg(z) < 0 by Proposition 17.2(iii)&(iv). Conversely, if g′(x; y) < 0 then, for
some α ∈ ]0, 1[ sufficiently small, we have (g(x + αy) − g(x))/α = g(x +
αy)/α < 0 and hence y = ((x + αy) − x)/α ∈ K . This verifies (26.37). We
now set

h = g′(x; ·). (26.38)

Then h is sublinear and h(0) = 0 by Proposition 17.2(iv). Moreover, h∗ =
ι∂g(x) by Proposition 17.18. We consider two cases.

(b.1) x ∈ dom ∂g : Then domh∗ = ∂g(x) 6= ∅ and hence Proposition 13.39

implies that h∗∗ = h̆. Corollary 9.11 thus yields

K = lev<0 h = lev≤0 h̆ = lev≤0 h
∗∗ = lev≤0 ι

∗
∂g(x) = lev≤0 σ∂g(x) =

(
∂g(x)

)⊖
.

(26.39)
In view of (26.36), Proposition 6.23(iii), and Proposition 6.32, we deduce that

NCx = K⊖ = K
⊖
=
(
∂g(x)

)⊖⊖
= cone∂g(x). (26.40)

On the other hand, ∂g(x) is nonempty by assumption, and closed and con-
vex by Proposition 16.3(iii). Moreover, since lev<0 g 6= ∅ and g(x) = 0 by
assumption, x /∈ Argmin g and Theorem 16.2 yields 0 /∈ ∂g(x). Consequently,
Corollary 6.52 implies that cone∂g(x) = (cone ∂g(x))∪ (rec ∂g(x)). However,
using successively Proposition 16.4, Theorem 21.2, Proposition 21.14, Corol-
lary 16.29, and Proposition 13.40(i), we obtain rec∂g(x) = rec∂g∗∗(x) =
Ndom∂g∗∗x = Ndom g∗∗x = Ndom gx = Ndom gx. Altogether,

NCx = cone∂g(x) =
(
cone∂g(x)

)
∪Ndom gx, (26.41)

as announced in (26.32).

(b.2) x /∈ dom∂g : If h̆ is proper, then so is (h̆)∗ = h∗ by Proposi-
tion 13.14(iv) and Theorem 13.32. Hence, since h∗ = ι∂g(x) = ι∅ ≡ +∞
is not proper, neither is h̆. In view of Proposition 9.6, h̆ therefore takes on
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only the values −∞ and +∞. Using Proposition 9.8(iv), we thus see that

lev≤0 h̆ = dom h̆ = domh. On the other hand, domh = cone(dom g − x)
by Proposition 17.2(v) and hence domh = cone (dom g − x). It follows from
(26.37), (26.38), and Corollary 9.11 that

K = lev<0 h = lev≤0 h̆ = domh = cone (dom g − x). (26.42)

Therefore, using (26.36) and Proposition 6.23(iii), we conclude that

NCx = K⊖ =
(
cone (dom g − x)

)⊖
= (dom g − x)⊖ = Ndom gx. (26.43)

The entire lemma is proven. ⊓⊔
The minimization of a convex function under convex inequality constraints

was already examined in Corollary 19.28. We investigate it here in a new light,
and provide in particular a sufficient condition for the existence of Lagrange
multipliers.

Proposition 26.18 Let f ∈ Γ0(H), let m be a strictly positive integer, set
I = {1, . . . ,m}, suppose that (gi)i∈I are functions in Γ0(H) such that the
Slater condition

{
(∀i ∈ I) lev≤0 gi ⊂ int dom gi,

dom f ∩⋂i∈I lev<0 gi 6= ∅,
(26.44)

is satisfied, and let x̄ ∈ H. Consider the problem

minimize
x∈H

g1(x)≤0,...,gm(x)≤0

f(x). (26.45)

Then x̄ is a solution to (26.45) if and only if

(
∃ (ν̄i)i∈I ∈ Rm+

)(
∃ (ui)i∈I ∈×

i∈I

∂gi(x̄)
)

−
∑

i∈I

ν̄iui ∈ ∂f(x̄) and (∀i ∈ I)
{
gi(x̄) ≤ 0,

ν̄igi(x̄) = 0,
(26.46)

in which case (ν̄i)i∈I are Lagrange multipliers associated with x̄, and x̄ solves
the problem

minimize
x∈H

f(x) +
∑

i∈I

ν̄igi(x). (26.47)

Moreover, if the functions f and (gi)i∈I are Gâteaux differentiable at x̄, then
(26.46) becomes



392 26 Fermat’s Rule in Convex Optimization

(
∃ (ν̄i)i∈I ∈ Rm+

)






∇f(x̄) = −∑i∈I ν̄i∇gi(x̄),

(∀i ∈ I)
{
gi(x̄) ≤ 0,

ν̄igi(x̄) = 0.

(26.48)

Proof. Set

C =
⋂

i∈I

Ci, where (∀i ∈ I) Ci = lev≤0 gi. (26.49)

Corollary 8.30(ii) states that (∀i ∈ I) int dom gi = cont gi. Hence, it follows
from (26.44) and Corollary 8.38(i) that intC =

⋂
i∈I intCi =

⋂
i∈I lev<0 gi

and that 0 ∈ int(C − dom f) ⊂ sri(C − dom f). Therefore, Proposition 26.5
asserts that

x̄ ∈ ArgminC f ⇔ (∃u ∈ NC x̄) − u ∈ ∂f(x̄). (26.50)

Now suppose that x̄ ∈ C. To determine NC x̄, set

I+ =
{
i ∈ I

∣∣ gi(x̄) = 0
}

and I− =
{
i ∈ I

∣∣ gi(x̄) < 0
}
. (26.51)

As seen above,

⋂

i∈I

int dom ιCi
=
⋂

i∈I

intCi =
⋂

i∈I

lev<0 gi 6= ∅. (26.52)

On the other hand, (26.44) yields x̄ ∈
⋂
i∈I int dom gi, which implies, by

Proposition 6.43(ii), that

(∀i ∈ I) Ndom gi x̄ = {0}. (26.53)

Hence, Example 16.12, (26.49), (26.52), Corollary 16.39(iv), and Lemma 26.17
yield

NC x̄ = ∂ι⋂
i∈I Ci

(x̄)

= ∂

(∑

i∈I

ιCi

)
(x̄)

=
∑

i∈I

∂ιCi
(x̄)

=
∑

i∈I+

NCi
x̄+

∑

i∈I−

NCi
x̄

=
∑

i∈I+

⋃

νi∈R++

νi∂gi(x̄). (26.54)
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Thus,NC x̄ consists of all vectors of the form
∑
i∈I+

νiui, where (∀i ∈ I+) νi ∈
R++ and ui ∈ ∂gi(x). Therefore, (26.50) implies (26.46) and, in turn, (26.48)
via Proposition 17.26(i). This provides the announced characterizations.

Next, suppose that x̄ solves (26.45). Then we derive from (26.46), (26.44),
(26.52), and Corollary 16.39(iv) that there exist (ν̄i)i∈I ∈ Rm+ such that

0 ∈ ∂f(x̄) +
∑

i∈I

ν̄i∂gi(x̄) = ∂

(
f +

∑

i∈I

ν̄igi

)
(x̄). (26.55)

In view of Theorem 16.2, this shows that x̄ solves (26.47). In turn, we derive
from (26.46), from Proposition 19.23(v) applied to K = Rm, K = Rm− , and
R : x 7→ (gi(x))i∈I , and from Remark 19.24 that (ν̄i)i∈I are Lagrange multi-
pliers associated with x̄. ⊓⊔

Remark 26.19 The characterization (26.46) is often referred to as the
Karush–Kuhn–Tucker conditions.

26.6 Regularization of Minimization Problems

Let f ∈ Γ0(H) and suppose that Argmin f 6= ∅, i.e., the minimization prob-
lem

minimize
x∈H

f(x) (26.56)

has at least one solution. In order to obtain a specific minimizer, one can
introduce, for every ε ∈ ]0, 1[, the regularized problem

minimize
x∈H

f(x) + εg(x), (26.57)

where g ∈ Γ0(H). The objective is to choose the regularization function g
such that (26.57) admits a unique solution xε and such that the net (xε)ε∈]0,1[

converges to a specific point in Argmin f . For instance, when g = (1/2)‖ · ‖2,
we obtain the classical Tykhonov regularization framework. In this case, it
follows from Proposition 26.5 that (26.57) is equivalent to

find xε ∈ H such that 0 ∈ ∂f(xε) + εxε, (26.58)

which is a special case of (23.35). In turn, if we denote by x0 the minimum
norm minimizer of f , Theorem 23.44(i) asserts that xε → x0 as ε ↓ 0. The
next theorem explores the asymptotic behavior of the curve (xε)ε∈]0,1[ for
more general choices of the regularization function g.

Theorem 26.20 Let f and g be in Γ0(H). Suppose that Argmin f ∩dom g 6=
∅ and that g is coercive and strictly convex. Then g admits a unique mini-
mizer x0 over Argmin f and, for every ε ∈ ]0, 1[, the regularized problem
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minimize
x∈H

f(x) + εg(x) (26.59)

admits a unique solution xε. Moreover, the following hold:

(i) xε⇀x0 as ε ↓ 0.
(ii) g(xε)→ g(x0) as ε ↓ 0.
(iii) Suppose that g is uniformly convex on every closed ball in H. Then

xε → x0 as ε ↓ 0.

Proof. Set S = Argmin f . Let ε ∈ ]0, 1[ and set hε = f +εg. Then hε ∈ Γ0(H)
and hε is strictly convex. Moreover, since inf f(H) > −∞, existence and
uniqueness of x0 and xε follow from Corollary 11.15(ii) and Corollary 11.8.
Now fix z ∈ S ∩ dom g, let (εn)n∈N be an arbitrary sequence in ]0, 1[ such
that εn ↓ 0, and set

(∀n ∈ N) yn = xεn . (26.60)

(i): We have

(∀n ∈ N) f(yn) + εng(yn) = inf
(
f + εng

)
(H)

≤ f(z) + εng(z) (26.61)

≤ f(yn) + εng(z). (26.62)

Therefore
(∀n ∈ N) g(yn) ≤ g(z) < +∞. (26.63)

Accordingly, (yn)n∈N lies in lev≤g(z) g and it follows from Proposition 11.11
that (yn)n∈N is bounded. Furthermore, inf g(H) > −∞. Thus, (26.61) implies
that

(∀n ∈ N) f(yn) ≤ inf f(H) + εn
(
g(z)− g(yn)

)

≤ inf f(H) + εn
(
g(z)− inf g(H)

)
. (26.64)

Thus, since εn ↓ 0, we get

lim f(yn) ≤ inf f(H). (26.65)

Now, let x be a weak sequential cluster point of (yn)n∈N, say ykn ⇀x. Since,
by Theorem 9.1, f is weakly lower semicontinuous, (26.65) yields

inf f(H) ≤ f(x) ≤ lim f(ykn) ≤ lim f(ykn) ≤ inf f(H). (26.66)

Consequently, f(x) = inf f(H), i.e., x ∈ S. Furthermore, it follows from
(26.63) and the weak lower semicontinuity of g that g(x) ≤ lim g(ykn) ≤
inf g(S). In turn, since x ∈ S, we obtain g(x) = inf g(S), i.e., x = x0. Alto-
gether, (yn)n∈N is bounded and has x0 as its unique weak sequential cluster
point. We therefore deduce from Lemma 2.38 that yn ⇀ x0. Finally, since
(εn)n∈N was chosen arbitrarily in ]0, 1[, we conclude that xε⇀x0 as ε ↓ 0.
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(ii): Since g is weakly lower semicontinuous, (i) implies that g(x0) ≤
lim g(yn) ≤ lim g(yn). However, (26.63) yields lim g(yn) ≤ g(x0). Hence
g(yn)→ g(x0) and, in turn, g(xε)→ g(x0).

(iii): Since (yn)n∈N is bounded, there exists an increasing function
φ : R+ → R+ that vanishes only at 0 such that

(∀n ∈ N)
1

4
φ
(
‖yn − x0‖

)
≤ g(yn) + g(x0)

2
− g
(yn + x0

2

)
. (26.67)

Consequently, it follows from (ii) that

1

4
limφ

(
‖yn − x0‖

)
≤ lim

g(yn) + g(x0)

2
− lim g

(yn + x0
2

)

= g(x0)− lim g
(yn + x0

2

)
. (26.68)

However, since (yn+x0)/2⇀x0 by (ii), g(x0) ≤ lim g((yn+x0)/2). Altogether
limφ(‖yn−x0‖) ≤ 0; hence yn → x0. We conclude that xε → x0 as ε ↓ 0. ⊓⊔

Example 26.21 Let L ∈ B(H,K) be such that ranL is closed. Then the
generalized inverse of L (see Definition 3.26) satisfies

(∀y ∈ K) L†y = lim
ε↓0

(
L∗L+ εId

)−1
L∗y. (26.69)

Proof. Let y ∈ K and let ε ∈ R++. The solution to

minimize
x∈H

1

2
‖Lx− y‖2 + ε

2
‖x‖2 (26.70)

is xε = (L∗L+εId)−1L∗y. However, by applying Theorem 26.20(iii) to f : x 7→
(1/2)‖Lx− y‖2 and the strongly convex function g = (1/2)‖ · ‖2, we deduce
that xε → x0 as ε ↓ 0, where x0 is the minimum norm minimizer of x 7→ ‖Lx−
y‖2/2. On the other hand, it follows from Definition 3.26 and Proposition 3.25
that x0 = L†y. Altogether, (L∗L+ εId)−1L∗y → L†y as ε ↓ 0. ⊓⊔

Exercises

Exercise 26.1 Let f : H → ]−∞,+∞] be proper and convex. Show that
Argmin f ⊂ ∂f∗(0) and that Argmin f 6= ∂f∗(0) may occur. Compare to
Proposition 26.1.

Exercise 26.2 Provide two functions f and g in Γ0(H) such that dom f ∩
dom g 6= ∅ and for which the conclusion of Corollary 26.3 fails.
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Exercise 26.3 Let F : H×H → R be a symmetric bilinear form that satisfies
(26.5) for some α and β in R++. Derive the conclusions of the Stampacchia
theorem (Example 26.8) from Theorem 3.14.

Exercise 26.4 Let C and D be closed convex subsets of H such that 0 ∈
sri(C −D). Show that

C ∩D = PD
(
Fix(2PC − Id) ◦ (2PD − Id)

)
. (26.71)

Exercise 26.5 Let F be as in Example 26.8. Show that there exists a unique
operator L ∈ B(H) such that (∀x ∈ H)(∀y ∈ H) F (x, y) = 〈y | Lx〉. More-
over, show that ‖L‖ ≤ β, that L is invertible, and that ‖L−1‖ ≤ α−1.

Exercise 26.6 Let C andD be closed convex subsets ofH such that C∩D 6=
∅. Use Proposition 26.5 to obtain the identity

C ∩D = FixPC ◦ PD. (26.72)

Exercise 26.7 Let u ∈ H r {0}, let η ∈ R, set C =
{
x ∈ H

∣∣ 〈x | u〉 = η
}
,

and let g : H → R be lower semicontinuous, strictly convex, and Gâteaux dif-
ferentiable on H. Suppose that dom ∂g∗ = int dom g∗ and that ArgminC g 6=
∅. Show that there exists a unique ν ∈ R such that 〈∇g∗(νu) | u〉 = η and
that the unique element in ArgminC g is ∇g∗(νu).

Exercise 26.8 Let f ∈ Γ0(H) and let L ∈ B(H,K) be such that ranL is
closed. Suppose that 0 ∈ sri(L(dom f)). Consider the problem

minimize
x∈kerL

f(x), (26.73)

and let x̄ ∈ H. Derive from Proposition 26.11 that x̄ is a solution to (26.73)
if and only if

Lx̄ = 0 and (∃ v̄ ∈ K) − L∗v̄ ∈ ∂f(x̄). (26.74)

Exercise 26.9 Let u ∈ H r {0}, let η ∈ R, set C =
{
x ∈ H

∣∣ 〈x | u〉 = η
}
,

and let z ∈ H. Use Corollary 26.12 to show that

PCz = z +
η − 〈z | u〉
‖u‖2 u. (26.75)

Exercise 26.10 Suppose that H = RN and let f : H → R be convex and
Gâteaux differentiable on H. Set K = RN+ and let x ∈ H. Show that x ∈
ArgminK f if and only if x ∈ K , ∇f(x) ∈ K , and x ⊥ ∇f(x).

Exercise 26.11 Provide an example of a proper and convex function
g : H → ]−∞,+∞] such that lev<0 g = ∅ and NCx 6= Ndom gx ∪ cone∂g(x),
where C = lev≤0 g and x ∈ C. Compare to Lemma 26.17.
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Exercise 26.12 Let (yn)n∈N be the sequence defined in the proof of Theo-
rem 26.20. Show that (yn)n∈N is a minimizing sequence of f .





Chapter 27

Proximal Minimization

As seen in Chapter 26, the solutions to variational problems can be character-
ized by fixed point equations involving proximity operators. Since proximity
operators are firmly nonexpansive, they can be used to devise efficient al-
gorithms to solve minimization problems. Such algorithms, called proximal
algorithms, are investigated in this chapter.

Throughout this chapter, K is a real Hilbert space.

27.1 The Proximal-Point Algorithm

As seen in Proposition 26.1, minimizing a function f ∈ Γ0(H) amounts to
finding a zero of its subdifferential operator ∂f , which is a maximally mono-
tone operator with resolvent J∂f = Proxf . Thus, a minimizer of f can be
obtained via the proximal-point algorithm (23.31). In this vein, our first re-
sult is a refinement of Theorem 23.41 that features a more relaxed condition
on the parameter sequence (γn)n∈N.

Theorem 27.1 (proximal-point algorithm) Let f ∈ Γ0(H) be such that
Argmin f 6= ∅, let (γn)n∈N be a sequence in R++ such that

∑
n∈N

γn = +∞,
and let x0 ∈ H. Set

(∀n ∈ N) xn+1 = Proxγnf xn. (27.1)

Then the following hold:

(i) (xn)n∈N is a minimizing sequence of f ; more precisely, f(xn) ↓ inf f(H).
(ii) (xn)n∈N converges weakly to a point in Argmin f .
(iii) Suppose that f is uniformly convex on every nonempty bounded sub-

set of dom∂f . Then (xn)n∈N converges strongly to the unique point in
Argmin f .

Proof. (i): Let z ∈ Argmin f . It follows from (27.1) and (16.30) that
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(∀n ∈ N) xn − xn+1 ∈ γn∂f(xn+1). (27.2)

In turn, we derive from (16.1) that

(∀n ∈ N) 〈z − xn+1 | xn − xn+1〉 /γn ≤ f(z)− f(xn+1) (27.3)

and

(∀n ∈ N) 0 ≤ 〈xn − xn+1 | xn − xn+1〉 /γn ≤ f(xn)− f(xn+1). (27.4)

Hence, for every n ∈ N, (27.3) yields

‖xn+1 − z‖2 = ‖xn − z‖2 + 2 〈xn − z | xn+1 − xn〉+ ‖xn+1 − xn‖2

= ‖xn − z‖2 − ‖xn+1 − xn‖2 + 2 〈xn+1 − z | xn+1 − xn〉
≤ ‖xn − z‖2 − 2γn

(
f(xn+1)− inf f(H)

)
. (27.5)

This shows that (xn)n∈N is Fejér monotone with respect to Argmin f and
that

∑
n∈N

γn(f(xn+1)− inf f(H)) < +∞. Hence, since
∑

n∈N
γn = +∞, we

have lim f(xn) = inf f(H) and it follows from (27.4) that f(xn) ↓ inf f(H).
(ii): Let x be a weak sequential cluster point of (xn)n∈N. It follows from

(i) and Proposition 11.20 that x ∈ Argmin f . Now apply Theorem 5.5.
(iii): It follows from (ii) and Theorem 16.2 that there exists x ∈ Argmin f ⊂

dom ∂f such that xn ⇀ x, and from (27.5) and (27.2) that (xn+1)n∈N is a
bounded sequence in dom∂f . Hence, {x} ∪ {xn+1}n∈N is a bounded subset
of dom∂f and we derive from (10.2) that there exists an increasing function
φ : R+ → [0,+∞] vanishing only at 0 such that

(∀n ∈ N r {0}) 1

4
φ
(
‖xn − x‖

)
≤ f(xn) + f(x)

2
− f

(
xn + x

2

)
. (27.6)

By (i), we have f(xn) ↓ f(x). In addition, since, by Proposition 10.23, f is
weakly sequentially lower semicontinuous and since (xn + x)/2⇀x, we have
f(x) ≤ lim f((xn + x)/2) ≤ lim f((xn+ x)/2) ≤ lim(f(xn) + f(x))/2 = f(x).
Altogether, φ(‖xn − x‖)→ 0 and we conclude that xn → x. ⊓⊔

27.2 Douglas–Rachford Algorithm

In this section we apply the results of Theorem 25.6 on the Douglas–Rachford
splitting algorithm to the minimization of the sum of two functions in Γ0(H).
For this purpose, the following proposition will be useful.

Proposition 27.2 Let f and g be functions in Γ0(H) such that one of the
following holds:
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(i) Argmin(f + g) 6= ∅ (see Corollary 11.15 for sufficient conditions) and
0 ∈ sri(dom f − dom g) (see Proposition 6.19 for sufficient conditions).

(ii) Argmin(f + g) ⊂ Argmin f ∩ Argmin g 6= ∅.
(iii) f = ιC and g = ιD, where C and D are closed convex subsets of H such

that C ∩D 6= ∅.

Then Argmin(f + g) = zer(∂f + ∂g) 6= ∅.

Proof. Let x ∈ H. Using Theorem 16.2 and Proposition 16.5(ii), we have
x ∈ Argmin f ∩ Argmin g ⇔ 0 ∈ ∂f(x) ∩ ∂g(x) ⇒ 0 ∈ ∂f(x) + ∂g(x) ⇒
0 ∈ ∂(f + g)(x) ⇔ x ∈ Argmin(f + g). Hence,

Argmin f ∩Argmin g ⊂ zer(∂f+∂g) ⊂ zer ∂(f+g) = Argmin(f +g). (27.7)

(i): By Corollary 16.38(i), ∂(f +g) = ∂f +∂g. In view of (27.7), we obtain
zer(∂f + ∂g) = Argmin(f + g).

(ii): Clear from (27.7).
(iii)⇒(ii): Argmin(ιC + ιD) = C ∩D = Argmin ιC ∩Argmin ιD. ⊓⊔

Remark 27.3 It follows from Example 16.40 that the implication (iii)⇒(i)
fails.

Corollary 27.4 (Douglas–Rachford algorithm) Let f and g be func-
tions in Γ0(H) such that (see Proposition 27.2 for sufficient conditions)

zer
(
∂f + ∂g

)
6= ∅, (27.8)

let (λn)n∈N be a sequence in [0, 2] such that
∑
n∈N

λn(2 − λn) = +∞, let
γ ∈ R++, and let x0 ∈ H. Set

(∀n ∈ N)


yn = Proxγg xn,
zn = Proxγf(2yn − xn),
xn+1 = xn + λn(zn − yn).

(27.9)

Then there exists x ∈ H such that the following hold:

(i) Proxγg x ∈ Argmin(f + g).
(ii) (yn − zn)n∈N converges strongly to 0.
(iii) (xn)n∈N converges weakly to x.
(iv) (yn)n∈N and (zn)n∈N converge weakly to Proxγg x.
(v) Suppose that one of the following holds:

(a) f is uniformly convex on every nonempty bounded subset of dom ∂f .
(b) g is uniformly convex on every nonempty bounded subset of dom ∂g.

Then (yn)n∈N and (zn)n∈N converge strongly to Proxγg x, which is the
unique minimizer of f + g.
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Proof. Set A = ∂f and B = ∂g. Then, by Theorem 20.40, A and B are
maximally monotone. In addition, we deduce from Proposition 16.5(ii) that
zer(A+B) ⊂ zer ∂(f +g) = Argmin(f + g). The results therefore follow from
Example 23.3, Example 22.4, and Theorem 25.6(i)–(v)&(vii). ⊓⊔

Corollary 27.5 Let f ∈ Γ0(H) and L ∈ B(H,K). Suppose that LL∗ = µId
for some µ ∈ R++, that

r ∈ sriL(dom f), (27.10)

and that the problem
minimize

x∈H
Lx=r

f(x) (27.11)

has at least one solution. Let (λn)n∈N be a sequence in [0, 2] such that∑
n∈N

λn(2− λn) = +∞, let γ ∈ R++, and let x0 ∈ H. Set

(∀n ∈ N)



pn = xn + µ−1L∗(r − Lxn),
yn = Proxγf xn,
qn = yn + µ−1L∗(r − Lyn),
xn+1 = xn + λn

(
2qn − pn − yn

)
.

(27.12)

Then (pn)n∈N converges weakly to a solution to (27.11).

Proof. Set C =
{
x ∈ H

∣∣ Lx = r
}
, A = NC , and B = ∂f . It follows from

Example 20.41 and Theorem 20.40 that A and B are maximally monotone.
Moreover, since ranLL∗ = ranµId = K, we derive from Fact 2.19 that ranL∗

is closed. In turn, Example 6.42 and Fact 2.18(iv) yield

(∀x ∈ H) NCx =

{
(kerL)⊥ = ranL∗, if Lx = r;

∅, if Lx 6= r.
(27.13)

Next, we note that the set of solutions to (27.11) is ArgminC f . However, it
follows from (27.10), Proposition 26.11, and (27.13) that

ArgminC f =
{
x ∈ C

∣∣ (∃ v ∈ K) − L∗v ∈ ∂f(x)
}
= zer(A +B). (27.14)

On the other hand, we derive from Example 23.4 and Proposition 23.32 that

JγA = PC = Proxι{r}◦L = Id−µ−1L∗ ◦ (Id−P{r})◦L = Id−µ−1L∗ ◦ (L− r).
(27.15)

Therefore, since JγB = Proxγf by Example 23.3 and since JγA = PC is affine
by Corollary 3.20(ii), we derive from (27.12) that

(∀n ∈ N)



pn = JγAxn,
yn = JγBxn,
qn = JγAyn,
xn+1 = xn + λn

(
JγA(2yn − xn)− yn

)
.

(27.16)
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Thus, we recover (25.9), and the result follows from Theorem 25.6(vi). ⊓⊔

Example 27.6 Let m be an integer such that m ≥ 2, set I = {1, . . . ,m},
let (fi)i∈I be functions in Γ0(H), let r ∈ H, and suppose that the problem

minimize
x1∈H,...,xm∈H∑

i∈I xi=r

∑

i∈I

fi(xi) (27.17)

has at least one solution and that

r ∈ sri

{
∑

i∈I

xi

∣∣∣ (∀i ∈ I) xi ∈ dom fi

}
. (27.18)

Let (λn)n∈N be a sequence in [0, 2] such that
∑

n∈N
λn(2 − λn) = +∞, let

γ ∈ R++, and let (xi,0)i∈I ∈ Hm. Set

(∀n ∈ N)



un =
1

m

(
r −

∑

j∈I

xj,n

)
,

(∀i ∈ I)
⌊
pi,n = xi,n + un,

yi,n = Proxγfi xi,n,

vn =
1

m

(
r −

∑

j∈I

yj,n

)
,

(∀i ∈ I) xi,n+1 = xi,n + λn
(
yi,n − xi,n + 2vn − un

)
.

(27.19)

Then, for every i ∈ I, (pi,n)n∈N converges weakly to a point pi ∈ H, and
(pi)i∈I is a solution to (27.17).

Proof. Set H =
⊕

i∈I H, f =
⊕

i∈I fi, K = H, and L : H → K : x 7→∑
i∈I xi, where x = (xi)i∈I denotes a generic element in H. Then (27.17)

becomes
minimize

x∈H
Lx=r

f (x). (27.20)

Moreover, the assumptions imply that this problem admits at least one so-
lution and that r ∈ sriL(dom f). On the other hand, L∗ : K → H : x 7→
(x, . . . , x) and Proposition 23.30 yields

Proxγf : H→H : x 7→
(
Proxγfi xi

)
i∈I
. (27.21)

Hence upon setting µ = m and, for every n ∈ N, xn = (xi,n)i∈I , pn =
(pi,n)i∈I , yn = (yi,n)i∈I , and qn = (yi,n + vn)i∈I , we can rewrite (27.19) as
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(∀n ∈ N)



pn = xn + µ−1L∗(r −Lxn),
yn = Proxγf xn,
qn = yn + µ−1L∗(r −Lyn),
xn+1 = xn + λn

(
2qn − pn − yn

)
,

(27.22)

which is precisely (27.12). Since Corollary 27.5 asserts that (pn)n∈N converges
weakly to a solution to (27.11), we obtain the announced result. ⊓⊔

The next result focuses on the finite-dimensional setting.

Corollary 27.7 Suppose that H is finite-dimensional, let f and g be func-
tions in Γ0(H), let (λn)n∈N be a sequence in [0, 2] such that

∑
n∈N

λn(2 −
λn) = +∞, let γ ∈ R++, and let x0 ∈ H. Suppose that Argmin(f + g) 6= ∅

and that one of the following holds:

(a) (ri dom f) ∩ (ri dom g) 6= ∅.
(b) g is polyhedral and dom g ∩ ri dom f 6= ∅.
(c) f and g are polyhedral, and dom f ∩ dom g 6= ∅.

Set

(∀n ∈ N)


yn = Proxγg xn,
zn = Proxγf(2yn − xn),
xn+1 = xn + λn(zn − yn).

(27.23)

Then there exists x ∈ H such that the following hold:

(i) Proxγg x ∈ Argmin(f + g).
(ii) (xn)n∈N converges to x.
(iii) (yn)n∈N and (zn)n∈N converge to Proxγg x.

Proof. Set A = ∂f and B = ∂g. Theorem 20.40 asserts that A and B are
maximally monotone. Moreover, by the equivalence (i)⇔(ii) in Corollary 26.3,
Argmin(f + g) = zer(A+B). The results therefore follow from Example 23.3
and Theorem 25.6(i)&(iii)–(v). ⊓⊔

We now describe a parallel splitting algorithm for minimizing a finite sum
of functions in Γ0(H).

Proposition 27.8 (parallel splitting algorithm) Let m be an integer
such that m ≥ 2, set I = {1, . . . ,m}, and let (fi)i∈I be functions in Γ0(H).
Suppose that the problem

minimize
x∈H

∑

i∈I

fi(x) (27.24)

has at least one solution and that one of the following holds:

(i) 0 ∈ ⋂mi=2 sri
(
dom fi −

⋂i−1
j=1 dom fj

)
.

(ii) dom f1 ∩
⋂m
i=2 int dom fi 6= ∅.

(iii) H is finite-dimensional and
⋂
i∈I ri dom fi 6= ∅.
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Let (λn)n∈N be a sequence in [0, 2] such that
∑

n∈N
λn(2 − λn) = +∞, let

γ ∈ R++, and let (xi,0)i∈I ∈ Hm. Set

(∀n ∈ N)



pn =
1

m

∑

i∈I

xi,n,

(∀i ∈ I) yi,n = Proxγfi xi,n,

qn =
1

m

∑

i∈I

yi,n,

(∀i ∈ I) xi,n+1 = xi,n + λn
(
2qn − pn − yi,n

)
.

(27.25)

Then (pn)n∈N converges weakly to a solution to (27.24).

Proof. Set (∀i ∈ I) Ai = ∂fi in Proposition 25.7. Then it follows from Exam-
ple 23.3 that (pn)n∈N converges weakly to a point in zer

∑
i∈I ∂fi. However,

Corollary 16.39 and Theorem 16.2 yield zer
∑

i∈I ∂fi = zer ∂(
∑
i∈I fi) =

Argmin
∑
i∈I fi. ⊓⊔

27.3 Forward–Backward Algorithm

To minimize the sum of two functions in Γ0(H) when one of them is smooth,
we can use the following version of the forward–backward algorithm (25.26).
This method is sometimes called the proximal-gradient algorithm.

Corollary 27.9 (forward–backward algorithm) Let f ∈ Γ0(H), let
g : H → R be convex and differentiable with a 1/β-Lipschitz continuous gradi-
ent for some β ∈ R++, let γ ∈ ]0, 2β[, and set δ = min{1, β/γ}+1/2. Further-
more, let (λn)n∈N be a sequence in [0, δ] such that

∑
n∈N

λn(δ − λn) = +∞,
and let x0 ∈ H. Suppose that Argmin(f + g) 6= ∅ and set

(∀n ∈ N)

⌊
yn = xn − γ∇g(xn),
xn+1 = xn + λn

(
Proxγf yn − xn

)
.

(27.26)

Then the following hold:

(i) (xn)n∈N converges weakly to a point in Argmin(f + g).
(ii) Suppose that infn∈N λn > 0 and let x ∈ Argmin(f + g). Then

(∇g(xn))n∈N converges strongly to ∇g(x).
(iii) Suppose that infn∈N λn > 0 and that one of the following holds:

(a) f is uniformly convex on every nonempty bounded subset of dom ∂f .
(b) g is uniformly convex on every nonempty bounded subset of H.
Then (xn)n∈N converges strongly to the unique minimizer of f + g.

Proof. Set A = ∂f and B = ∇g. Then A and B are maximally monotone by
Theorem 20.40 and, since dom g = H, Corollary 26.3 yields Argmin(f + g) =
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zer(A + B). On the other hand, by Corollary 18.16, B is β-cocoercive. In
view of Example 23.3 and Example 22.4, the claims therefore follow from
Theorem 25.8. ⊓⊔

A special case of the proximal-gradient algorithm (27.26) is the projection-
gradient algorithm described next.

Corollary 27.10 (projection-gradient algorithm) Let C be a nonempty
closed convex subset of H, let f : H → R be convex and differentiable with a
1/β-Lipschitz continuous gradient for some β ∈ R++, let γ ∈ ]0, 2β[, and set
δ = min{1, β/γ}+1/2. Furthermore, let (λn)n∈N be a sequence in [0, δ] such
that

∑
n∈N

λn(δ − λn) = +∞, and let x0 ∈ H. Suppose that ArgminC f 6= ∅

and set

(∀n ∈ N) xn+1 = xn + λn
(
PC
(
xn − γ∇f(xn)

)
− xn

)
. (27.27)

Then the following hold:

(i) (xn)n∈N converges weakly to a point in ArgminC f .
(ii) Suppose that infn∈N λn > 0 and let x ∈ ArgminC f . Then (∇f(xn))n∈N

converges strongly to ∇f(x).
(iii) Suppose that infn∈N λn > 0 and that f is uniformly convex on every

nonempty bounded subset of H. Then (xn)n∈N converges strongly to the
unique minimizer of f over C.

Proof. Apply Corollary 27.9 to ιC and f , and use Example 12.25 and Exam-
ple 22.4. ⊓⊔

The next result concerns the alternating projection method.

Example 27.11 Let C and D be nonempty closed convex subsets of H, let
(λn)n∈N be a sequence in [0, 3/2] such that

∑
n∈N

λn(3 − 2λn) = +∞, and
let x0 ∈ H. Suppose that C or D is bounded and set

(∀n ∈ N) xn+1 = xn + λn
(
PCPDxn − xn

)
. (27.28)

Then (xn)n∈N converges weakly to a point x ∈ C that is at minimal distance
from D.

Proof. Set f = (1/2)d2D. Then f is coercive if D is bounded, and we therefore
deduce from Proposition 11.14 that ArgminC f 6= ∅. Next, it follows from
Corollary 12.30 and Corollary 4.10 that∇f = Id−PD is nonexpansive. Hence,
the result is an application of Corollary 27.10(i) with β = 1 and γ = 1. ⊓⊔

We now consider an example of linear convergence.

Example 27.12 Let f ∈ Γ0(H) be α-strongly convex for some α ∈ R++,
let g : H → R be convex and differentiable with a 1/β-Lipschitz continuous
gradient for some β ∈ R++, and let γ ∈ ]0, 2β[. Let x0 ∈ H and set
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(∀n ∈ N)

⌊
yn = xn − γ∇g(xn),
xn+1 = Proxγf yn.

(27.29)

Then (xn)n∈N converges linearly to the unique point in Argmin(f + g).

Proof. Set A = ∂f and B = ∇g. Then Corollary 26.3 yields Argmin(f + g) =
zer(A + B). We also note that A is maximally monotone by Theorem 20.40
and α-strongly monotone by Example 22.3(iv). Furthermore, we derive from
Corollary 18.16 that B is β-cocoercive. In view of Example 23.3, the claim
therefore follows from Proposition 25.9(i). ⊓⊔

27.4 Tseng’s Splitting Algorithm

We study the convergence of a variant of (27.26) under more relaxed hy-
potheses on the functions f and g than those imposed in Corollary 27.9.

Proposition 27.13 (Tseng’s algorithm) Let D be a nonempty subset of
H, let f ∈ Γ0(H) be such that dom∂f ⊂ D, and let g ∈ Γ0(H) be Gâteaux
differentiable on D. Suppose that C is a closed convex subset of D such that
C ∩Argmin(f + g) 6= ∅, and that ∇g is 1/β-Lipschitz continuous relative to
C ∪ dom∂f , for some β ∈ R++. Let x0 ∈ C, let γ ∈ ]0, β[, and set

(∀n ∈ N)



yn = xn − γ∇g(xn),
zn = Proxγf yn,
rn = zn − γ∇g(zn),
xn+1 = PC

(
xn − yn + rn

)
.

(27.30)

Then the following hold:

(i) (xn − zn)n∈N converges strongly to 0.
(ii) (xn)n∈N and (zn)n∈N converge weakly to a point in C ∩Argmin(f + g).
(iii) Suppose that f or g is uniformly convex on every nonempty bounded

subset of dom∂f . Then (xn)n∈N and (zn)n∈N converge strongly to the
unique point in C ∩ Argmin(f + g).

Proof. Set A = ∂f and B = ∂g. Then A and B are maximally monotone
by Theorem 20.40. Moreover, it follows from Proposition 17.26(i) that B
is single-valued on D, where it coincides with ∇g. Furthermore, Proposi-
tion 17.41 and Proposition 16.21 imply that dom ∂f ⊂ D ⊂ int dom g =
int dom ∂g and hence, by Corollary 24.4(ii), A + B = ∂f + ∂g is maximally
monotone. In turn, it follows from Corollary 16.38(ii) that ∂(f+g) = ∂f+∂g
and hence from Proposition 26.1 that Argmin(f+g) = zer(A+B). Altogether,
the results follow from Theorem 25.10, Example 23.3, and Example 22.4. ⊓⊔

As an example, we obtain the following variant of the projection-gradient
algorithm.
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Example 27.14 Let C be a nonempty closed convex subset of H, let
β ∈ R++, and g ∈ Γ0(H) be differentiable with a 1/β-Lipschitz continu-
ous gradient relative to C. Suppose that ArgminC g 6= ∅, let x0 ∈ C, let
γ ∈ ]0, β[, and set

(∀n ∈ N)



yn = xn − γ∇g(xn),
zn = PCyn,
rn = zn − γ∇g(zn),
xn+1 = PC

(
xn − yn + rn

)
.

(27.31)

Then the following hold:

(i) (xn − zn)n∈N converges strongly to 0.
(ii) (xn)n∈N and (zn)n∈N converge weakly to a point in ArgminC g.
(iii) Suppose that g is uniformly convex on every nonempty bounded subset

of C. Then (xn)n∈N and (zn)n∈N converge strongly to the unique point
in ArgminC g.

Proof. This is a special case of Proposition 27.13 applied to D = C and
f = ιC . ⊓⊔

27.5 A Primal–Dual Algorithm

In this section we revisit the duality framework investigated in Section 19.1
and provide an algorithm to solve both the primal and the dual problems in
the setting of Proposition 19.4.

Proposition 27.15 (primal–dual algorithm) Let ϕ ∈ Γ0(H), let ψ ∈
Γ0(K), let z ∈ H, let r ∈ K, and suppose that L ∈ B(H,K) satisfies L 6= 0
and r ∈ sri(L(domϕ)− domψ). Consider the (primal) problem

minimize
x∈H

ϕ(x) + ψ(Lx− r) + 1
2
‖x− z‖2, (27.32)

together with the (dual) problem

minimize
v∈K

1(ϕ∗)(L∗v + z) + ψ∗(−v)− 〈v | r〉 . (27.33)

Let γ ∈
]
0, 2‖L‖−2

[
, set δ = min{1, γ−1‖L‖−2} + 1/2, let (λn)n∈N be a

sequence in ]0, δ[ such that infn∈N λn > 0 and supn∈N
λn < δ, and let v0 ∈ K.

Set

(∀n ∈ N)

⌊
xn = Proxϕ(L

∗vn + z),
vn+1 = vn − λn

(
Proxγψ∗

(
γ(Lxn − r) − vn

)
+ vn

)
,

(27.34)

and let x̄ be the unique solution to (27.32). Then the following hold:
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(i) (vn)n∈N converges weakly to a solution v̄ to the dual problem (27.33)
and x̄ = Proxϕ(L

∗v̄ + z).
(ii) (xn)n∈N converges strongly to x̄.

Proof. Set h : H → ]−∞,+∞] : x 7→ ϕ(x) + (1/2)‖x − z‖2 and j : K →
]−∞,+∞] : y 7→ ψ(y − r). Then (27.32) can be rewritten as

minimize
x∈H

h(x) + j(Lx). (27.35)

Moreover, the assumptions imply that h ∈ Γ0(H), j ∈ Γ0(K), and 0 ∈
sri(L(dom h)− dom j). Hence, it follows from Theorem 15.23 that the dual of
(27.35), namely

minimize
v∈K

h∗(L∗v) + j∗(−v), (27.36)

has a least one solution. We derive from Proposition 14.1 and Proposi-
tion 13.20(iii) that h∗ : u 7→ 1(ϕ∗)(u + z) − (1/2)‖z‖2 and j∗ : v 7→ ψ(v) +
〈v | r〉. Therefore, (27.36) coincides with (27.33) up to an additive constant.
We have thus shown that (27.33) is the dual of (27.32) (up to an additive
constant), and that it has at least one solution. Now let us define two func-
tions f and g on K by f : v 7→ ψ∗(−v) − 〈v | r〉 and g : v 7→ 1(ϕ∗)(L∗v + z).
Then (27.33) amounts to minimizing f +g on K. By Corollary 13.33, f and g
are in Γ0(K) and, as just observed, Argmin(f + g) 6= ∅. Moreover, it follows
from Proposition 12.29 and (14.6) that g is differentiable on K with gradient

∇g : v 7→ L
(
Proxϕ(L

∗v + z)
)
. (27.37)

Hence, Proposition 12.27 yields

(∀v ∈ K)(∀w ∈ K) ‖∇g(v)−∇g(w)‖
≤ ‖L‖ ‖Proxϕ(L∗v + z)− Proxϕ(L

∗w + z)‖
≤ ‖L‖ ‖L∗v − L∗w‖
≤ ‖L‖2 ‖v − w‖. (27.38)

The reciprocal of the Lipschitz constant of ∇g is therefore ‖L‖−2. On the
other hand, we derive from (27.34), (27.37), and Proposition 23.29(v)&(i)
that, for every n ∈ N,

vn+1 = vn − λn
(
Proxγψ∗

(
γ(Lxn − r) − vn

)
+ vn

)

= vn − λn
(
Proxγψ∗

(
γ(∇g(vn)− r)− vn

)
+ vn

)

= vn + λn
(
Proxγψ∗∨

(
vn − γ∇g(vn) + γr

)
− vn

)

= vn + λn
(
Proxγψ∗∨−〈·|γr〉

(
vn − γ∇g(vn)

)
− vn

)

= vn + λn
(
Proxγf

(
vn − γ∇g(vn)

)
− vn

)
. (27.39)

We thus recover the proximal-gradient iteration (27.26).
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(i): In view of the above, this follows from Corollary 27.9 and Proposi-
tion 19.4.

(ii): As seen in (i), vn ⇀ v̄, where v̄ is a solution to (27.33), and x̄ =
Proxϕ(L

∗v̄ + z). Now set ρ = supn∈N ‖vn − v̄‖. Then Lemma 2.38 yields
ρ < +∞. Hence, using Proposition 12.27 and (27.37) we obtain, for every
n ∈ N,

‖xn − x̄‖2 = ‖Proxϕ(L∗vn + z)− Proxϕ(L
∗v̄ + z)‖2

≤ 〈L∗vn − L∗v̄ | Proxϕ(L∗vn + z)− Proxϕ(L
∗v̄ + z)〉

=
〈
vn − v̄ | L

(
Proxϕ(L

∗vn + z)
)
− L

(
Proxϕ(L

∗v̄ + z)
)〉

= 〈vn − v̄ | ∇g(vn)−∇g(v̄)〉
≤ ρ‖∇g(vn)−∇g(v̄)‖. (27.40)

However, Corollary 27.9(ii) yields ‖∇g(vn) − ∇g(v̄)‖ → 0. Hence, we derive
from (27.40) that xn → x̄. ⊓⊔

As an illustration, we revisit Example 19.7 and Example 19.9.

Example 27.16 Let K be a closed convex cone in H, let ψ ∈ Γ0(K) be
positively homogeneous, set D = ∂ψ(0), let z ∈ H, let r ∈ K, and suppose
that 0 6= L ∈ B(H,K) satisfies r ∈ sri(L(K)−domψ). Consider the (primal)
problem

minimize
x∈K

ψ(Lx− r) + 1
2
‖x− z‖2, (27.41)

together with the (dual) problem

minimize
−v∈D

1
2
d2K⊖(L∗v + z)− 〈v | r〉 . (27.42)

Let γ ∈
]
0, 2‖L‖−2

[
, set δ = min{1, γ−1‖L‖−2}+ 1/2, let λ ∈ ]0, δ[, and let

v0 ∈ K. Set

(∀n ∈ N)

⌊
xn = PK(L∗vn + z),
vn+1 = vn − λ

(
PD
(
γ(Lxn − r) − vn

)
+ vn

)
,

(27.43)

and let x̄ be the unique solution to (27.41). Then the following hold:

(i) (vn)n∈N converges weakly to a solution v̄ to (27.42) and x̄ = PK(L∗v̄+z).
(ii) (xn)n∈N converges strongly to x̄.

Proof. In view of Example 19.7, this is an application of Proposition 27.15
with ϕ = ιK , and λn ≡ λ. ⊓⊔
Example 27.17 Let C and D be closed convex subsets of H, let z ∈ H, and
suppose that 0 6= L ∈ B(H,K) satisfies 0 ∈ sri(D−L(C)). Consider the best
approximation (primal) problem

minimize
x∈C
Lx∈D

‖x− z‖, (27.44)
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together with the (dual) problem

minimize
v∈K

1
2
‖L∗v + z‖2 − 1

2
d2C(L

∗v + z) + σD(−v). (27.45)

Let γ ∈
]
0, 2‖L‖−2

[
, set δ = min{1, γ−1‖L‖−2}+ 1/2, let λ ∈ ]0, δ[, and let

v0 ∈ K. Set

(∀n ∈ N)

⌊
xn = PC(L

∗vn + z),
vn+1 = vn + γλ

(
PD(Lxn − γ−1vn)− Lxn

)
,

(27.46)

and let x̄ be the unique solution to (27.44). Then the following hold:

(i) (vn)n∈N converges weakly to a solution v̄ to (27.45) and x̄ = PC(L
∗v̄+z).

(ii) (xn)n∈N converges strongly to x̄.

Proof. In view of Example 19.9, this is an application of Proposition 27.15
with ϕ = ιC , ψ = ιD, r = 0, and λn ≡ λ, where we have used Theorem 14.3(ii)
to derive (27.46) from (27.34). ⊓⊔

Example 27.18 Let C be a closed convex subset of H, let z ∈ H, let r ∈ K,
and suppose that L ∈ B(H,K) satisfies ‖L‖ = 1 and that r ∈ sriL(C).
Consider the best approximation (primal) problem

minimize
x∈C
Lx=r

‖x− z‖, (27.47)

together with the (dual) problem

minimize
v∈K

1
2
‖L∗v + z‖2 − 1

2
d2C(L

∗v + z)− 〈v | r〉 . (27.48)

Let v0 ∈ K, set
(∀n ∈ N)

⌊
xn = PC(L

∗vn + z),
vn+1 = vn + r − Lxn, (27.49)

and let x̄ be the unique solution to (27.47). Then the following hold:

(i) (vn)n∈N converges weakly to a solution v̄ to (27.48) and x̄ = PC(L
∗v̄+z).

(ii) (xn)n∈N converges strongly to x̄.

Proof. Apply Example 27.17 with D = {r}, γ = 1, and λ = 1. ⊓⊔

Exercises

Exercise 27.1 Let C andD be closed convex subsets ofH such that C∩D 6=
∅, and let x0 ∈ H. Set

(∀n ∈ N) xn+1 = xn + PC(2PDxn − xn)− PCxn. (27.50)
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Show that (xn)n∈N converges weakly to a point x ∈ H and that PDxn⇀PDx ∈
C ∩D.

Exercise 27.2 Derive Corollary 27.7 from Corollary 27.4.

Exercise 27.3 Let ϕ ∈ Γ0(H), let ψ ∈ Γ0(H), let z ∈ H, and suppose that
0 ∈ sri(domψ − domϕ). Consider the problem of constructing Proxϕ+ψ z,
i.e., of finding the solution to the problem

minimize
x∈H

ϕ(x) + ψ(x) + 1
2
‖x− z‖2. (27.51)

Use the following results to solve (27.51) (in each case provide an explicit
algorithm and a strong convergence result):

(i) Corollary 27.4 and Theorem 25.6(vii).
(ii) Proposition 27.15.

Exercise 27.4 In Corollary 27.10, suppose that C is a compact set and that
supn∈N

λn ≤ 1. Show that the sequence (xn)n∈N produced by the projection-
gradient algorithm (27.27) converges strongly to a minimizer of f over C.

Exercise 27.5 Let m be a strictly positive integer, set I = {1, . . . ,m}, and
let C and (Ci)i∈I be nonempty closed convex subsets of H, at least one of
which is bounded. Consider the problem

minimize
x∈C

1

2m

∑

i∈I

d2Ci
(x). (27.52)

(i) Show that (27.52) has at least one solution.
(ii) Use the projection-gradient algorithm to solve (27.52). Carefully check

that all the assumptions in Corollary 27.10 are satisfied; provide an
algorithm and a weak convergence result.

Exercise 27.6 Suppose that (ek)k∈N is an orthonormal basis of H and let
(φk)k∈N be a family of functions in Γ0(R) such that (∀k ∈ N) φk ≥ φk(0) = 0.
Moreover, let L be a nonzero operator in B(H,K), let r ∈ K, and assume
that the problem

minimize
x∈H

∑

k∈N

φk
(
〈x | ek〉

)
+

1

2
‖Lx− r‖2 (27.53)

admits at least one solution.

(i) Use the Douglas–Rachford algorithm to solve (27.53). Carefully check
that all the assumptions in Corollary 27.4 are satisfied; provide an al-
gorithm and a weak convergence result.

(ii) Use the forward–backward algorithm to solve (27.53). Carefully check
that all the assumptions in Corollary 27.9 are satisfied; provide an al-
gorithm and a weak convergence result.
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Exercise 27.7 Suppose that (ek)k∈N is an orthonormal basis of H and let
(φk)k∈N be a family of functions in Γ0(R) such that (∀k ∈ N) φk ≥ φk(0) = 0.
Moreover, let L be a nonzero operator in B(H,K), let ψ ∈ Γ0(K), suppose
that r ∈ sriL(domϕ), and consider the problem

minimize
Lx=r

∑

k∈N

(
φk
(
〈x | ek〉

)
+ |〈x | ek〉|2

)
. (27.54)

(i) Show that (27.54) admits exactly one solution.
(ii) Use the primal–dual algorithm (27.34) to solve (27.54). Carefully check

that all the assumptions in Proposition 27.15 are satisfied; provide an
algorithm and a strong convergence result.





Chapter 28

Projection Operators

Let C be a nonempty closed convex subset of H. The projection PCx of a
point x ∈ H onto C is characterized by (see Theorem 3.14)

PCx ∈ C and (∀y ∈ C) 〈y − PCx | x− PCx〉 ≤ 0 (28.1)

or, equivalently, by (see Proposition 6.46) x−PCx ∈ NC(PCx). In this chap-
ter, we investigate further the properties of projectors and provide a variety
of examples.

28.1 Basic Properties

As a special case of proximity operator, projectors inherit their properties.
Here are some examples.

Proposition 28.1 Let C be a nonempty closed convex subset of H and let
x ∈ H. Then the following hold:

(i) Set D = z + C, where z ∈ H. Then PDx = z + PC(x− z).
(ii) Set D = ρC, where ρ ∈ Rr {0}. Then PDx = ρPC(ρ

−1x).
(iii) Set D = −C. Then PDx = −PC(−x).

Proof. These properties are obtained by setting f = ιC in the following re-
sults:

(i): Proposition 23.29(ii) (see also Proposition 3.17).
(ii): Proposition 23.29(iv).
(iii): Proposition 23.29(v) or set ρ = −1 in (ii). ⊓⊔

Proposition 28.2 Let K be a real Hilbert space, let C be a nonempty closed
convex subset of K, let L ∈ B(H,K), let x ∈ H, and set D = L−1(C). Then
the following hold:
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(i) Suppose that LL∗ = γId for some γ ∈ R++. Then PDx = x +
γ−1L∗(PC(Lx)− Lx).

(ii) Suppose that L is invertible, with L−1 = L∗. Then PDx = L−1PC(Lx).

Proof. (i): Set f = ιC in Proposition 23.32.
(ii): This follows from (i). ⊓⊔

Proposition 28.3 Let (Hi)i∈I be a totally ordered finite family of real
Hilbert spaces, set H =

⊕
i∈I Hi, and, for every i ∈ I, let Ci be a nonempty

closed convex subset of Hi and xi ∈ Hi. Set x = (xi)i∈I and C =×i∈I Ci.
Then PC x = (PCi

xi)i∈I .

Proof. It is clear that C is a nonempty closed convex subset of H. The result
therefore follows from Proposition 23.30, where (∀i ∈ I) fi = ιCi

. ⊓⊔

Proposition 28.4 Let (Ci)i∈I be a totally ordered family of closed inter-
vals of R containing 0, suppose that H = ℓ2(I), set C = ×i∈I Ci, and
let x = (ξi)i∈I ∈ H. Then PC is weakly sequentially continuous and
PCx = (PCi

ξi)i∈I .

Proof. Apply Proposition 23.31 with (∀i ∈ I) φi = ιCi
. ⊓⊔

Proposition 28.5 Let C and D be nonempty closed convex subsets of H, let
x ∈ H, and suppose that PCx ∈ D. Then PC∩Dx = PCx.

Proof. On the one hand, PCx ∈ C ∩ D. On the other hand, for every y ∈
C∩D ⊂ C, (28.1) yields 〈y − PCx | x− PCx〉 ≤ 0. Altogether, Theorem 3.14
yields PC∩Dx = PCx. ⊓⊔

Proposition 28.6 Let C and D be nonempty closed convex subsets of H
such that C ⊥ D. Then C +D is closed and convex, and PC+D = PD +PC ◦
(Id− PD).

Proof. It is clear that ran(PD +PC ◦ (Id−PD)) ⊂ C +D. Now let x ∈ H, let
y ∈ C, and let z ∈ D. Then, by (28.1),

〈(z + y)− (PDx+ PC(x− PDx)) | x− (PDx+ PC(x− PDx))〉
= 〈z − PDx | x− PDx〉 − 〈z | PC(x− PDx)〉+ 〈PDx | PC(x− PDx)〉
+ 〈y − PC(x− PDx) | (x− PDx)− PC(x− PDx)〉
≤ 0,

(28.2)

which yields the result. ⊓⊔
Next, we discuss some simple asymptotic properties.

Proposition 28.7 Let (Cn)n∈N be a sequence of nonempty closed convex
subsets of H such that (∀n ∈ N) Cn ⊂ Cn+1. Set C =

⋃
n∈N

Cn and let
x ∈ H. Then PCn

x→ PCx.
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Proof. It follows from Proposition 3.36(i) that C is a nonempty closed convex
set. By assumption, there exists a sequence (yn)n∈N in H such that yn → PCx
and (∀n ∈ N) yn ∈ Cn. In turn, (∀n ∈ N) ‖x−PCx‖ ≤ ‖x−PCn

x‖ ≤ ‖x−yn‖.
Hence,

‖x− PCn
x‖ → ‖x− PCx‖. (28.3)

Therefore, every weak sequential cluster point z of (PCn
x)n∈N lies in C by

Theorem 3.32 and since, by Lemma 2.35 and (28.3), ‖x − PCx‖ ≤ ‖x −
z‖ ≤ lim ‖x− PCn

x‖, it satisfies ‖x− z‖ = ‖x− PCx‖. It follows that PCx
is the only weak sequential cluster point of (PCn

x)n∈N and, in turn, that
x − PCn

x ⇀ x− PCx by Lemma 2.38. In view of (28.3) and Corollary 2.42,
we conclude that x− PCn

x→ x− PCx. ⊓⊔
Proposition 28.8 Let (Cn)n∈N be a sequence of nonempty closed convex
subsets of H such that C =

⋂
n∈N

Cn 6= ∅ and (∀n ∈ N) Cn+1 ⊂ Cn, and let
x ∈ H. Then PCn

x→ PCx.

Proof. Set (∀n ∈ N) pn = PCn
x. Then (∀n ∈ N) ‖x − pn‖ ≤ ‖x − pn+1‖ ≤

‖x−PCx‖. Hence, (pn)n∈N is bounded and (‖x− pn‖)n∈N is convergent. For
everym and n in N such thatm ≤ n, since (pm+pn)/2 ∈ Cm, Lemma 2.11(iv)
yields

‖pn − pm‖2 = 2
(
‖pn − x‖2 + ‖pm − x‖2

)
− 4 ‖(pn + pm)/2− x‖2

≤ 2
(
‖pn − x‖2 − ‖pm − x‖2

)

→ 0 as m,n→ +∞. (28.4)

Hence, (pn)n∈N is a Cauchy sequence and, in turn, pn → p for some p ∈ H.
For every n ∈ N, (pk)k≥n lies in Cn and hence p ∈ Cn, since Cn is closed.
Thus, p ∈ C and therefore ‖x−PCx‖ ≤ ‖x−p‖ = lim ‖x−pn‖ ≤ ‖x−PCx‖.
Since C is a Chebyshev set, we deduce that p = PCx. ⊓⊔
Remark 28.9 As seen in Proposition 3.18, the condition

⋂
n∈N

Cn 6= ∅ in
Proposition 28.8 holds if C0 is bounded.

The proof of the following result is left as Exercise 28.5.

Proposition 28.10 Let C be a nonempty closed convex subset of H, let ε ∈
R++, let x ∈ H, and set D = C + B(0; ε). Then D is a nonempty closed
convex subset of H and

PDx =





x, if ‖x− PCx‖ ≤ ε;
PCx+ ε

x− PCx
‖x− PCx‖

, otherwise.
(28.5)

28.2 Projections onto Affine Subspaces

The following result complements Corollary 3.20.
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Proposition 28.11 Let C be a closed affine subspace of H. Then the follow-
ing hold:

(i) PC is a weakly continuous affine operator.
(ii) (∀x ∈ H)(∀y ∈ C)(∀z ∈ C) 〈x− PCx | y − z〉 = 0.
(iii) (∀x ∈ H)(∀y ∈ C) ‖x− PCx‖2 = 〈x− y | x− PCx〉.
Proof. (i): This is a consequence of Proposition 4.8, Corollary 3.20(ii), and
Lemma 2.34.

(ii): This follows from Corollary 3.20(i).
(iii): Let x ∈ H and y ∈ C. Then (ii) implies that ‖x − PCx‖2 =

〈x− PCx | (x− y) + (y − PCx)〉 = 〈x− PCx | x− y〉. ⊓⊔
Proposition 28.12 Let {ei}i∈I be a countable orthonormal subset of H and
set C = span {ei}i∈I . Then

(∀x ∈ H) PCx =
∑

i∈I

〈x | ei〉 ei. (28.6)

Proof. If I is finite, then C = span{ei}i∈I and hence Example 3.8 yields the
result. If I is countably infinite, we combine the finite case with Proposi-
tion 28.7 to obtain the conclusion. ⊓⊔
Proposition 28.13 Let I be a totally ordered finite set, let (ωi)i∈I be real
numbers in ]0, 1] such that

∑
i∈I ωi = 1, and let H be the real Hilbert space

obtained by endowing the Cartesian product ×i∈I H with the usual vector
space structure and with the scalar product (x,y) 7→

∑
i∈I ωi 〈xi | yi〉, where

x = (xi)i∈I and y = (yi)i∈I lie in H. Set D =
{
(x)i∈I

∣∣ x ∈ H
}
, let x ∈H,

and set p =
∑

i∈I ωixi. Then PDx = (p)i∈I .

Proof. Set p = (p)i∈I , let y ∈ H, and set y = (y)i∈I . It is clear that p ∈ D,
that y ∈ D, and that D is a closed linear subspace of H. Furthermore,
〈x− p | y〉 = ∑

i∈I ωi 〈xi − p | y〉 =
〈∑

i∈I ωixi − p | y
〉
= 0. Hence, we de-

rive from Corollary 3.22(i) that p = PDx. ⊓⊔
Below, we provide a couple of examples of projectors onto affine subspaces.

Example 28.14 Let K be a real Hilbert space, let L ∈ B(H,K) be such
that ranL is closed, let y ∈ ranL, set C =

{
x ∈ H

∣∣ Lx = y
}
, and let x ∈ H.

Then the following hold:

(i) (∀z ∈ C) PCx = x− L∗L∗†(x − z).
(ii) PCx = x− L∗L∗†(x− L†y).
(iii) Suppose that LL∗ is invertible. Then PCx = x− L∗(LL∗)−1(Lx− y).
Proof. (i): Take z ∈ C. Then C = z+kerL and it follows from Proposition 3.17
and Proposition 3.28(iii) that PCx = x− L∗L∗†(x− z).

(ii): Set z = L†y in (i).
(iii): By (ii) and Example 3.27, PCx = x − L∗(LL∗)−1L(x − L†y) = x −

L∗(LL∗)−1(Lx− y). ⊓⊔
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Example 28.15 Suppose that u is a nonzero vector in H, let η ∈ R, and set
C =

{
x ∈ H

∣∣ 〈x | u〉 = η
}
. Then

(∀x ∈ H) PCx = x+
η − 〈x | u〉
‖u‖2 u. (28.7)

Proof. Set φ = ι{η} in Corollary 23.33, or set L = 〈· | u〉 and y = η in
Example 28.14(iii), or see Example 3.21. ⊓⊔

28.3 Projections onto Special Polyhedra

In the next two examples, we provide closed-form expressions for the projec-
tors onto a half-space and onto a hyperslab, respectively.

Example 28.16 Let u ∈ H, let η ∈ R, and set C =
{
x ∈ H

∣∣ 〈x | u〉 ≤ η
}
.

Then exactly one of the following holds:

(i) u = 0 and η ≥ 0, in which case C = H and PC = Id.
(ii) u = 0 and η < 0, in which case C = ∅.
(iii) u 6= 0, in which case C 6= ∅ and

(∀x ∈ H) PCx =






x, if 〈x | u〉 ≤ η;

x+
η − 〈x | u〉
‖u‖2 u, if 〈x | u〉 > η.

(28.8)

Proof. (i)&(ii): Clear.
(iii): Set φ = ι]−∞,η] in Corollary 23.33. ⊓⊔

Example 28.17 Let u ∈ H, let η1 and η2 be in R, and set

C =
{
x ∈ H

∣∣ η1 ≤ 〈x | u〉 ≤ η2
}
. (28.9)

Then exactly one of the following holds:

(i) u = 0 and η1 ≤ 0 ≤ η2, in which case C = H and PC = Id.
(ii) u = 0 and [ η1 > 0 or η2 < 0 ], in which case C = ∅.
(iii) u 6= 0 and η1 > η2, in which case C = ∅.
(iv) u 6= 0 and η1 ≤ η2, in which case C 6= ∅ and

(∀x ∈ H) PCx =





x+
η1 − 〈x | u〉
‖u‖2 u, if 〈x | u〉 < η1;

x, if η1 ≤ 〈x | u〉 ≤ η2;

x+
η2 − 〈x | u〉
‖u‖2 u, if 〈x | u〉 > η2.

(28.10)
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Proof. (i)–(iii): Clear.
(iv): Set φ = ι[η1,η2] in Corollary 23.33. ⊓⊔
Next, we investigate the projector onto the intersection of two half-spaces

with parallel boundaries.

Proposition 28.18 Let u1 and u2 be in H, and let η1 and η2 be in R. Sup-
pose that ‖u1‖2‖u2‖2 = |〈u1 | u2〉|2, i.e., {u1, u2} is linearly dependent, and
set

C =
{
x ∈ H

∣∣ 〈x | u1〉 ≤ η1
}
∩
{
x ∈ H

∣∣ 〈x | u2〉 ≤ η2
}
. (28.11)

Then exactly one of the following cases occurs:

(i) u1 = u2 = 0 and 0 ≤ min{η1, η2}. Then C = H and PC = Id.
(ii) u1 = u2 = 0 and min{η1, η2} < 0. Then C = ∅.
(iii) u1 6= 0, u2 = 0, and 0 ≤ η2. Then C =

{
x ∈ H

∣∣ 〈x | u1〉 ≤ η1
}
and

(∀x ∈ H) PCx =





x, if 〈x | u1〉 ≤ η1;

x+
η1 − 〈x | u1〉
‖u1‖2

u1, if 〈x | u1〉 > η1.
(28.12)

(iv) u1 6= 0, u2 = 0, and η2 < 0. Then C = ∅.
(v) u1 = 0, u2 6= 0, and 0 ≤ η1. Then C =

{
x ∈ H

∣∣ 〈x | u2〉 ≤ η2
}
and

(∀x ∈ H) PCx =






x, if 〈x | u2〉 ≤ η2;

x+
η2 − 〈x | u2〉
‖u2‖2

u2, if 〈x | u2〉 > η2.
(28.13)

(vi) u1 = 0, u2 6= 0, and η1 < 0. Then C = ∅.
(vii) u1 6= 0, u2 6= 0, and 〈u1 | u2〉 > 0. Then C =

{
x ∈ H

∣∣ 〈x | u〉 ≤ η
}
,

where u = ‖u2‖ u1 and η = min{η1‖u2‖, η2‖u1‖}, and

(∀x ∈ H) PCx =





x, if 〈x | u〉 ≤ η;

x+
η − 〈x | u〉
‖u‖2 u, if 〈x | u〉 > η.

(28.14)

(viii) u1 6= 0, u2 6= 0, 〈u1 | u2〉 < 0, and η1‖u2‖+ η2‖u1‖ < 0. Then C = ∅.
(ix) u1 6= 0, u2 6= 0, 〈u1 | u2〉 < 0, and η1‖u2‖ + η2‖u1‖ ≥ 0. Then C ={

x ∈ H
∣∣ γ1 ≤ 〈x | u〉 ≤ γ2

}
6= ∅, where

u = ‖u2‖ u1, γ1 = −η2‖u1‖, and γ2 = η1‖u2‖, (28.15)

and



28.3 Projections onto Special Polyhedra 421

(∀x ∈ H) PCx =






x− 〈x | u〉 − γ1‖u‖2 u, if 〈x | u〉 < γ1;

x, if γ1 ≤ 〈u | x〉 ≤ γ2;

x− 〈x | u〉 − γ2‖u‖2 u, if 〈x | u〉 > γ2.

(28.16)

Proof. Let x ∈ H.
(i), (ii), (iv), & (vi): Clear.
(iii)&(v): This follows from Example 28.16(iii).
(vii): Since u1 and u2 are linearly dependent and 〈u1 | u2〉 > 0, we

have ‖u2‖u1 = ‖u1‖u2. Now set u = ‖u2‖u1. We have 〈x | u1〉 ≤ η1 ⇔
‖u2‖ 〈x | u1〉 ≤ η1‖u2‖ ⇔ 〈x | u〉 ≤ η1‖u2‖ and, similarly, 〈x | u2〉 ≤ η2 ⇔
〈x | u〉 ≤ η2‖u1‖. Altogether, x ∈ C ⇔ 〈x | u〉 ≤ η and the formula for PC
follows from Example 28.16(iii).

(viii)&(ix): Set u = ‖u2‖u1 = −‖u1‖u2, γ1 = −η2‖u1‖, and γ2 = η1‖u2‖.
Then 〈x | u1〉 ≤ η1 ⇔ ‖u2‖ 〈x | u1〉 ≤ η1‖u2‖ ⇔ 〈x | u〉 ≤ γ2, and 〈x | u2〉 ≤
η2 ⇔ ‖u1‖ 〈x | u2〉 ≤ η2‖u1‖ ⇔ −η2‖u1‖ ≤ 〈x | −‖u1‖ u2〉 ⇔ γ1 ≤ 〈x | u〉.
Altogether, x ∈ C ⇔ γ1 ≤ 〈x | u〉 ≤ γ2, and the results follow from Exam-
ple 28.17(iii)&(iv). ⊓⊔
Proposition 28.19 Let u1 and u2 be in H, and let η1 and η2 be in R. Sup-
pose that ‖u1‖2‖u2‖2 > |〈u1 | u2〉|2, i.e., {u1, u2} is linearly independent, set

C =
{
x ∈ H

∣∣ 〈x | u1〉 ≤ η1
}
∩
{
x ∈ H

∣∣ 〈x | u2〉 ≤ η2
}
, (28.17)

and let x ∈ H. Then C 6= ∅ and

PCx = x− ν1u1 − ν2u2, (28.18)

where exactly one of the following holds:

(i) 〈x | u1〉 ≤ η1 and 〈x | u2〉 ≤ η2. Then ν1 = ν2 = 0.
(ii) ‖u2‖2(〈x | u1〉−η1) > 〈u1 | u2〉 (〈x | u2〉−η2) and ‖u1‖2(〈x | u2〉−η2) >
〈u1 | u2〉 (〈x | u1〉 − η1). Then

ν1 =
‖u2‖2

(
〈x | u1〉 − η1

)
− 〈u1 | u2〉

(
〈x | u2〉 − η2

)

‖u1‖2 ‖u2‖2 − |〈u1 | u2〉|2
> 0 (28.19)

and

ν2 =
‖u1‖2

(
〈x | u2〉 − η2

)
− 〈u1 | u2〉

(
〈x | u1〉 − η1

)

‖u1‖2 ‖u2‖2 − |〈u1 | u2〉|2
> 0. (28.20)

(iii) 〈x | u2〉 > η2 and ‖u2‖2(〈x | u1〉 − η1) ≤ 〈u1 | u2〉 (〈x | u2〉 − η2). Then

ν1 = 0 and ν2 =
〈x | u2〉 − η2
‖u2‖2

> 0. (28.21)
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(iv) 〈x | u1〉 > η1 and ‖u1‖2(〈x | u2〉 − η2) ≤ 〈u1 | u2〉 (〈x | u1〉 − η1). Then

ν1 =
〈x | u1〉 − η1
‖u1‖2

> 0 and ν2 = 0. (28.22)

Proof. Set L : H → R2 : y 7→ (〈y | u1〉 , 〈y | u2〉) and

G =

[
‖u1‖2 〈u1 | u2〉
〈u1 | u2〉 ‖u2‖2

]
. (28.23)

Since, by assumption, detG 6= 0, G is invertible. Hence, ranL = ranLL∗ =
ranG = R2 and, therefore, C 6= ∅. Proposition 26.18 applied to the objective
function (1/2)‖ · −x‖2 asserts the existence of ν1 and ν2 in R+ such that

PCx = x− ν1u1 − ν2u2, (28.24)

and such that the feasibility conditions

{
〈x | u1〉 − ν1‖u1‖2 − ν2 〈u2 | u1〉 ≤ η1,
〈x | u2〉 − ν1 〈u1 | u2〉 − ν2‖u2‖2 ≤ η2,

(28.25)

hold, as well as the complementary slackness conditions

ν1
(
〈x | u1〉 − ν1‖u1‖2 − ν2 〈u2 | u1〉 − η1

)
= 0 (28.26)

and
ν2
(
〈x | u2〉 − ν1 〈u1 | u2〉 − ν2‖u2‖2 − η2

)
= 0. (28.27)

The linear independence of {u1, u2} guarantees the uniqueness of (ν1, ν2).
This leads to four conceivable cases.

(a) ν1 = ν2 = 0 : Then (28.24) yields PCx = x, i.e., x ∈ C. This verifies
(i).

(b) ν1 > 0 and ν2 > 0 : In view of (28.23), (28.26) and (28.27) force

G
[
ν1 ν2

]⊤
= Lx−

[
η1 η2

]⊤
, which yields (ii).

(c) ν1 = 0 and ν2 > 0 : Condition (28.27) forces 〈x | u2〉 − ν2‖u2‖2 =
η2, which yields the formula for ν2 as well as the equivalence ν2 > 0 ⇔
〈x | u2〉 > η2. In turn, (28.25) reduces to 〈x | u1〉 − η1 ≤ ν2 〈u1 | u2〉, which
yields ‖u2‖2(〈x | u1〉 − η1) ≤ 〈u1 | u2〉 (〈x | u2〉 − η2), and 〈x | u2〉 − η2 =
ν2‖u2‖2. This verifies (iii).

(d) ν1 > 0 and ν2 = 0 : This is analogous to (c) and yields (iv). ⊓⊔
The following notation will be convenient.

Definition 28.20 Set

H : H2 → 2H : (x, y) 7→
{
z ∈ H

∣∣ 〈z − y | x− y〉 ≤ 0
}

(28.28)

and
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Q : H3 → H

(x, y, z) 7→





z, if ρ = 0 and χ ≥ 0;

x+

(
1 +

χ

ν

)(
z − y

)
, if ρ > 0 and χν ≥ ρ;

y +
ν

ρ

(
χ
(
x− y

)
+ µ

(
z − y

))
, if ρ > 0 and χν < ρ,

where





χ = 〈x− y | y − z〉 ,
µ = ‖x− y‖2,
ν = ‖y − z‖2,
ρ = µν − χ2.

(28.29)

Corollary 28.21 (Haugazeau) Let (x, y, z) ∈ H3 and set

C = H(x, y) ∩H(y, z). (28.30)

Moreover, set χ = 〈x− y | y − z〉, µ = ‖x − y‖2, ν = ‖y − z‖2, and ρ =
µν − χ2. Then exactly one of the following holds:

(i) ρ = 0 and χ < 0, in which case C = ∅.
(ii) [ ρ = 0 and χ ≥ 0 ] or ρ > 0, in which case C 6= ∅ and

PCx = Q(x, y, z). (28.31)

Proof. We first observe that, by Cauchy–Schwarz, ρ ≥ 0. Now set u1 =
x − y, u2 = y − z, η1 = 〈y | u1〉, and η2 = 〈z | u2〉. Then H(x, y) ={
c ∈ H

∣∣ 〈c | u1〉 ≤ η1
}
, and H(y, z) =

{
c ∈ H

∣∣ 〈c | u2〉 ≤ η2
}
.

(i): We have ‖u1‖2‖u2‖2 = 〈u1 | u2〉2 and 〈u1 | u2〉 < 0. Hence, ‖u2‖u1 =
−‖u1‖u2 and, therefore,

η1‖u2‖+ η2‖u1‖
= 〈y | x− y〉 ‖u2‖+ 〈z | y − z〉 ‖u1‖
= 〈y | u1〉 ‖u2‖+

(
〈z − y | y − z〉+ 〈y | y − z〉

)
‖u1‖

= 〈y | u1〉 ‖u2‖+
(
− ‖u2‖2 + 〈y | u2〉

)
‖u1‖

= 〈y | ‖u2‖u1 + ‖u1‖u2〉 − ‖u1‖ ‖u2‖2

= 〈y | 0〉 − ‖u1‖ ‖u2‖2

< 0. (28.32)

We therefore deduce from Proposition 28.18(viii) that C = ∅.
(ii): We verify the formula in each of the following three cases:
(a) ρ = 0 and χ ≥ 0 : In view of (28.29), we must show that PCx = z. We

consider four subcases.
(a.1) x = y = z : Then C = H and therefore PCx = x = z.
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(a.2) x 6= y = z : Then C = H(x, y) and it follows from (28.1) that
PCx = y = z.

(a.3) x = y 6= z : Then C = H(y, z) and it follows from (28.1) that
PCx = PCy = z.

(a.4) x 6= y and y 6= z : Then {u1, u2} is linearly dependent and
χ = 〈u1 | u2〉 ≥ 0. Hence, χ > 0. Now set u = ‖u2‖u1 = ‖u1‖u2 and
η = min{η1‖u2‖, η2‖u1‖}. We have

〈x− z | u〉 = 〈u1 | u〉+ 〈u2 | u〉 = ‖u1‖2 ‖u2‖+ ‖u1‖ ‖u2‖2 > 0. (28.33)

On the other hand, η1‖u2‖ − η2‖u1‖ = 〈y | u1〉 ‖u2‖ − 〈z | u2〉 ‖u1‖ =
〈y − z | u〉 = 〈u2 | u〉 = ‖u1‖ ‖u2‖2 > 0. Thus, η = η2‖u1‖ = 〈z | u2〉 ‖u1‖ =
〈z | u〉, and (28.33) yields 〈x | u〉 > 〈z | u〉 = η. Hence, by Proposi-
tion 28.18(vii) and (28.33),

PCx = x+
η − 〈x | u〉
‖u‖2 u

= x− 〈x− z | u〉‖u‖2 u

= x− ‖u1‖
2 ‖u2‖+ ‖u1‖ ‖u2‖2
‖u1‖2‖u2‖2

‖u1‖u2

= x− ‖u1‖ u2 + ‖u2‖ u2‖u2‖
= x− u1 − u2
= z. (28.34)

(b) ρ > 0 and χν ≥ ρ : In view of (28.29), we must show that PCx =

x+ (1+ χ/ν)(z− y). We have 〈u1 | u2〉 ‖u2‖2 ≥ ‖u1‖2‖u2‖2− 〈u1 | u2〉2 > 0,
i.e.,

〈u1 | u2〉
(
‖u2‖2 + 〈u1 | u2〉

)
≥ ‖u1‖2‖u2‖2 > 〈u1 | u2〉2 . (28.35)

Since χ = 〈u1 | u2〉 > 0, we have

〈x | u2〉 − η2 = 〈x− z | u2〉
= 〈u1 + u2 | u2〉
= 〈u1 | u2〉+ ‖u2‖2 (28.36)

> 0. (28.37)

On the other hand, using (28.36) and (28.35), we obtain

〈u1 | u2〉
(
〈x | u2〉 − η2

)
= 〈u1 | u2〉

(
〈u1 | u2〉 + ‖u2‖2

)

≥ ‖u1‖2‖u2‖2
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= ‖u2‖2
(
〈x | u1〉 − η1

)
. (28.38)

Altogether, (28.37), (28.38), Proposition 28.19(iii), and (28.36) yield

PCx = x− 〈x | u2〉 − η2‖u2‖2
u2

= x+
‖u2‖2 + 〈u1 | u2〉

‖u2‖2
(−u2)

= x+ (1 + χ/ν)(z − y). (28.39)

(c) ρ > 0 and χν < ρ : In view of (28.29), we must show that PCx =
y + (ν/ρ)(χ(x− y) + µ(z − y)). We have

‖u2‖2
(
〈x | u1〉 − η1

)
= ‖u2‖2‖u1‖2

= ρ+ χ2 (28.40)

> χ(ν + χ)

= 〈u1 | u2〉 〈u1 + u2 | u2〉
= 〈u1 | u2〉 〈x− z | u2〉
= 〈u1 | u2〉 (〈x | u2〉 − η2). (28.41)

Next, by (28.36),

‖u1‖2
(
〈x | u2〉 − η2

)
= ‖u1‖2

(
〈u1 | u2〉+ ‖u2‖2

)

> ‖u1‖2 〈u1 | u2〉
=
(
〈x | u1〉 − η1

)
〈u1 | u2〉 . (28.42)

Altogether, it follows from (28.40), (28.41), (28.42), and Proposition 28.19(ii)
that

PCx = x−
(
1− χν

ρ

)
(x− y)− νµ

ρ
(y − z)

= y +
ν

ρ

(
χ(x − y) + µ(z − y)

)
, (28.43)

which concludes the proof. ⊓⊔

28.4 Projections Involving Convex Cones

Projections onto convex cones were discussed in Proposition 6.27 and in The-
orem 6.29. Here are further properties.

Proposition 28.22 Let K be a nonempty closed convex cone in H, let x ∈
H, and let ρ ∈ R+. Then PK(ρx) = ρPKx.
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Proof. See Exercise 28.6. ⊓⊔
Example 28.23 Let I be a totally ordered set, suppose that H = ℓ2(I), and
set K = ℓ2+(I). Then PK is weakly sequentially continuous and, for every
x = (ξi)i∈I ∈ H, PKx = (max{ξi, 0})i∈I .
Proof. This is a consequence of Proposition 28.4 (see also Example 6.28). ⊓⊔
Example 28.24 Suppose that u is a nonzero vector in H and set K = R+ u.
Then

(∀x ∈ H) PKx =






〈x | u〉
‖u‖2 u, if 〈x | u〉 ≥ 0;

0, otherwise.
(28.44)

Proof. Since K⊖ =
{
x ∈ H

∣∣ 〈x | u〉 ≤ 0
}
, the result follows from Theo-

rem 6.29(i) and Example 28.16(iii). ⊓⊔
Example 28.25 Suppose that H = SN , let K = SN+ be the closed convex
cone of symmetric positive semidefinite matrices, and let X ∈ H. Then there
exist a diagonal matrix Λ ∈ RN×N and an orthogonal matrix U ∈ RN×N

such that X = UΛU⊤ and PKX = UΛ+U
⊤, where Λ+ is the diagonal

matrix obtained from Λ by setting the negative entries equal to 0.

Proof. Set X+ = UΛ+U
⊤ and Λ− = Λ− Λ+. Then X+ ∈ K and X −X+ =

UΛ−U
⊤ ∈ −K = K⊖ by Example 6.25. Furthermore, 〈X+ | X −X+〉 =

tr (X+(X −X+)) = tr (UΛ+U
⊤UΛ−U

⊤) = tr (UΛ+Λ−U
⊤) = tr (Λ+Λ−) =

0. Altogether, the result follows from Proposition 6.27. ⊓⊔
In the remainder of this section, we focus on the problem of projecting

onto the intersection of a cone and a hyperplane.

Proposition 28.26 Let K be a nonempty closed convex cone in H, suppose
that u ∈ K satisfies ‖u‖ = 1, let η ∈ R++, set C = K∩

{
x ∈ H

∣∣ 〈x | u〉 = η
}
,

and let x ∈ H. Then C 6= ∅ and

PCx = PK(ν̄u+ x), (28.45)

where ν̄ ∈ R is a solution to the equation 〈PK(ν̄u+ x) | u〉 = η.

Proof. The problem of finding PCx is a special case of the primal problem
(27.47) in Example 27.18, in which K = R, L = 〈· | u〉, and r = η. Since
η ∈ int 〈K | u〉, we derive from Example 27.18 that the dual problem (27.48),
which becomes, via Theorem 6.29(iii),

minimize
ν∈R

φ(ν), where φ : ν 7→ 1
2
d2K⊖(νu+ x) − νη, (28.46)

has at least one solution ν̄. Furthermore, ν̄ is characterized by φ′(ν̄) = 0, i.e.,
using Proposition 12.31, by 〈PK(ν̄u+ x) | u〉 = η, and the primal solution is
PCx = PK(ν̄u+ x). ⊓⊔

Here is an application of Proposition 28.26 to the probability simplex.
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Example 28.27 Let N be a strictly positive integer, suppose that H = RN ,
let β ∈ R++, set I = {1, . . . , N}, set C =

{
(ξi)i∈I ∈ RN+

∣∣ ∑
i∈I ξi = β

}
, let

x = (ξi)i∈I ∈ H, and set

φ : R→ R : t 7→
∑

i∈I

max {ξi + t, 0}. (28.47)

Then φ is continuous and increasing, and there exists s ∈ R such that φ(s) =
β. Furthermore, s is unique, PCx = (max {ξi + s, 0})i∈I , and s ∈ ]−ξ, β − ξ],
where ξ = maxi∈I ξi. (Thus, s may be found easily by the bisection method.)

Proof. Set K = RN+ , u = (1, . . . , 1)/
√
N ∈ RN , and η = β/

√
N . Then ‖u‖ = 1

and C = K ∩
{
x ∈ H

∣∣ 〈x | u〉 = η
}
. For every i ∈ I, the function t 7→

max {ξi + t, 0} is increasing. Using Example 28.23, we deduce that φ : R →
R : t 7→

∑
i∈I max {ξi + t, 0} =

√
N 〈PK(x+

√
Ntu) | u〉 is increasing, and,

by Proposition 28.26, that the equation φ(ν̄/
√
N ) = β has a solution. Thus,

there exists s ∈ R such that φ(s) = β. Since β > 0, there exists j ∈ I such
that ξj+s > 0. Hence, t 7→ max {ξj+ t, 0} is strictly increasing on some open
interval U containing s, which implies that φ is strictly increasing on U as
well. This shows the uniqueness of s. Finally, φ(−ξ) =

∑
i∈I max {ξi−ξ, 0} =∑

i∈I 0 = 0 < β ≤
∑

i∈I max {ξi − ξ + β, 0} = φ(−ξ + β). ⊓⊔

28.5 Projections onto Epigraphs and Lower Level Sets

Proposition 28.28 Let f : H → R be convex and continuous, set C = epi f ,
and let (z, ζ) ∈ (H×R)rC. Then the inclusion z ∈ x+(f(x)− ζ)∂f(x) has
a unique solution, say x̄, and PC(z, ζ) = (x̄, f(x̄)).

Proof. Set (x̄, ξ̄) = PC(z, ζ). Then (x̄, ξ̄) is the unique solution to the problem

minimize
(x,ξ)∈H⊕R

f(x)+(−1)ξ≤0

1
2
‖x− z‖2 + 1

2
|ξ − ζ|2. (28.48)

In view of Proposition 26.18, (x̄, ξ̄) is characterized by f(x̄) ≤ ξ̄ and the
existence of ν̄ ∈ R+ such that ν̄(f(x̄)−ξ̄) = 0, z−x̄ ∈ ν̄∂f(x̄), and ζ−ξ̄ = −ν̄.
If ν̄ = 0, then (x̄, ξ̄) = (z, ζ) ∈ C, which is impossible. Hence ν̄ > 0. We
conclude that ξ̄ = f(x̄) and therefore that ν̄ = f(x̄)− ζ. ⊓⊔

Example 28.29 Let N be a strictly positive integer, suppose that H =
RN , set I = {1, . . . , N}, set f : H → R : (ξi)i∈I 7→ (1/2)

∑
i∈I αi|ξi|2, where

(αi)i∈I ∈ RN++. Suppose that (z, ζ) ∈ (H × R) r (epi f) and set z = (ζi)i∈I .
By Proposition 28.28, the system of equations ξi = ζi− (f(x)− ζ)αiξi, where
i ∈ I, has a unique solution x̄ = (ξ̄i)i∈I . Now set η = f(x̄). Then
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(∀i ∈ I) ξ̄i =
ζi

(η − ζ)αi + 1
(28.49)

and hence

η =
1

2

∑

i∈I

αi

(
ζi

(η − ζ)αi + 1

)2

. (28.50)

This one-dimensional equation can be solved numerically for η, and x̄ can
then be recovered from (28.49).

Proposition 28.30 Let f : H → R be convex and continuous, and let z ∈ H.
Suppose that ζ ∈ ]inf f(H), f (z)[ and set C = lev≤ζ f . Then, in terms of the
real variable ν, the equation f(Proxνf z) = ζ has at least one solution in R++

and, if ν̄ is such a solution, then PCz = Proxν̄f z.

Proof. The vector PCz is the unique solution to the convex optimization
problem

minimize
x∈H
f(x)≤ζ

1
2
‖x− z‖2. (28.51)

In view of Proposition 26.18, there exists ν̄ ∈ R+ such that f(PCz) ≤ ζ,
ν̄(f(PCz) − ζ) = 0, and z − PCz ∈ ν̄∂f(PCz). Since z /∈ C, we must have
ν̄ > 0. Hence, f(PCz) = ζ and the result follows from (16.30). ⊓⊔

Example 28.31 Let C be a nonempty bounded closed convex subset of
H and recall that C⊙ denotes the polar set of C (see (7.6)). Suppose
that z ∈ H r C⊙. Then, in terms of the real variable ν, the equation
ν = 〈z − νPC(z/ν) | νPC(z/ν)〉 has a unique solution ν̄ ∈ R++. Moreover,
PC⊙z = z − ν̄PC(z/ν̄) and ν̄ = 〈PC⊙z | z − PC⊙z〉.

Proof. Recall that C⊙ = lev≤1 σC = lev≤1 ι
∗
C and that our assumptions imply

that σC(0) = 0 < 1 < σC(z). By Proposition 28.30, there exists ν̄ ∈ R++

such that
PC⊙z = Proxν̄ι∗

C
z and ι∗C(PC⊙z) = 1. (28.52)

It follows from Theorem 14.3(ii) and Example 12.25 that Proxν̄ι∗
C
z = z −

ν̄PC(z/ν̄), which provides the projection formula. In turn, we derive from
(28.52) and Theorem 14.3(iii) that

1 = ι∗C(Proxν̄ι∗C z) + ιC(PC(z/ν̄))

=
〈
Proxν̄ι∗

C
z | PC(z/ν̄)

〉

= 〈PC⊙z | z − PC⊙z〉 /ν̄, (28.53)

which yields ν̄ = 〈PC⊙z | z − PC⊙z〉. ⊓⊔

Example 28.32 Suppose that H = RN , let A ∈ RN×N be symmetric and
positive semidefinite, and let u ∈ RN . Set f : RN → R : x 7→ (1/2) 〈x | Ax〉+
〈x | u〉, let z ∈ RN , suppose that ζ ∈ ]inf f(H), f(z)[, and set C = lev≤ζ f .
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Then x̄ = PCz is the unique solution to the system of equations f(x) = ζ
and x = (Id + ν̄A)−1(z − ν̄u), where ν̄ ∈ R++.

Proof. This follows from Proposition 28.30. ⊓⊔

Exercises

Exercise 28.1 Suppose that H = H×R, where H is a real Hilbert space, let
ρ ∈ R++ and α ∈ R++, and set C1 = B(0; ρ) × R and C2 = H × [−α,+α].
Provide formulas for the projection operators PC1

and PC2
, and check that the

projection onto the cylinder C1∩C2 is given by PC1∩C2
= PC1

PC2
= PC2

PC1
.

Exercise 28.2 Show that Proposition 28.2(ii) fails if L∗ 6= L−1.

Exercise 28.3 Prove Proposition 28.4 using (28.1).

Exercise 28.4 Given finite families of (ui)i∈I in H r {0} and (βi)i∈I in
R, set C =

{
x ∈ H

∣∣ 〈x | ui〉 ≤ βi
}
. Let V be a closed linear subspace of⋂

i∈I{ui}⊥ and set D = C ∩ V ⊥. Show that D is a polyhedron in V ⊥ and
that PC = PV + PD ◦ PV ⊥ .

Exercise 28.5 Prove Proposition 28.10.

Exercise 28.6 Check Proposition 28.22.

Exercise 28.7 Prove Example 28.24 using (28.1).

Exercise 28.8 Let α ∈ R++ and set Kα =
{
(x, ρ) ∈ H× R

∣∣ ‖x‖ ≤ αρ
}
.

Use Exercise 6.4 to show that K⊖
α = −K1/α and that

(
∀(x, ρ) ∈ H× R

)
PKα

(x, ρ) =





(x, ρ), if ‖x‖ ≤ αρ;

(0, 0), if α‖x‖ ≤ −ρ;
α‖x‖+ ρ

α2 + 1

(
α
x

‖x‖ , 1
)
, otherwise.

(28.54)

Exercise 28.9 Let z ∈ H and let γ ∈ [0, 1]. Suppose that ‖z‖ = 1 and set

Kz,γ =
{
x ∈ H

∣∣ γ‖x‖ − 〈x | z〉 ≤ 0
}
. (28.55)

Use Exercise 28.8 to check that K⊖
z,γ = K

−z,
√

1−γ2
and that

(∀x ∈ H) PKz,γ
x =






x, if x ∈ Kz,γ ;

0, if x ∈ K⊖
z,γ ;

δy, otherwise,

(28.56)

where y = γz +
√
1− γ2(x− 〈x | z〉 z)/‖x− 〈x | z〉 z‖ and δ = 〈x | y〉.
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Exercise 28.10 Consider Exercise 28.9 and its notation. Let ε ∈ R++, and
let w ∈ H be such that ‖w‖ = 1 and (∀x ∈ Kz,ε/(2+ε)) 〈x | w〉 ≥ 0. Prove
that ‖w − z‖ < ε/2.

Exercise 28.11 Let N be a strictly positive integer, let β ∈ R++, and set
I = {1, . . . , N}. Using Example 28.27, show that the problem

minimize
y=(ηi)i∈I∈R

N
+∑

i∈I ηi=β

‖y‖ (28.57)

has a unique solution, namely (β/N)i∈I .

Exercise 28.12 Suppose that H = R, set f : H → H : x 7→ x2 and C =
epi f , and let (z, t) ∈ R2 r (epi f). Then PC(z, t) = (x̄, x̄2), where x̄ ∈ R is
the unique solution to the cubic equation 2x3 + (1− 2t)x− z = 0.

Exercise 28.13 Let N be a strictly positive integer, suppose that H = RN ,
set I = {1, . . . , N}, let t ∈ R++, and let (αi)i∈I ∈ RN+ . Set f : RN → R : x 7→
(1/2)

∑
i∈I αi|ξi|2 and let z ∈ RN be such that f(z) > t. Set C = lev≤t f and

x = PCz. Show that, for every i ∈ I, ξi = ζi/(1 + λαi), where

1

2

∑

i∈I

αi

(
ζi

1 + λαi

)2

= t. (28.58)



Chapter 29

Best Approximation Algorithms

Best approximation algorithms were already discussed in Corollary 5.28, in
Example 27.17, and in Example 27.18. In this chapter we provide further ap-
proaches for computing the projection onto the intersection of finitely many
closed convex sets, employing the individual projectors, namely, Dykstra’s
algorithm and Haugazeau’s algorithm. Applications of the latter to solving
monotone inclusion and minimization problems with strongly convergent al-
gorithms are given.

29.1 Dykstra’s Algorithm

Corollary 5.23 features a weakly convergent periodic projection algorithm
for finding a common point of closed convex sets. We saw in Corollary 5.28
that, when all the sets are closed affine subspaces, the iterates produced by
this algorithm actually converge to the projection of the initial point x0 onto
the intersection of the sets. As shown in Figure 29.1, this is however not
true in general. In this section, we describe a strongly convergent projection
algorithm for finding the projection of a point onto the intersection of closed
convex sets. The following technical result will be required.

Lemma 29.1 Let (ρn)n∈N ∈ ℓ2+(N), let m ∈ N, and set (∀n ∈ N) σn =∑n
k=0 ρk. Then limσn(σn − σn−m−1) = 0.

Proof. Since, by Cauchy–Schwarz,

σn
(
σn − σn−m−1

)
≤
√
n+ 1

√√√√
n∑

k=0

ρ2k
(
σn − σn−m−1

)
, (29.1)

for every integer n > m, it suffices to show that lim
√
n+ 1(σn−σn−m−1) = 0.

We shall prove this by contradiction: assume that there exist ε ∈ R++ and an
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C2

C1

x0

x∞ p

•

Fig. 29.1 The method of alternating projections xn+1 = PC1
PC2

xn converges (in one

iteration) to x∞ and fails to produce the best approximation p to x0 from C1 ∩C2.

integer n0 > m such that, for every integer n ≥ n0, σn−σn−m−1 ≥ ε/
√
n+ 1

which, by Cauchy–Schwarz, implies that

ε2

n+ 1
≤
(
ρn−m + · · ·+ ρn

)2 ≤ (m+ 1)
(
ρ2n−m + · · ·+ ρ2n

)
. (29.2)

Summing (29.2) over all integers n ≥ n0 yields a contradiction. ⊓⊔
The periodic projection algorithm described next was first studied by Dyk-

stra in the case of closed convex cones.

Theorem 29.2 (Dykstra’s algorithm) Let m be a strictly positive inte-
ger, set I = {1, . . . ,m}, let (Ci)i∈I be a family of closed convex subsets of H
such that C =

⋂
i∈I Ci 6= ∅, and let x0 ∈ H. Set

i : N→ I : n 7→ 1 + rem(n− 1,m), (29.3)

where rem(·,m) is the remainder function of the division by m. For every
strictly positive integer n, set Pn = PCn

, where Cn = Ci(n) if n > m. More-
over, set q−(m−1) = · · · = q−1 = q0 = 0 and

(∀n ∈ Nr {0})
⌊
xn = Pn(xn−1 + qn−m),
qn = xn−1 + qn−m − xn. (29.4)
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Then xn → PCx0.

Proof. It follows from Theorem 3.14 that

(∀n ∈ Nr {0}) xn ∈ Cn and (∀y ∈ Cn) 〈xn − y | qn〉 ≥ 0. (29.5)

Moreover, for every integer n ≥ 1, (29.4) yields

xn−1 − xn = qn − qn−m (29.6)

and, therefore,

x0 − xn =

n∑

k=n−m+1

qk. (29.7)

Let z ∈ C, let n ∈ N, and let x−(m−1), . . . , x−1 be arbitrary vectors in H. We
derive from (29.6) that

‖xn − z‖2

= ‖xn+1 − z‖2 + ‖xn − xn+1‖2 + 2 〈xn+1 − z | xn − xn+1〉
= ‖xn+1 − z‖2 + ‖xn − xn+1‖2 + 2 〈xn+1 − z | qn+1 − qn+1−m〉
= ‖xn+1 − z‖2 + ‖xn − xn+1‖2 + 2 〈xn+1 − z | qn+1〉
+ 2 〈xn+1−m − xn+1 | qn+1−m〉 − 2 〈xn−m+1 − z | qn−m+1〉 . (29.8)

Now let l ∈ N be such that n ≥ l. Using (29.8) and induction, we obtain

‖xl − z‖2 = ‖xn − z‖2 +
n∑

k=l+1

(
‖xk − xk−1‖2 + 2 〈xk−m − xk | qk−m〉

)

+ 2
n∑

k=n−m+1

〈xk − z | qk〉 − 2
l∑

k=l−(m−1)

〈xk − z | qk〉 . (29.9)

In particular, when l = 0, we see that

‖x0 − z‖2 = ‖xn − z‖2 +
n∑

k=1

(
‖xk − xk−1‖2 + 2 〈xk−m − xk | qk−m〉

)

+ 2
n∑

k=n−m+1

〈xk − z | qk〉 . (29.10)

Since all the summands on the right-hand side of (29.10) lie in R+, it follows
that (xk)k∈N is bounded and

∑

k∈N

‖xk−1 − xk‖2 < +∞. (29.11)
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Using (29.7) and (29.5), we get

〈z − xn | x0 − xn〉 =
n∑

k=n−m+1

〈z − xk | qk〉+
n∑

k=n−m+1

〈xk − xn | qk〉

≤
n∑

k=n−m+1

〈xk − xn | qk〉 . (29.12)

On the other hand, for every k ∈ {n−m+ 1, . . . , n− 1}, the identities

qk = qk − 0

= qk − qi(k)−m
= (qk − qk−m) + (qk−m − qk−2m) + · · · + (qi(k) − qi(k)−m) (29.13)

and (29.6) result in

n−1∑

k=n−m+1

‖qk‖ ≤
n−1∑

k=1

‖qk − qk−m‖ =
n−1∑

k=1

‖xk−1 − xk‖. (29.14)

Hence, using the triangle inequality, we obtain

n−1∑

k=n−m+1

|〈xk − xn | qk〉| ≤
n−1∑

k=n−m+1

‖xk − xn‖ ‖qk‖

≤
n∑

l=n−m+2

‖xl−1 − xl‖
n−1∑

k=n−m+1

‖qk‖

≤
n∑

l=n−m+2

‖xl−1 − xl‖
n−1∑

k=1

‖xk−1 − xk‖. (29.15)

In view of (29.11) and Lemma 29.1, we deduce that

lim

n∑

k=n−m+1

|〈xk − xn | qk〉| = 0. (29.16)

Let (xpn)n∈N be a subsequence of (xn)n∈N such that

lim

pn∑

k=pn−m+1

|〈xk − xpn | qk〉| = 0, (29.17)

such that (xpn)n∈N converges weakly, say xpn ⇀ x ∈ H, and such that
lim ‖xpn‖ exists. In view of the definition of i, we also assume that there
exists j ∈ I such that (∀n ∈ N) i(pn) = j. By construction, (xpn)n∈N lies in
Cj , which is weakly closed by Theorem 3.32. Hence x ∈ Cj . Furthermore,
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since xn − xn+1 → 0 by (29.11) and since, for every n ∈ Nr {0}, xn ∈ Cn,

x ∈ C. (29.18)

Combining (29.12) and (29.17) yields

lim 〈z − xpn | x0 − xpn 〉 ≤ 0. (29.19)

Hence, for every z ∈ C, it follows from Lemma 2.35 that

〈z − x | x0 − x〉 = ‖x‖2 − 〈z | x〉 − 〈x | x0〉+ 〈z | x0〉
≤ lim

(
‖xpn‖2 − 〈z | xpn〉 − 〈xpn | x0〉 + 〈z | x0〉

)

≤ lim
(
‖xpn‖2 − 〈z | xpn〉 − 〈xpn | x0〉 + 〈z | x0〉

)

= lim 〈z − xpn | x0 − xpn〉
≤ 0. (29.20)

In view of (29.18) and (29.20), we derive from (3.6) that

x = PCx0. (29.21)

Using (29.20), with z = x, yields ‖xpn‖ → ‖x‖. Since xpn ⇀ x, we deduce
from Corollary 2.42 that

xpn → x. (29.22)

In turn, by (29.12) and (29.17),

0← 〈x− xpn | x0 − xpn〉

=

pn∑

k=pn−m+1

〈x− xk | qk〉+
pn∑

k=pn−m+1

〈xk − xpn | qk〉

≤
pn∑

k=pn−m+1

〈xk − xpn | qk〉

→ 0. (29.23)

This implies that

lim

pn∑

k=pn−m+1

〈x− xk | qk〉 = 0. (29.24)

We now show by contradiction that the entire sequence (xn)n∈N converges
to x. To this end, let us assume that there exist ε ∈ R++ and a subsequence
(xln )n∈N of (xn)n∈N such that (∀n ∈ N) ‖xln − x‖ ≥ ε. After passing to a
subsequence of (xln)n∈N and relabeling if necessary, we assume furthermore
that (∀n ∈ N) ln > pn. Then (29.9), (29.5), and (29.24) yield

0← ‖xpn − x‖2
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= ‖xln − x‖2 +
ln∑

k=pn+1

(
‖xk − xk−1‖2 + 2 〈xk−m − xk | qk−m〉

)

+ 2

ln∑

k=ln−m+1

〈xk − x | qk〉 − 2

pn∑

k=pn−m+1

〈xk − x | qk〉

≥ ‖xln − x‖2 + 2

pn∑

k=pn−m+1

〈x− xk | qk〉

≥ 2

pn∑

k=pn−m+1

〈x− xk | qk〉

→ 0. (29.25)

It follows that xln → x, which is impossible. ⊓⊔
Theorem 29.2 allows for a different proof of Corollary 5.28; we leave the

verification of the details as Exercise 29.1.

29.2 Haugazeau’s Algorithm

In this section we consider the problem of finding the best approximation to a
point z from the set of common fixed points of firmly nonexpansive operators.

Theorem 29.3 Let (Ti)i∈I be a finite family of firmly nonexpansive oper-
ators from H to H such that C =

⋂
i∈I FixTi 6= ∅, and let x0 ∈ H. Let

i : N→ I be such that there exists a strictly positive integer m for which

(∀i ∈ I)(∀n ∈ N) i ∈ {i(n), . . . , i(n+m− 1)}, (29.26)

and set
(∀n ∈ N) xn+1 = Q

(
x0, xn, Ti(n)xn

)
, (29.27)

where Q is defined in (28.29). Then xn → PCx0.

Proof. Throughout, the notation (28.28) will be used. We first observe that
Corollary 4.15 implies that C is a nonempty closed convex set. Also, for every
nonempty closed convex subset D of H, (28.1) implies that

(∀x ∈ H) PDx ∈ D and D ⊂ H(x, PDx). (29.28)

In view of Corollary 28.21, to check that the sequence (xn)n∈N is well defined,
we must show that (∀n ∈ N) H(x0, xn) ∩H(xn, Ti(n)xn) 6= ∅. To this end,
it is sufficient to show that C ⊂

⋂
n∈N

H(x0, xn) ∩H(xn, Ti(n)xn), i.e., since
(29.26) and Corollary 4.16 yield
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C =
⋂

n∈N

FixTi(n) ⊂
⋂

n∈N

H
(
xn, Ti(n)xn

)
, (29.29)

that C ⊂
⋂
n∈N

H(x0, xn). For n = 0, it is clear that C ⊂ H(x0, xn) = H.
Furthermore, for every n ∈ N, it follows from (29.29), (29.28), and Corol-
lary 28.21 that

C ⊂ H(x0, xn) ⇒ C ⊂ H(x0, xn) ∩H(xn, Ti(n)xn)

⇒ C ⊂ H
(
x0, Q(x0, xn, Ti(n)xn)

)

⇔ C ⊂ H(x0, xn+1), (29.30)

which establishes the assertion by induction. Now let n ∈ N. We observe that
Corollary 28.21 yields

xn+1 ∈ H(x0, xn) ∩H
(
xn, Ti(n)xn

)
. (29.31)

Hence, since xn is the projection of x0 onto H(x0, xn) and since xn+1 =
Q(x0, xn, Ti(n)xn) ∈ H(x0, xn), we have ‖x0 − xn‖ ≤ ‖x0 − xn+1‖. On the
other hand, since PCx0 ∈ C ⊂ H(x0, xn), we have ‖x0−xn‖ ≤ ‖x0−PCx0‖.
Altogether, (‖x0 − xn‖)n∈N converges and

lim ‖x0 − xn‖ ≤ ‖x0 − PCx0‖. (29.32)

For every n ∈ N, the inclusion xn+1 ∈ H(x0, xn) implies that

‖x0 − xn+1‖2 − ‖x0 − xn‖2 = ‖xn+1 − xn‖2 + 2 〈xn+1 − xn | xn − x0〉
≥ ‖xn+1 − xn‖2, (29.33)

and it follows from the convergence of (‖x0 − xn‖)n∈N that

xn+1 − xn → 0. (29.34)

In turn since, for every n ∈ N, the inclusion xn+1 ∈ H(xn, Ti(n)xn) implies
that

‖xn+1 − xn‖2 = ‖xn+1 − Ti(n)xn‖2 + 2
〈
xn+1 − Ti(n)xn | Ti(n)xn − xn

〉

+ ‖xn − Ti(n)xn‖2

≥ ‖xn+1 − Ti(n)xn‖2 + ‖xn − Ti(n)xn‖2, (29.35)

we obtain
xn − Ti(n)xn → 0. (29.36)

Now let i ∈ I, and let x be a weak sequential cluster point of (xn)n∈N. In
view of (29.26), there exist sequences (kn)n∈N and (pn)n∈N in N such that
xkn ⇀x and
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(∀n ∈ N)

{
kn ≤ pn ≤ kn +m− 1 < kn+1 ≤ pn+1,

i = i(pn).
(29.37)

Moreover, it follows from (29.34) that

‖xpn − xkn‖ ≤
kn+m−2∑

l=kn

‖xl+1 − xl‖

≤ (m− 1) max
kn≤l≤kn+m−2

‖xl+1 − xl‖

→ 0, (29.38)

and, in turn, that xpn ⇀x. Hence, since xpn − Tixpn = xpn − Ti(pn)xpn → 0
by (29.36), we deduce from Corollary 4.18 that x ∈ FixTi and, since i was
arbitrarily chosen in I, that x ∈ C. Bringing into play Lemma 2.35 and
(29.32), we obtain

‖x0 − PCx0‖ ≤ ‖x0 − x‖ ≤ lim ‖x0 − xkn‖ ≤ ‖x0 − PCx0‖. (29.39)

Hence, since C is a Chebyshev set, x = PCx0 is the unique weak sequential
cluster point of (xn)n∈N and it follows from Lemma 2.38 that xn ⇀ PCx0.
Thus, appealing to Lemma 2.35 and (29.32), we obtain

‖x0 − PCx0‖ ≤ lim ‖x0 − xn‖ = lim ‖x0 − xn‖ ≤ ‖x0 − PCx0‖ (29.40)

and, therefore, ‖x0 − xn‖ → ‖x0 − PCx0‖. Since x0 − xn ⇀ x0 − PCx0, it
follows from Corollary 2.42 that x0 − xn → x0 − PCx0. ⊓⊔

Our first application yields a strongly convergent proximal-point algorithm
that finds the zero of a maximally monotone operator at minimal distance
from the starting point.

Corollary 29.4 Let A : H → 2H be maximally monotone and such that 0 ∈
ranA, and let x0 ∈ H. Set (∀n ∈ N) xn+1 = Q(x0, xn, JAxn), where Q is
defined in (28.29). Then xn → PzerA x0.

Proof. Set T1 = JA. Then T1 is firmly nonexpansive by Corollary 23.8, and
Proposition 23.38 asserts that FixT1 = zerA 6= ∅. Thus, the result is an
application of Theorem 29.3 with I = {1}, m = 1, and i : n 7→ 1. ⊓⊔

The next result provides a strongly convergent forward–backward algo-
rithm.

Corollary 29.5 Let A : H → 2H be maximally monotone, let β ∈ R++, let
B : H → H be β-cocoercive, and let γ ∈ ]0, 2β[. Suppose that zer(A+B) 6= ∅,
let x0 ∈ H, and set



29.2 Haugazeau’s Algorithm 439

(∀n ∈ N)


yn = xn − γBxn,
zn = (1/2)

(
xn + JγAyn

)
,

xn+1 = Q
(
x0, xn, zn

)
,

(29.41)

where Q is defined in (28.29). Then xn → Pzer(A+B) x0.

Proof. Set T = (1/2)(Id + JγA ◦ (Id− γB)) and note that (29.41) yields

(∀n ∈ N) xn+1 = Q
(
x0, xn, T xn

)
. (29.42)

By Corollary 23.10(i), JγA is nonexpansive. Moreover, by Proposition 4.33
and Remark 4.24(i), Id− γB is nonexpansive. Thus, JγA ◦ (Id− γB) is non-
expansive and, appealing to Proposition 4.2, we deduce that T is firmly non-
expansive. Altogether, since Fix T = Fix(2T − Id) = zer(A+B) by Proposi-
tion 25.1(iv), the result follows from Theorem 29.3 with I = {1}, m = 1, and
i : n 7→ 1. ⊓⊔

Using Remark 25.16, we can apply Corollary 29.5 to variational inequali-
ties. Here is another application.

Example 29.6 Let f ∈ Γ0(H), let g : H → R be convex and differentiable
with a 1/β-Lipschitz continuous gradient for some β ∈ R++, and let γ ∈
]0, 2β[. Furthermore, suppose that Argmin(f + g) 6= ∅, let x0 ∈ H, and set

(∀n ∈ N)


yn = xn − γ∇g(xn),
zn = (1/2)

(
xn + Proxγf yn

)
,

xn+1 = Q
(
x0, xn, zn

)
,

(29.43)

where Q is defined in (28.29). Then xn → PArgmin(f+g) x0.

Proof. This is an application of Corollary 29.5 to A = ∂f and B = ∇g, using
Corollary 18.16. Indeed, A and B are maximally monotone by Theorem 20.40
and, since dom g = H, Corollary 26.3 yields Argmin(f +g) = zer(A+B). ⊓⊔

Remark 29.7 The principle employed in the proof of Corollary 29.5 extends
as follows. Let (Ri)i∈I be a finite family of nonexpansive operators from H
to H such that

⋂
i∈I FixRi 6= ∅ and set (∀i ∈ I) Ti = (1/2)(Ri + Id).

Then
⋂
i∈I FixTi =

⋂
i∈I FixRi, and it follows from Proposition 4.2 that the

operators (Ti)i∈I are firmly nonexpansive. Thus, Theorem 29.3 can be used
to find the best approximation to a point x0 ∈ H from

⋂
i∈I FixRi.

Our last result describes an alternative to Dykstra’s algorithm of Theo-
rem 29.2 for finding the projection onto the intersection of closed convex sets
using the projectors onto the individual sets periodically.

Corollary 29.8 (Haugazeau’s algorithm) Let m be a strictly positive
integer, set I = {1, . . . ,m}, let (Ci)i∈I be a family of closed convex subsets
of H such that C =

⋂
i∈I Ci 6= ∅, and let x0 ∈ H. For every i ∈ I, denote by
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Pi the projector onto Ci. Let rem(·,m) be the remainder function of division
by m, and set

(∀n ∈ N) xn+1 = Q
(
x0, xn, P1+rem(n−1,m)xn

)
, (29.44)

where Q is defined in (28.29). Then xn → PCx0.

Proof. In view of Proposition 4.8, this is an application of Theorem 29.3 with
(Ti)i∈I = (Pi)i∈I and i : n 7→ 1 + rem(n− 1,m). ⊓⊔

Exercises

Exercise 29.1 Use Theorem 29.2 to derive Corollary 5.28.

Exercise 29.2 Consider the application of Dykstra’s algorithm (29.4) to
m = 2 intersecting closed convex subsets C and D of H.
(i) Show that the algorithm can be cast in the following form:

p0 = q0 = 0 and (∀n ∈ N)



yn = PC(xn + pn),
pn+1 = xn + pn − yn,
xn+1 = PD(yn + qn),
qn+1 = yn + qn − xn+1.

(29.45)

(ii) Suppose that H = R2, x0 = (2, 2), C =
{
(ξ1, ξ2) ∈ H

∣∣ ξ2 ≤ 0
}
, and

D =
{
(ξ1, ξ2) ∈ H

∣∣ ξ1 + ξ2 ≤ 0
}
. Compute the values of xn for n ∈

{0, . . . , 5} and draw a picture showing the progression of the iterates
toward PC∩Dx0.

Exercise 29.3 Let T : H → H be nonexpansive and such that FixT 6= ∅.
Devise a strongly convergent algorithm to find the minimal norm fixed point
of T .

Exercise 29.4 Let (Ti)i∈I be a finite family of nonexpansive operators from
H to H such that C =

⋂
i∈I FixTi 6= ∅, let x0 ∈ H, let (ωi)i∈I be real

numbers in ]0, 1] such that
∑

i∈I ωi = 1, and suppose that (αi)i∈I are real
numbers in ]0, 1[ such that, for every i ∈ I, Ti is αi-averaged. Devise a strongly
convergent algorithm involving (αi)i∈I to find PCx0.



Bibliographical Pointers

Seminal references for convex analysis, monotone operator theory, and non-
expansive operators are [40], [58], [65], [121], [150], [166], [186], [195], [196],
[219], [262], [263]. Historical comments can be found in [141], [188], [189],
[208], [219], [226], [264], [265], [266], [267].

Further accounts and applications can be found in [6], [9], [14], [15], [16],
[28], [37], [38], [46], [48], [50], [51], [55], [67], [70], [76], [80], [82], [85], [98],
[99], [100], [106], [110], [112], [117], [124], [125], [126], [128], [136], [142], [143],
[144], [147], [156], [159], [160], [165], [172], [173], [182], [188], [189], [199], [203],
[207], [210], [213], [224], [226], [228], [230], [233], [235], [245], [253], [258], [259],
[261], [264], [265], [266], [267].

It is virtually impossible to compile a complete bibliography on the top-
ics covered by this book, most of which are quite mature. What follows is
an attempt to list work that is relevant to the individual chapters, without
making any claim to exhaustiveness.

Chapter 1: [3], [13], [16], [37], [50], [59], [81], [102], [108], [109], [112], [140],
[151], [160], [196], [226], [229], [243], [258], [261].

Chapter 2: [1], [3], [53], [54], [58], [96], [99], [100], [117], [134], [139], [144],
[159], [169], [174], [182], [200], [201], [227], [229], [243].

Chapter 3: [100], [131], [134], [144], [155], [219], [238], [261].

Chapter 4: [18], [24], [63], [68], [69], [89], [125], [126], [212], [263].

Chapter 5: [17], [18], [22], [24], [57], [61], [65], [68], [69], [77], [79], [83], [84],
[86], [88], [89], [113], [114], [115], [120], [130], [132], [135], [158], [176], [178],
[211], [255].

Chapter 6: [41], [43], [44], [54], [144], [145], [152], [157], [190], [233], [261],
[263].

Chapter 7: [39], [142], [144], [203].

Chapter 8: [41], [48], [52], [54], [142], [143], [175], [196], [217], [219], [261].

441

© Springer Science+Business Media, LLC 2011 

H.H. Bauschke and P.L. Combettes, Convex Analysis and Monotone Operator Theory  
in Hilbert Spaces, CMS Books in Mathematics, DOI 10.1007/978-1-4419-9467-7,  



442 Bibliographical Pointers

Chapter 9: [3], [46], [58], [196], [219], [233], [261].

Chapter 10: [55], [74], [133], [165], [206], [219], [254], [260], [261].

Chapter 11: [50], [103], [125], [166], [206], [256], [261].

Chapter 12: [5], [11], [138], [142], [190], [191], [193], [195], [196], [219], [226],
[261].

Chapter 13: [16], [46], [75], [142], [195], [196], [217], [219], [224], [226], [261].

Chapter 14: [24], [31], [48], [95], [180], [194], [195], [196], [219], [226], [261].

Chapter 15: [7], [44], [45], [46], [71], [129], [144], [149], [196], [216], [219],
[237], [261].

Chapter 16: [12], [24], [48], [62], [116], [187], [192], [196], [215], [219], [224],
[261].

Chapter 17: [25], [41], [46], [48], [124], [196], [203], [219], [239], [261].

Chapter 18: [19], [25], [26], [30], [41], [47], [48], [49], [111], [124], [203], [219],
[250], [261].

Chapter 19: [15], [91], [105], [112], [147], [216], [219], [224], [261].

Chapter 20: [21], [27], [32], [33], [58], [70], [72], [73], [122], [134], [181], [195],
[196], [204], [233], [235], [237], [265], [266].

Chapter 21: [23], [36], [42], [58], [66], [70], [72], [97], [100], [153], [185], [186],
[195], [203], [218], [219], [222], [232], [233], [234], [235], [236], [252], [257], [265],
[266].

Chapter 22: [21], [78], [148], [220], [266].

Chapter 23: [6], [23], [58], [92], [94], [95], [107], [127], [154], [163], [186],
[225], [251].

Chapter 24: [2], [10], [27], [32], [34], [60], [93], [122], [123], [164], [197], [198],
[202], [221], [232], [234], [235], [237], [265], [266].

Chapter 25: [8], [20], [64], [89], [90], [104], [107], [118], [119], [163], [167],
[168] [170], [171], [183], [184], [231], [241], [244], [248], [249], [264].

Chapter 26: [59], [141], [142], [143], [147], [162], [219], [242], [246], [261],
[264].

Chapter 27: [8], [89], [91], [95], [104], [166], [177], [179], [183], [209], [219],
[247], [248].

Chapter 28: [22], [35], [100], [137], [263].

Chapter 29: [29], [56], [87], [137], [161], [205], [240].



Symbols and Notation

Real line:

R The set of real numbers
x ≥ 0 p. 4 The real number x is positive
x > 0 p. 4 The real number x is strictly positive
x ≤ 0 p. 4 The real number x is negative
x < 0 p. 4 The real number x is strictly negative
R+ p. 5 The set of positive real numbers [0,+∞[
R++ p. 5 The set of strictly positive real numbers ]0,+∞[
R− p. 5 The set of negative real numbers ]−∞, 0]
R−− p. 5 The set of strictly negative real numbers ]−∞, 0[
Q The set of rational numbers
Z The set of integers
N p. 4 The set of positive integers {0, 1, . . .}
inf, min p. 5 Infimum and minimum
sup, max p. 5 Supremum and maximum

lim ξa p. 5 Limit superior of a net (ξa)a∈A
lim ξa p. 5 Limit inferior of a net (ξa)a∈A
α+ max{α, 0}
α ↓ µ α is in ]µ,+∞[ and converges to µ.
rem(n,m) Remainder of division of n by m

Sets:

2X p. 2 Power set of a set X
C ×D Cartesian product of the sets C and D
C +D p. 1 Minkowski sum of the sets C and D
C −D p. 1 Minkowski difference of the sets C and D
λC p. 1 Scaling of a set C by a real number λ
ΛC p. 1 ΛC =

⋃
λ∈Λ λC, where Λ ⊂ R
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Λz p. 1 Λz =
{
λz
∣∣ λ ∈ Λ

}
, where Λ ⊂ R

z + C p. 1 Translation of a set C by a vector z
C − z p. 1 Translation of a set C by a vector −z
spanC p. 1 Linear span of a set C
spanC p. 1 Closed linear span of a set C
aff C p. 1 Affine hull of a set C

aff C p. 1 Closed affine hull of a set C
A(C) p. 2 Image of a set C by an operator A
diam(C) p. 16 Diameter of a set C
C p. 7 Closure of a set C
intC p. 7 Interior of a set C
bdryC p. 7 Boundary of a set C
coreC p. 90 Core of a set C
sriC p. 90 Strong relative interior of a set C
qriC p. 91 Quasirelative interior of a set C
riC p. 91 Relative interior of a set C
convC p. 44 Convex hull of a set C
convC p. 44 Closed convex hull of a set C
PC p. 44 Projector onto a nonempty closed convex set C
Q(x, y, z) p. 423 Projector arising in Haugazeau’s algorithm
coneC p. 87 Conical hull of a set C
coneC p. 87 Closed conical hull of a set C
C⊥ p. 27 Orthogonal complement of a set C
C⊖ p. 96 Polar cone of a set C
C⊕ p. 96 Dual cone of a set C
C⊙ p. 110 Polar set of a set C
NC p. 101 Normal cone operator of a set C
TC p. 100 Tangent cone operator of a set C
recC p. 103 Recession cone of a set C
barC p. 103 Barrier cone of a set C
sptsC p. 107 Set of support points of a set C
sptsC p. 107 Closure of the set of support points of a set C
σC p. 109 Support function of a set C
1C Characteristic function of a set C
ιC p. 12 Indicator function of a set C
dC p. 16 Distance function to a set C
mC p. 120 Minkowski gauge of a set C
H(x, y) p. 422 Half-space arising in Haugazeau’s algorithm
[x, y], ]x, y],
[x, y[ , ]x, y[

p. 1 Line segments between x and y

Topology:

V(x) p. 7 Family of all neighborhoods of x
xa → x p. 7 The net (xa)a∈A converges to x
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C p. 7 Closure of a set C
intC p. 7 Interior of a set C
bdryC p. 7 Boundary of a set C
B(x; ρ) p. 16 Closed ball of center x and radius ρ

Functions:

Γ (H) p. 129 Set of lower semicontinuous convex functions from
H to [−∞,+∞]

Γ0(H) p. 132 Set of proper lower semicontinuous convex func-
tions from H to ]−∞,+∞]⊕

i∈I fi p. 28 Separable sum of functions
τyf Translation of a function f by a vector y
f∨ p. 3 Reversal of a function f
f |C Restriction of a function f to a set C
dom f p. 5 Domain of a function f

dom f p. 6 Closure of the domain of a function f
gra f p. 5 Epigraph of a function f
epi f p. 5 Epigraph of a function f
epif p. 6 Closure of the epigraph of a function f
lev≤ξ f p. 6 Lower level set of a function f
lev<ξ f p. 6 Strict lower level set of a function f
cont f p. 11 Domain of continuity of a function f
f̄ p. 14 Lower semicontinuous envelope of a function f

f̆ p. 130 Lower semicontinuous convex envelope of a func-
tion f

Argmin f p. 156 Set of global minimizers of a function f
ArgminC f p. 156 Argmin(f + ιC)
f �g p. 167 Infimal convolution of the functions f and g
f ⊡g p. 167 Exact infimal convolution of the functions f and g
L ⊲ f p. 178 Infimal postcomposition of an operator L and a

function f
L ·⊲ f p. 178 Exact infimal postcomposition of an operator L

and a function f
γf p. 173 Moreau envelope of index γ of a function f
Proxf p. 175 Proximity operator of a function f
f∗ p. 181 Conjugate of a function f
f∗∗ p. 181 Biconjugate of a function f
rec f p. 152 Recession function of a function f
pav (f, g) p. 199 Proximal average of the functions f and g
∂f p. 223 Subdifferential of a function f
∇f p. 38 Gradient operator of a function f
∇2f p. 38 Hessian operator of a function f
Df p. 37 Gâteaux derivative of a function f
D

2f p. 38 Second Gâteaux derivative of a function f
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1C Characteristic function of a set C
ιC p. 12 Indicator function of a set C
dC p. 16 Distance function to a set C
diam(C) p. 16 Diameter of a set C
σC p. 109 Support function of a set C
mC p. 120 Minkowski gauge of a set C
F ⊺ p. 190 Transposition of the bivariate function F

Set-valued operators:

A : X → 2Y p. 2 A is a set-valued operator from X to Y
graA p. 2 Graph of an operator A
domA p. 2 Domain of an operator A

domA p. 2 Closure of the domain of an operator A
ranA p. 2 Range of an operator A
ranA p. 2 Closure of the range of an operator A
zerA p. 2 Set of zeros of an operator A
A−1 p. 2 Inverse of an operator A
λA p. 3 Scaling of the operator A by λ ∈ R

A +B p. 3 Sum of the operators A and B
A ◦B p. 2 Composition of the operators A and B
τyA p. 3 Translation of an operator A by y
A∨ p. 3 Reversal of an operator A
FA p. 304 Fitzpatrick function of an operator A
JA p. 333 Resolvent of an operator A
RA p. 336 Reflected resolvent of an operator A
γA p. 333 Yosida approximation of an operator A of index

γ ∈ R++
0Ax p. 346 The element of minimal norm in Ax

Single-valued operators:

T : X → Y p. 2 T is an operator from X to Y defined everywhere
on X

T ∨ p. 3 Reversal of an operator T
FixT p. 20 Set of fixed points of an operator T : X → Y
DT p. 37 Gâteaux derivative of an operator T
D

2T p. 38 Second Gâteaux derivative of an operator T
T |C Restriction of an operator T to a set C
T−1(C) p. 2 Inverse image of a set C by an operator T
kerL p. 31 Kernel of a linear operator L
‖L‖ p. 31 Norm of a linear operator L
L∗ p. 31 Adjoint of a bounded linear operator L
L† p. 50 Generalized inverse of a bounded linear operator L
A⊤ Transpose of a matrix A
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Banach spaces:

H,Hi,K p. 27 Real Hilbert spaces
〈· | ·〉 p. 27 Scalar product
‖ · ‖ p. 27 Norm
d p. 27 Distance
→ p. 33 Strong convergence in a Hilbert space
⇀ p. 33 Weak convergence in a Hilbert space
Id p. 27 Identity operator
B(H,K) p. 31 Space of bounded linear operators from H

to K with domain H
B(H) p. 31 Space of bounded linear operators from H

to H with domain H⊕
i∈I Hi p. 28 Hilbert direct sum

Hweak p. 33 A real Hilbert space endowed with the weak
topology

RN p. 28 The standard N -dimensional Euclidean
space

RN+ p. 5 The positive orthant in RN

RN− p. 5 The negative orthant in RN

(Ω,F, µ) p. 28 Measure space
(Ω,F,P) p. 29 Probability space
EX p. 29 Expected value of a random variable X
x′ p. 29 Time derivative of a function x : [0, T ]→ H

Lp((Ω,F, µ);H) p. 28 Measurable functions x : Ω → H such that
‖x‖p

H
is µ-integrable

L2([0, T ]) p. 29 Measurable functions x : [0, T ] → R such
that |x|2 is Lebesgue integrable

L2([0, T ];H) p. 29 Measurable functions x : [0, T ] → H such
that ‖x‖2

H
is Lebesgue integrable

W 1,2([0, T ];H) p. 29 Functions x ∈ L2([0, T ];H) such that x′ ∈
L2([0, T ];H)

L2(Ω) p. 29 Measurable functions x : Ω → R such that
|x|p is Lebesgue integrable

ℓp(N) Space of sequences (ξn)n∈N in R such that∑
n∈N
|ξn|p < +∞.

ℓ2(I) p. 28 Hilbert space of square-summable functions
from I to R

ℓ2+(I) p. 89 Set of square-summable functions from I to
R+

ℓ2−(I) p. 89 Set of square-summable functions from I to
R−

SN p. 28 Space of real N ×N symmetric matrices
SN+ p. 426 Set of real N × N symmetric positive

semidefinite matrices
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20. A. B. Bakušinskĭı and B. T. Polyak, The solution of variational inequalities, Soviet
Math. Dokl., 15 (1974), pp. 1705–1710.

21. S. Bartz, H. H. Bauschke, J. M. Borwein, S. Reich, and X. Wang, Fitzpatrick
functions, cyclic monotonicity and Rockafellar’s antiderivative, Nonlinear Anal., 66

(2007), pp. 1198–1223.
22. H. H. Bauschke, Projection Algorithms and Monotone Operators, PhD thesis, Simon

Fraser University, Burnaby, B.C., Canada, August 1996.
23. , Fenchel duality, Fitzpatrick functions and the extension of firmly nonexpan-

sive mappings, Proc. Amer. Math. Soc., 135 (2007), pp. 135–139.
24. H. H. Bauschke and J. M. Borwein, On projection algorithms for solving convex

feasibility problems, SIAM Rev., 38 (1996), pp. 367–426.
25. H. H. Bauschke, J. M. Borwein, and P. L. Combettes, Essential smoothness,

essential strict convexity, and Legendre functions in Banach spaces, Commun. Con-
temp. Math., 3 (2001), pp. 615–647.

26. , Bregman monotone optimization algorithms, SIAM J. Control Optim., 42

(2003), pp. 596–636.
27. H. H. Bauschke, J. M. Borwein, and X. Wang, Fitzpatrick functions and contin-

uous linear monotone operators, SIAM J. Optim., 18 (2007), pp. 789–809.
28. H. H. Bauschke, R. Burachik, P. L. Combettes, V. Elser, D. R. Luke, and

H. Wolkowicz, eds., Fixed-Point Algorithms for Inverse Problems in Science and

Engineering, Springer-Verlag, New York, 2011.
29. H. H. Bauschke and P. L. Combettes, A weak-to-strong convergence principle for

Fejér-monotone methods in Hilbert spaces, Math. Oper. Res., 26 (2001), pp. 248–264.
30. , The Baillon-Haddad theorem revisited, J. Convex Anal., 17 (2010), pp. 781–

787.
31. H. H. Bauschke, R. Goebel, Y. Lucet, and X. Wang, The proximal average: basic

theory, SIAM J. Optim., 19 (2008), pp. 766–785.
32. H. H. Bauschke, D. A. McLaren, and H. S. Sendov, Fitzpatrick functions: in-

equalities, examples, and remarks on a problem by S. Fitzpatrick, J. Convex Anal.,
13 (2006), pp. 499–523.

33. H. H. Bauschke, X. Wang, and L. Yao, Monotone linear relations: maximality and
Fitzpatrick functions, J. Convex Anal., 16 (2009), pp. 673–686.

34. A. Ben-Israel and T. N. E. Greville, Generalized Inverses, Springer-Verlag, New

York, second ed., 2003.
35. A. Ben-Tal and A. Nemirovski, Non-Euclidean restricted memory level method for

large-scale convex optimization, Math. Program. Ser. A, 102 (2005), pp. 407–456.
36. H. Berens and U. Westphal, Kodissipative metrische Projektionen in normierten
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tielles non linéaires de type monotone, Calcolo, 7 (1970), pp. 65–183.
232. S. Simons, The range of a monotone operator, J. Math. Anal. Appl., 199 (1996),

pp. 176–201.
233. , Minimax and Monotonicity, vol. 1693 of Lecture Notes in Mathematics,

Springer-Verlag, Berlin, 1998.

234. , LC-functions and maximal monotonicity, J. Nonlinear Convex Anal., 7
(2006), pp. 123–138.

235. , From Hahn-Banach to Monotonicity, vol. 1693 of Lecture Notes in Mathe-
matics, Springer-Verlag, New York, second ed., 2008.
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242. G. Stampacchia, Formes bilinéaires coercitives sur les ensembles convexes, C. R.

Acad. Sci. Paris Sér. A, 258 (1964), pp. 4413–4416.



References 459

243. L. A. Steen and J. A. Seebach, Jr., Counterexamples in Topology, Dover, Mineola,
NY, 1995.

244. B. F. Svaiter, On weak convergence of the Douglas-Rachford method, SIAM J. Con-

trol Optim., (to appear).
245. W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yokohama,

2000.
246. A. N. Tikhonov and V. Y. Arsenin, Metody Resheniya Nekorrektnykh Zadach,

Nauka, Moscow, 1974. English translation: Solutions of Ill-Posed Problems, Winston,

New York, 1977.
247. P. Tseng, Further applications of a splitting algorithm to decomposition in varia-

tional inequalities and convex programming, Math. Programming Ser. B, 48 (1990),

pp. 249–263.
248. , Applications of a splitting algorithm to decomposition in convex programming

and variational inequalities, SIAM J. Control Optim., 29 (1991), pp. 119–138.
249. , A modified forward-backward splitting method for maximal monotone map-

pings, SIAM J. Control Optim., 38 (2000), pp. 431–446.
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Euclidean space, 28
even function, 186
eventually in a set, 4
evolution equation, 313
exact infimal convolution, 167,

170, 171, 207, 209, 210
exact infimal postcomposition, 178
exact modulus of convexity, 144–

146
existence of minimizers, 157, 159
expected value, 29
extended real line, 4
extension, 297

Fσ set, 24
Farkas’s lemma, 99, 106
farthest-point operator, 249, 296
Fejér monotone, 75, 83, 86, 160,

400
Fenchel conjugate, 181
Fenchel duality, 211
Fenchel–Moreau theorem, 190
Fenchel–Rockafellar duality, 213,

275, 282, 408
Fenchel–Young inequality, 185,

226
Fermat’s rule, 223, 235, 381
firmly nonexpansive operator, 59,

61–63, 68, 69, 73, 80, 81, 176,
270, 294, 298, 335, 337, 436

first countable space, 23
Fitzpatrick function, 304, 311, 351
Fitzpatrick function of order n,

330
fixed point, 62, 79–81
fixed point iterations, 75
fixed point set, 20, 62–64, 436
forward–backward algorithm, 370,

377, 405, 438, 439
forward–backward–forward algo-

rithm, 375
Fréchet derivative, 38, 39, 257
Fréchet differentiability, 38, 176,

177, 243, 253, 254, 268–270,
320

Fréchet gradient, 38
Fréchet topological space, 23
frequently in a set, 4
function, 5

Gδ set, 19, 263, 320
Gâteaux derivative, 37
Gâteaux differentiability, 37–39,

243, 244, 246, 251, 252, 254,
257, 267

gauge, 120, 124, 202
generalized inverse, 50, 251, 360,

361, 395, 418
generalized sequence, 4
global minimizer, 223
gradient, 38, 176, 243, 244, 266,

267, 382
gradient operator, 38
graph, 5
graph of a set-valued operator, 2

Hölder continuous gradient, 269
half-space, 32, 33, 43, 419, 420
Hamel basis, 32
hard thresholder, 61
Haugazeau’s algorithm, 436, 439
Hausdorff distance, 25
Hausdorff space, 7, 16, 33
hemicontinous operator, 298, 325
Hessian, 38, 243, 245, 246
Hilbert direct sum, 28, 226
Hilbert space, 27
Huber’s function, 124
hyperplane, 32, 34, 48, 123

increasing function, 5
increasing sequence of convex sets,

416
indicator function, 12, 113, 173,

227
inequality constraint, 285, 389
infimal convolution, 167, 187, 207,

210, 237, 266, 359
infimal postcomposition, 178, 187,

199, 218, 237
infimum, 5, 157, 159, 184, 188
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infimum of a function, 6
infinite sum, 27
initial condition, 295
integral function, 118, 138, 193,

238
interior of a set, 7, 22, 90, 123
inverse of a monotone operator,

295
inverse of a set-valued operator, 2,

231
inverse strongly monotone opera-

tor, 60

Jensen’s inequality, 135

Karush–Kuhn–Tucker conditions,
393

Kenderov theorem, 320
kernel of a linear operator, 32
Kirszbraun–Valentine theorem,

337
Krasnosel’skĭı–Mann algorithm,

78, 79

Lagrange multiplier, 284, 287, 291,
386–388, 391

Lagrangian, 280, 282
Lax–Milgram theorem, 385
least element, 3
least-squares solution, 50
Lebesgue measure, 29
Legendre function, 273
Legendre transform, 181
Legendre–Fenchel transform, 181
level set, 5, 6, 12, 15, 132, 158, 203,

383
limit inferior, 5
limit superior, 5
line segment, 1, 43, 54, 132
linear convergence, 21, 78, 372,

377, 406, 407
linear equations, 50
linear functional, 32
linear monotone operator, 296–

298, 355

Lipschitz continuous, 20, 31, 59,
123, 176, 229, 339

Lipschitz continuous gradient,
269–271, 405–407, 439

Lipschitz continuous relative to a
set, 20

local minimizer, 156
locally bounded operator, 316,

319, 344
locally Lipschitz continuous, 20,

122
lower bound, 3
lower level set, 5, 6, 148, 427
lower semicontinuity, 10, 129
lower semicontinuous, 10, 12
lower semicontinuous convex enve-

lope, 130, 185, 192, 193, 207
lower semicontinuous convex func-

tion, 122, 129, 132, 185
lower semicontinuous envelope, 14,

23
lower semicontinuous function,

129
lower semicontinuous infimal con-

volution, 170, 210

marginal function, 13, 120, 152
max formula, 248
maximal element, 3
maximal monotone operator, 297
maximal monotonicity and conti-

nuity, 298
maximal monotonicity of a sum,

351
maximally cyclically monotone op-

erator, 326
maximally monotone extension,

316, 337
maximally monotone operator,

297, 298, 311, 335, 336, 338,
339, 438

maximum of a function, 6
measure space, 28, 295
metric space, 16
metric topology, 16, 33, 34
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metrizable topology, 16, 23, 34
midpoint convex function, 141
midpoint convex set, 57
minimax, 218
minimization in a product space,

403
minimization problem, 13, 156,

381, 393, 401, 402, 404–406
minimizer, 156, 157, 159, 163, 243,

384
minimizing sequence, 6, 13, 160,

399
minimum of a function, 6, 243
Minkowski gauge, 120, 124, 202
Minty’s parametrization, 340
Minty’s theorem, 311
modulus of convexity, 144
monotone extension, 297
monotone linear operator, 296
monotone operator, 244, 293, 311,

351, 363
monotone set, 293
Moore–Penrose inverse, 50
Moreau envelope, 173, 175, 176,

183, 185, 187, 197, 198, 270,
271, 276, 277, 334, 339, 342

Moreau’s conical decomposition,
98

Moreau’s decomposition, 198
Moreau–Rockafellar theorem, 204

negative orthant, 5
negative real number, 4
neighborhood, 7
net, 4, 5, 22, 27, 53, 314
nonexpansive operator, 59, 60, 62,

63, 79, 159, 270, 294, 298,
336, 348, 439

nonlinear equation, 325
norm, 27, 35, 40, 115, 118, 144,

147, 150, 151, 183, 199, 231,
252

norm topology, 33
normal cone, 101, 227, 230, 238,

272, 304, 334, 354, 383, 389

normal equation, 50
normal vector, 107

obtuse cone, 105
odd operator, 79, 379
open ball, 16
open set, 7
operator splitting algorithm, 366
Opial’s condition, 41
optimal value, 214
order, 3
orthogonal complement, 27
orthonormal basis, 27, 37, 161,

301, 313, 344
orthonormal sequence, 34
outer normal, 32

parallel linear subspace, 1
parallel projection algorithm, 82
parallel splitting algorithm, 369,

404
parallel sum of monotone opera-

tors, 359
parallelogram identity, 29
parametric duality, 279
paramonotone operator, 323, 385
partial derivative, 259
partially ordered set, 3
Pasch–Hausdorff envelope, 172,

179
periodicity condition, 295
perspective function, 119, 184
POCS algorithm, 84
pointed cone, 88, 105
pointwise bounded operator fam-

ily, 31
polar cone, 96, 110
polar set, 110, 202, 206, 428
polarization identity, 29
polyhedral cone, 388, 389
polyhedral function, 216–218, 381,

383, 388, 389
polyhedral set, 216, 383
polyhedron, 419
positive operator, 60
positive orthant, 5, 426
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positive real number, 4
positive semidefinite matrix, 426
positively homogeneous function,

143, 201, 229, 278
positively homogeneous operator,

3
power set, 2
primal optimal value, 214
primal problem, 212, 214, 275, 279,

408
primal solution, 275, 279
primal–dual algorithm, 408
probability simplex, 426
probability space, 29, 139
product topology, 7
projection algorithm, 431, 439
projection onto a ball, 47
projection onto a convex cone, 97,

98, 425
projection onto a half-space, 419
projection onto a hyperplane, 48,

419
projection onto a hyperslab, 419
projection onto a linear subspace,

49
projection onto a lower level set,

427
projection onto a polar set, 428
projection onto a ray, 426
projection onto a set, 44
projection onto an affine subspace,

48, 77, 417
projection onto an epigraph, 133,

427
projection operator, 44, 61, 62,

175, 177, 334, 360, 361, 415
projection theorem, 46, 238
projection-gradient algorithm, 406
projector, 44, 61
proper function, 6, 132
proximal average, 199, 205, 271,

307
proximal mapping, 175
proximal minimization, 399

proximal-gradient algorithm, 405,
439

proximal-point algorithm, 345,
399, 438

proximinal set, 44–46
proximity operator, 175, 198, 199,

233, 243, 244, 271, 334, 339,
342–344, 375, 381, 382, 401,
402, 404, 405, 415, 428

pseudocontractive operator, 294
pseudononexpansive operator, 294

quadratic function, 251
quasiconvex function, 148, 157,

160, 165
quasinonexpansive operator, 59,

62, 71, 75
quasirelative interior, 91

random variable, 29, 135, 139, 194
range of a set-valued operator, 2
range of a sum of operators, 357,

358
recession cone, 103
recession function, 152
recovery of primal solutions, 275,

408
reflected resolvent, 336, 363, 366
regularization, 393
regularized minimization problem,

393
relative interior, 90, 96, 123, 210,

216, 234
resolvent, 333, 335, 336, 366, 370,

373
reversal of a function, 186, 236,

342
reversal of an operator, 3, 340
Riesz–Fréchet representation, 31
right-shift operator, 330, 356
R̊adström’s cancellation, 58

saddle point, 280–282
scalar product, 27
second Fréchet derivative, 38
second Gâteaux derivative, 38
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second-order derivative, 245, 246
selection of a set-valued operator,

2
self-conjugacy, 183, 185
self-dual cone, 96, 186
self-polar cone, 186
separable Hilbert space, 27, 194
separated sets, 55
separation, 55
sequential cluster point, 7, 15, 33
sequential topological space, 16, 23
sequentially closed, 15, 16, 53, 231,

300, 301
sequentially compact, 15, 16, 36
sequentially continuous, 15, 16
sequentially lower semicontinuous,

15, 129
set-valued operator, 2
shadow sequence, 76
sigma-finite measure space, 194
Slater condition, 391
slope, 168
soft thresholder, 61, 199
solid cone, 88, 105
span of a set, 1
splitting algorithm, 375, 401, 402,

404, 405
Stampacchia’s theorem, 384, 395
standard unit vectors, 28, 89, 92
steepest descent direction, 249
strict contraction, 64
strict epigraph, 180
strictly convex function, 114, 144,

161, 267, 324
strictly convex on a set, 114
strictly convex set, 157
strictly decreasing function, 5
strictly increasing function, 5
strictly monotone operator, 323,

344
strictly negative real number, 4
strictly nonexpansive operator,

325
strictly positive operator, 246
strictly positive orthant, 5

strictly positive real number, 4
strictly quasiconvex function, 149,

157
strictly quasinonexpansive opera-

tor, 59, 71
string-averaged relaxed projec-

tions, 82
strong convergence, 33, 37
strong relative interior, 90, 95, 96,

209, 210, 212, 215, 217, 234,
236, 381

strong separation, 55
strong topology, 33
strongly convex function, 144, 159,

188, 197, 270, 276, 324, 406
strongly monotone operator, 323,

325, 336, 344, 372
subadditive function, 143
subdifferentiable function, 223,

247
subdifferential, 223, 294, 304, 312,

324, 326, 354, 359, 381, 383
subdifferential of a maximum, 264
subgradient, 223
sublinear function, 143, 153, 156,

241
subnet, 4, 8, 22
sum of linear subspaces, 33
sum of monotone operators, 351
sum rule for subdifferentials, 234
summable family, 27
supercoercive function, 158, 159,

172, 203, 210, 229
support function, 109, 156, 183,

195, 201, 229, 240
support point, 107, 109, 164
supporting hyperplane, 107, 109
supremum, 5, 129, 188
supremum of a function, 6
surjective monotone operator, 318,

320, 325, 358

tangent cone, 100
time-derivative operator, 295, 312,

334
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Toland–Singer duality, 205
topological space, 7
topology, 7
totally ordered set, 3
trace of a matrix, 28
translation of an operator, 3
Tseng’s splitting algorithm, 373,

378, 407
Tykhonov regularization, 393

unbounded net, 314
uniform boundedness principle, 31
uniformly convex function, 144,

147, 324, 394, 399
uniformly convex on a set, 144,

147, 324, 407
uniformly convex set, 164, 165
uniformly monotone on a set, 324
uniformly monotone on bounded

sets, 346, 367, 373, 376, 378,
408

uniformly monotone operator,
323, 325, 344, 354, 358, 367,
373, 376, 378, 408

uniformly quasiconvex function,
149, 163

upper bound, 3
upper semicontinuous function,

11, 124, 281

value function, 279, 289
variational inequality, 375–378,

383
Volterra integration operator, 308
von Neumann’s minimax theorem,

218
von Neumann–Halperin theorem,

85

weak closure, 53
weak convergence, 33, 36, 79–81
weak sequential closure, 53
weak topology, 33
weakly closed, 33–35, 45, 53
weakly compact, 33–35

weakly continuous operator, 33,
35, 62, 418

weakly lower semicontinuous, 35,
129

weakly lower semicontinuous func-
tion, 33

weakly open, 33
weakly sequentially closed, 33–35,

53
weakly sequentially compact, 33,

35
weakly sequentially continuous op-

erator, 343, 426
weakly sequentially lower semicon-

tinuous, 129
Weierstrass theorem, 13

Yosida approximation, 333, 334,
336, 339, 345, 347, 348

zero of a monotone operator, 344,
345, 347, 381, 438

zero of a set-valued operator, 2
zero of a sum of operators, 363,

366, 369, 375
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